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Abstract

We consider the problem of nonlinear steady convection in a horizontal mushy layer
rotating about a vertical axis. We analyze the stationary modes of convection in the form
of two-dimensional oblique rolls and three-dimensional distorted patterns. Under a near-
eutectic approximation and the limit of large far-field temperature, we determine the two-
and three-dimensional solutions to the weakly nonlinear problem by using a perturbation
technique, and the stability of these solutions are investigated with respect to arbitrary
three-dimensional disturbances. The results of the analyses in particular range of values
of the amplitude of convection indicate, in particular, that, over most of the range of
values of the parameters, subcritical convection in the form of down-hexagons with
down-flow at the cells’ centers and up-flow at the cells’ boundaries can be preferred over
the up-hexagonal convection, where the convective flow is upward at the cells’ centers
and downward at the cells’ boundaries. For zero or very small values of T (T<<1), which
is the square root of a Taylor number, rolls are preferred over the supercritical rectangles,

while supercritical rectangles, which are characterized by an angle y about 60°, are stable

and preferred over the rolls for T above some value. Here, ¥ or 180°-y are the angles



between any two adjacent wave number vectors of a rectangle cell. For increasing values
of T, these rectangles become subcritically unstable and are replaced by new supercritical
rectangles of higher y values, and y increases with T until supercritical squares (y=90°)
become stable. The significance and realizability of down-hexagons, rectangles and
squares are found to be due to the interactions between the local solid fraction and the
flow associated with the Coriolis term in the momentum-Darcy equation that are fully

taken into account in the present study.

1. Introduction

Recently Guba (2001) considered the problem of finite-amplitude steady convection
in a horizontal mushy layer rotating about a vertical axis. The investigation was based on
the mushy-layer model developed by Amberg and Homsy (1993) and Anderson and
Worster (1995) where a near —eutectic approximation was employed in the limit of large
far-field temperature. The model allows examination of the dynamics of the mushy layer
in the form of small deviation from the classical system of convection in a horizontal
porous layer of constant permeability. Guba (2001) did not take into account the
presence of the interactions between the local solid fraction and the convection associated
with the Coriolis term in the Darcy-momentum equation by fixing the local solid fraction
at a constant value in the term modeling the effect of rotation. The goal of the author
was, then, to determine how rotation of the system affects the convection in such a
relatively simple case in the absence of those interaction effects. In addition, the author
assumed that the amplitude of convection is of the same order as the thickness of the
mushy layer. The form of the finite-amplitude convection studied by Guba (2001) was

that due to either two-dimensional oblique rolls or distorted hexagons. As the author



e*plained and more detai‘ls can be found in Veronis (1959), due to the rotation of the
system, the two-dimensional rolls are oblique in the sense that the streamlines of the flow
are confined to the planes, which are in the directions at oblique angles to the axes of
convection rolls. Similarly, the hexagonal patterns are distorted in the presence of
rotation. Guba (2001) found, in particular, that depending on the range of the parameter
values, either subcritical or supercritical oblique rolls can exist and the distorted
subcritical hexagons can change their form from up-hexagons to down-hexagons for the
rotation rate beyond some critical value.

In the present investigation, we extend the problem treated by Guba (2001) by
following Anderson and Worster (1995) in assuming a much wider range of values for
the amplitude of convection, taking into account the presence of the interactions between
the local solid fraction and the convection associated with the Coriolis term in the
momentum-Darcy equation and carrying out stability analysis of the finite-amplitude
steady solutions. We found a number of interesting results some of which sharply differ
from those obtained based on a model of the type studied by Guba (2001). The
differences between some the results in the present study and those due to Guba (2001)
are discussed in some details in section 5. It should be noted that to appreciate the results
of the present study, which is based 6n a more realistic model, we also carried out some
calculations based on the model of the type studied by Guba (2001). We found, for
example, that for the model of the type due to Guba (2001), convection in the form of
rectangles and squares is not stable and, thus, not preferred over the rolls, while in the
present model convection in the form of supecritical rectangles or supercritical squares

can be stable and preferred over the rolls in particular range of values of the rotation rate.



However, subcritical rectangles or subcritical squares, which can exist in particular range
of values of the rotation rate, are found to be unstable.

In regard to the motivation of the present study and the applicability of the present
results, it should be noted that understanding the rotational effects on the buoyancy
driven convection in a mushy layer, which is formed adjacent to the crystal interface in
an alloy system, are of interest in both engineering and geophysical areas. Understanding
the roles and effects of the Coriolis force on the dynamics of a possible mushy layer
adjacent to the earth’s inner core interface can be important for further understanding the
geodynamo. In industrial crystal growth processes it has been desirable to impose certain
external constraints such as rotation, in an optimized manner upon the crystallization
system, in order to reduce the effects of the induced convection flow, which can lead to
micro-defect density in the crystal and, thus, reduce the quality of the produced crystal.
Some theoretical results on the effects of rotation about a vertical axis on the flow of melt
during alloy solidification and in the absence of a mushy layer (Riahi1993) indicated
conditions under which rotation may stabilize the flow. Computational studies on the
effects of rotation about a vertical axis of a horizontal layer on the flow of melt during
alloy solidification (Neilson and Incroperal993) indicated stabilization of vertical plumes
and their lack of meandering due to such a rotational constraint. The occurrences of
undesirable imperfections, which are called freckles, in the alloy crystal, are believed to
be due to convection in vertical chimneys, which are developed beyond the onset of the
plume convection within the mushy layer. In the present study we are interested to

determine the effects of rotation on the onset of plume convection, tendency for chimney



fdrmation and the finite-amplitude steady convection states, which realize near the onset
of motion.

The following two sections 2-3 deal with the mathematical formulation of the problem
and the finite-amplitude analysis. The results of the steady solutions are presented and

discussed in section 4, which is followed by the conclusion and some remarks in section

5.

2. Formulation

We consider a binary alloy melt that is cooled from below and is solidified at a
constant speed Vo. Following Amberg and Homsy (1993) and Anderson and Worster
(1995), we consider a mushy layer of thickness d adjacent and above the solidification
front to be physically isolated from the overlying liquid and the underlying solid zones.
The overlying liquid is assumed to have a composition Co>C, and temperature T. >TL(Cy
) far above the mushy layer, where C, is the eutectic composition, TL((f) is the liquidus
temperature of the alloy and C is the composition. It is then assumed that the horizontal
mushy layer is bounded from above and below by rigid and isothermal boundaries. The
solidifying system is assumed to be rotating at a constant speed w in the vertical direction
anti-parallel to the gravity vector. We cbnsider the solidifying system in a moving frame
of reference oxyz, whose origin lies on the solidification front, translating at the speed Vj
with the solidification front in the positive z-direction and rotating with the speed ® along

the z-axis.



It should be noted that no double-diffusive effect is present in the above described one-
layer mushy zone model since such a mushy layer is assumed to be in local
thermodynamic equilibrium and, thus,

T=TL(Co+T(C-Co),
where T is the temperature and T is the slope of the liquidus (Anderson and
Worster1995), which is assumed to be constant. The mushy layer is treated appropriately
as a porous layer (Fowler1985; Worster1992), where the solid dendrites and the liquid
coexist, and Darcy’s law is adopted.

Next, we consider the equations for momentum, continuity, heat and solute for the
flow of melt in the mushy layer in the already described moving frame. These equations
are non-dimensionalized by using Vo, k/Vy, k/V¢%, BAC pgk/Vy, AC and AT as scales for
velocity, length, time, pressure, solute and temperature, respectively. Here k is the
thermal diffusivity, p is a reference (constant) density, = B"-I'ot’, where o.” and B are
the expansion coefficients for the heat and solute, respectively, AC=Cy—C., AT=TL(Cy)-T.
and T. is the eutectic temperature. The non-dimensional form of the equations for

momentum, continuity, temperature and solute concentration in the mushy layer are

K(¢)u=-VP —R Oz+Tuxz /(1-}), (1a)
V.u=0, (1b)

(0/0 t-0/92)(6-S§)+u.VH=V?6,  (lc)
(0/9 1-0/9 z )[(1-$)0+ C.0]+ u .V6=0, (1d)

where u=ux+vy+wz is the volume flux vector per unit area, which is also known as
Darcy velocity vector ( Nield1998), u and v are the horizontal components of u along x-

and y-directions, respectively, X and y are unit vectors along the positive x- and y-



férmation and the finite-amplitude steady convection states, which realize near the onset
of motion.

The following two sections 2-3 deal with the mathematical formulation of the problem
and the finite-amplitude analysis. The results of the steady solutions are presented and
discussed in section 4, which is followed by the conclusion and some remarks in section

5.

