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Abstract

A JWKB asymptotic expansion describing inplane elastic waves is used to approx-
imate a Rayleigh-like wave guided within an elastic waveguide whose curvature
is small and changes slowly over a wavelength. The two lowest eigenmodes in a
curved guide, taken together, constitute the Rayleigh-like wave. It is shown that
this wave lies in the shadows of four, closely spaced, virtual caustics, two caustics
per constituent eigenmode. If the curvature becomes too large one or more of the
caustics ceases to be virtual and enters the guide after which it is not possible for
a Rayleigh-like wave to propagate. The Rayleigh-like wave is dispersive. The dis-
persion is caused by the constraint that it be confined within the guide, but may
also be caused by the curvature alone. For propagation in a thin curved guide, the
dispersion caused by the confinement is calculated. The possibility that dispersion
may also caused by the curvature alone is not resolved. For a thick guide the effect
of confinement is eliminated. In this case it is shown that dispersion caused by a
linear dependence of the wavenumber on the curvature is present. Propagation into
an environment of increasing curvature is studied, for both waveguides, to exhibit
the influence of the nearby caustics.
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1 Introduction

The character of guided waves in a curved waveguide depends very critically
upon whether or not a caustic forms within the guide itself [1]. Figure 1 shows
a curved elastic waveguide. We imagine that its inplane eigenmodes — ones
that for small curvature are very similar to the Rayleigh-Lamb eigenmodes of
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Fig. 1. A drawing describing the problem. The dimensioned curvilinear coordinates
are (s,m). s is the arc length along the center line of the guide, n the normal distance
from the center line and p the variable radius of curvature. The dashed line indicates
one of the caustics that is induced by the curvature. The annulus whose radii of
curvature match those of the two surfaces of the curved waveguide at a particular
point z is shown on the right.

an elastic plate — propagate to the right into a region of increasing curva-
ture. At high frequences and for small curvature, the sum of the two lowest
eigenmodes in the curved guide combine to form a Rayleigh-like wave. How-
ever, in contrast to propagation in an elastic plate, accompanying these two
lowest eigenmodes are four closely spaced caustics induced by the curvature.
Two caustics accompany each eigenmode: one accompanies the compressional
component and one the shear component. Provided the curvature remains
small the caustics form beyond the concave surface of the guide. However, as
the curvature increases one or more of the caustics soon enters the guide. One
such caustic is indicated in Fig. 1 by the dashed line. The Rayleigh-like wave
can propagate only if the caustics accompanying its constituent eigenmodes
remain beyond the concave surface. When the caustics have entered the guide
the eigenmodes have transformed into ones that are of a whispering gallery
type. In Fig. 1 the two propagation regions are labelled Rayleigh and whisper-
ing gallery, with the transition region, where the caustics intersect the concave
surface, labelled Airy. The principal reason for undertaking the calculations
described in this paper is to study the propagation of the Rayeligh-like wave in
the Rayleigh region, and to understand how its caustics limit its propagation.
While the curvature there must be small, cases of small curvature (small when
appropriately scaled) are commonly encountered in ultrasonic nondestructive
testing, where the frequencies used are on the order of a megahertz.

At least two asymptotic approaches to this type of problem have been pro-
posed. One approach, a ray theory, uses an approximation constructed from
a phase term multiplying an expansion in inverse powers of the wavenumber.
This is used in the work of Grimshaw [2] to study surface waves guided by
a curved boundary. The boundary is endowed with an impedance boundary
condition that allows surface waves to exist. It is also used in the work of
Gregory [3] to study Rayleigh waves propagating over a three-dimensional,
arbitrarily curved surface. A second approach uses a JWKB approximation



in the direction of propagation along the length of the guide, but a modal
representation to describe the behavior of the wavefields at each cross-section.
This approach has been taken by Smith, [4] and [5], to describe various guided
waves including acoustical whispering gallery waves and sound waves propa-
gating in a slowly curved guide. It is also used by Burridge and Weinberg
[6] to study underwater sound waves in an inhomogeneous propagation envi-
ronment. A second reason for undertaking the calculations of this paper is to
show that this latter approach using rays and eigenmodes more successfully
represents guided waves, including surface waves, than does the ray theory.

Surface waves propagating in curved structures have been extensively studied
in a variety of other ways and contexts. Krylov [7] develops an asymptotic de-
scription of Rayleigh waves propagating over a curved surface that is similar
to the ray-mode construction previously noted. Viktorov [8] and Rulf [9] study
Rayleigh waves on both convex and concave circular surfaces. Beginning with
the exact solutions, they pay particular attention to the change in wavenumber
caused by the curvature. Brekhovskikh [10] studies both Rayleigh and whis-
pering gallery waves in a solid cylinder using an approximate approach that is
too coarse to capture the correction to the Rayleigh wavenumber induced by
the curvature. Using a boundary-layer analysis, Morrison [11] studies surface
waves, supported by an impedance boundary condition, propagating along an
edge whose cross-section curves away rapidly on each side, while Wilson and
Morrison [12] follow this with a study of Rayleigh waves propagating along a
similar edge in a solid.

