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ABSTRACT

This work studies regret minimization with randomized value functions in reinforcement
learning. In tabular finite-horizon Markov Decision Processes, we introduce a clipping variant
of one classical Thompson Sampling (TS)-like algorithm, randomized least-squares value
iteration (RLSVI). Our O(H2Sv/AT) high-probability worst-case regret bound improves the
previous sharpest worst-case regret bounds for RLSVI and matches the existing state-of-the-

art worst-case T'S-based regret bounds.
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CHAPTER 1: INTRODUCTION

We study systematic exploration in reinforcement learning (RL) and the exploration-
exploitation trade-off therein. Exploration in RL [1] has predominantly focused on Optimism
in the face of Uncertainty (OFU) based algorithms. Since the seminal work of [2], many
provably efficient methods have been proposed but most of them are restricted to either
tabular or linear setting [3, 4]. A few papers study a more general framework but subjected
to computational intractability [5, 6, 7]. Another broad category is Thompson Sampling
(TS)-based methods [8, 9]. They are believed to have more appealing empirical results [10, 11].

In this work, we investigate a TS-like algorithm, RLSVT [12, 13, 14, 15]. In RLSVI, the
exploration is induced by injecting randomness into the value function. The algorithm gener-
ates a randomized value function by carefully selecting the variance of Gaussian noise, which
is used in perturbations of the history data (the trajectory of the algorithm till the current
episode) and then applies the least square policy iteration algorithm of [16]. Thanks to the
model-free nature, RLSVI is flexible enough to be extended to general function approximation
setting, as shown by [13, 17, 18], and at the same time has less burden on the computational

side.

We propose C-RLSVI algorithm, which additionally considers an initial burn-in or warm-
up phase on top of the core structure of RLSVI. Theoretically, we prove that C-RLSVI
achieves O(H2S+v/AT) high-probability regret bound!.

Significance of Our Results

e Our high-probability bound improves upon previous O(H*?S%?\/AT) worst-case ex-
pected regret bound of RLSVI in [14].

e Our high-probability regret bound matches the sharpest C)(H 28V AT) worst-case regret
bound among all TS-based methods [9]%.

Related Works Taking inspirations from [3, 19, 20, 21], we introduce clipping to avoid
propagation of unreasonable estimates of the value function. Clipping creates a warm-up

effect that only affects the regret bound with constant factors (i.e. independent of the total

10 (-) hides dependence on logarithmic factors.
2[9] studies weakly communicating MDPs with diameter D. Bounds comparable to our setting (time
in-homogeneous) are obtained by augmenting their state space as S’ — SH and noticing D > H.



number of steps T'). With the help of clipping, we prove that the randomized value functions
are bounded with high probability.

In the context of using perturbation or random noise methods to obtain provable ex-
ploration guarantees, there have been recent works [17, 22, 23, 24, 25] in both theoretical
RL and bandit literature. A common theme has been to develop a TS-like algorithm that
is suitable for complex models where exact posterior sampling is impossible. RLSVT also
enjoys such conceptual connections with Thompson sampling [12, 13]. Related to this theme,
the worst-case analysis of [9] should be highlighted, where the authors do not solve for a
pure TS algorithm but have proposed an algorithm that samples many times from posterior
distribution to obtain an optimistic model. In comparison, C-RLSVI does not require such

strong optimistic guarantee.

Our results are not optimal as compared with Q(H+/SAT) lower bounds in [2] 3. The gap of
V/SH is sometimes attributed to the additional cost of exploration in TS-like approaches [26].
Whether this gap can be closed, at least for RLSVI, is still an interesting open question. We
hope our analysis serves as a building block towards a deeper understanding of TS-based
methods.

3The lower bound is translated to time-inhomogeneous setting.



CHAPTER 2: LEARNING SET-UP

2.1 INTERACTION MODEL AND LEARNING GOAL

Markov Decision Processes We consider the episodic Markov Decision Process (MDP)
M = (H,S,A, PR, s;) described by [27], where H is the length of the episode, S =
{1,2,...,S} is the finite state space, A = {1,2,..., A} is the finite action space, P =
[P1,...,Py] with P, : S x A — A(S) is the transition function, R = [Ry, ..., Ry] with
Ry : S x A —[0,1] is the reward function, and s; is the deterministic initial state.