2. Formulation

We consider a binary alloy melt that is cooled from below and is solidified at a
constant speed Vo. Following Amberg and Homsy (1993) and Anderson and Worster
(1995), we consider a mushy layer of thickness d adjacent and above the solidification
front to be physically isolated from the overlying liquid and the underlying solid zones.
The overlying liquid is assumed to have a composition Co>C, and temperature To, >T1(C
) far above the mushy layer, where C, is the eutectic composition, TL(C) is the liquidus
temperature of the alloy and C is the composition. It is then assumed that the horizontal
mushy layer is bounded from above and below by rigid and isothermal boundaries. The
solidifying system is assumed to be rotating at a constant speed w in the vertical direction
anti-parallel to the gravity vector. We cbnsider the solidifying system in a moving frame
of reference oxyz, whose origin lies on the solidification front, translating at the speed V,
with the solidification front in the positive z-direction and rotating with the speed m along

the z-axis.



It should be noted that no double-diffusive effect is present in the above described one-
layer mushy zone model since such a mushy layer is assumed to be in local
thermodynamic equilibrium and, thus,

T=TL(Co)+1(C-Cy),
where T is the temperature and T" is the slope of the liquidus (Anderson and
Worster1995), which is assumed to be constant. The mushy layer is treated appropriately
as a porous layer (Fowler1985; Worster1992), where the solid dendrites and the liquid
coexist, and Darcy’s law is adopted.

Next, we consider the equations for momentum, continuity, heat and solute for the
flow of melt in the mushy layer in the already described moving frame. These equations
are non-dimensionalized by using Vg, k/Vy, k/Voz, BAC pgk/Vy, AC and AT as scales for
velocity, length, time, pressure, solute and temperature, respectively. Here k is the
thermal diffusivity, p is a reference (constant) density, f= B*-I'o’, where o and B* are
the expansion coefficients for the heat and solute, respectively, AC=Co—Ce, AT=Ty(Cg)-T.
and T, is the eutectic temperature. The non-dimensional form of the equations for

momentum, continuity, temperature and solute concentration in the mushy layer are

K(¢)u=-VP —R Oz+Tuxz /(1-}), (1a)
V.u=0, (1b)

(0/0 t-0/02)(6-S ) +u.VH=V?36,  (lo)
(0/0 t-0/0 z )[(1-4)0+ C,6]+ u .VH=0, (1d)

where u=ux+vy+wz is the volume flux vector per unit area, which is also known as
Darcy velocity vector ( Nield1998), u and v are the horizontal components of u along X~

and y-directions, respectively, x and y are unit vectors along the positive x- and y-



directions, w is the vertical component of u along z-direction, z is a unit vector along the
positive i—direction, P is the modified pressure, 0 is the non-dimensional composition, or
equivalently temperature (Worster1992), §=[’f ~TL(C)VAT=(C -Cy)/AC, 1 is the time
variable, ¢ is the local solid fraction, I€=BACg T1(0)/(V,v) is the Rayleigh number, I1(0)
is reference value at ¢=0 of the permeability l'[((f)v) of the pofous medium, which is
assumed to be finite (Worster1992), v is the kinematic viscosity, g is acceleration due to
gravity, K(q;)EH(O)/H((f)), S=L/(CLAT) is the Stefan number, Cy is the specific heat per
unit volume, L is the latent heat of solidification per unit volume, C; =(Cs—Cg)/AC is a
concentration ratio, Cs is the composition of the solid-phase forming the dendrites and
T=2wII(0)/v is the Coriolis parameter, which is the square root of a Taylor number. The
equation (1d) is based on the limit of sufficiently large value of the Lewis number k/k,
(Worster1992; Anderson and Worster1995), where k; is the solute diffusivity.

The governing equations (1a)-(1d) are subject to the following boundary conditions

(Amberg and Homsy1993):
O+1=w=0 atz=0; : (2a)
6=w=0=0 atz=39, (2b)

where 8=dV/k is a growth Peclet number representing the dimensionless depth of the
layer. |
Following Amberg and Homsy and Anderson and Worster (1995) in reducing the
model asymptotically, we assume the following rescaling in the limit of sufficiently small
S
C=C/9, e<< 8<<1, (3a)

X, Y, 2)=(x,y,2)8, t= 81, R?*= 6K, (3b)



0= 0p(2)+e0(x, , 2, 1), (3c)

o= 0p(2)+ed(x, ¥, 2, 1), (3d)
u=0+ ( eR/3 u(x, y, z, t), (3e)
P=RPy(z)+ReP(x, y, z,t), (3f)

where C is an order one quantity as 8—0, and the quantities with subscript ‘B’ are the
basic flow variables for the motionless state and are assumed to be a function of z only.
The small deviation of each dependent variable from its basic quantity is measured by a
perturbation amplitude € and can vary with respect to spatial and time variables as shown
in (3c)-(3f).

As discussed in Anderson and Worster (1995), the assumption of thin mushy layer (8
<<1) is associated with large non-dimensional far-field temperature 0..=[T.. -TL(Cg)]/
AT>>1, which can occur when the initial C is close to C. . The assumption of order one
quantity C corresponds to the near-eutectic approximation (Fowler1985), which allows
one to describe the mushy layer as a porous layer of constant permeability to the leading
order.

The rescéling (3a)-(3f) are then used in (1a)-(1d) and (2a)-(2b). This system of
equations and boundary conditions admits a motionless basic state, which is steady and
horizontally uniform. The basic state solution is given below in terms of the asymptotic

expansions for d<<1:

Bp=(z-1)+ 8(z-2%)/2+..., (4a)
0p= 8(1-2)/C+ 8*[-(1-2)*/C* +(z*2)/(2C)]+..., (4b)
Pp=Po+R[(z-2°/2)+8(z%/2-2°/3)/2+...], (4c)



wﬁere Py is a constant. Sjnce ¢ is expected to be small, according to (4b), the following
expansion for K(¢) will be implemented later in the governing system:
K(@)=1+K,§ +K; ¢ *+..., ' 6))
where K; and K are constants (Ambe?g and Homsy1993).
For the analysis to be presented in the next section, it is convenient to use the general
representation
u= QV+Ey, (6a)
=VxVxz, E=Vxz, (6b)
for the divergent-free vector field u (Chandrasekhar1961). Here V and  are the poloidal
and toroidal functions for u, respectively. Taking the vertical components of the curl and
doubie curl of (1a) and using (1b) in (1)-(2), we find the following system which will be

analyzed in the next section
v? [(K(9p+e0)A2V]+(9/02)[QV . VK(¢p+e) 1+(0/0z) { [VK($p+ed)xVy].2}-R A0 +
T(0/02){ [1/(1-0p—e0)] Ao+ V(9/92) VXV (1/(1-95—€0))].2+V . Vo (1/(1~05~£0)) }=0, (7a)

K (p+e0) A+ V(3/02) VXVK (0p+£0)].2+ V4. VK (0p-+e0)—T{ [ 1/(1 -0p—0) ] Ax(d/z) V-

[VYXV(1/(1-05—£0))].2+V(0/92) V.V, [ 1/(1-dg—ed)] }=0, (7b)
(0/0t-80/0z)(-0+S §)+R(d6p/dz) A, V+V?0=eR (QV+Ews). V6, (7c)
(0/0t-0/92)[ (- 1+0p)0+Op (+0O—CO/S ]+ R(dGB/dz)Az\’ =eR(QV+Ey).V6, (7d)
0=V=0 at z=0, (Te)
0=V=¢=0 at z=1, 70
where

A= 82/8x2+82/8y2, V.= (d/9x, d/dy).



3. Analysis

In this section we seek steady-state solutions of the nonlinear system (7a)-(7f) by
applying a weakly nonlinear analysis, based on a double series expansions in powers of
two small parameters for the perturbation quantities, of the type carried out by Busse
(1967) and Busse and Riahi (1980). Here the small parameters are & and €, which satisfy
the condition given in (3a). Following Anderson and Worster (1995), we first make a
formal asymptotic expansion in € and then at each order in € make a formal asymptotic
expansion in 8. The appropriate expansions are for the dependent variables of the
perturbation system and for R. These expansions are given below
V., 6, ¢, R)=[(Voo+0Vo1+...), Woot+OWor+...), (Boo+8801+...), (§oo+8¢01+-..), (Roo+ORg;
+.)HE[(VipHdVii+..), (Wiotdyii+...), (B10+8611+...), (G10+8011+...), (Rig +8R11+...)]
+&2[(V20+8Var+...), (WaotdWar+...), (020+8021+...), (G20+8021+...), Rag+SRa1+..)]+...  (8)

3.1. Linear prooblem
Upon inserting (8) into (7a)-(7f) and disregarding the nonlinear terms, we find the

linear problem. At order €°5° the system (7a)-(7f) yield the following results:

Voo=[(*+a%)/(Rgoa®)] sin(nz) Saan Ay W, (92)
Yoo=Tr[(n*+a%)/(Rooa®)] cos(nz) ToN-n Ag Wi, ~(9b)
Bo0= -sin(1z) Tn"-N Ay W, (%¢)
doo=[-(m*+a>)/(Cm)] [ 1+cos(niz)] Tn"_n An Wi, (9d)
Roo” =(m*+a%)(n*+a%+ 72 T )/a?, (%)

where

10



Wo=exp(ia,.r). (91)
Here i is the pure imaginary number (i= -1), subscript ‘n’ takes only non-zero integer
values from —N to N, N is a positive integer representing the number of distinct modes, r
is the position vector, and the horizontal wave number vectors a, satisfy the properties
a,z =0, |a, |=a,a ,=-a, ' (10)
The coefficients A, are constants and satisfy the conditions
ZaanAnAn=l, A=A, 1n
where the asterisk indicates the complex conjugate. Minimizing the expression for Reg
given in (9¢), with respect to the wave number a, we find
Rooe=n[1+(1+T2)*7 ], (12a)
ag= m(1+T%)%23 (12b)
Here Roq, is the minimum value of Rgg achieved at a=a.. In all the analyses and solutions
to follow, hereafter, we shall set Rog=Rgo. and a=a, unless indicated otherwise. As the
results to be discussed in the next section indicate, some of the presumed order one
coefficients Ry, can become too large for T somewhat bigger that 1, and 50 the validity
of the present model may become questionable for large values of T. Hence, we shall
assume that the value of T can be at most about 1 or so. Also, due to the complexity of
the present rotating flow investigation, which is amplified by taking into account the local
solid fraction interaction with the Coriolis term, we consider a simplifying assumption by
following Anderson and Worster (1995) and focusing on a particular limiting case where
K| is small of order §, so that we can write K;=8K_, where K_ is a constant of order one.
Considering the governing system (7a)-(7f) in the order £°8', eliminating yo; between

(7a) and (7b), multiplying the resulting equation by aVgg and (7c) by 8y, adding these

11



two later equations, averaging over the fluid layer and making use of (7e)-(7f), we find
the condition for the existence of the solutions Vg, and 6y;. This condition yield
Roi=[m’T*(n*+a%)/(2CaRg0)]-RooS/(2C) (13a)
and at the critical onset condition
Roi=[ /O RTY(1+TH"? I 1 [14+(14+T2) °1S,}. (13b)
Hence, the critical Rayleigh number R, for the linear system can be written as
R=Rgoc+3Rg -+ O(8?). (14)
The solutions in this order can be written in the form
(Vor,Wo1,801.00)=[Vor (2),Wor (2),801"(2).001 @)™ AW, (15)
where the expressions for the coefficients Vm*,\lfm*,@m* and (1)01* , which are functions of
z and the non-dimensional parameters of the problem, are given in appendix A.
3.2. Nonlinear problem
Next, we analyze the nonlinear problem for the steady convection. The solvability
conditions for the nonlinear systems require the following special solutions Vg, and 8gg,
of the linear system:
(Voon, Goon)=[(0*+2%)/(Rooa?), 1] sin(z)Ay W, (16)
It turns out that there is no need to consider special linear solution for y and ¢ since the
governing nonlinear systems are usually reduced to a form where only (16) will be
needed to form the corresponding solvability conditions. Consider the system (7a)-(7f) in
order €. Multiplying the equation, resulted from eliminating o between (7a) and (7b),
by —Voon, (7¢) by Boon, adding, averaging over the fluid layer and applying the boundary
conditions (7e)-(7f), we find

RiglAu[= - nT?[(n*+a")/(CRoo2®)] Tip (14+@1p)An Ay Ay <Wy Wi W, >, (17a)

12



where

®y=a.a, /a°, (17b)
and an angular bracket indicates the average over the layer. The right-hand-side in (16a)
for Ryg indicates that R =0, unless

a, +a; +a, =0 ' ’ (18)
for at least some 1 and p. The condition (18) can be satisfied in the cases where
convection is in the form of either hexagonal or triangular patterns (Busse1989), while
(18) can not be satisfied for convection in the form of two-dimensional rolls or squares.
It should also be noted that the existence of triangle type solution (N=3) is ruled out in
the present problem since a pure imaginary valué for A,, which holds in this case
(Gorko1957), does not satisfy (17a). The solutions in this order can be written in the
form
(Vio, W10, 810, 010)=[V 10 (2), W10'(2), 010"(2), D10" (2] Znen™ Ap W +Zip [Vio (z,81p),
W10 @ Pyp), 810" @ Pip), Pr0' (2. Pyp) T Ar Ay Wy W, (19)
where the expressions for Vg, \1110*, 010, 4)10*, Vi, \umA, 80 and (])IOA are given in the
appendix A.

We also carry out here the analysis for the system (7a)-(7f) in the order €8 mainly due
to the result that the magnitude of Ry due to (17a) for the hexagonal patterns is found to
be rather small in the range of T that is considered in the present study. Consider the
system (7a)-(7f) in the order €5. Multiplying the equation, resulted from eliminating yq;
between (7a) and (7b), by —~Vqn, (7€) by Ogon, adding, averaging over the fluid layer and
applying the boundary conditions (7e)-(7f), we find

RufAdf =21, Fii(@1p)An A Ay <Wy Wy W,>+Gyi]AP, (20)

13



where the expressions for the coefficients Fy; and Gy, are given in the appendix A. As in
the case of Rjg, R;1=0, unless (18) holds for at least some 1 and p since the expression for
Gy, is zero for Ryg=0 and the summation term in the right-hand-side of (20) vanishes if
(18) does not hold. The solutions in this order are quite lengthy and will not be given in
this paper.

We now consider the system (7a)-(7f) in order €2, Multiplying the equation, resulted
from eliminating o between (7a) and (7b), by ~Voon, (7¢) by 8o, adding, averaging
over the fluid layer and applying the boundary conditions (7e)-(7f), we find
RaoolAnl’= Zimp Fao(@ip, Py Prng)An At Am Ap <Wy Wy Wy Wi+ Ty Hao(@p)As Al A,
<Wo Wi W>+GylAlff, (=N, ..., -1, 1, .., N), (21)
where the summations in (21) for 1, m and p run from -N to N, and the expressions for
Fs0, Hag and Gy are given in the appendix A.

The system (21) contains integral expressions of the form <W, W; W,>, which differ
from zero only if (18) is satisfied, and integral expressions of the form <W, W; W, Wo>,
which differ from zero only if

a, +a; +a, +a,=0. 22)
The system (21), together with (11), (17a) and (20), can be used to study the steady
solutions in the form of two-dimensional oblique rolls and three-dimensional distorted
cells. We shall restrict our attention to the simplest types of solutions, which include
those observed in the applications. These solutions are called regular or semi-regular
solutions (Busse1967). In the case of a regular solution all angles between two
neighboring a-vectors are equal and (11) yield

|A = =|ANf=1/2N). (23)

14



Iﬁ the more general semi-regular solution, where (23) still holds, the scalar products
between any of the a-vectors and its two neighboring a-vectors assume the constant
values oy and 0. An example of a semi-regular solution is that due to rectangular cells
(N=2), where o = - ;. Regular solutions can follow from the semi-regular ones for the
special case oy= 0. Simple forms of regular solutions correspond to the cases of two-
dimensional rolls (N=1), square cells (N=2) and hexagons (N=3).
Thus, using (11), (18) and (22)-(23) in (17a), (20) and (21), we find
Rio =[-nT*(m*+a?)*/(CRgpa*\6)]S, (24a)
R1=[2F;1(®1,=0.5)N6 +G11S, (24b)
R30=ZmenN" Tam|Am|+(2/ VO Hoo(®@1y=0.5)S+ Gpo, (n=-N, ..., -1, 1, .., N), (24c)
where
S=1 for hexagons and 0 for non-hexagons, (244d)
Ton=Fnn,n Sonrt(Fo 0,0 Fn on.)8n, -+ (Fomma P m, o ,-m)(L-Sn) (185 ), Fimp
=F0(Pip, Prat, Prp), (24¢)
Sym=1 for n=m and 0 for n #m. (241)
Here by the term ‘non-hexagons’ in (24d) it is meant solution whose wave number
vectors do not contain a sub-set of such vectors, which can satisfy a condition of the type
(18).
The simplest types of solutions, which turn out to be preferred under certain conditions
in the present study, are described briefly as follows. For steady two-dimensional
oblique rolls, N=1, A,=1/V2 and S=0 in (24). For distorted rectangular pattern
convection, N=2, A,=1/2, y#90° and S=0 in (24). Here Y is the angle (y<90°) between

two adjacent wave number vectors of any cell. For distorted square pattern convection,