There has been less work done on propagation in curved waveguides where the
waves are constrained to propagate within the structure rather than be guided
by a single surface. As indicated previously, Smith [5] studies scalar propaga-
tion in a slowly curving guide, but does not appear to encounter difficulties
with caustics forming within the guide. Ahluwalia et al. [13] also consider
scalar propagation in a slowly curving guide with impedance boundary con-
ditions at the walls. The two approaches indicated previously are used. The
second approach, called by the authors the boundary layer method, is used
to examine propagation in the guide when the caustic forms within it. This
work is followed by a second paper [14] in which the boundary layer method is
used to expand upon the parts of the work found in the first, though here the
emphasis is upon describing the eigenmodes of a concave body. Work similar
to that found in this second paper is also described in Babié and Kirpiénikova,

[15] and, much more extensively, though somewhat differently, in Babi¢ and
Buldyrev [16].

One of the few studies of inplane elastic waves in curved waveguides are those
undertaken by Liu and Qu, [17] and [18]. They undertake a partially analytic
and partially numerical analysis of propagation in a solid annulus. By enforcing
periodic boundary conditions in the angular coordinate, they pose the problem



as one of vibration, rather than propagation. In the course of their work they
calculate numerically the exact dispersion relation for an annulus and make
the important observation that, at higher frequencies, it is very similar to the
Rayleigh-Lamb dispersion relations for an elastic plate.

The problem discussed here is initially formulated as a system of four cou-
pled differential equations exactly as was done by Folguera and Harris [19]
when examining coupled Rayleigh waves in a plate of variable thickness. This
formulation allows us to describe as rays the propagation along the length of
the curved guide and as eigenmodes (or eigenvectors) the wavefield at each
cross-section. It leads to an asymptotic expansion in two dimensionless small
parameters: the scaled curvature and the scaled rate of change of that curva-
ture over a wavelength. These two small parameters are independent of one
another. This choice of parameters contrasts with that taken in most of the
asymptotic calculations described previously, where it is assumed that the in-
verse of the wavenumber is the only small parameter. We use the eigenmodes
for an annulus whose radii of curvature correspond to those of the curved guide
at the particular position being examined. The figure to the right in Fig. 1
illustrates this. The underlying eigenvalue problem is described by Bessel’s
equation. We seek asymptotic solutions to this problem on the assumption
that the curvature is small. This is equivalent to seeking asymptotic approxi-
mations to Hankel functions whose argument and order are both large. Such
approximations are attributed to Debye [20].

As the calculation proceeds we discover that the underlying difficulty is not
with finding a possible asymptotic solution, but with completing the solution
by satisfying the boundary conditions and thus finding the dispersion relation.
A third reason for undertaking the work of this paper is to calculate approx-
imate analytical results. To do so, we thus must consider, not the general
case, but two special cases: a thin guide and a thick one. For the thin guide
we calculate the dispersion caused by the confinement of the wavefield within
the guide, but are unable to calculate a possible correction to the dispersion
caused by the curvature alone. As might be expected, the thick guide supports
a Rayleigh wave on only one surface, which we take to be the concave one,
while the other surface is not sensed. In this case, we calculate the correction
to the wavenumber caused by the curvature.



2 Formulation
2.1 The equations of motion without mized derivatives

Figure 1 illustrates the geometry and defines the dimensioned coordinates of
the problem. Note that s is the arc length along the center line of the guide
and that the positive sense of n is toward the concave (outer) surface. The
asymptotic expansion is one in two dimensionless parameters: § the rate at
which the curvature changes over a wavelength and x the scaled curvature?.
The dimensionless coordinates and geometrical parameters are defined as

z = 0krs, z=krn, x =1/(krp), h=krH,

where kp is the shear-wave wavenumber, p the radius of curvature of the center
line of the guide and H one-half the thickness of the guide. The dimensionless
curvature x is a function of z, though this dependence is not always explicitly
exhibited. It is readily seen that

Ix(z + 627) — x(z)]/27 ~ ddx/dz.

Hence, provided the derivative is no more than O(1), § measures the rate
of change of the curvature over a wavelength. We work in that part of the
parameter space where both ¢ and x are small.

The equations of motion are written in such a way that no mixed derivatives
appear. To achieve this we work with a four dimensional vector having as
its components the scaled particle displacements u; and ug, and the scaled
stress components 73 and 73. These terms are related to their dimensioned
counterparts by

Uy = krus, ug = kpun, 71 = Tss/l, To = Ten /.
The vector
U = [wy, ug, 71, 70)7, (1)
where the superscript T indicates the transpose.

The Lamé constants A and u are combined in the ratio k7, which is given by

c ()\—|—2,u>1/2
KLTz——-: y
cr 12

1 "We modify this somewhat when the eigenvalue problem is discussed. The param-
eter used there is 1/v = x/B,. We have yet to introduce f3,.



where ¢;, and cr are the compressional and shear wavespeeds, respectively.
Moreover, it is convenient to introduce the following three interrelated con-
stants, namely,

a—:[l*(2//<’%T)]? b="~5%a c=4(a+D).

We write the equations of motion for inplane elastic waves, in the coordinates
(z,z), as

(L —-60,)U = 0. (2)
The operator L is defined by
0 —ell xR0 0
' —X
(1 +x=)0: 0 0 (1 + x2)
L=| X (3)
—(1+x2) 0 0 ~(1+x2)0:
—2y
0 —c0,[(1+ x2)0;] —a(l+ x2)0, 0
I —(1+ x2) +2bx ]

The boundary conditions demand that the traction on each surface vanish.
These are written in terms of the components of U, which is given by (1), as

coug+ar =0, T=0, (4)
and are imposed at z = +h. This particular way of writing the equations for
inplane elastic waves was suggested by the work of Kirrmann [21].

