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ABSTRACT

A macroscopic constitutive potential has been developed for the deformation of a powder compact of
cylindrical particles during pressure sintering. The derivation is based on finite element simulations of
the densification process that proceeds under the synergistic action of power-law creep deformation in
the particles, evolution of the nonlinearly developing contact area between the particles, and
interparticle and pore free-surface diffusional mass transport. Solution to this initial-boundary value
problem provides all necessary information for the calculation of the constitutive potential. The
associated constitutive law predicts the densification rate of the powder compact at a given temperature
and pressure in terms of material parameters such as creep constants and diffusion coefficients, and
reflects the role played in the densification process by various micromechanical features such as the
pore surface curvature. The model predictions are compared with existing analytical models for plane
strain densification and experimental data from sintering of copper wires by stress-driven grain
boundary and curvature-driven pore surface diffusion.

Keywords: sintering, constitutive law, diffusion, creep deformation.

1. INTRODUCTION

Tt is well known that in powder densification the closing of porosity occurs by the synergistic
action of various deformation mechanisms such as linear elasticity, rate-independent plasticity, power-
law creep, diffusion along the interparticle contacts and pore surfaces, and interparticle slip (Ashby,
1974; Swinkels and Ashby, 1981; Helle et al., 1985). Description of the macroscopic strain response
of a powder compact (McMeeking, 1992) under load in terms of constitutive potentials that account for
the deformation mechanisms at the microscale at a given temperature offers an efficient means to
simulate and analyze real-world component densification through user material routines in general
purpose finite element codes (Abouaf et al., 1988; Govindarajan and Aravas 1994a, b; Kim er al.,
1998). The method of devising constitutive potentials to predict the overall densification response ofa
powder under given stress and temperature was first employed by Kuhn and McMeeking (1992) in
evaluating the stage I response of a powder compact that densifies under power-law creep deformation
in the bulk of the particles. McMeeking and Kuhn (1992) proposed a corresponding potential for a
densifying powder when the controlling densification mechanism is interparticle diffusion. A
macroscopic yield surface for a random aggregate of rigid, perfectly plastic spheres was developed by
Fleck et al. (1992) in which it was assumed that plastic deformation occurs in the region adjacent o
the contacts between the particles. Akisanya and Cocks (1994) and Akisanya et al. (1995) studied the
deformation of rigid, perfectly plastic cylinders under both hydrostatic and non-hydrostatic loading
situations, and derived constitutive models using slip line field and finite-element methods. Fleck
(1995) examined the effect of interparticle friction and anisotropy in the distribution of the contact
areas, the number of contacts per unit surface area of particles, and hardness of each contact on the
macroscopic yield locus. Alternatively, a crystal plasticity approach was taken by Fleck (1995) to
devise the yield surface for the cold compaction of an aggregate in which the contacts were treated as
compaction planes capable of yielding under shear and normal straining and thus the particles were
modeled as single crystals with a set of slip planes along the assumed compaction planes. Most
recently, Storakers et al. (1999) have developed constitutive equations for the early stages of cold and
hot compaction occurring by viscoplastic deformation of initially randomly packed powders.

The theoretical framework for developing constitutive potentials for the densification of
powder compacts under the synergistic action of the densification mechanisms has been laid out in the
work of Cocks (1994). Essentially, by using the principle of virtual power to equate external and
internal dissipation, and by averaging the results over representative volume elements, one can predict



the macroscopic behavior of a powder in response to an applied stress, and in turn the densification
rate at given load and temperature conditions (McMeeking, 1992). Thus, Cocks (1994) and Cocks and
Aparicio (1995) by using appropriate admissible stress or velocity fields calculated bounds on the form
of the macroscopic potentials that govern the constitutive behavior of a powder under the action of
specific densifying mechanisms. Significantly, in these calculations, Cocks (1994) considered the
interaction between pairs of concurrently acting mechanisms in effecting the overall compaction of the
aggregate. It should be mentioned that constitutive potentials for the deformation of plastically
deforming rate independent solids (Gurson, 1977; Guennouni and Francois, 1988: Leblond ez al.,
1995) or power-law creeping solids (Duva and Hutchinson, 1984; Duva, 1986; Guennouni and
Francois, 1987; Ponte Castaneda and Willis, 1988; Cocks, 1989; Sofronis and McMeeking, 1992;
Leblond er al., 1994; Kailasam and Ponte Castaneda, 1996) have also been used to describe the

temperature creep failure. More specifically, rigorous homogenization theories for the macroscopic
response of voided materials with evolving microstructure have been given recently by Ponte
Castaneda and Zaidman (1994), Ponte Castaneda (1997), Ponte Castaneda and Suquet (1998), and
Kailasam e al. (2000).

pore surfaces. Additional important ingredients in the present model are the enforcement of the
classical Laplace relationship between the Curvature, energy of the pore surface, and the normal
stresses in the adjoining bulk material (Herring, 1951; Rice and Chuang, 1981; Freund et al., 1993),
and the monitoring of the evolution of the interparticle contact area as deformation proceeds. Solution
to the relevant initial-boundary value problem (Subramanian and Sofronis, 2001) at a given applied
macroscopic stress provides information on the values of both microscopic (e.g. flux, free surface
curvature) and macroscopic parameters (e.g. strain rate) needed to construct the constitutive potential

slip if the applied macroscopic stress had a nonzero deviatoric component. Similarly the creep
deformation within the particles was modeled in the small displacement regime to avoid the

2. MATERIAL CONSTITUTIVE LAWS
The bulk of the particles is incompressible and obeys the creep law




2¢°

£ = i
80,.}.

y

¢y

where €; = (v,. Rady ) /2 is the creep strain rate, v, is the velocity, ¢° is the creep potential such that

o= éoao("f) , @)

I+n o,

o,= ,/3sijsij /2 is the effective stress, s; =0 — (0 /3)d; is the deviatoric stress, n is the creep

exponent, &, and o, are material parameters in the uniaxial tension relation £/¢,=(o/o,)", 6, is the
Kronecker delta, (.); = 0(.)/0x;, and the superposed dot denotes differentiation with respect to time.
From Egs. (1) and (2), one finds that £; = 3C0’Z"sﬁ /2 ,where C = §, / o, is the creep modulus.