15



N=2, Ay=1/2, y=90° and S=0 in (24). For distorted up-hexagonal convection, N=3, A,
=1/\/6, Rio+8R 1 <0 and S=1 in (24). For distorted down-hexagonal convection, N=3, A
=1/\/6, Rio+0Ry; >0 and S=1 in (24). As will be referred to later in section 4, the sign of
the vertical motion at the cells’ centers for hexagons, which is determined by the sign of
€, can be inferred from the condition
e(Ro+0R1)<0 (25)
for the preferred subcritical hexagons. As indicated before, the value of Ry in the
present problem is found to be rather small for the assumed range of values for T‘, and,
thus, the sign of (R;o+0R1) is appropriately taken into account to determine whether
hexagons are subcritical or supercritical.
3.3. Stability problem

The analysis of the nonlinear steady convection presented in the previous sub-section
has shown that an infiﬁite manifold of solutions could exist even though this manifold
represents only an infinitesimal fraction of the manifold of the solutions (9a)-(9d) of the
linear problem. To distinguish the physically realizable solution among all the possible
steady solutions, the stability of V,y, 0, ¢ with respect to arbitrary three-dimensional
disturbances Vg, Wq, 64, ¢4 need to be investigated. The time-dependent disturbances can
be assumed in the form
(Va o, B4, 00)=[V'(X, y, 2), W'(x, y, 2), 0'(x, ¥, 2), ¢'(x, y, 2)]exp(o V), - (26)
where © is the growth rate of the disturbances. Whén the governing equations and the
boundary conditions of the form (7a)-(7f) for the finite-amplitude steady flow are
subtracted from the corresponding equations and boundary conditions for the total

dependent variables for the steady flow and the disturbance quantities and the resulting
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system is linearized with respect to the disturbance quantities, we obtain the stability
system, which is given by (B1a)-(B1f) in appendix B.
When the expansion (8) is used in (B1a)-(B1f), it becomes evident that the stability

system can be solved by a similar expansion

VW, 0, ¢,6)=[(Voo+d Vor+...), (WootdyWo1+...), (6700+06 01 +...), (§00+0¢ 01+...),
(Goo+8001+.. ) ]+E[(V 1048V 11+...), (W' 10+ 11+...), (0'16+00"11+...), (O1¢1y

18+ 1084 1+...), (G100 1+... ) ]+ [(Var1y S+ V ag b8V g14...), (Wo(1y/ Sy 2o 8 21+,
(02 1y/3+0 20180 21+...), (921)/0+0 20+30 21 +...), (G20+0021+..)]+... 27
where the expansions for ¢” and all the disturbance variables are singular at order € and €
, respectively, as §—0, but, it turns out, that such O(1/ 8 ) terms are needed in the stability
analysis since it is found that the O(€) and O(g?) of the stability problem are forced by
terms of order 1/3 in the equations for the disturbances.

For the present stability analysis we restrict ourselves to those disturbances whose
dependent variables have wave number vectors a’,, which all have the same wave number
|a’n|= a"=a.. Then the most critical disturbances, which have the maximum growth rate,
are found to be characterized by 6, =0, where

G(¢=000+00¢1+...
The linear solutions for the dependent variables of the disturbances at order 8° are found

to be of the form (9a)-(9d), provided A,, W, and N are replaced by arbitrary constants A,,
W, = exp(ia’s.r) and oo, respectively.

In analogy to the solvability conditions for the steady motion presented in the previous

sub-section, the solvability conditions for the disturbance systems in the order & (n>1)
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require us to define particular solutions of the linear system for the disturbance system.
These solutions designated by Vioon and B0 have the same form as (15), provided A, and
W, are replaced, respectively, by A, and W,. The solvability condition for the
disturbance system in the order € is derived similar to the corresponding one for the
steady flow system. We first derived the disturbance system at order € from (B1a)-(B1f).
Then we eliminated y’;o between (Bla) and (B1b) in the order €. Next, we multiplied the
equation, resulted from eliminating y’;o between (B1a) and (B1b) by =Vog,, (B1c) by 6oon
, added, averaged over the fluid layer and applied the boundary conditions (B le)-.(Blf).
We then found the expression for 6y9. Similarly, we applied the solvability conditions in
the orders €5 and € to determine 011 and 0y. Since Gyg, G11 Or G may not in general be
zero for a particular solution, we define

0 =€010+€06,+%02 (28a)
as the leading order growth rate and combine the solvability conditions in the orders €,
€8 and € to obtain the following system for ¢':
(-6 M+R)|Auf=2l1, [EL10(Pip, i) +eBL1 (i, Wip)+€ Lo @ip, Fip)I(An A 1A, <W, WiW,
>+An ALK p W Wi W, >3 E1mp € [Fao(@ip Ponty Prnp) + Fao(@ip)(Frnrt W) I(A o A

An Ap <W o W i Wi Wy >+A AL A 1 Ay <W o, Wi W oy Wy >+A  Aj A A, <W , W,

W W, >), (28b)
where |

R'= eR0+e8(R1-G11)+&%(Ra0 G ), (28c)

Wip=[(a; x ap).z)/a%, (28d)

M=Ro/[2( T*+a%)], (28e)
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aﬁd the expressions for Fy, Lio, L11 and Ly are given in the appendix B. The growth
rates ¢ of the disturbances acting on the finite-amplitude steady motion can then be
determined from (28) following the method approach due to Busse (1967), which is now
a standard stability procedure, for cases where the wave number vectors of the

disturbances either coincide with those of the steady motion or not.

4. Results and discussion

4.1. Linear problem

The linear system and its eigenvalue problem, which led to the results (9)-(15), are, in
general, functions of the parameters C, S; and T. Here and thereafter value of 8§=0.2 is
chosen to evaluate R and other quantities whose values may depend on 8. The well
known stabilizing effect of the Coriolis force on convection (Chandrasekhar1961) can be
seen from the expressions for R, and a,, which can be found from (12a)-(12b), (13b) and
(14). Both R. and a, increase with T. However, a, is independent of C and S, while R,
depends only weakly on these two parameters. For T=0, R, decreases with increasing S,,
for a given C, and increases with C, for a given S;. Thus, the effects of increasing S, and
C are, respectively, destabilizing and stabilizing at the onset of motion. These results are
understandable with respect to the physical interpretation of the parameters S; and C since
S, represents a measure of the latent heat relative to the heat content and C represents the
difference in the characteristic composition of the solid and liquid phases to the
compositional variation of the liquid. However, in the rotating case (T#0) there is a

competition between the stabilizing effects of C and T, which depends on the values of S,
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and T. Since dependence of R; on C and S; is through the expression for Ry given in
(13b), we find that for 0<S;<T,;, where

Ta=TY[1+T + (1+T%%7], 29)
then R, decreases with increasing either C or S;. For S;>T, then R, increases with C,
while it still decreases with increasing S;. The value of T; increases with T and reaches
1 as T—yoo, Thus, in a small range for S; bounded from above by T, the only stabilizing
effect is due to T, and both C and S; are destabilizing in the sense that R, decreases with
increasing either C or S;. To see the main cause for the destabilizing effect of C when S;
is bounded from above by T,;, we consider the expression (13b) for Ry;. and note that the
first term inside the bracket in the right-hand-side, which is independent of S,, is due to
the interaction between the leading term in the basic state of the local solid fraction and
the Coriolis term in the momentum-Darcy equation. If this interaction term is not taken
into account, then C cannot exhibit the above-described destabilizing effect. We will
uncover more surprising results due to the interactions of the local solid fraction with the
Coriolis term later in this section.

Due to degeneracy of the linear system, the above described linear results are
applicable to both two- and three-dimensional convection cases whose nonlinear results
are presented and discussed in the next sub-section.

4.2. Nonlinear problem
Important quantities due to the nonlinear effects are the coefficients
R1=Rp+3R;; +O(d) 30)
and Ry, which are calculated in the present study. As can be seen from the expansions

(8), these coefficients represent leading contributions to the change in R required to
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obtain finite amplitude € vfor a nonlinear solution. In terms of these coefficients the
amplitude of convection is of order

Jel={IR1[£[R1*+4R20(R-Ro)]* *}/(2Rz0). | 31)
As can be seen from (31), there are two expressions for || corresponding to plus and
minus signs in (31), where the expression with plus sign corfesponds to the case where
Ry is positive, while the expression with negative sign corresponds to the case where Ryg
is negative. It should also be noted that in the case of non-zero R;, which can correspond
to the cases where convection is in the form of hexagons, then the expression (31) for | € |
is provided only for the preferred subcritical convection state where R<R.. In this case
the amplitude of convection is largest if the magnitude of R is largest. For R;=0, which
can correspond to the cases of two-dimensional rolls, rectangles and square pattern
convection, then the sign of Ry determines whether the steady solution exists for values
of R above or below R.. For R;=0 and supercritical convection, where R>R,, the
amplitude of convection is largest, provided the value of Ry is smallest among all the
solutions to the nonlinear problem. In the present problem the coefficients Ry and Ry are
due to the linear and nonlinear interactioné between the local solid fraction and the
Coriolis term in the momentum-Darcy equation, the nonlinear convective terms in the
temperature equation and the nonlinear interactions between the flow velocity and the

non-uniform and nonlinear permeability associated with the perturbation to the basic state

solid fraction.