2.2 An outline of the asymptotic method

Equations (1) — (4) give a convenient symbolic representation of the equations
of motion. Continuing with this representation, we assume that the solution
may be asymptotically expanded as

U(z, 2) ~ @/ 3" U, (z, 2)5™ (5)
n>0
Setting
dO/dx = B,(x), ' (6)



we are led to the following recursive system:
LU, —if,U, = 8,U,_1, (7)
where terms with negative subscripts are zero. The leadiﬁg equation is
LU, —i6,Ug = 0.
Setting Ug = afy(z)u, we are led to |
Lu, — ifu, =0, (8)

where the operator £ is given by (3). When combined with the boundary
conditions (4), this defines an eigenvalue problem with the lateral wavenumber
Bp as the eigenvalue. For the moment let us assume that we have solved this
problem and have found a complete set of eigenvectors u,.

To formulate an orthogonality relation we use the bilinear form
(U,V) = —i/R (ujo1 + usoe — 1177 — va7s) dz, 9)

where U = [uq, ug, 71, 7] and V = [v;,v9,01,09)7. The * indicates the com-
plex conjugate. The interval of integration R is [—h, h| for the waveguide we
are presently considering. Note that this definition is the complex conjugate of
the one given by equation (3.7) of [19]. Using this, we may derive the following
integration by parts formula:

(V,LU) + (LV,U)
=i{(1+ x2) [(vi72 — w103) + a(viT1 — ug0])
+ c(v30;up — u20,v3)1} |or, (10)

where OR indicates the end points of the interval of integration, +A in the
present case. If the boundary conditions (4) are satisfied by both vectors, then
the right-hand side is zero, indicating that the operator £ is skew symmetric.

The two eigenvectors u, and u,, satisfy the boundary conditions. It follows
then that

(B — Bp) Prn = 0, (11)
where
Prn = (U, uy,). ‘ (12)

Therefore, for B, # By, Pmn = 0, and u,, and u,, are orthogonal.



The higher order vectors U, are expanded as

U, = Zag(x)uq, (13)

>0

where af = (u,,, U,) when 8, = %, Therefore a knowledge of the ad gives
the higher order U,. We do not calculate the higher order terms in this work.

It remains to determine the amplitude term afj(x) introduced immediately
preceding (8). To do so we work with (7) for n = 1. Using Uy = afju,, this
can be written as

LU, =i, Uy + (dafy/dz)u, + abd,u,.
We also consider
L, = 1BmUy,.

Using (10) we form the product of the first equation with u,, and of the second
with U;. Next we combine the two to form

(daf/dz)(am, up) + af(Um, Oe1,) + (B, — By,)af = 0. (14)

Setting (6, = B, gives an equation for af)(z). Interchanging p and m and taking
the complex conjugate gives a similar equation for af**. Combining these two
equations and integrating gives

0" (@)ab(z) = Crp/ Prp(2),

where 8, = 3, Pnp is given by (12) and C,,, is a constant. Keep in mind that
the eigenvalue problem represented by (8) is solved at each position z along
the guide. Therefore the eigenvectors u, will depend not only on z but also
on z. Thus P, depends on z. This result is the adiabatic relation for this
problem and expresses the slow variation of the amplitude as a consequence
of the slow variation in curvature.

For the case we encounter in this paper the eigenvalues are real so that m = p
and

|ab()] = Cop/ Py (2)- (15)

By setting ao |aBle?#6 and returning to (14), we obtain an equation for the
argument ¢f that is readily integrated. Thus, we find that

ab(z) = Crp exp ,:—z /x —%%upn} dg, (16)

where F,, is defined by (12).



2.8 Remarks

1. The above outline depends upon their being a complete set of eigenvectors.
We assume in this paper that the eigenvectors or eigenmodes that we find do
form a complete set, trusting that provided our answers make physical sense
and reduce to know results that our methods are accurate.

2. In [19] all the coefficients a%(z) for a problem similar to the one being
considered here are found, allowing all the U,, to be constructed by expanding
them as indicated in (13). If the eigenvalues for any two eigenvectors are close
to one another (see equation (3.29) of [19]) then the corresponding a(z).
become very large indicating that the asymptotic expansion in § has become
disordered. If these eigenvalues differ by 2¢ then the term of concern is of
the order §/(2¢). This possibility arises here. In the next section we calculate
and then combine the two lowest eigenmodes for the curved waveguide. The
two eigenvalues for these eigenmodes are quite close and both approximate
that for a Rayleigh wave. However, in this problem § must be very small,
because we cannot let the curvature increase very much. If we do, one of the
caustics enters the guide and Rayleigh wave propagation ceases. Hence this is
not a serious limitation for the work of this paper. Nevertheless, perhaps in
another context, this issue requires further investigation, especially as these
two eigenmodes coalesce to form a single eigenmode.