Diffusion along the interparticle contact areas or the pore surface is driven by chemical
potential gradients (Herring, 1951; Chuang et al., 1979) such that
j,=0,do,/ds 3)
along the interparticle area, and
| j,=D,d(y,k)/ds @)
along the pore surface. Here, j, and j, are the volumetric fluxes per unit length along a direction s
tangential to the interparticle and the pore surface areas respectively (see Figs. la and 1b),
2,=D46,Q/KT and D,= D6, Q| KT are correspondingly interparticle and pore surface
diffusivities having dimensions of volume divided by stress per unit time, D, and D, are the
corresponding diffusion coefficients, 6, and &, are the corresponding effective thicknesses through
which matter diffuses, o, is the stress normal to the contact area between the particles, k and ¥, are

respectively the curvature and the energy of the pore surface (Figs. 1a and 1b), Q is the atomic volume
of the diffusing species, K is Boltzmann’s constant, and T is the absolute temperature. Further, the
tangential stresses vanish everywhere on the interparticle contact areas since these are assumed to be
freely slipping.

In order to describe matter conservation on the interparticle contacts (Subramanian and
Sofronis, 2001), let A(s) be the normal overlapping rate that would have resulted had the particles been
free to penetrate into one another under the action of external load. Since the particles in reality do not
plough into each other, all the mass that would otherwise interpenetrate is assumed to be transported

along the contact areas by interparticle diffusion. Then, matter conservation along the interparticle
contact area requires

48\ sy =0. 5)
ds

For the calculation of fz(s), consider two points on the boundaries of particles I and II with
corresponding velocities v/ and v/ (see Fig. 1a). Note that v/ and v;" are the velocities of points on
the particle surfaces on each side of the interface that develops when the particles come into contact.
Since the points are initially a distance Ag(s) apart (Fig. 1a), the normal overlapping rate h(s) is
expressed as

h(s) = (v] ()= v/ () n, + &(5) = v,(s) + &(s), (6)



where v, (s) is the relative normal velocity of approach, n; are the components of the unit
normal to the contact area (see Fig. 1a), and g is the rate of change of the gap Ag. In other words, the
entire relative normal velocity does not contribute to the mass flux when these two points come into
contact; part of it goes toward bridging the gap. Of course, for points that are already in contact,

Ag =0, =0, h(s)= v,(s), and thus the entire relative normal velocity v, results in a change of the

volumetric flux. In this case, one recovers the form of the matter conservation equation employed by
Needleman and Rice (1980) in their study of diffusive cavitation along grain boundaries.
Along the pore surface, matter conservation dictates that

.
ey iqs)=0, )
ds

where &(s) is the local particle expansion rate (Fig. 2), measured normal to the particle surface, and is
positive when matter is deposited on the pore surface and negative when the pore surface is eroded.
Here it should be emphasized that though the rate & relates to the flux on the pore surface just as the
normal relative velocity v, does to the flux on the interparticle contact areas, ¢ is not the velocity of

any material point on the pore surface; it is simply the rate at which mass is added to or removed from
the pore surface.

Equilibrium at any arbitrary point on the pore surface is described by the standard Laplace
equation (Gurtin and Murdoch, 1975; Rice and Chuang, 1981; Freund ez al., 1993) that relates the
normal stress o, from the adjoining bulk material to the local curvature k

0,(s) =y, k(s). ®
In the present model, surface tension %, is assumed to be constant and therefore, the tangential stress

on the pore surface is zero (Rice and Chuang, 1981; Freund et al., 1993). The sign conventions for
curvature and normal stress are shown in Fig. 1b. At the junction between the interparticle contact

area and the pore surfaces (tip), both volumetric flux and chemical potential are continuous, Chemical
potential continuity requires that

Oy =1, ky, ©
where the subscript 0 is used to denote values of 0, and k at the junction (Fig. 1b).

3. THE UNIT CELL MODEL

in plane strain deformation conditions is considered, and hence the term ‘particle’ in the remainder of
the paper refers to infinitely long cylinders. Due to the symmetry of the square particle arrangement,
the densification is studied by considering the deformation of just one quadrant of the cylinder as
shown in Fig. 2. This particular choice of unit cell has been made in view of the fact that the normails
to the contact areas are known g priori. This offers a significant simplification with respect to the

the effect of the pore surface stress induced by the curvature; and i) the pore surface diffusion for the
calculation of the particle expansion (s)along the pore surface (Fig. 2).