A deterministic (and non-stationary) policy m = (my,...,7y) is a sequence of functions,
where each 7, : S — A defines the action to take at each state. The RL agent interacts
with the environment across K episodes giving us 7' = K H steps in total. In episode k, the

agent start with initial state sf = s; and then follows policy 7%, thus inducing trajectory

k .k .k k k .k k k .k
§1,A1,71,89,Q9,Ty, ..., 8, Qp, Tfy-

For any timestep h and state-action pair (s,a) € S x A, the Q-value function of policy

7 is defined as Q7 (s,a) = Ru(s,a) + E-[S1L, Ri(s;,m(s1)]s,a)] and the state-value function

is defined as V7 (s) = Q7 (s, mn(s)). We use 7* to denote the optimal policy. The optimal

state-value function is defined as V;*(s) := V;™ (s) = max, V;"(s) and the optimal Q-value

function is defined as Q3(s,a) = QT (s,a) = max, Q7 (s,a). Both Q™ and Q* satisfy Bellman
equations

Q5(5,@) = Ra(5,0) + Epy o) Vi ()], (2.1)

Q5(s,a) = Ri(s, a) + Evep, s Vi ()], (2.2)

where Vi, ,(s) = Vi, ,(s) = 0 Vs. Notice that by the bounded nature of the reward function,

for any (h, s, a), all functions Q;, V", Q7, V;© are within the range [0, H — h + 1]. Since we

consider the time-inhomogeneous setting (reward and transition change with timestep h), we

have subscript h on policy and value functions, and later traverse over (h, s, a) instead of

(s,a).

Regret An RL algorithm is a random mapping from the history until the end of episode

k — 1 to policy 7" at episode k. We use regret to evaluate the performance of the algorithm:

k

Vit(s1) = Vi (s1). (2.3)

]~

Reg(K) =

k=1

Regret Reg(K) is a random variable, and we bound it with high probability 1 — §. We



emphasize that high-probability regret bound provides a stronger guarantee on each roll-

out [28, 29] and can be converted to the same order of expected regret bound:

E-Reg(K) =E | Y Vi(s1) = V" (s1) | , (2.4)

k=1

by setting § = 1/T. However, expected regret bound does not imply small variance for each
run. Therefore it can violate the same order of high-probability regret bound. We also point
out that both bounds hold for all MDP instances M that have S states, A actions, horizon H,
and bounded reward R € [0, 1]. In other words, we consider worst-case (frequentist) regret
bound.

Empirical MDP We define the number of visitation of (s,a) pair at timestep h until
the end of episode k — 1 as n¥(h,s,a) = S0 1{(s},a}) = (s,a)}. We also construct
empirical reward and empirical transition function as R,ﬁ,s’a = m S 1{(sh, dl) =
(s,a)}rl and P,ﬁs’a(s’) = m S (s, b, shi1) = (s,a,s')}. Finally, we use M+ =
(H,S, A, P* RF, s%) to denote the empirical MDP. Notice that we have n*(h, s,a) + 1 in the
denominator, and it is not standard. The reason we have that is due to the analysis between
model-free view and model-based view in Section 2.2. In the current form, pflzs,a is no longer
a valid probability function, and it is for ease of presentation. More formally, we can slightly
augment the state space by adding one absorbing state for each level h and let all (h, s, a)

transit to the absorbing states with remaining probability.

2.2 C-RLSVI ALGORITHM

The major goal of this work is to improve the regret bound of T'S-based algorithms in the
tabular setting. Different from using fixed bonus term in the optimism-in-face-of-uncertainty
(OFU) approach, TS methods [14, 15, 26, 30] facilitate exploration by making large enough
random perturbation so that optimism is obtained with at least a constant probability.
However, the range of induced value function can easily grow unbounded and this forms a
key obstacle in previous analysis [14]. To address this issue, we apply a common clipping
technique in RL literature [3, 15, 21].