3 The eigenvalue problem
3.1 Expressed in terms of potentials

The eigenvalue problem that we must solve is that of finding the eigenvectors
or eigenmodes of an annulus whose two radii of curvature match those of the
two surfaces of the waveguide at a given position z along the guide. This idea
is illustrated in right-hand figure in Fig. 1. However, it is not convenient to
solve the problem using the form given by (8). Instead we reduce the problem
to one in terms of potentials. Firstly, we introduce a new coordinate r and a
new parameter v given by

r=[1+ x(?)z]/ﬁp, v =Lp/x(z). (17)

The parameter v is very large. Though seeking the pth eigenvector we do not
indicate the p unless it is needed. Note that 3, may depend upon x. Secondly,
we eliminate the 7; and 7, from (8) and introduce the potentials ¢ and



through the relations

7 1d 1d )
Uy = —p+ - i U2=——(€——
T vdr’

Note z is fixed for the moment (though not absent), so that in place of 9, we
use d/dr. Thirdly, we find that the potentials satisfy

1 d [ dy 1/ r? 1 d [ dy
il Pk e — 1] = Sl _ -0
v2dr (Tdr>+r (/@%T ><'0 0 v2dr ( dr)+ (T 1>1/) 0

(18)
Lastly, we express the boundary conditions (4) as
7 1 1du lduy  1a
—Ug — —Up + - 1 =V, 2 + —u1 —+ i’11/2 = 0. (19)
r vr vdr vdr vr

Equations (18) are Bessel’s equations and have solutions formed from a com-
bination of H*?(vr/krr) and one of H(? (vr). v is large, while r is fixed.
We therefore use the Debye approximation [20] to the Hankel functions. To
have a Rayleigh-like wave in the guide, we require that the Hankel functions
have increasing or decreasing exponential behavior. Therefore we ask that
(r/krr) < 1 and 7 < 1. From our knowledge of the Rayleigh-Lamb eigen-
modes in a plate, we suspect that the eigenmodes that we seek have a limited
degree of reflection symmetry or antisymmetry, with respect to the center line
of the guide. We arrange the arguments to capture this feature. This leads us
to asymptotic approximations? to the potentials and then to those for the
particle displacements. The approximate particle displacements are

0 iC%* [ sinh[v(Sy — Smr)] N C2*RY? (sinh[v(St — Spr))] (20)
' TR},/Q cosh[v(SL, — SmrL)] r cosh[v(ST — Spur)] ’

and

Cr°R/” R1/2 cosh(v(Sp, — SL)] i C%° [ cosh[v(Sr — Spr)]
r \sinh[p(Ss — Swp)] ) TR \sinh[p(Sr — Sper)]

as

2 , (21)

as v — o00. Note how the arguments of the cosh and sinh are arranged to
give the reflection symmetry referred to previously. The superscripts a and s
indicate antisymmetric and symmetric respectively. The superscript a corre-
sponds to the upper term in the parenthesis and the superscript s to the lower

2 A more informative way to proceed is to seek directly JWKB solutions to (18).

10



one. The several ancillary expressions are
‘ 1
Sr(r) = Rr(r) — cosh™ (Ei—T> , S7(r) = Rp(r) — cosh™ (;) ,  (22)

with

2

1/2 1/2
Ry(r) = (1 - ﬂ%) , Rr(r)=(1-1? " (23)

and
1
SmI = 'Q'[SI(T-’r) + SI(T—)L (24)
where I = L, T. Further

re = (1 x(2)h)/Bp. (25)

‘The remaining issue is to satisfy the boundary conditions (19), determine the
eigenvalue (3, and determine the ratios C°/C7°. We anticipate finding two
eigenvalues, B, and ;. This is not easily done. We immediately find that
the eigenmodes of both reflection symmetries are coupled together by the
boundary conditions. There are two cases that admit some degree of analytical
approximation. The first is a thin, shallowly curved guide for which x(z)h < 1
and the second is one for which & is so great that the wave becomes a Rayleigh
wave on one of the surfaces, never sensing the opposite one.

3.2 Remarks

1. Note that the expressions become unbounded when r = k7 or r = 1.
These locate the caustics for the compressional and shear components, respec-
tively, of the eigenmodes of the approximating annulus at z. As the annulus
is rolled along z, their envelopes trace out the caustics for the curved guide,
one of which is sketched in Fig. 1. As indicated in the introduction the various
regions have different asymptotic characters and in general we should need to
use uniform approximations to the Hankel functions to capture the character
of the wavefields in Airy region.

2. 'To remain in the Rayleigh region the criteria hardest to satisfy is r < 1.
This implies that x(z)h < (6, —1), Vz in the range of interest. For a Rayleigh-
like wave B, ~ 10/9 so that x(z)h < 1/10, V. Moreover, we ask that § << 1so
that x(x) does not become too large as x increases. Therefore, the impending
intersection of the nearest caustic with the concave surface sets the basic limits
to our calculation of Rayleigh-like waves in curved guide. Even when h becomes

11



very large, this limitation does not go away, though it does take a different
form, which fact we investigate in §5.