() Deformation of the particle: Extending the formulation of Needleman and Rice (1980) to
include the effects of stress induced by pore surface curvature, one can state the principle of virtual
power for the deformation of the particle (Fig. 2) in the following form
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[Tévds = [o,0¢,dA+ |o,0hds + [0,0v,ds

Sr A S, S, (10)

+, &, — ¥, (6v,,c080) +¥, &, — ¥, (6v,,€080),, .
Here T, is specified traction on the external boundary S, of the unit cell, o; are the stress components
within the bulk region A occupied by the particle, dv, is an arbitrary virtual variation of the velocity on
S, and in A, 6&; is the corresponding strain rate variation, o, is the normal stress either on the
interparticle area S, =S,,\US,, or the pore surface area S, (that is the boundary § -S; =S, of the
particle deforming by creep before the deposition of the mass transported by surface diffusion, (Fig.
2)), &v, is the virtual variation of the normal velocity of points on the pore surface S, 8h is the virtual

rate of h along contact area S, =S,,US,, such that Sh = v, + 85 = &v, (see Eqn. (6)) since the gap
Ag(s) is a fixed part of the particle geometry at any instant of time, and ¢. and ¢, are the dihedral
angles at (tip) points C and D and are shown schematically as angle ¢ in Fig. 1b. The parameters da,
and da, are respectively virtual rates of change of the two contact areas S,, and S,, (equal in the
present isostatic simulations), and dv,,, is the virtual relative velocity at the tip points C and D (Fig. 2)

tangential to the contact areas, measured positive if it causes an increase in the area of contact. The
algebraic terms in Eqn. (10) involving y, and y, represent the power expended/released as the

densification proceeds and matter having energy ¥, on the interparticle areas acquires energy ¥, when
deposited on the pore surface. The mass deposited on S, by free surface diffusion (i.e., the mass in the
area bounded by S, and the pore free surface S:, as shown in Fig. 2) is not considered part of the

particle bulk area A during its deformation process, and as such, it is not accounted for in the first
integral on the right hand side of Eqn.(10). This approximation is consistent with the small
displacement assumption in the model, that is, the analysis is valid for small relative density changes.
However, in view of the marked effect this accumulated mass has on the pore surface curvature, the
normal stress o, along S, (in the third integral of the right hand side of Eqn. (10)) is related through

Eqn. (8) to the curvature of the pore free surface S,’, as is configured by the deposited mass and
continuously changes with time. As a result, the calculation of o, along S, depends on both the

particle deformation and the particle expansion &, and this couples the problem (i) for the deformation
of the particle to the problem (ii) for the pore surface diffusion.

Following Needleman and Rice (1980) and Subramanian and Sofronis (2001), and using Egs.
(3), (8), and (10), and the divergence theorem, one obtains

[Tovds = [0,6¢,dA+ [1, kbv,ds+ [— j,5j,ds +(043),

S A 5, 5Dy ¢8))

~(049),) cth éa, — 7, (6v,,c080). +¥, 8, — ¥, (6v,,c080),, .
By appropriate interpolations, Eqn. (11) is converted into a set of non-linear finite element equations.
The contact areas BC and DE (Fig. 2), which are domains for the interparticle diffusion process, are
" not known beforehand and are determined as part of the solution. The overall solution strategy is

incremental in time and involves assuming a size for the contact areas that is in excess of the expected.
Through Newton iteration, the nonlinear finite element equations arising from Eqn. (11) are satisfied at

time t,,, =t +At by solving for displacement increments {Au} using the known stresses {o} .

displacements {u}n , and curvatures along SI’, at time ¢,. Then, the contact areas are checked for
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consistency, i.e., whether nodes assumed to be diffusive are indeed in contact. If this condition is
not met, the assumed size of the contact areas is reduced by a node and the procedure is repeated until
the solution is consistent.

(i) the pore surface diffusion problem for the calculation of the expansion a(s): Solution to

the problem (i) yields the volumetric flux j. and j, respectively at s = 5. and s = s, (see Fig. 2) at
time 7,,, and the coordinates {x} ., ={x }, +{Au} of the nodes on the pore surface S,. These pieces
of information are used to integrate Egs. (4) and (7) to obtain the expansion increments {Aa'} such

that {ar}  ={a} +{Ac] at time ¢ w»> and surface S’ is determined from {x},.+{a}, . The

solution to problem (ii) also provides the curvatures for the tip points C and D from which tip stresses
(to be used in the solution of problem (i) at ¢ _,) are computed through the chemical potential
continuity requirement, Eqn.(9).

In summary, the solution to problem (i) enforces equilibrium in the bulk of the particle, ensures
the satisfaction of the diffusion equation (3) on the interparticle boundaries BC and DE, and of the

the pore surface as dictated by Eqn. (7), as well as enforcement of the pore surface diffusion equation
(4) and chemical potential continuity at the tips C and D (Eqn. (9)).

4. DIMENSIONLESS GROUPS

The overall densification of the aggregate occurs under the simultaneous action of multiple
mechanisms characterized by a large number of parameters. Therefore, in order to interpret the results
of numerical computations meaningfully, it is necessary to obtain quantitative measures of the relative
strengths of these mechanisms. To this end, a dimensional analysis has been performed over the
geometric, material, and loading parameters leading to the following dimensionless groups
(Subramanian and Sofronis, 2001):

% % 2, 27
o g Vit = g, = Dl 12
Ve or U o.R % Co 'R *» Co'R* (12

where R is the particle radius, a is a characteristic size of the area (following Raj, 1974) over which
interparticle diffusion occurs, and o, is the applied macroscopic stress (Fig. 2).

Clearly, y, and ¥, represent the strengths of the interface and pore surface tension in relation
to the applied stress. The higher these values are, the larger is the energy required to be delivered by
the applied loads to change the respective areas of these surfaces. Also for a given pore curvature, a
higher value of ¥, implies higher normal stresses in the adjoining bulk material.