We now formally introduce our algorithm C-RLSVT as shown in Algorithm 2.1. C-RLSVT fol-
lows a similar approach as RLSVT in [14]. The algorithm proceeds in episodes. In episode k, the
agent first samples Qiri from prior N(0, %’“I ) and adds random perturbation on the data (lines
3-10), where D), = {(s},,al,, 7}, sh 1) : | < k} for h < H and Dy = {(sly, dby, vy, 0) - 1 < k}.



The injection of Gaussian perturbation (noise) is essential for the purpose of exploration and
we set B, = H3S log(2HS Ak). Later we will see the magnitude of 8, plays a crucial role in the
regret bound and it is tuned to satisfy the optimism with a constant probability in Lemma 4.3.
Given history data, the agent further conducts regularized least square regression (lines 11-
14), where £(Q | Q',D) = Z(Sﬂ’r’s,)GD(Q(s, a)—r—maxyeq Q'(s',a'))? After clipping on the
Q-value function, we obtain Q* (lines 15-20). Finally, clipped Q-value function Q* will be
used to extract the greedy policy 7% and the agent rolls out a trajectory with 7% (lines 21-22).

Algorithm 2.1: C-RLSVI
1: input: variance f; and clipping threshold ay;
2: for episode k =1,2,..., K do
3:  for timestep h=1,2,..., H do
4 Sample prior QP ~ N(0, Bepy;
5 Dh — {},
6 for (s,a,r,s') € D, do
7: Sample w ~ N (0, 8x/2);
y . .
9

Dy, < DpU{(s,a,r +w,s")};
end for

10:  end for
11:  Define terminal value Q% (s,a) + 0 Vs, a;
12:  for timestep h=H,H —1,...,1do
13: QF < argmingpsa [E(Q | QF.1,Dy)

+Q - QI
14:  end for
15:  (Clipping) ¥(h, s, a)
16:  if n*(h,s,a) > a; then

1 Qf(s,a) = Qf(s,a);

18:  else

19: Q(s,a) = H — h+1;

20: end if

21:  Apply greedy policy (7%) with respect to (QF, . .. Q’fq) throughout episode;
22:  Obtain trajectory s¥, a’f, koo s’}{, a’fi, r’f{;

23: end for

C-RLSVT as presented is a model-free algorithm, which can be easily extended to more
general setting and achieve computational efficiency [15, 17]. However, it also has an
equivalent model-based interpretation [14]. In Algorithm 2.1, the model-free view gives us
unclipped Q-value function Qﬁ that satisfies, Qﬁ(s, a)|@fl+1 ~ N(p,q), where p = be:&fl +

Y ses ﬁ’,’fﬁ’a(s’) maxy cA Qﬁﬂ(s’, a')and ¢ = W In model-based view, we first define
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noise term w* € RT54, where wk(h, s,a) ~ N(0,0%(h,s,a)) and oy(h, s,a) = W
Then we construct a perturbed version of empirical MDP M= (H,S, A, Pk, Rk + wk, sh).
Notice that the (Gaussian) noise term has the same variance in model-free view (Q*) and
model-based view (Mk), we can think of each time they sample the same noise w”*. Thus,
from the equivalence between running Fitted Q-Iteration [31, 32] with data and using data
to first build empirical MDP and then doing planing, one can easily show Qk is the optimal
policy of Mt clipping does not happen at episode k, we know that 7% is the greedy policy

* is exactly the optimal policy of M". In the analysis, we will

of QF, so further we know 7
mostly leverage such model-based interpretation.

Compared with RLSVI in [14], we introduce a clipping technique to handle the abnormal
case in the Q-value function. C-RLSVI has simple one-phase clipping and the threshold aj =
4H?Slog (2H S Ak) log (40SAT/5) is designed to guarantee the boundness of the value func-
tion. Clipping is the key step that allows us to introduce new analysis as compared to [14]
and therefore obtain a high-probability regret bound. Similar to as discussed in [15], we want
to emphasize that clipping also hurts the optimism obtained by simply adding Gaussian
noise. However, clipping only happens at an early stage of visiting every (h,s,a) tuple.
Intuitively, once (h, s, a) is visited for a large number of times, its estimated Q-value will
be rather accurate and concentrates around the true value (within [0, H — h + 1]), which
means clipping will not take place. Another effect caused by clipping is we have an optimistic
QQ-value function at the initial phase of exploration since )7 < H — h + 1. However, this
is not the crucial property that we gain from enforcing clipping. Although clipping slightly
breaks the Bayesian interpretation of RLSVI [13, 14], it is easy to implement empirically and

we will show it does not introduce a major term on regret bound.