4 A thin, shallowly curved guide

4.1 The eigenvalues and eigenvectors

To impose the boundary conditions (19), we define four ancillary functions
that are effectively slowly-varying amplitude terms. These are

1 (RX a i2Ry”
Ap(r) = me (7‘5 - ﬁ) : Ap(r) = — o
2231/2 2
(T) BT(T) R1/2 (:-R:_T— + 7"2> (26>

We next introduce the following abbreviations:
Cd; = cosh {(v/2)[Si(r4) = Si(r_)]}, Sd; = sinh {(1/2)[S1(r4) — St(r_)]}
and

Ay = Af(ry) £ Ar(r-), Bre = By(ry) + Bi(r_),

where 71 is given by (25) and / = L,T. Direct imposition of (19) indicates
that we must use both eigenmodes to satisfy the boundary conditions because
of the asymmetry about the center line. However, by examining the arguments
of the sinh and cosh terms, we observe that, by adding and subtracting, the
boundary conditions, they can be expressed as

Apy Sdp Apy Sdp A, Cdy, Ar_ Cdyr] [Co
By, Cdy Br, Cdr By_Sd;, Br_ Sdr| |C%
Ap_Sdp Ar_ Sdr Ay, Cdy, Apy Cdr| |C3
B, Cdy By Cdy By, Sdy, Bry Sdr| |Cs

(27)

l
o o o o

Expanding the amplitude terms Ay, B+ about the centerline z = 0 in powers
of h/v, we note that those with a — sign as a subscript are O(h/v). There-
fore, to order O[(h/v)?], the determinant of this system vanishes if the smaller
determinants formed from the upper left and lower right 2 x 2 submatrices
vanish. This gives us antisymmetric and symmetric dispersion relations lit-
tle different from those for the antisymmetric and symmetric Rayleigh-Lamb

12



eigenmodes for a flat plate. This agrees with the observation in [17], noted pre-
viously. Moreover, we obtain the ratios C%/C¢ and C3./C3, at least to O(h/v),
independently from one another. Thus we end with two uncoupled eigenmodes
and may state that the curvature couples the two lowest eigenmodes of the
curved waveguide to O[(h/v)?].

We expect, from a knowledge of the behavior of the two lowest Rayleigh-
Lamb eigenmodes of a plate, that 8, ~ 3, & ¢, where (3, is the scaled Rayleigh
wavenumber for a half-space and € is a small correction. The specific calcu-
lation of the two (,’s and the two approximate eigenmodes parallels that in
§3(b) of [19]. The only additional step is to note that

S1(r4) = Si(r-) = 2052 (1/Bu) + O/, 29

for I = L,T. The outcomes are the following. The eigenvalues 3, and [, are
given by

Boomfte, (20)

where
_or er . 4—3kip
br = ¢’ ¢ 3.98 —2.86k%, (30)
and
AR
— r 2(o—2lLlh _ =207k
€ (dﬁ g,) [p (e e ]ﬁr . (31)

In (29), the + accompanies the subscript d, and the — accompaniés the s.
The approximation to cr/c, is taken from Auld [22]. The function f,.(8) is the
Rayleigh function given by

f(8) = p* = Iywlhvel, (32)

with
vL(B) = [(1 — 6308V 61y, vr(B) = (1= FHY?, p(B) = (26% - 1)/2(ﬁ- )
33

Again it is convenient to introduce the several abbreviations:

_ sinh {V[S:(r) = Smil} _ cosh {[Si(r) = Swt]}

S
U eosh(ll) 0 ST T cosh(l)
Sy — sinh {v[S1(r) — Sm1]} Coy = cosh {v[Sr(r) — Sm1]}
sinh(|y/]h) ’ sinh(|y7|h)

13



The eigenvectors or eigenmodes, to O(

v~1), are given by

1/2 1/2
( 1Ll ) Say — vzl (ﬂaRT> Sar
c BuRL Bap v
u, ~ — , (34)
ﬂa'r . 1/2 1/2
(“2|’YL|) (/BaRL> Cay — (@g) ( |y ) Car
i /Ga |7L| p ﬂaRT ]
and
[z )1’2 el (ﬂsRT)l/2
— Csp — C
c (ﬁsRL o Bsp I o |
U~ — (35)
BT . 1/2 1/2
(“d’YLl) (:BSRL> Ssp — (@3) ( [yr] ) Ssy
L /85 I7L| p ﬁsRT ]
Each term in (34) is evaluated with 8, = (3, and each one in (35) with 8, = ..

Sr, Ry, Sy and 7 are given by (22), (23), (24) and (17), respectively, and v;
and p by (33). The C, s are constants set by a normalization.

4.2 The wavefield

Returning to the results of §2.2 we now calculate the af(z) given by (16) and
the Pp,(z) defined by (12), for p = a,s. We readily find that

S ((up, Ozup))

To calculate the P,,(x) we return to the coordinate z and write

= 0.

h
Py(z) = 2/h% uf rf 4+ uh ) dz,
with
px Z'/819 |u1|2 P12 px —1
uy Ty 4 uh’ 2=1+XZ b + |ub)] +<b O ub + uh 8u1>+0(v )-

Combining the results of the preceding sections gives the total Rayleigh-like
wavefield in the thin, curved guide as

U, (z, 2)
P (z)

u,(z, 2)
Pl (@)

U(z, z) ~ [ iehrs (36)

e-iechs] eiﬁr ks )

14



Though until now we have not always indicated it, the x dependence enters
through x(z) and thus enters almost everywhere.

4.8 Remarks

1. This calculation has only been carried to leading order. To this order £, ,
appear to have no direct dependence on . Is this the case? That is, does [,
behave as 8,5 ~ Br £ € + x(2)Bas1?

Note: Were s to be measured along the concave surface instead of the center
line, then different wavenumbers, say o, s, such that

/Ba.skTp = aa.skT(p + H)

would be needed. In this case o, s & (B,,s(1 — xh). This is not the dependence
on x we are referring to.