The groups X, and x  measure respectively the strength of the interparticle and surface
diffusion processes relative to the power-law creep process in the bulk. Thus, if X, =10 and
X, =100, one can infer that the interparticle diffusion process was initially an order of magnitude
faster than the power-law creep process and the pore surface diffusion process was two orders of




5. THE STRAIN-RATE POTENTIAL
A convenient way to present the numerical results of the present study is by means of a
potential function CID(Z,-J-) (Hill, 1967; Duva and Hutchinson, 1984; Cocks, 1989; Sofronis and

McMeeking, 1992; Cocks, 1994) that is used to describe the constitutive response of the aggregate.
For the problem at hand, an admissible stress state [0',;, T,.'] is defined to be one that (i) obeys the
equilibrium equations in the bulk of the particles A, (ii) satisfies traction boundary conditions such

that 7, = on, is the traction specified on the surface S, (n being the unit outward normal) where

tractions are prescribed, and (iii) satisfies the Laplace relation o, = %, k relating the normal stress to
the curvature on S,. On the other hand, by definition, a kinematically admissible state [v, 5 ]b] is
such that the velocity field v; (i) possesses continuous first partial derivatives in A so that
1-:; = (v, ;+ v;.,,. ) /2 , and (ii) relates to the flux field j, through the mass conservation equation (5) on
S, . For an admissible stress state [0',.']., T}'] and a kinematically admissible state [ v].&, j;], one can
state the principle of virtual power as (Cocks, 1994)
[T vids = [ oy8;dA+ [ 0, jds + [ 0.vds +(0, ;)0 = (0,J,)c
N A S, S, ) (13)
+7,(d; +d) -7, [ (,c080")c + (V;,c086)p |,
where o, is the tangential gradient of the normal stress on S, and all virtual quantities are as defined
in the paragraph following Eqn. (10).
Let [v, £ j, ] be identified with the true state [v,.,s’,.j, jb] and [0';., T,."] with the true state
[0',.]., T ] as the aggregate densifies under a given externally applied constant stress %, such that
T, =Z,n; on S;. Then, Eqn. (13) specializes to
[Tvds=[06,dA+ [0, jds+ [ ov,ds +(0,j,)p = (O, dp)c
N A S, N
’ ’ (14)
+y,(a +a,) 7, [(V:ipcos¢)c + (vn'pcos¢)D]'
Keeping the kinematic fields fixed at the true state [v,.,é'ij, jb] (i.e., under fixed particle geometry), let

the external tractions be incremented by d7; = dZ;n; such that the true stresses in A are incremented
by do;. Since no change in geometry was effected during the stress increment, the incremented stress

state [0',.1. +do,

o L T di}] obeys exactly the same Laplace relation as the original stress state [0',.]., T ]

everywhere on the pore surface S, that is, do, =0 everywhere on S, Therefore, for the true
- kinematic state [v,.,éij, jb] , and the incremented stress state [0',.]. +do;, T, + dT,.] which is clearly also

an admissible stress state, the principle of virtual power (Eqn. (13)) is stated as



[(T,+dT vds = [(o, +do, )¢,dA+ j(a +do,, )j,ds + ja v,ds
s A s, (15)
+0,J,)p = (0, ], )c +7,(4, +a,) - Yy [(Vr.pcos¢)c + (vnpcos¢)D]

Comparing Egs. (14) and (15), one obtains the following concise relationship between the incremented
stress fields and the true kinematic fields:

{ dT, v,ds = { do,é,dA + Sj do,,jds . (16)

Following Hill (1967), and Duva and Hutchinson (1984), we note that the left-hand side can be
rewritten as

_[dTvds—AdZ E

l]’

a7

where the macroscoplc strain rate E is defined through the velocities on the external boundary of the

compact as E = f(v n;+v;n.)ds. From Eqn. (1), it is readily seen that
. 9° .
doé, = do, —af_ =dg¢ (18)

in A. On S,, Eqn. (3) yields
dan.sjb = Db an.sdon.s = d(;— Db 0',2”) = d¢b’ - (19)

where ¢’ is a potential function for interparticle diffusion (Cocks, 1994) such that

v-loc, e
Combining Egs. (16) through (20), one obtains the relation
AdZE; =d ( oA+ | ¢bds), 1)
A s,
and hence,
I L)
E =— 22
s (22)

where
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® = _i{ [¢ dA+ ¢bds} 23)

is the macroscopic potential for the deformation of the aggregate.

At any instant of time, the complete solution to the initial boundary value problem discussed in
Section 3 yields all the information needed to numerically compute @. In the case of compaction
under a constant macroscopic applied stress, the strain rate of the compact decreases monotonically
with deformation. Hence, the macroscopic potential also varies with the deformation and it is
convenient to express @ as a function of a state variable such as the relative density of the compact.
The pore surface diffusivity and pore surface energy significantly affect the flux on the contact areas as
well as the stresses in the bulk of the particles, due to the coupled nature of the densification problem;
so, they have an important role to play in the determination of ¢° and ¢°. Thus, although these
material parameters do not explicitly appear in the above expression for @, it should be remembered
that @ is necessarily dependent on them.

6. NUMERICAL RESULTS

6.1. Form of the potential ®: Computations were carried out to simulate the hydrostatic compaction
of wires with a radius of 5 microns. Details of the finite element scheme employed can be found in
Subramanian and Sofronis (1999, 2001). Material data used in the calculations, chosen to be those of
TiAl at 625°C (Ashby (1990)), are reported in Table 1. The applied stresses Z,, = Z,, =—0, used in
the computations ranged from 200 to 600 MPa, and the values of the dimensionless groups at these
stresses are as shown in Table 2. Finite element computations converged extremely slowly when the
creep exponent n was 3 and therefore, n was set equal to 2 in order to achieve faster convergence.
However, as will be explained in the remainder of this section, since numerical computations were
focussed on the case when diffusion processes dominate over power-law creep, this change of
exponent did not adversely affect the computation of ®. Finally, for the hydrostatic loading

considered in this paper, the in-plane mean macroscopic stress Z, = (2, +Z,) /2 is equal to the
applied stress O,. _

Fig. 3 shows the variation of the normalized potential (D/ cz ™ with relative density at a stress
level of 400 MPa. ®, and ®, stand respectively for the contributions of the first and second integrals
of Eqn. (23). Evidently, for the combination of particle size, material parameters, and applied stresses
used, the contribution to ® from the power-law creep deformation of the particles is negligible and the
diffusion processes on the interparticle contacts and void surface control the overall densification
behavior of the compact. This diffusion dominance was not restricted to the specific stress level of 400
MPa shown in the figure; it was observed to be the case for all the applied stresses o, used in the
computations.