CHAPTER 3: MAIN RESULT

In this chapter, we present our main result: high-probability regret bound in Theorem 3.1.

Theorem 3.1. C-RLSVI enjoys the following high-probability regret upper bound, with
probability 1 — ¢,

Reg(K) = O (H2S\/ﬁ> . (3.1)

Theorem 3.1 shows that C-RLSVI matches the state-of-the-art T'S-based method [9].
Compared to the lower bound [2], the result is at least off by v/HS factor. This additional
factor of v HS has eluded all the worst-case analyses of TS-based algorithms known to us
in the tabular setting. This is similar to an extra v/d factor that appears in the worst-case
upper bound analysis of TS for d-dimensional linear bandits [26]. It is useful to compare our

work with the following contemporaries in related directions.

Comparison with [14] Other than the notion of clipping (which only contributed to
warm-up or burn-in term), the core of C-RLSVT is the same as RLSVI considered by [14].
Their work presents significant insights about randomized value functions but the analysis
does not extend to give high-probability regret bounds, and the latter requires a fresh analysis.
Theorem 3.1 improves his worst-case expected regret bound C)(H 5/283/2\/ AT ) by VHS.

Comparison with [15] Very recently, [15] proposed frequentist regret analysis for a variant
of RLSVI with linear function approximation and obtained high-probability regret bound of
O <H 22T ), where d is the dimension of the low rank embedding of the MDP. While they
present some interesting analytical insights which we use (see Section 4.2), directly converting
their bound to tabular setting (d — SA) gives us quite loose bound O (H252A2\/T>.

Comparison with [3, 33] These OFU works guaranteeing optimism almost surely all the
time are fundamentally different from RLSVI. However, they develop key technical ideas
which are useful to our analysis, e.g. clipping estimated value functions and estimation error
propagation techniques. Specifically, in [3, 19, 33|, the estimation error is decomposed as a
recurrence. Since RLSVI is only optimistic with a constant probability (see Section 4.2 for

details), their techniques need to be substantially modified to be used in our analysis.



CHAPTER 4: TECHNICAL DETAILS

In this chapter we give full proof our main result Theorem 3.1. The Section 4.1 is devoted

to developing key notations and definitions required in the analysis.

4.1 PRELIMINARIES

Table 4.1: Notation Table

7))
<
=
o
=5

Explanation

N XD e ®EO®

)
-

*

(sh: ar)

(shs @h: 7h)

3

The state space

The action space

Size of state space

Size of action space

The length of horizon

The total number of episodes

The total number of steps across all episodes

The greedy policy obtained in the Algorithm 2.1 at episode k,

nt={mf, - 7w}

The optimal policy of the true MDP

The state-action pair at timestep h in episode k

The tuple representing state-action pair and the corresponding

reward at timestep h in episode k

{(s],a],r]) :if j < k thenh < H, else if j =k then [ < h}

The history (algorithm trajectory) till timestep h of the episode k.

HE U {w*(l,s,a): L€ [H],s € S,ac A}

The union of the history (algorithm trajectory) til timestep h in

episode k and the pseudo-noise of all timesteps in episode k
i H(shoah) = (s,0)}

The number of visits to state-action pair (s, a) in timestep h

upto episode k

The transition distribution for the state action pair (sF,aF)

The reward distribution for the state action pair (s¥, af)
The transition distribution for the state action pair (s, a) at
timestep h

The reward distribution for the state action pair (s, a) at
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Table 4.1 (Cont.)

timestep h

The estimated transition distribution for the state action pair (s¥, af)

The estimated reward distribution for the state action pair (sF,af)

The confidence set around the true MDP

The pseudo-noise used for exploration

The independently pseudo-noise sample, conditioned on history till
episode k — 1

(H,S, A, Pk RF sh)

The estimated MDP without perturbation in data in episode k
(H,S, A, P* RF + wk, sh)

The estimated MDP with perturbed data in episode k

The optimal value function under true MDP on the sub-episodes
consisting of the timesteps {h,--- , H}