Hexagonal convection

The coefficient Ry, given by (24a)-(24b) and (30), for the hexagonal convection was

computed for various values of T, C, S;, K, and K,. It was found that depending on the
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range of the values of the parameters, R, can be either positive or negative, and, thus, the

steady hexagonal convection can be supercitical for
€R; >0
and subcritical for
€R; <0.
For supercritical case, up-hexagons correspond to the case where
€>0 and R;>0,
while down-hexagons correspond to the case where
€<0 and R;<0.
For subcritical case, up-hexagons correspond to the case where
€ >0 and R, <0,
while down-hexagons correspond to the case where

€<0 and R;>0.

Some typical results about the effects of T and K, are presented in Figure 1 for R,
versus T for S=5.0, C=1.0, K,=0.0, and for several values of K. It is seen from this

figure that for R;<0 (R;>0), |R,| decreases (increases) with either increasing T or

decreasing K.

(32a)

(32b)

(32¢)

(32d)

(32e)

(32f)

Hence, tendency for the preference of down-hexagons increases with T and decreases

with increasing K.. Conversely, tendency for the preference of up-hexagons decreases

with increasing T and increases with K. Our additional generated data indicated that R,

is negative for T=0, which agrees with the result due to Amberg and Homsy (1993), but

for T£0, R; increases with T until it becomes zero at a critical T, of T, beyond which R,

is positive and generally increases rather rapidly with T. This result was one of the main
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réason to restrict the present investigation to the cases of small and at most about 1 values
of T. For larger values of T, the values of [R;| become very large that can invalidate the
basic assumption for the expansions of type (8) for the present model. The value of T,
was found to increase with increasing C or with decreasing S,. In addition to the effect of
the scaled linear measure of the permeability variations K¢, our generated data indicated
that the effect of a nonlinear measure of the permeability variations K is also to favor up-
hexagons in the sense that [R,| increases with K, when R;<0 and decreases with
increasing K, when R;>0.

Some typical results about variations of R; with respect to C and S, are presented in
Figures 2-3 for K.=0.1, K»=0.0 and for several values of T. Figure 2 presents R, versus
C at Si=1.0 and for T=0.0, 0.25 and 0.50. It is seen from this figure that for T=0, R; is
negative, [R| is small, and the effect of C is stabilizing in the sense that subcritical effect
is reduced with increasing C. For T #0 and above T, R;, which is large for small values
of C, decreases rather rapidly with increasing C until R; becomes zero at some critical C.
of C. For C>C,, R, is negative and [Ri| increases slowly with C. The value of C; is
found to increase with T. Hence, in the rotating case for T>T,,, down-hexégons are
preferred over up-hexagons and the effect of C is stabilizing for C<C,, while up-
hexagons are preferred over down-héxagons and the effect of C is destabilizing for C>C...
Figure 3 presents R, versus S; at C=1.0 and for T=0.0, 0.25 and 0.50. It can be seen from
our extensive generated data and from this figure that for T=0.0, R, is negative, |R| is
small, and the effect of S, is destabilizing in the sense that subcritical effect is increased
with increasing S;. It turns out that for T#0 and below Te2, Ry is negative for small S, and

[R1| decreases with increasing S; until R; becomes zero at some critical S of S,. For

23



S>Sic, Ry is positive and increases with S,. The value of S is found to decrease with
increasing T. For T#0 and above T, R, which is now positive, increases with S;. The
rate of increase of R; with respect of S, in found to increase with T. Hence, in contrast to
the non-rotating case, the tendency for the flow towards preference of down-hexagons
increases with S in the range S<S,., while down-hexagons, which are actually preferred
over up-hexagons in the range S;>S;., become increasingly more significant as S,
increases beyond S.

Referring to (30), it should be noted that R;o, which entirely due to the interactions
between the local solid fraction and the Coriolis term in the momentum-Darcy equation,
is zero for T=0.0 and negative for T#0, and |R1| increases rapidly with T. However, Ry,
which is due to these interactions as well as to other nonlinear interactions in the
equations, can be either positive or negative depending on the parameter values.
However, if the interactions between the local solid fraction and the Coriolis terms are
not taken into account, then it was found that R;;<0 for T below some critical value Te
of T, where R, <0 and |R,| decreases with increasing T until R; becomes zero at some
value of T and then increases with further increases in T. Hence, preference of down-
hexagons is mainly associated with positive value of Ry; and these later interactions can
be effective to make down-hexagons preferred over up-hexagons only for T>T,;.

The coefficient Ry, given by (24c¢), for the hexagonal convection (N=3, A,=1/ \/6_), :
designated here by Ryo™, was computed for various values of T, S;, C, K. and K,. It was
found that R,™ is always positive for both rotating and non-rotating cases. For T=0.0, it
is independent of C, S; and K, but it increases with K,. For T#0, Rzo(h) is independent of

S and K, increases with K, and T, and it decreases with increasing C. Some typical
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résults about the variation of R,,™ with respect to C for T=0.12, 0.25 and 0.50 are
presented in Figure 4 for K»=0.0. It is seen from this figure that the rate of decrease of
Ryo™ with respect to C is rather high for small C, and Rzo(h) increases rapidly with T. If
the interactions between the local solid fraction and the Coriolis term are not taken into
account, then it was found that Rzo(h) is still positive, independent of C, S, and K, and it
increases with K, and T . However, its value and its rate of increase with respect to T is
rather small if such interactions are not taken into account. Although variations of R;
with respect to different parameters provide information about various destabilizing and
stabilizing features in the rotating case for the hexagonal convection, as was presented
and discussed in the last two paragraphs, it should be noted that information about Ry, for
hexagons is useful in the sense that since Ry is the leading second-order coefficient in
the expansion for R in powers of €, Ryo™ plays useful roles in calculating the solute flux
and the order of magnitude of € in (31) and in cases where R; becomes negligible or for
the stability consideration of hexagons that will be discussed further in the next sub-
section.

We also examined the vertical distribution of solid fraction at different locations in the
horizontal direction for the hexagonal convection. Our generated data at centers and at
the nodes of hexagons indicated that the perturbation to solid fraction at the nodes is
generally positive, while that at the centers is generally negative. This general result
holds irrespective of the parameter values considered, which indicates tendency for the
chimney formation at the cells’ centers and not at the nodes contrary to the experimental
result (Tait etal. 1992). However, it should be noted that such experimental result were

conducted at the Rayleigh number about one order of magnitude higher than that at the
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onset of plume convection, while the present results are strictly valid close to the onset of
plume convection. Unfortunately, no experimental results near the onset of plume
convection, for either non-rotating or rotating case, are available yet to confirm the
present theoretical result. In addition, our results indicate that rotational effect may be
beneficial since the perturbation to solid fraction at any node in the rotating system is
found to be higher in value at any vertical level than the corresponding one in the absence
of rotation. Some typical results are presented in Figure 5 for the vertical distribution of
the basic state and total solid fraction at center of a hexagon for T=0.0 and 0.5. In these
calculations 8=0.2, Si=C=1.0, K.=K,=0.0, and the value € =0.002 is chosen, which is the
maximum value of € beyond which the solid fraction becomes negative. This is based on
the physical ground that deviation of the total solid fraction ¢ from ¢g cannot be such that
¢ becomes negative. We have chosen zero values for K. and K; in these calculations
since ¢ is found to be fnuch less sensitive with respect K. and K at such small value of €.
It is seen from this figure that the solid fraction in the rotating case is notably smaller
than that in the absence of rotation, except close to the upper boundary, and, hence,
tendency for the chimney formation at the cells’ centers increases in the presence of
rotation. Furthermore, the results also indicate that tendency for chimney formation is
higher near the lower boundary than anywhere else in the layer.