In Fig. 4, @ is shown as a function of applied stress Z,, at different stages of the densification.
At a fixed relative density D, one observes that for the creep exponent n =2 used in the present

computations, the log (<I>/ CZm”"‘) vs. logZ, variation is a straight line with slope of -1, i.e.
®/Cz,"™ o< 1/Z, . Indeed, since @ =®,, one expects from Egs. (20) and (23) that ® o< %,?, which
implies that for any creep exponent n, ®/Cz, <1/Z, 1 Since the form of stress-dependence of

<I>/ Cz,"" does not change with relative density, one can write
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® __ _ f(D, material parameters)
cy nt - 3 n-1 :

24)

This simple dependence of CID/ CZ "™ on the applied stress is clearly realizable only in the regime

where the diffusion processes dominate over the power-law creep process. If the first integral of Eqn.
(23), which would be proportional to X ", were at least comparable in magnitude to the second, then
the form of dependence of & on 2.,, would be more complicated and not as straightforward to assess.
However, in the case at hand, it is possible to evaluate the function f of Eqn. (24) through a
systematic program of computations. For this reason, in the rest of the paper, attention will be focused
on diffusion dominated densification. Of course, it is worth noting that the general formulation of @,
as derived in the previous section, is valid for any combination of loading and material parameters.
Recalling that the dimensionless groups of Eqn. (12) depend on material and particle geometry
parameters, and the applied stress Z,,, one could rewrite Eqn. (24) in terms of dependence on K> Xps

¥,,and . Specifically, CI)/ CZ,"™ is sought in the following form

iy C kio, ko oy ke k
= 1 2 3 4’ 25
cx, ™ h(D)Z” Xf’ v (25)
where
b
D-.[D/D -1
h(D) = /Do (1-p,/D) |, (26)
D,-/i-D,/D

D, = 72'/4 is the initial relative density for the Square array, i.e., when the cylinders are in point contact,
and b, ¢,k ky, k;, and k, are constants to be determined. Of course, these parameters could

themselves be functions of material properties and applied siresses, a scenario that is not easy to
handle. Since the overall stress dependence of <I>/ CZ ™ is known from Eqn. (24), the exponents

ki, k,, ks, and k, must satisfy k, +2k, + k, + k, =1. Thus, one needs to evaluate only three of the four
exponents k;,i=1,4 through computations. The specific form of h(D) given in Eqgn. (26) has been

obtained by means of simple qualitative arguments involving the power dissipated through interparticle
diffusion, and the details of this analysis are given in Appendix A.

Although Eqn. (25) has been established using real material data for TiAl compacts at 625°C, it
should be noted that this equation has been cast in terms of dimensionless groups. Hence, its validity
is not restricted to any single material system. In order to generalize the computation of @ for any
arbitrary material system under arbitrary loads, all computations in the remainder of the paper have
been characterized simply through the dimensionless groups. It should be borne in mind that some
values of the dimensionless groups used in the following case studies might not strictly correspond to
the TiAl system described at the beginning of this section since they were chosen to span a wider range
of material/loading combinations.

For the calculation of the parameter b, one observesk that according to the suggested form of
® (Eqn. (25)) the product h (D)(b/ CZ, "™ should be independent of the relative density D for a given

set of material data and applied stress. Indeed, when the exponent » was set to 1.65, the finite element
results of Fig. 5 demonstrate that h(D)®/CZ ™' varies only slightly with D over several

combinations of dimensionless groups and the entire range of relative density considered. Thus, with
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the use of b=165, the present formulation reduces the description of the densification
process to the determination of a single parameter, namely A (D) <I>/ Cz "' as a function of material

parameters and load.

Use was made of this feature to compute the exponents k, through k, as follows: A series of

computations was performed by varying the dimensionless group whose exponent was to be computed
while all other dimensionless groups were kept constant. For example, in the case of k,, the groups

X, ¥, and ¥, were kept constant, say, at %,, ¥, , and ¥ respectively, and the computations were
carried out by varying y,. From each of these computations, k(D)(D/ Cz,"' was extracted and the
numerical results were fit in the form h(D)®/CZ,™ = Ay, from which the exponent k, was read
off. Of course, the fit coefficient A here is a function of the parameters %, ¥, , and VZ,, The

parameter ¢ of Egn. (25) was computed from the coefficient A of the power fit for each series, and
the final value of ¢ was taken to be the average of the values obtained from these series. The exponent

k, was evaluated using %, = 40, 200, 2000, and 4000 while ( Xpo ¥, ,y/b) were fixed at
(%,.#,.7,)=(1000,0.001,0.0033), (10000,0.001, 0.0033), and (100000,0.001,0.0033). The
scalings obtained, shown in Fig. 6, led to a final value of 0.9388 for k,. The extracted values of
h(D)<I>/CZm"+1 were also re-plotted against J, at corresponding fixed values of ( XV, ,wb) as
shown in Fig. 7 and the exponent k, was computed to be 0.0366. Additional computations indicated
that h(D)<I>/ Cz, "' was completely insensitive to the value of y,, and hence k, =0. Lastly, the
average value of ¢ was found to be 0.00469. Thus, the final expression for the macroscopic potential
is stated as

d 0.004 69 Zb0.9388 Zp0.0366

cs - _ — 1.65 0.0120
m [D JP/D, -1 (l—Do/D)} ¥

@7

D, - [1=D,/D

The mean macroscopic strain rate E, = (E"11 +E, ) /2 can now be calculated from Eqn. (22) using the
above expression, and the result is