It is tempting to think that no such term appears because, viewed from within
the guide one surface is concave while the other is convex. However, we cannot
know this without a detailed calculation of the boundary conditions to the next
order, which is quite lengthy because we lose the partial symmetry used to
arrive at (27). Interestingly, we note that, even if a (3, 51 is present, it does not
alter the approximation (28) and thus does not affect the arguments of the
sinh and cosh in (34) and (35) to O[(h/v)?].

2. In §5 we consider a thick curved guide, where the boundary condition at
only one surface needs to be imposed, in order to explore further a dependence
of the wavenumber on x alone. We know from several of the works cited in
the Introduction that such a dependence is present when only one boundary
is engaged, though it is less clear how it arises using the asymptotic approach
of this paper. '

4.4 Numerical results

Figures 3 and 4 summarize the outcomes of our calculations. We imagine that
the Rayleigh-like wave propagates into an environment of increasing curvature.
We take the curvature to be given by

X(iﬂ) = XO + (Xma:z: - XO)x

For Rayleigh-like waves r < 1. Recall from (29) that the smaller wavenumber
is B;. We therefore set Xmse = (Bs — 1)/h; this is the curvature at which
the caustic associated with the shear component of the symmetric eigenmode
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Fig. 2. Shapes of the particle displacements (indicated by u) through the thickness
at £ = 0 and = = 0.9. The solid line indicates the particle displacements at x = 0.9
and the dashed lines at £ = 0. The left-hand figure shows the components of u,
and the right-hand figure those of us.

intersects the concave surface. Thus, as x goes from 0 to 1, x increases to
Xmaz- Recall that z is not the physical distance, but that x = dkrs. We take
0 = Xmaz- We do not want x to go exactly to 1; thus we set its maximum
value Tmer = 0.9. With this z,,.., the maximum physical distance Spy.. =
0.9/(27 Xmaz) shear wavelengths. Lastly, we take xy7r = 1.73, h = 4.69 and

Figure 2 shows the variation in the particle displacements (indicated by u)
through the thickness at positions where the curvature is a minimum (z = 0)
and at a position where it is almost a maximum (z = 0.9). The solid lines
indicate the particle displacements near the position of maximum curvature,
while the dashed ones those at that of minimum curvature. In the left-hand
figure u,; and w,o are shown. These are given by (34), with C, = 1. The
components are identified by noting that u,; is approximately antisymmetric
and u. symmetric about z = 0. In the right-hand figure u,; and u, are
shown. These are given by (35), with C; = 1. The components are identified
by noting that u,; is approximately symmetric and us; antisymmetric about
z = 0. The effect on u, (the right-hand figure) of the nearing caustic is very
marked. '

Equation (36) gives the weighed sum U of the two eigenmodes. Figure 3 shows
the real part of Us as z runs from 0 to 0.9. In the left-hand figure C, = C5 =1
so that the two eigenmodes are launched in-phase. In this figure the solid line
indicates Uy at z = h and dashed one U, at z = 0. U; at —h is too small to
be seen on this graph. In the right-hand figure C, = —C, = 1 so that the two
eigenmodes are launched out-of-phase. In this figure the solid line indicates Us
at z = —h and the dashed one U; at z = 0. We note in both figures a tendency
for the particle displacement to drift toward the concave surface as the point
of intersection with the nearest caustic is approached. Though there is a phase
difference of 2ekrs between the two eigenmodes that may enhance this effect,
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Fig. 3. The real part of U, (indicated by u) plotted against x. The left-hand figure
shows Us when the two eigenmodes are launched in-phase and the right-hand figure
that when launched 7 radians out-of-phase. The solid line indicates Uz at z = h
in the left-hand figure and at z = —h in the right-hand figure. The dashed line
indicates Uy at z = 0 in both figures. Note that the vertical scales on the two figures
differ.

- ;
~ \Raylezgh

\
)
~

” ! A whispering
! ' gallery

Fig. 4. A drawing of the thick waveguide. The dimensioned curvilinear coordinates
are (8o, Mo)- So is the arc length along the concave surface of the guide, n, the normal
distance from the surface and p, the variable radius of curvature. The dashed line
indicates one of the caustics that is induced by the curvature. The cylinder whose
radii of curvature matches that of the concave surface at a particular point z is also
shown.

in the case that the Rayleigh-like wave is launched on the convex surface (the
right-hand figure), the impending intersection of one of the caustics with the
concave surface seems the dominant effect.
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5 A thick, shallowly curved guide
5.1 The limit

If we let the convex (lower) surface recede such that the guide becomes very
thick we should recover a Rayleigh wave propagating on the concave surface.
We consider this possibility, We begin by introducing new curvilinear coor-
dinates (s,,7,): 8, measures the distance along the concave surface and n,
measures that normal to the surface. Moreover, we introduce the radius of
curvature p, of the concave surface. n, is positive as one moves outward along
the radius of curvature and negative as one moves inward toward the cen-
ter of curvature. Figure 4 shows the geometry. We next introduce the scaled
coordinates and geometrical parameter

ZTo = 5kTSo> Zo = anoa Xo = 1/(kTpo)

Because we are working with a lateral coordinate that stretches along the
surface, rather than along an internal arc, the wavenumber also changes. The
new wavenumber o, is such that

v= Q‘P/Xo = ﬁp/X'