Square pattern convection

We now present and discuss the result for another three-dimensional case of
convection whose form is that of square cells, which, as is discussed later, could become
prefer in the present problem for T in particular range of values. First referring back to

the figure 5, which also provides graphs for the total solid fraction at a center of square
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cell in the case of square pattern convection. The parameter conditions are as in the case
of hexagons. Again the tendency for chimney formation increases in the presence of
rotation and such tendency is stronger near the lower boundary. It is also seen from this
figure that the tendency for chimney formation at the squares cells’ centers is apparently
higher than that at the hexagons cells’ centers. Our additional generated data at the
boundary points between two square cells indicated that the perturbation to solid fraction
is negative and the tendency for chimney formation is higher in the presence of rotation.
As was explained in the previous section, R; is zero for the case where convection is in
the form of square cells, and, thus, we next present and discuss the results for the
coefficient Ry, given by (24c), for the square cells (N=2, A,=1/2), which is designated
here by Rzo(s). This coefficient was computed for various values of T, S;, C, K. and K. It
was found that, depending on the value of T, Ry® can be positive or negative and, thus,
both supercitical and subcritical squares can be possible. Also, Ryg®<R,™ for both
rotating and non-rotating cases. For T=0.0, R,,® is positive and independent of C, S; and
K., but it increases with K, which is consistent with the stabilizing effect of decreasing
the permeability. For T#0, Ry® is independent of S; and K, increases wifh K;and T,
and it decreases with increasing C. Thus, rotational constraint reverses the role of C in
the nonlinear regime for squares. Some typical results about the variation of R, with
respect to C for T=0.12, 0.25 and 0.50 are presented in Figure 6 for K,=0.0. As in the
case of Rzo(h), it is seen from this figure that the rate of decrease of Rzo(s) with respect to C
is high for small C, and Ry increases rapidly with T. The square pattern convection is
supercritical in this range of values for T. If the interactions between the local solid

fraction and the Coriolis term are not taken into account, then the qualitative features of
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R0® are similar to those of Rzo(h) described before. We also determined some results
about variation of Rzo(s) with respect to T for different values of C. It was found from
our calculated data that Ry is positive for sufficiently small T and increases with T until
Rzo(s) reaches a maximum value at some critical T=Tes. For T>T.4, Ryo® decreases with
increasing T until R20® becomes zero at some critical T=T¢s. For T>T,s, squares are
subcritical. The critical values for Tc4 and T,s are found to increase with C. In the
subcritical regime, R® increases with C. These qualitative features of squares are found
to be entirely due to the interactions between the local solid fraction and the Coriolis
term.

Rectangular pattern convection

The simplest semi-regular solutions in the form of different types of rectangular
patterns are found to become preferred in the present problem for T above some values
Tes. Similar to the case of squares, R, is zero for rectangles. For T just above the
smallest value of Tc6, which is very slightly above zero, rectangles with angle y about 60°
are supercritical and their Ry value, which is designated for general rectangle by R0,
is smaller than the corresponding one for rolls. As is discussed later, there is an |
interesting pattern transitional phenomenon in the sense that y increases continuously
with T until y reaches the value of 90° and the rectangles become squares. Each one of
such rectangular cells solutions is found to have the smallest value of Rzo(re) over some
interval in T in the domain 60°<y<90°.

The qualitative results about the total solid fraction for the rectangles are found to be
generally similar to those for squares presented and discussed before. The coefficient

Ry", which is independent of K, and S,, was computed for various values of T, C, v and
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Kz. It was found that R,,™ is positive for T below some critical value T,; and negative
for T above Te;. Thus both supercritical and subcritical rectangles can exist in particular
range of values for T. As in the case of squares, Ryo™<R,,™. The qualitative results
about variations of R,"® with respect to C and K, are similar to those for squares. Some
typical results about the variations of Ry with respect to T and y are shown in Figure 7
for C=1.0. It can be seen from this figure that the effect of increasing T is very slightly
stabilizing for the supercritical rectangles at lower values of T and significantly
destabilizing for higher values of T. The effect of increasingT is generally destabilizing
for the subcritical rectangles. The effect of increasing v is stabilizing for the rectangles.
Two-dimensional rolls

As was explained in the previous section, R; is zero for two-dimensional rolls. Thus,
the important coefficient for rolls (N=1, An=1/\/2) is Ry given in (24¢), which is
designated here by Ry0®. This coefficient was computed for various values of T, S;, C,
K. and K,. It was found that R,,® is always positive and, thus, such flow is supercritical.
Also, Rzo(’)<R20(h) for both rotating and non-rotating cases. However, as can be seen from
the figure 7, Ry™ is found to be smaller than R,,™ for T below some critical value Tes,
and Ra”> Rao" for T>Teg. The value of T increases with C. For T=0.0, Ry is
independent of C, S; and K_, but it increases with K;. For T#0, Ry is independent of S,
and K., increases with K, and T, and it decreases with increasing C. Some calculated
results about the variation of R,,™ with respect to C for different values of T indicated
that the rate of decrease of Ry, with respect to C is high for small C, and Rz()(r) increases

rapidly with T. If the interactions between the local solid fraction and the Coriolis term
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are excluded from the present model, then the qualitative features of Ry are similar to
those of Ry™ described before.

Figure 8 presents some typical results about comparison between the variation of the
coefficient Ry with respect to T for rolls, squares and hexagons. The results are for
C=1.0 and K; =0.0. It seen from this figure that rolls can be realized at a lower value of
the Rayleigh nqmber than squares for T<T.g, while squares can be realized at a lower
value of R for T>Tg. In addition, supercritical hexagons are generally realized at a value
of R larger than those due to rolls and squares.

Our calculated data for the vertical distribution of the solid fraction at locations
between two rolls or at centers of the rolls indicated that the perturbation to the solid
fraction at the centers of the rolls can be positive, while that at locations between two
rolls is generally negative. Hence, tendency for the chimney formation is more at
locations between the rolls. In addition, it was found that the tendency for chimney
formation increases slightly in the presence of rotation, and such tendency is significantly
higher in a region near the lower boundary.

4.2. Stability of finite-amplitude steady solutions

Following standard stability procedure (Schluter et al.1965;Busse1967), the system
(28b) for the growth rate 6~ of the disturbances acting on the finite-amplitude steady
solutions has been simplified, and the expression for 6~ has been computed for different
integers N and various values of the quantities @py (|@Ppm [<1) and Wam (Pom [€1). In all
the cases that have been investigated only steady supercritical solutions in the form of
rolls, rectangles and squares, and subcritical steady solutions in the form of down-

hexagons and up-hexagons are found to be possibly stable in particular range of values
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fér the non-dimensional parameters and for €. The results are briefly as follows.
Supercritical rolls are stable only if
lel>€1, £1=V3[R1[/R20® , 0<R207< R0, 0<R <R 0. (33a)
Supercritical squares are stable only if
lele2, £2=V3[RIVIN2(R207-R20™)], Rag™>Ra0®50, R > R10®>0. (33b)
Supercritical rectangles are stable only if
lel2es, €3= V3RIJIV2(Ra0® R3], Rag®>R 050, R30¥2 Ryg™50. (33¢c)
Subcritical down-hexagons are stable only if
&4 <|ef<es, €4=[R1[/R20", €5=6[R 1[/(Ro™-Rp0®), R;>0. (33c)
Subcritical up-hexagons are stable only if
€4<[e|[<es, R;<0. (33d)
Figure 9 provides a qualitative bifurcation diagram representing the amplitude € versus
R for those solutions, which can possibly be stable in particular range of € according to
the results provided in (33). Solid lines correspond to linearly stable branches while
dotted lines correspond to linearly unstable branches. Note that no representation is
given in this diagram of a three-dimensional solution that is always unstable. This
bifurcation diagram provides different cases for possibly stable solutions. For T<T,g,
two-dimensional roll-branch bifurcates supercritically and is initially unstable to a
subcritically bifurcating hexagonal branch. The hexagonal branch either is due to up-
hexagons if € is positively upward in the diagram or is due to down-hexagons if € is
positively downward in the diagram. For Tes<T<Ts, square-branch bifurcates

supercritically and is initially unstable to a subcritically bifurcating hexagonal branch.
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For Tee<T<T, rectangular branch bifurcates supercritically and is initially unstable to

subcritically bifurcating hexagonal branch.