_Em - 0.00469 xb0.9388 Zpo,oase .
cs D— [DjD,-1 T, 00 (28)
m (1) (1_ DO/D) [4
D, - Jl - DO/D

6.2. Validation of the present model: The predictive capabilities of Eqn. (27) were evaluated using
comparisons of Eqn. (28) with strain-rates obtained directly from finite element computations. Figure
- 8 illustrates finite element results obtained in four case studies ranging from extremely fast pore
surface diffusion (circles) to slow surface diffusion (squares), and from extremely fast interparticle
diffusion to moderately fast interparticle diffusion. In all the cases, the strain rates predicted by Eqn.
(28) agree very well with those obtained directly from finite element calculations. The circles and
squares in Fig. 8 correspond to combinations of dimensionless groups that fall well outside those
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utilized in deriving Eqn. (28); remarkably, Eqn. (28) predicts the macroscopic strain rates very
accurately even for these cases.

6.3. Features of the potential ® : As densification begins with the cylinders being in point contact at
relative density D = D, = 7/4, the normal stresses on the contacts are infinite leading to infinite strain

rates. Strain rates furnished by Eqn. (28) are in fact infinite at D=1D),, and decay rapidly with

increasing relative density D. Moreover, Eqn. (28) indicates that in addition to being strongly
dependent on %, , the macroscopic strain rate is quite sensitive to %, and ¥ . The higher the value of

X, and the lower the value of y;, the higher the obtained strain rate. A stronger pore surface diffusion

process means that the pore surface can absorb all the mass emanating from the interparticle contacts; a
lower pore surface energy implies that pore shape changes are less expensive energetically.

The strong dependence of the strain rate Em on relative density D is a feature shared by many

of the other densification models found in the literature. Two well-known examples are the models of
Kuhn and McMeeking (1992; densification occurring by power-law creep alone), and McMeeking and
Kuhn (1992; densification occurring by interparticle diffusion alone), which consider compaction of
aggregates of spherical particles. For the case of ‘densification by coupled interparticle and pore-
surface diffusion, Bouvard and Meister (2000) extended the two—particle model of Bouvard and
McMeeking (1996) to obtain macroscopic densification rates numerically for aggregates of rigid
spheres in terms of the externally applied pressure. The strain rates predicted by these models (from
Eqn. (27) of Kuhn and McMeeking (1992), Eqn. (49) of McMeeking and Kuhn (1992), and Eqn. (19)
of Bouvard and Meister (2000)) are shown in Fig. 9 when n=2, ¥, =0.001, and g, =40 along with

predictions of the present work. The Kuhn-McMeeking model predicts a strain rate that is an order of
magnitude smaller than that of the McMeeking-Kuhn model (an inference that follows directly from
the definition of %,), while the Bouvard-Meister result lies in between. In all these models of

aggregates of spheres, the initial relative density D, is equal to 0.64, and at this value of D the strain

rates predicted by these models is infinite, just as the present plane-strain model predicts infinite strain
rate at D =7/4. The difference in D, employed by these three models on the one hand and the

present model on the other is a direct consequence of the different geometries used; i.e., aggregates of
spherical particles vs. a square array of cylinders used in the present model. Also, the Kuhn-
McMeeking model completely ignores interparticle and surface diffusion; the McMeeking-Kuhn
model completely ignores bulk deformation and assumes extremely fast surface diffusion; both models
ignore the effects of pore surface energy. On the other hand, Eqn. (19) of Bouvard and Meister (2000)
ignores surface diffusion, but includes the effect of the pore surface energy on the overall
densification. For these reasons, and due to the different geometries employed, direct quantitative
comparison of the results of these models to that of the present is not meaningful. However, the strain
rates furnished by the present model do appear to converge to that of the diffusion-dominated
densification model of McMeeking and Kuhn at relative densities greater than 0.85.

Results are also available in the literature for densification of hexagonal close-packed arrays of
wires (initial density D, = ﬂ'/ 2+/3 =0.907 ). Riedel (1990) proposed a model for densification

occurring under the action of interparticle diffusion alone, and Svoboda and Riedel (1995) extended
this to the case of coupled grain boundary and interparticle diffusion. For X, =40, y, =0.001 and

D =091, the present model yields £, /C3,," = 3.27,3.56, 3.87, and 4.22 for z, = 10, 100, 1000, and
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10000 respectively. Over this range of y, and for the combination of the other model parameters

used, the Svoboda-Riedel model is insensitive to the value of ¥, and predicts E, / cz," = 2.02, as

does the Riedel model. Keeping in mind that both these models assume equilibrium-shaped pores, a
feature observed only in the later stages of densification (D >0.91), and therefore, that the relative
density range these models pertain to is outside the range of numerical accuracy (D <0.9) of the
present study, the present model performs reasonably well (see Fig. 9).