Note that v is unchanged. The coordinate r is now given by
= (14 Xo20)/ . (37)

r is identical to that used previously and is thus also unchanged. At the upper
surface z = 0, or r = r;. = o5 '. Taking as the lower surface z, = —x;*!, 7 =
r_ = 0. However, x, depends on z,. This would suggest that by allowing the
thickness to vary with x,, as well as does the curvature, we should need to redo
completely our analysis. This is not the case. The only place that a variable
thickness would enter the calculation is through the boundary conditions as
the work of [19] shows. Because the origin of the coordinate system has been
moved to the surface z, = 0 the boundary condition does not engage the
thickness. Moreover, as z, — —x,;' we ask that the wavefield be decaymg
Again the boundary condition does not engage the thickness.

We begin by examining the boundary conditions, not in the form (27), but
in their original form (19) with the conditions at r, separated from those at
r_. We then take a limit as r_ becomes very small. We firstly note that as r_
becomes small

sinh v[S(ry) — Si(r-)] - 1 [ o(V/D51(r4) ( 2[“LT]>V/2]
cosh v[Sy(ry) — Sp(r-)] 2 AN |
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where, as in previous instances, I = L,T. [skrr| is included when I = L, but
omitted when I = T'. Secondly, we note that the amplitude terms (26) behave
as

2 72
AL(T—> ~ }7) AT("'—) ~ _7,_27
72 2

Bi(r-)~ 5, Brir-)~ 5

for r_ small. Thirdly, we define constants Cp° := (2/r_)"/2C¢-*. Keeping these
new constants unchanged as r_ — 0, we find that the boundary conditions
are satisfied and the effects of the singular terms in the amplitudes Ar and By
removed provided C¢ = C¢ = C1/(krr)*/? and C¢ = C§ = Cr. Introducing
the new constants Cf, the boundary conditions (19) become

Ar(ry) e(V/2)SL(ry) Ap(ry) eW/25r(r) | | O 0
= 38
Br(ry) e/2A5L(+) Br(r,) eW/AS(re) | | O 0 (38)

The vanishing of the determinant gives the Rayleigh equation f.(cop) = 0,
where f, is given by (32). Thus, to this order of approximation, a;, = o, = fr,
the Rayleigh wavenumber. In the next subsection we show that o, ~ B, +
Xo(Zo)atr1, but at this level of approximation we cannot obtain this correction
term.

To find the eigenmode we return to (20) and (21) to carry out the same limiting
procedure. Equation (38) then gives the ratio Cr/Cr. The single eigenmode
is now given by

u, ~
1/2 1/2 1
<_|’_Y£L> sp-sper) _ el (ﬁrRT) HSE(r)—-51(r+)]
BrRr, Brp Ivr|
Cr
ﬁ’l"’r 1
. /2 1/2
_ ¢l (5TRL> rASp)-seir) _ Pr (M) A 150()~Sr ()]
L 187" |'7L| D ﬂTRT ]

(39)

The S; are given by (22), the R; by (23), but r is now given by (37). The
~r and p are given by (33); I = L,T. In S, Ry and r (including ), o, =
By + Xo(%o)r1, but in 7 and p, B = B,. These choices become apparent when
the correction term to .., a,1 is calculated in the next subsection.
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5.2 The correction

To find a correction to «, we must examine the boundary conditions to O(v71).
The boundary condition is now applied at

Ty = 1/[ﬂ7‘ + Xo(xo)arl] ~Tyo — ]-/(Voﬁr),

with 749 = 1/6, and v, = 5./x, . The [vSi(ry)], Ar(ry) and By(ry), (22)
and (26) respectively, are expanded to order v '. We next note that provided
the Cy in (38) are replaced by

_ 1 a1 dS
CI = C[ exp {5 |:Oér15[(?“+0) — '81 d_TI(T_*_())} } y

then (38) continues to be satisfied to leading order. The boundary conditions
at order 15 then become
Or1 dA — —
=——C-BC. 40
By dr (40)
The vector X contains the amplitude corrections to the potentials ¢ and 1 at
order v5t. The vector

AX

C = [Cs, Crl”.

The matrix A is the 2 x 2 matrix on the left-hand side of (38) evaluated at
740, DOt 4. dA /dr is its derivative evaluated at r,o. Lastly the matrix

o Di(r40) e¥o/P5L(+0) Do) e(uo/2>sT<r+o>}

Er (7‘_,_0) e¥e/2)SL(r+0) Er (7”+0) e(Vo/2)ST(r+0)

The several ancillary functions are

—2R}:/2 i r?
DL(T) = T2 ) DT(T) = ’I’QR;/Q 2 - TR'IZ 3
—1 r2 /K2 —2 1/2
Bulr) = i (2= L), Brlr) = R
L v

Note that det(A) = 0. Therefore, for any nontrivial solution Y to

ATY =0,
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Fig. 5. The correction o, calculated in this paper, solid line, and that calculated
by Gregory [3], dashed line. b symbolizes a;1; cv symbolizes K,Z%

then [23],

—Y
Br

This gives a;1. This is the consistency condition used by Gregory [3] following
his equations (5.7) and (5.8). Note that this condition is similar to that used
to obtain an equation for ad(z).