5. Conclusion and some remarks

We investigated the problem of nonlinear steady convection in a rotating mushy layer
during alloy solidification. We analyzed the two- and three-dimensional steady modes of
convection in the rotating mushy layer using the model due to Amberg and Homsy
(1993). We performed a weakly nonlinear analysis by taking into account all thé linear
and nonlinear interaction terms, including those between the local solid fraction and the
flow associated with the Coriolis term, in the governing equations to determine the steady
solutions admitted by the nonlinear problem and employed stability analysis to determine
the solutions that can be stable with respect to arbitrary three-dimensional disturbances in
different ranges of the parameter values and the amplitude of motion €. We found that,
depending on the range of values of the parameters and €, two-dimensional oblique rolls
and distorted three-dimensional solutions in the form of squares, rectangles, down-
hexagons e;nd up-hexagons can be possibly stable. We found that two-dimensional rolls
are supercritical and stable only if € is equal to or above some value €; and T is below
some values T and Tz or above some values T,s and T,;. Three-dimensional squares
(rectangles) are stable only if they are supercritical, € is equal to or above some Valué €
(g3) and T lies in the range Tg<T <Ts (Ts<T<T;). Subcritical squares and subcritical
rectangles also can exist but they are unstable. Subcritical down-hexagons are stable only
if € lies in the range €,<e<es and R;>0. Subcritical up-hexagons are stable only if € lies in

the range €,<e<es and R;<0. Supercritical down-hexagons and supercritical up-hexagons
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aiso can exist but they are unstable. There are certain overlap regions in € where more
than one solution can be stable and, thus, hysteretic effect can be non-zero in such
overlap regions. Our results of the studies of the onset of plume convection and chimney
formation within the mushy layer indicated that the chimney of the plume could be
initiated most likely near the lower boundary of the layer. Presence of rotation was found
to reduce the tendency for chimney formation at centers of rolls and at the nodes on the
boundary of hexagons. The stability of supercritical rectangles and squares uncovered in
the present study was found to be entirely due to the interactions between the local solid
fraction and the Coriolis term in the momentum-Darcy equation, and such interactions
were also found to enhance significantly the stability of the subcritical down-hexagons.
As we referred to earlier in the sectionl, Guba (2001) studied the problem of finite-
amplitude steady convection in a rotating mushy layer under the condition where the
interactions between the local solid fraction and the Coriolis term were not taken into
account. The author carried out a weakly nonlinear analysis of two-dimensional oblique
rolls and distorted hexagons, by calculating only the leading non-zero coefficient beyond
R¢ in the expansion for R for each of such solutions, but no stability analysis was made of
these finite-amplitude solutions. Similar to the work due to Amberg and Homsy (1993),
Guba (2001) studied the case where -the permeability coefficient K; can be in general an
order one quantity and predicted, similar to that due to Amberg and Homsy (2001), that
depending on the range of the parameter values, either subcritical or supercritical rolls
can exist, and the subcritical hexagons can change the form from up-hexagons to down-
hexagons for T beyond some critical value. It should, however, be noted that one can

show that such subcritical rolls as well as the hexagonal solutions found by Guba are
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unstable. Also, as was shown in the present study, the supercritical rolls found by Guba
cannot be realizable over certain range of values of T, provided the interaction terms
between the local solid fraction and the Coriolis term are taken into account. Guba’s
results were reported for T as large as 7. However, as was found in the present study, if
the interaction terms between the local solid fraction and the Coriolis term as taken into
account in the study to determine the results, then the validity of the results for T>1 is
mostly questionable since [R;] and [Ryo| can become much larger than unity by about 2 to
3 orders of magnitude for T just above unity, so that the modeling assumption of the type
(8), which assumes that the coefficients, such as |R | and R |, in those double-expansions
in powers of € and § be of order unity, can no longer be justified.

In the present study and as presented in the first paragraph in this section, we were
interested to carry out a significant extension of the work by Guba (2001) by fully
including the interaction terms between the local solid fraction and the Coriolis term,
carrying out weakly nonlinear analysis to determine all the two- and three-dimensional
steady solutions admitted by the nonlinear system and performing the stability analyses
of the finitg-amplitude solutions to determine all the possible stable solutions. During oﬁr
extensive investigation, we were able to uncover significant new results and new flow
features that can increase our understanding of the effects of an external constraint of
rotation on the flow in the mushy layers and hopefully could aid future researchers for
further studies in the area. In regard to comparison of the present results to some
experimental results, it should be noted that all the available experimental results, which
are due to Sample and Hellawell (1982, 1984) and Claben et al. (1999), have been for

cases of fully nonlinear convection with fully developed chimneys, and, thus, they cannot
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bé applicable for compaﬁson with the present results for the weakly nonlinear convection
near the onset of motion. It is hoped that some experimental studies of the present
problem could be carried out by some experimentalists in near future for a comparison
with the present qualitative results. As was shown by Guba (2001), the case T<1 can be
quite accessible in the laboratory for ammonium chloride-water system since it yields a

value of the rotation rate about @< 2.0 rad/s.

Appendix A

The expressions for the coefficients Vo, (z), Wor (2),801"(z) and ¢y, "(z) are given below
(Vor', 801 )=(by, ¢1) Z sin(nz)+(bs, c2)z cos(nz)+(bs, ¢3)z2 cos(nz)-+(bs, c4)sinh(rz)+(bs, cs
)eosh(rz)+(bs, cs)cos(nz)+(bs, c7)sin(nz), (Ala)
Wor =T{by[sin(z)+mzcos(mz)]+b[cos(mz)-nzsin(nz)}+bs[22 cos(nz)-mz? sin(nz)]+byr
cosh(rz)+bsr sinh(rz)-bensin(mz)+n[bs+(1-z)(m*+a?)/(CRgpa?)] cos(mz)}, (Alb)
do1 =bo+(Ropa’/C){bi[-(z /m)cos(nz)+(1/m?)sin(nz)]+bs[(z /m)sin(z)+(L/m?)cos(mz)]+bs
[(Z*m)sin(nz)+(2/m7)z cos(ﬂ:z)-(2/n3)sin(nz)]+(b4/r)cosh(rz)+(b5/r)sinh(rz)-i;(bdn)sin(nz)-
(by/m)cos(nz) }-[(2Rm+R00)a2(it2+a2){(2CnRooa2)+1/(1tC2)](n2+a2)cos(1tz)+(1/C)[1-( T+a’
Y(Cr?)sin(mz)+(-1+1/C)(n*+a?)[ 1/(rC)][-z cos(nz)+(1/m)sin(nz)]-[(+a2)/(nC)]z, (Alc)
where

by=(r*+a®)[2Rg1+Ro¢/2 2T +a%)/(Ca’Roo)1/d,, di=2n 2 (1+T)+a’(2+T%)],  (Ald)

r ={[a*(2+T?)+do” *V(2+2T%)}% 5, dy =a[a%(2+T?)2 —4(a® -Ro)(1+T2)], (Ale)
by=("+a%)[-Rop+ 22T (n+a2)/(Ca’R0)[/(2d)), (ALf)
b1={-Roo+2n T (M +a%)(2+37m2)/(a’RgoC)-b3[2a22+T2)+12(1+T2)] }/dy, (Alg)
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by=(m’dy+ds)/[(m*+%)sinh(r)], d;=bs+[1+cosh(r)](27b1+2bs—da)/(w+12), d=2mT3(n’+a>

Y[Rooa’C(14+T?)], da=-dy+27b;+(2-1)bs+[1>-r*cosh(r)](ds=27tb1—2bs )/ (12+12), (Alh)

bs=(d4—27mb;-2b3)/(*+1%)= -bg, by=1, (Al)
ci=[-m(1+T%)(mtb+4bs)-a’b+2m°TX (1 +a2)/(a>*CRo0) /R oo, (Alj)
(c2, ¢3)=(b2, b3)[-m°(1+T°)-a*]/Reo, (Alk)
(ca, €5)=(ba, bs)[r*(1+T%)-a’1/Roo, (All)

c6=[(1+T?)(-’be+2mb +2b3)-a’be—2nT2 (> +a>)/(a’CRog)/Reo,  (Alm)
or=[(1+TA (2 2mhy)-a+Rop- 22T+ 22/ (8’CRoo)/Rgo. (Aln)
The expressions for Vio'(z), W10 (2), 810 (2), $10'(2), V1o (z, @), Y10 (2, Pyp), 010 (2,
®y,) and ¢10A(Z, ®yp) are given below
(Vio, 810 )=(bs, c8)z cos(mz)+(by, Co)sinh(rz), (bs, c)=Ro{ 1/[2(1+T2)], -(P+a>)/(2 ©Reo
)}, by=bs /sinh(r), co=-beRooa’/(r*+a), (A2a)
Yo =TIrbg cosh(rz)+bg cos(mz)-nbsz sin(nz)], (A2b)
10 =(Rooa”/C){ (be/m*)[ 147z sin(nz)+cos(nz)]+bo[cosh(rz)-cosh(r)]/r}-Ro(m+a2)
[1+c0s(r 2)}/(CRop), (A2c)
V10 =bio sin(mz)+by18in(2mz), bie=(ay, +7°)2T/C)(rr*+a)*/{ 2a°R ool (i +70) (a, 74+
T?)-a3,"Roo’]}, ap =2a"(1+®yp), by =[m(T*/C)(m*+a?) (2 +47°)/ (2?Roo)-TRgo(P+a2)(1-By,
)21 { (@ +47%) [y +4m* (1+T2)}-Roo’as, (A2d)
010'=C10 Sin(nz)+c15in(27z), ¢10=-Rooayy bio /(ap +72), ci=[m(m*+a%)(1-®yp)/2-Rogar by
V(ap +4?), (A2e)
Yo =T{-(*+a%)* cos(nz)[ 1+cos(nz)]/(2CRgpa2)+7byo cos(mz)+2mby; cos(2nz)},  (A2f)