7. DISCUSSION

Since a small strain approximation was adopted in the solution to the initial boundary value
problem, studies were limited to changes in relative density of 5%. The constitutive law that has been
derived in this paper is applicable to those regimes wherein interparticle diffusion is much faster than
power-law creep deformation in the bulk of the particles. In this respect, the present model is similar
to several models (McMeeking and Kuhn, 1992; Riedel, 1990, Svoboda and Riedel, 1995) already
available in the literature. However, the present model accounts for the effect of surface diffusion of
arbitrary strength and pore surface energy, neither of which has been dealt with in the context of
densification in previous models. Numerical results (Fig. 9) indicate that the neglect of these features
leads to significantly different densification rates.

The interparticle surface energy ¥, enters the variational formulation of Eqn. (11) exclusively

through the algebraic terms associated with rates of growth of the contact areas. For the small values
of y, used (ie. ¥,/R<<0,), it is expected that these terms are negligible in comparison to the

contribution from the integrals of Eqn. (11). Indeed computations indicate that the effect of y, on the
overall deformation can be ignored, and as a consequence ¥, is absent from Egs. (27) and (28).

Densification data for compaction (“pressure sintering”) of arrays of wires seem to be
extremely scarce in the literature; in fact, the authors were not able to find any. Therefore, in order to
compare the predictions of the present model with observed material behavior, one needs to turn to
pressureless sintering experiments. Alexander and Balluffi (1957) studied the sintering of copper
using specimens of close-packed copper wires wound around copper spools. They performed several
experiments by varying the temperature and wire diameter, and tabulated the reduction in porosity as a
function of time. Direct comparison of these results with those of the present model is not
straightforward due to the fact that there was no externally applied stress in the experiments, whereas
in the present model, densification is driven by external stresses. Therefore, one needs to extract an
“equivalent external applied stress” from the sintering experiments, and this has been done as
explained below.

The term ‘sintering stress’ has been employed in the literature (McMeeking and Kuhn, 1992;
Cocks, 1994) to describe the macroscopic manifestation of the internal forces that drive sintering.
Thus, for modeling purposes, the sintering stress provides an equivalent external applied stress on the
aggregate; in other words, one can consider the experiments of Alexander and Balluffi to be equivalent
to our model experiments occurring under an applied hydrostatic stress equal to the sintering stress.
- McMeeking and Kuhn (1992) have derived an expression for the sintering stress Z, in an aggregate of

spherical particles. Following their procedure, one can obtain the sintering stress for the case of a
square array of cylinders as
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2 =0,

1
-JD/D,-1 p_p )
(D i} (29)

D, - Jl -D,/D D
where o, = ¥k, is the normal stress at the junctions of the interparticle contacts and the pore surface.
The term multiplying Oy is 0 when D=p, = 7/4 and monotonically increases to 0.41 when
D =091. Considering that surface diffusion allows for values of k, that could be significantly higher
than /R, the initial curvature of the wires, one can reasonably deduce from Eqn. (29) that the sintering

stress in the aggregate is a few multiples of y, /R, ie., X =2}/p /R, where A is a numerical
multiplier.

Using the fact that the densification rate D is related to the macroscopic strain rate through
D/D =-E, , Eqn. (28) was rewritten to yield D in terms of the dimensionless groups and the relative

density D, from which D was obtained as a function of time by means of numerical integration. This
procedure was repeated for different values of the multiplier A with material parameters for copper
(taken from Ashby, 1990) corresponding to 900°C and 1000°C » two of the temperatures employed by
Alexander and Balluffi in their experiments. (Although Alexander and Balluffi reported data for
temperatures of 1050°C and 1075°C also, the particle boundaries in the aggregate disappeared fairly
quickly at these temperatures. Since interparticle boundaries are assumed to persist throughout the
course of densification in the present model, results of sintering at these temperatures were not
employed in the comparisons.) Shown in Fig. 10 are the relative densities predicted by Eqn. (28) and
those extracted from Table 1 of Alexander and Balluffi (1957). The curve for 900°C was obtained
with an applied stress of 0,=2,=5y, /R, while that for 1000°C was generated with

0,=2,=9y, /R, and these values produced the best agreement with the experimental data amongst

all those that were tried. Evidently, the present model is able to reproduce experimental observations
accurately; the fact that it does so by invoking stress levels in the sintered compact that are physically

experimental data. This is, of course, a realistic scenario: at higher temperatures, diffusion processes
are faster leading to the pores being filled up faster. Consequently, the average pore radius is smaller,
and by the reasoning of the previous paragraph, this translates to an increase in the equivalent stress,

8. CLOSURE '

almost linearly dependent on the interparticle diffusion strength (Eqn. (28)). It exhibits marked
dependence on the pore surface energy and the rate of the pore surface diffusion process. Lastly, it can
predict quite well experimentally observed sintering data.
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Appendix A: Approximate form of the function (D)

When densification is diffusion-dominated, the bulk deformation effects can be neglected and

the assumption of rigid grains is valid. Hence, the normal interpenetration velocity # on the
interparticle contacts is constant and consequently, the flux varies linearly on the interparticle contact
(see Eqn. (5)). Then, from Eqn. (3), one finds that the normal stress varies quadratically over the
contact areas (Svoboda and Riedel, 1995):

CACN g(i)

o al)

max

(A1)

1 =1
O e =—

max 1 M
¢ [g(3) ds
0

As discussed in Section 6, in the case of diffusion-dominated densification, ® ~ ®,, and by virtue of
Egs. (20) and (23)

(A2)

a 2
®<2,(0,,) ds. (A3)

Substitution of Egs. (A1) and (A2) into Eqn. (A3) yields
2

i |
® o Do) _ZuL [(¢(s)) d5. (A4)

a O}gmdf C

Using arguments similar to those of Arzt and coworkers (Arzt, 1982; Arzt er al., 1983;