The state-value function of 7% evaluated on the true MDP on the
sub-episodes consisting of the timesteps {h,---, H}

The estimated state-value function of 7% evaluated on 3" on the
sub-episodes consisting of the timesteps {h,---, H} in episode k
The estimated Q-value function of 7% evaluated on M" on the
sub-episodes consisting of the timesteps {h,---, H} in episode k
The estimated state-value function of the optimal policy 7* evaluated
on M on the sub-episodes consisting of the timesteps {h,---, H} in
episode k

Refer to Definition 4.2

(H,S, A, P* RF + @ sh)

The estimated MDP with i.i.d. perturbations, refer Definition 4.1
Optimal state-value function of M*

Vi (sh) = Vi(sp)

Vii(sh) — Kh,k(slﬁ)

Vik(sh) = Vire(sh)

VhTZ(Si) - Kh,k(SZ)

Rk R
R — k ok
h,sﬁ,aﬁ h,sh,ah



(7

*
h,skal thslﬁvaﬁ’ Vh+1>

1

P

(—v2)

log (40SAT/6)

2/ H*S log (2HS AK) log (A0S AT /5)
_ H3Slog(2HSAk)

Table 4.1 (Cont.)

Bk
2(nk (h,s,a)+1)

o2(h,s,a)L

H log(2H S Ak)

nk(h,s,a)+1

2(nk(h,s,a)+1)

H3Slog(2HS Ak)
Refer to Appendix 4.1.2

Refer to Appendix 4.1.2
Refer to Appendix 4.1.2

{

{wk(h, sk af) < yi(h, sk, a

|

= —"

=

e e Ve e W e W g

MF e/\/l’“}

hETH] (5’1‘0’“) }

(@ — Q)5 @)| S H —h+1,¥(s,0) |

hErPH] (8}?’“) }

s,gvms,?}

hGTH] (8;3’“) }

(@ne— Qi)(s,0) < H—h+1,¥(s,0) }

herPH] (g}?k) }

gned}

N gth
he[H] hik

wF(h, sF,af) < ye(h, sk a

n*(h, sk af) > ak}

EMNELn Ck}

EPNE, mck}

kaGk}

Virlsh) 2 Vi(sh) |
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Table 4.1 (Cont.)

@h,k {Vl K(sh) >V (51)}

4.1.1 Definitions of Synthetic Quantities
In this section we define some synthetic quantities required for analysis.

Definition 4.1 (M* and V). Given history H% %, and P* and R* defined in empirical MDP
M= (H,S, A, P* R¥ s%), we define independent Gaussian noise term @ (h, s, a)|H5 ! ~
N(0,0%(h, s,a)), perturbed MDP M* = (H,S, A, P*, R¥ + ", s%), and V, the optimal
value function of M*.

Notice that @* can be different from the realized noise term w* sampled in the Algorithm 2.1.
They are two independent samples form the same Gaussian distribution. Therefore, condi-
tioned on the history H?I_l, M* has the same marginal distribution as Mk, but is statistically
independent of the policy 7" selected by C-RLSVI.

Definition 4.2 (V/,, ;). Similar as in Definition 4.1, given history H%! and any fixed noise

L wk
wky, € RS54, we define a perturbed MDP Mk, = (H,S, A, P*, R* + wh,  st) and V, /' as
its optimal value function.

Let w* = —7;, and V,, ;. denote the optimal value function of MDP M* = (H,S, A P* R+

w” s1). We immediately know that w* is the solution of following optimization program

wl;tb k
oV (51) (4.1)
s.t. |wptb(h,s,a)|§7k(h,s,a) Vh,s,a.

The reason is that M* has smallest reward function within the set of MDPs satisfying the
constraints, thus obtaining smallest optimal value function. We also know that V, , <V} ,S“b

for any |wk | < .

Definition 4.3 (Confidence set, restatement of Definition 4.4).