10 =[Rooarp /(mC)]{-[1-+cos(z)]b1o+[ 1-cos(2nz) b1 /2 } +(mP+a2) (1-®yp)[cos(2nz)-
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i]/(4C). (A2g)
The expressions for the coefficients F;; and Gy; are given below
Fiy=[-Roo/(P+a”) [{ Ko(m*+a%) [(1-T?)(1+ @y, )+, 1/(2CR g0 2’ )+ Ko(m+a%) [ (m+ay,°
)(OT*+16)/(187°)+20/9+(28/9+ T/2)®1,-°T*(1+®1,)(9m*+56)/(187) [+ T2 (P +a%) (14D,
)[1+56/(97%)-2nC Es/(n*+a?) I+ T(rw*+a%) [(E4+ TTE 1+ TE)(1+®,)+ mE¢/(mPa*+a*)]/(C
Roo)-1(it*+a”)(1+®1y/2)Es-Rop ma’Ea(1/2+D1)+2¢11/(31)-Ro (m+a2)c 10815/ (28°R o) +(SR o
IC+Ro1)bioay, /2+8Rgoary b1 1/(9m?)-TA(m>+a)may, [1tb1o/4+20b11/(91))/(CReeaD) },  (A3a)
Gui=[-Roo/(m*+2°) { 'TE(n*+a”)/(CRooa”)-Roy (+a”)[coBs—Cs/(4)]-R 1o(7e*+2*)Bo/Roo-T(
T+a”)T [bg/d-+1bo(E19~E11)1/(CRoo)+Tcs/4-1coE 1, —~SRo0a’boEs/r +SR 1o(T>+a%)a/(2C?) +
Rooa’[bg/(47)+bo(Eg~2E;3))/2+Rg;a%[-bs/(4T0)+boEg]+R 192 E, }, (A3b)
where
E=<Vy, sin(nz)>, E;=<V; "sin(2n1z)>, E3=<00; 'sin(2nz)>,
E4=<yo; cos(nz)[1+cos(nz)]>, Es=<(o; cos’(nz)>, Be=ay, <(z-1)y1q cos(niz)>, By=a’<(z-
l)wlo*cos(nz)>, Eg =<sin(ntz)sinh(rz)>, Ey=<0; sin(nz)>, Ejp=<sin(nz)cosh(rz)>, E;
=<zcos(nz)cosh(rz)>, Ej=<sin(nz)cosh(rz)>, E 3=<zsin(nz)sinh(rz)>. (A3c)
The expressions for Fyg, Hyg and Gy are given below
Fao=[-Roo/(mr*+2%)] {Kz(nz+.az)“{-sfnz-l0:53(3/2+01>,,,1+c1>m,,+c1>,p)-2n2(1+7cI>,,,)+7T2Ro0n2
(@unrt @)+ 7T J(8C Roo"a 1) T +2°) [ 2( 14D D o) B g+ 7 (M4+22) (14 B gyt Py
V(B C2y+a Rop(2+2P 15+ P g+ @) B s/ (T Catgy 2) —R g0 >+ P g+ P ) B o/ (1 C)7 (2422
Y (14+D P ) (TP CH)] - T+ E 7 (24P D)/ 2-TR 02 E (14 @1t P+ P}, (Ada)
Hoo=[-Roo/(*+a")]{Rigarp [b1o—(+a”)c10/(2 Rop)1/2- T(+2%) (14D 1) [E 1o+ 2T CEyo/Rog

—Ta’(B1+E ) |- +2%)(1+® 1/ 2)E3-MR 0a?Epn(1/2+®yp) }, (A4b)
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G20=[-RooR 10a”/(m*+2%)][-bg/(47)+7tbo sinh(r)/(T+12)]+R o[-c &/(47)

+rsinh(r)/(m*+12)], (Adc)
where

Ej4=<¢19 cos(mz)>, Ejs=-a,’< Y1q cos(mz)[ 1+cos(nz)]>, Bg=<(dV 0 /dz)cos(rz)
[1+cos(mz)]>, Ej7=<Byq sin(2mz)>, Eig=<V 1 sin(2nz)>, Eyg=-a’<y1o cos(nz)[1+
cos(nz)1>, Exp=<f1o cos’(mz)>, Eyi=<V ¢ sin(mz)>, Epy=<V1o'sin(2nz)>, Eys=<0;0 sin(2
z)>. (Add)

Appendix B

The stability system for the present problem is given below
VA {E[K ¢/ +Ko(205-+260)0" 1A, VK (9p+E0)As V7 }-+D/02) { EQV. VK, i/ +K (205
+2e0)0T+Q V- VK (9p+£0) }+(0/9z){ [ (/%) (K14 +2 K050/ +2K 600 ) (Qy/dy)-(0/9y)(K,

O +2K 080" +2K2600") (9y/0x)1+[(0/0x)K(9p-+e0) (Qy'/9y)-(0/3y) K (9p+e0) (@' /0x)] }-
RA,8°+T(9/02){ (3/0y)[(Dy’/3y+0*V’/3xdz)/(1 -Op—€0)+e(Qy/dy+0°
V/0x0z)(1+2(da+e0)+3(Pp+£0) )0 +(0/0x)[(Qy/0x-0°V/dydz) (1+2(dp-+ed)+3(da-+e0)?
)01)=0, | (Bla)
e[K10/+2Ko(9p+e0)0’JA+K (dn+ed)Ary’+€(0°V/9xdz+\/dy)(3/3y) [Kid+2K,
(Pn+e0)d'1+(°V'/0x0z+3y'/0y)(3/3y)K (9p+e0)-(92V"/ydz-0y/3x)(D/dx)K (0g-+£0)-
&(0°V/3ydz-0y/9x)(9/0x)[K 14+ 2K (dp+e0)d 1-T{ (3/Ax)[ (O /dy+*V*/9x )/ (1-
Op—€0)+£(QW/Ay+0”V/0x0z)(1+2(Ps+eP)+3(Pp+e0)? )’ +(3/Ay)[(-Oy’/dx+0*V'/dydz)/(1-
Op—E0)+e(-0y/dx+0°V/ydz)(1+2(Pp+ed)+3(0p+e0)? )] }=0, (B1b)

(0/0t-80/0z)(-0" +S,¢")+R(dOs/dz)A,V’ +V29’=€R[(S2V+Ely).VG’+(QV’+E\;!’).V9], (Blc)
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(0/0t-80/92)[(-1+0p)0’ +0p0+E00"+ed'0 —C¢'/81+R (dOp/dz)As V7 =Re[(QV+Evy). VO’

+QV'+Ey"). V0], (B1d)
V’=0"=0 at z=0, ‘ (Ble)
V'=0'=¢ at z=1. (B1f)

The expressions for Ljo, L1, Ly and 1520 are given below |

Lio= -n[(*+a”)*/(CRooa") [ TX(1+®p)+(T/2) (14+THW,, ], (B2a)
Li=[Fi(@yp)+H ¥, Hii={K, a(n*+a®)*T/(2CR gpa’)+ TK m(n>+a2)? [1+C/2+56/(913)]
/(C? Ropa®)-TT(m+2%)[1/2+28/(9m%))/(C?R gga®)-T(r2+a2) B/ C-T 2 (m%+22) Bs/(Ropa?) +
Tor( 7 +a%)2[1/2+28/(91)/(C*Rooa®)+ THr>+a)Ey/C+[Roo*a2Ea/ (P+a%)-TTEsR /2
+1TEs}, (B2b)
Loo=[Hao(@ip)+Hz0Wip], Hoo={ T(w*+a> ) Eay/ (Rooa®)+ T(m*+a)) (1 +E2)/C+ TR oo TEy3/2-
Roo Eaps/(m*+a2)+T*(?+a%)Eyo/(Ca?)- 12T ( a2 Bay/(Rooa?) ), (B2c)

152():{—7T(Tc2+a2)3(K2+CT2R00/2)/(4C2R002a2)+Tn2(n2+a2)(1-TZE14)/(R00a2)+T(n2+a2)(E16

+TEs/a;,")/C+NTR 0o 17/2-Roo*a o/ [ (MP+22)a, 2] }, (B2d)

Where

Epe=<Wo1 sin’(nz)>, Bas=-a’<y10"sin®(nz)>, Eye=-ay,2<y1¢ sin’(nz)>. (B2e)
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Figure 1. R; against T for hexagons. Here S$;=5.0, C=1.0 and K,=0.0. The graphs
labeled by the symbols of circle, square, triangle and filled circle present, respectively, R,

for K.=0.0, 1.0, 2.0 and 3.0.
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Figure 2. R; against C for hexagons. Here Si=1.0, K:=0.1 and K,=0.0. The graphs
labeled by the symbols of triangle, square and circle present, respectively, R, for T=0.0,
0.25 and 0.50.
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Figure 9. Bifurcation diagram in (R, €)-plane. Here solid and dotted lines present,
respectively, stable and unstable branches. The lines labeled by the symbols of triangle
and circle present, respectively, hexagons and non-hexagonal cases.
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