Fischmeister and Arzt, 1983), we can imagine the densification process as occurring in the following
sequence:

1. Initially, cylinders are in point contact, with an initial relative density D, = 7Z'/4, and an initial
radius R,.

ii. As the compact densifies and reaches a given relative density D, instead of letting the particle
centers approach relative to one another, one can alternatively visualize the particle centers as
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being fixed and that densification occurs by the particle radius increasing to R, leading to an
overlap between particles (Fig. 11). Let the length over which the particles overlap be a, and 6
be the angle subtended by the contact at the center of the cylinder. By geometric arguments,

R, =R, D/D,, a, =R, sinf, (AS)
and the area of overlap S ( = Area(CDE), Fig. 11) is
(7] 1
S= -2—R]2 - EROal . (A6)
Combining Egs. (A5) and (A6), one obtains
2
= 5;—[9 D/D, - sin8,[DJD, |- (A7)

The final step consists of removing the area of overlap S and redistributing it evenly over the
pore surface. This further increases the radius of the pore surface to the final value R, and the
contact size to the actual value a (Fig. 11). For small increases in relative density (consistent
with the small strain approximation of this paper), the angle made by the final contact size at the
center of the cylinder is also approximately 6. Hence, a, =a, and from the area of the dark

shaded portion (over the pore surface) of Fig. 11
25 =(n/4-0)(R* -R?). (A8)
From Egs. (AS5), (A7), and (A8), and using D, =7/4, and sinfd =0 (small angle

approximation), one obtains the following expression for the radius R:

R=R, D —sin6,/D/D, (A9)
N D,-8
The relative density D is expressed as the area fraction occupied by the particle at the end of step (iii),
ie.,
[ 2 Area(CDO) + Area(ODF) _ Ra+ (z/4-0)R? (A10)
Area(OCGH) (Reost)
which can be rearranged as
D(1-sin’0) =sin@ + D, — 0. (A11)
Since siné = @, the above equation gives
o= |P=Ds (A12)
D
which when inserted in Eqn. (A9) yields
D - |D/D,)-1
R=R, (D/Dy) . (A13)
V Do_\ﬁ—(Do/D)

Since a = Rsin@ = R@, the required relationship between a and D is obtained through using (A12)
and (A13)
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D-./D/D, -1 g
- - . Al4
a RO(DO—\/I—DO/D(I DO/D)) (Al4)

Recalling from Eqn. (A4) that ® 1/ a®, one concludes from (A14) that

2
b

h(D) = ( g) ~ ‘,/ff lj;o;; (1-p, /D)J

for the case of extremely fast surface diffusion with no surface energy effects. For the more general
case of arbitrarily fast surface diffusion and significant surface energy effects, the assumption is made
that (D) is of the same form except that instead of the exponent of 3/2 an exponent b is used, and the

specific choice of this exponent is made as described in Section 6.

(Al15)
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TABLE 1: Material properties for y-TiAl (Ashby, 1990).

Surface energy ¥, = 1.76 J/m*

Atomic Volume Q =3.11x10 m’
Melting point 7,,= 1730 K

Young’s modulus E = 153 GPa" at 625°C
Poisson’s ratio v = 0.24

Power-law creep: £= D, i , D.= 10°° exp[_Qr (I’ﬂ. -2)]
O, RT, T

Activation energy Q. = 320.0kJ/mol

Power-law creep exponent n= 2°
Reference Stress o, =1800 MPa

Grain boundary diffusion: D,J, = D(,bé'Obexp(—%)

Activation energy O, = 180.0 kJ/mol

Pre-exponential D8, = 7.6x10™°m’/s
Surface diffusion: Dp5 , = Dopéopexp(—%)

Activation energy Q, = 150.0 kJ/mol

Pre-exponential Dy &, = 7.6x10™°m"/s

2 Estimated from Schafrik (1977).

® Changed from 3 to 2 for faster convergence of the numerical scheme
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TABLE 2: Values of the dimensionless groups for y -TiAl powder at 625°C

Z,(MPa) V4 xy v, v,
100 13034 637.8 0.00352 0.00117
200 651.7 159.48 0.00176 0.00058
250 5214 102.08 0.00141 0.00047
300 434.5 70.9 0.00117 0.00039
350 3724 52.1 0.00101 0.00034
400 325.9 39.9 0.00088 0.00029
450 289.6 31.5 0.00078 0.00026
500 260.7 25.5 0.00070 0.00023
550 237.0 21.1 0.00064 0.00021

600 217.2 17.7 0.00059 0.00020
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PARTICLE I

after
deformation Ag(s)

PARTICLE II

before
deformation

Figure 1a. The interparticle contact area: sis the arclength, m is the unit normal vector, o, is the
normal stress, j, is the volumetric flux and Ag(s) is the non-negative gap function.

#,

convex surface
k<O

Interparticle
contact

Figure 1b. Sign convention for curvature on the pore surface: k is negative if the center of curvature
is in the region occupied by the particle (pore is concave) and correspondingly the stress is
compressive.
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Diffusion along
interparticle area DE, S,

Diffusion along pore
surface CD, S,

Particle expansion o
due to mass deposition

Diffusion along
interparticle area BC, S,

Figure 2. Definition of the domain and boundary conditions for the unit cell.
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Figure 4. Scaling of ®/Cz, "

with applied stress at constant relative density in the case of
densification of TiAl at 625°C dominated by diffusion with n = 2 .
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< a

Figure 11. Sequence of steps in the visualization of the densification process: R, is the initial
undeformed radius; R, and g, are respectively an intermediate radius of the pore surface and contact

length; R and a are the radius of the pore surface and contact area respectively when the relative
density is D
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