ME = {(H, S, AP R 1) (0, 5,0), | R = B + (Pl = Prosas Vi)
S ek(hasaa)} ) (42)

where we set

B log (2H S Ak)
ex(h,s,a) _H\/nk(h,s,a)+1' (4.3)

11



4.1.2 Martingale Difference Sequences

In this section, we give the filtration sets that consists of the history of the algorithm.
Later we enumerate the martingale difference sequences needed for the analysis based on

these filtration sets. We use the following to denote the history trajectory:

HE = {(s],a],7]) 1if j < k thenl € [H], else if j =k then I € [h]}, (4.4)
Hy = {wk(l,s,a):le [H],ses,aeA}. (4.5)

With af = 7¥(sF) as the action taken by C-RLSVT following the policy 7f and conditioned
on the history of the algorithm, the randomness exists only on the next-step transitions.
Specifically, we use the following martingale difference sequences with filtration sets {ﬂ:} hok

for the following martingale difference sequences:

Mgﬁk(S’ﬁ) = 1{G} |E {Szﬂ»k(sl)} - 37}:+1,k(3£+1)] ) (4.6)
My gy = 10} [B [5700406)] — 87505k W)

where the expectation is over next state s’ due to the transition distribution: By gk b We

use with the filtration sets {#% '}, for the following martingale difference sequence

=106} [Ea [Taloh)] - Vialsh)]. (45)

4.2 TECHNICAL PREREQUISITES

The primary technical content is in the Section 4.3. In this section, we present three
technical prerequisites: (i) the total probability for the unperturbed estimated M* to fall
outside a confidence set is bounded; (ii) the estimated value function V. (defined as the
value function of 7* in MDP Mk) is an upper bound of the optimal value function V;* with
at least a constant probability at every episode; (iii) the clipping procedure ensures that Vhyk
is bounded with high probability!.

Notations To avoid cluttering of mathematical expressions, we abridge our notations to

exclude the reference to (s,a) when it is clear from the context. Concise notations are

'We drop/hide constants by appropriate use of >, <, ~ in our mathematical relations. All the detailed
analyses can be found in our appendix.

12



; fq k Pk Pk k Dk Dk

used in the later analysis: R, & o — Ry, Rh,s’;,a;j — Ry, Pygar — Py, Ph,sﬁ,a’,; — Pf,
k k ok k k k
n*(h, sg,a;) — n"(h), wy , , — wy.

k
h,sp,ap

High probability confidence set In Definition 4.4, MP* represents a set of MDPs, such
that the total estimation error with respect to the true MDP is bounded.

Definition 4.4 (Confidence set).

MF = {(H,S,A, P' R s1): V(h,s,a), ‘R;hs’a — Rhsa+ (P o0— Prsa Vi)
< Vex(h, s,a)} : (4.9)

where we set

B log (2H S Ak)
er(h, s, a) _H\/nk(h,s,a)%—l' (4.10)

Through an application of Hoeffding’s inequality [2, 8], it is shown via Lemma 4.1 that the
empirical MDP does not often fall outside confidence set M*. This ensures exploitation, i.e.,
the algorithm’s confidence in the estimates for a certain (h, s, a) tuple grows as it visits that

tuple many numbers of times.

Lemma 4.1. 337, P (M* ¢ MF) < 2006HSA.

Bounded Q-function estimates It is important to note the pseudo-noise used by C-
RLSVI has both exploratory (optimism) behavior and corrupting effect on the estimated
value function. Since the Gaussian noise is unbounded, the clipping procedure (lines 15-20 in
Algorithm 2.1) avoids propagation of unreasonable estimates of the value function, especially
for the tuples (h, s,a) which have low visit counts. This saves from low rewarding states to
be misidentified as high rewarding ones (or vice-versa). Intuitively, the clipping threshold
oy, is set such that the noise variance (o(h,s,a) = W) drops below a numerical
constant and hence limiting the effect of noise on the estimated value functions. This idea

is stated in Lemma 4.2, where we claim the estimated Q-value function is bounded for all
(h,s,a).

Lemma 4.2 ((Informal) Bound on the estimated Q-value function). Define @, as the Q-value
function of 7% (as in Algorithm 2.1) in perturbed MDP M= (H,S, A, P* RF+wk, sh), where
w¥(h,s,a) ~ N(0,07(h,s,a)). Then under some good event, we have (@, , — Q;)(s,a)| <
H—h+1.
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See Appendix A.2 for the precise definition of good event and a full proof. Lemma 4.2 is
striking since it suggests that randomized value function needs to be clipped only for constant

(i.e. independent of T) number of times to be well-behaved.