C Y'BC =0. (42)

Carrying forward the calculation indicated by (42) gives

ary [Br Dy — By, D] — [Ar Er, — Ar, Ex)
B [Brd.Ap— Bpd.Ar] — [Ard,.Br — AL d.Br]’

(43)

where d, means d/dr and each function is evaluated at r10. The various func-
tions are given by (26) and (41).

Figure 5 shows the correction e, calculated using (44) as k2 is varied. This is
the solid line. The dashed line shows the correction calculated using Gregory’s
correction D; (see equation (6.18) of [3]). The two corrections appear to be
identical. The slight discrepancy may arise because the approximation (30) to
¢, 18 used to evaluate both corrections.

5.8 The Rayleigh wave

We now calculate aj(x,) and P,..(z,). What our limiting process has shown
is that what were formerly two eigenmodes have coalesced to one. In fact the
eigenmode we have found is the one that belongs to a solid cylinder whose
radius of curvature equals that of the convex surface at a given position z,.
Such a cylinder is sketched in Fig. 4. We now treat the Rayleigh wave as a
single mode within a convex body that supports many other eigenmodes, some
of which are of a whispering gallery type. We repeat the analysis of §2.2. We
set Up = ag(z,)u,. The eigenvalue problem becomes the one solved in §5.1
with eigenvalue «,. The orthogonality relation continues to be given by (14),
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except that R is now [—x;',0]. P..(z,) continues to be given by (12) and
ay(z,) by (16). Again we find that

S((ur, 0zur)) = 0.

The Rayleigh wave is now given by

U, (Zo, 25)

U(zo, 20) ~ —75——
( ) P'r:-lr/Q(Z'o)

explitans/0) [ xal€)de] 54 (a4

The correction o, is given by (44).
5.4 Remarks

1. Note that the caustics are still present in the terms Ry, and Ry. However,
they manifest themselves differently. As before they appear at » = kzr and
r = 1. Therefore the caustic accompanying the shear component intersects
the concave surface at Xomee = (1 — B,)/ay1. To ensure that a Rayleigh wave
propagates on a concave surface X, < Xomaz- Lhis sets the basic limit to our
calculation of Rayleigh wave propagation.

2. We have arrived at the approximating eigenmode by a limiting process
that effectively approximates the eigenmode of a convex surface by that of
a cylinder of the same radius of curvature (Fig. 4). We then repeated the
arguments of §2.2 to arrive at (44). However, this leaves open the question
suggested by the second of the Remarks 2.3: Just what does happen as eigen-
modes coalesce? '

3. The case of the convex surface is not treated because any Rayleigh wave
on a convex surface must be leaky. The presence of the two caustics within
the domain of the guide implies that the Rayleigh wave lies on the shadow
side of these caustics. A Rayleigh wave launched on a convex surface must
tunnel through its boundary layers reaching the far side of the caustics where
it radiates outward.

5.5 Numerical results

Figure 6 summarize the outcomes of our calculations for the thick guide. Again
we imagine that the Rayleigh wave propagates into an environment of increas-
ing curvature. We take the curvature to be given by

Xo(x) = Xo0 + (Xomaz - XoO)xc;,
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Fig. 6. The left-hand figure shows the two components of the particle displacement
for the Rayleigh eigenmode u,.. The solid line indicates the particle displacement at
z = 0.9 and the dashed one that at x = 0. The coordinate z in the figure is —z,.
The right-hand figure shows the real part of the component of particle displacement
Uyg at z, = 0.

where Yomaz 1S given in the first of Remarks 5.4. Recall, once again, that
Z, is not the physical distance. We now take § = X,maz- Moreover we set
ZTomaz = 0.9. Lastly, we again take k7 = 1.73 and x,¢ = 0.001.

In Figure 6, the left-hand figure shows the shape of the two components of
the eigenmode u, given by (39), with C,. = 1. Note that the depth coordinate
z indicated in the figure equals —z,. The solid line indicates the particle dis-
placement at x, = 0,9, near the position of maximum curvature, while the
dashed line indicates that at the position of minimum curvature, z, = 0. The
right-hand figure shows the real part of U,s plotted against x,. As with the
thin guide, the impending intersection with one of the caustics dominates the
behavior of the Rayleigh wave. The dispersive effect of the correction is not
as important as is its role in indicating the intersection of one of the caustics
with the concave surface.

6 Closure

An asymptotic framework describing the propagation of inplane elastic waves
guided within a slowly curving waveguide has been developed. It gives explicit
approximations to the guided waves and is capable of capturing many of the
effects induced by the curvature. Its application to both thin and thick guides
indicates the central role played by the caustics in shaping the character of
the propagation. Figures 3 and 6 illustrate the results we can obtain with this
formulation.

At the same time a number of questions remain unanswered. Do the eigen-
modes describing inplane elastic waves in an annulus constitute a complete
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set? Do the eigenmodes for more general geometries constitute complete sets?
What happens to the eigenmode structure when two eigenmodes are allowed
to coalesce? What happens to the higher order terms in the asymptotic expan-
sion described here when this happens? What is the correction, if any to the
wavenumbers of the two lowest eigenmodes in a thin curved guide caused by
the curvature alone. How do the Rayleigh-like waves transform into whispering
gallery waves when the curvature becomes too large to permit the Rayleigh
-like waves to exist? What does the wavefield in the Airy region look like?3 ?

We have made a beginning; much remains to be done.
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