Optimism The event when none of the rounds in episode k£ need to be clipped is denoted
by & = {Npe(n*(h) > i)} Due to the randomness in the environment, there is a
possibility that a learning algorithm may get stuck on “bad” states, i.e. not visiting the
“good” (h, s,a) enough or it grossly underestimates the value function of some states and
as result avoid transitioning to those state. Effective exploration is required to avoid these
scenarios. To enable correction of faulty estimates, most RL exploration algorithms main-
tain optimistic estimates almost surely. However, when using randomized value functions,
C-RLSVI does not always guarantee optimism. In Lemma 4.3, we show that C-RLSVI
samples an optimistic value function estimate with at least a constant probability for any

(k). We emphasize that such difference is fundamental.

Lemma 4.3. If M* € M* and the event " holds, then
P (Viklsh) = Vi (sh) | 1) = @(=v2), (4.11)

where ®(-) is the CDF of N(0,1) distribution, M* is the estimated MDP, M¥ is the confidence
set defined in Eq (4.10), and Hl}:{_l is all the history of the past observations made by
C-RLSVT till the end of the episode k — 1.

Lemma 4.3 follows [14], and we reproduce the proof in Appendix A.1 for completeness.

Now, we are in a position to simplify the regret expression as

K K

Reg(K) < > 1{& (v = v ) 5+ D 1{& (Vi =17 ()

k=1 k=1
A

J/

Warmjllrp term
+ HP(M* ¢ MF), (4.12)
~—_——

due to Lemma 4.1

where we use Lemma 4.1 to show that for any (h, s,a), the edge case that the estimated
MDP lies outside the confidence set is a transient term (independent of T) and the warm-up
term due to clipping is also independent on 7" (see Section 4.3.1 for details). Armed with the

necessary tools, over the next few subsections we sketch the proof of our main results.
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4.3 REGRET DECOMPOSITION

In this section we give full proof of our main result Theorem 4.1 which is a formal version
of Theorem 3.1. We will give a high-level sketch proof before jumping into the details of
individual parts in Sections 4.3.2 and 4.3.3.

Theorem 4.1. C-RLSVI enjoys the following high probability regret upper bound, with
probability at least 1 — 4,

Reg(K) = O <H2S\/AT H2S3A + H4S2A) . (4.13)

We first decompose the regret expression into several terms and show bounds for each of

the individual terms separately. Consider

K K

Reg(K) = Y- 1{Cu} (V) = v (sh)) + Do 1{{Cl®y (Wsh) - v sh)) . (419)
k=1 k=1 ~ .
)

—

This in turn gives:

J/ J/
-~ -~

K
Reg(K) =< Y UEM NG} | () = Viulsh) + V14 (sh) = V7' (63)
k=1
@) 3)

K
+ Y e ne) (Vl*(s]f) - v;‘“(s‘f)) 12006 H2SA. (4.15)
k=1 ~ .
(4)

Term (1) is upper bounded due to Lemma A.2 and the fact that Vi*(sF) — Vi7" (sF) <
H,Vk € [K]. Term (2), additive inverse of optimism, is called pessimism [15] and is further
decomposed in Lemma 4.8 and Lemma 4.9. Term (3) is a measure of how well estimated MDP
tracks the true MDP and is called estimation error. It is discussed further by Lemma 4.5,
Lemma 4.6 and finally decomposed in Lemma 4.7. Term (4) is the regret due to those
episodes in which one or more rounds had clipped estimated ) function and is upper bounded
by Lemma 4.4. Since the number of unclipped episodes does not depend on T, the regret can
be considered to be due to burn-in or warm-up. We start with the results that decompose

the terms in Eq (4.15) and later aggregate them back to complete the proof of Theorem 4.1.
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4.3.1 Bound on the Warm-up Term

Lemma 4.4 (Bound on the warm-up term).

S g NG} (Vish) - v (sh)) = O(H$%A). (4.16)
k=1
Proof.
SouERE ey (V) - v sh)
k=1

K
< Y ety H
k=1
K
= H ), g, (ssa) < aw ¥(hsi0) = (o))

K H
< HY > 1{n*(h,s,a) < a, Y(h,s,a) = (h, s§,af)}
k=1 h=1

O»HT

aceA seS h=1
< 4H*S*Alog (2HSAK ) log (40SAT/)
= O(H'S?A). (4.17)

Step (a) is due to Vi*(s§) — V™ (s¥) < H. Step (b) is by substituting the value of oy, followed
by upper bound for all 4H3Slog(2HSAK) log (40SAT/5). QED.

4.3.2 Bound on the Estimation Term

Lemma 4.5 decomposes the deviation term between the Q-value function and its estimate,
and the proof relies on Lemma 4.6. This result is extensively used in our analysis. For the
purpose of the results in this subsection, we assume the episode index k is fixed and hence

dropped from the notation in both the lemma statements and their proofs when it is clear.
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Lemma 4.5. With probability at least 1 — §/4, for any h, k, sy, ap, it follows that

1{Gx} |Qp(sn, an) — Q7 (s, an)

SL
(h, sn,an) +1

< ]-{gk} Ph,sh,ah + Rh,sh,ah + Wh,sy,a; T 52+1(8h+1> + MEZ(S}L) + 4H\/n
(4.18)

Proof. Here the action at any period h is due to the policy of the algorithm, therefore,

ap = m(sy). Applying the Bellman equation, we have the following

1{Gi} | @n(sns an) = Qf(sn. an)
= 1{G:} :<ph,sh,ah,vh+1> — (Puspans V1) + Bispan, — Rhsspoan + wh,sh,ah]
= 4G} [(Prsnans Vit = (Prspans Vi) + Brsnan = Bha + Wnoa,
+ (Paspan — Prsnians Vier) — (Prspan — Prosyans Vh*+1>}
= 4G} [Prswan + Risnan + Wnisnan + (Prspans Viet = Vi)

+ 1{gk}<-ﬁh,sh,ah - Ph,sh,amvh—l-l - Vf:<+1>

SL
(h7 Sh ah) +1

(4.19)

Y

S 1{gk} Ph,sh,ah + Rh,sh,ah + wh,sh,ah + (_SZJ,-I(Sh-‘rl) + MSZ(S}I) + 4H\/n

where step (a) follows from Lemma 4.6 and by adding and subtracting V1 (sa11) = Vi7 1 (Sht1)
to create MgZ(Sh). QED.

Lemma 4.6. With probability at least 1 — §/4, for any h, k, sy, ap, it follows that

SL
n(h, sp,ap) +1°

1{gk}<ph75hyah - Ph,s;“am Vi;k-i-l - Vh+1> < 4H\/ (4'2())

Proof. Firstly, applying the Cauchy-Schwarz inequality, we get

LG H Prspan — Prosmans Vier = V1) < 1 Prswan — Prosnan 111G} Viriy = V1) || oo-
(4.21)

Since Lemma A.4 implies ||1{Gx} (V"1 — Vis1)|lo < H, it suffices to bound [F2
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Ph.s;.ap |l1- Note that for any vector v € RS, we have

lvli = sup u'w. (4.22)
ue{—-1,+1}%

Hence, we will prove the concentration for uT(IADh,shyah — P s, .a,)- For clarity, we will add

the superscript k in the following proof.

If the visiting time n*(h, sF, a¥) = 0, we know that || — Py gt o[t < 4HVSL, which
means the final bound holds. Now we consider the case that nk(h, sk af) > 1. For any

fixed k, h, s¥,af and u € {—1,+1}", applying Hoeffding’s inequality, with probability at least
1 — ¢, we have

log(2/4")

k-1
1
T Il (kBN .
O oy 2 Mt ) = (bl = P 0| <2y 3o

(4.23)

This is because u" (Wm h{(sh, db, shoq) = (sk,af, )}) is the average of i.i.d. ran-
dom variables u ey with bounded range [—1,1].

By triangle inequality, we have

k—1
1
i ol _k Kk
Ph sh,a;vl( ) - W lz:; 1{(Sh, ay, Sh—H) = (Smah’ )}
1 k—1
= 1{ Sh,ah,sh ) (si7ai’.)}
n*(h, s, ay)(n*(h, si, af) + lzz; o

1

— 4.24
= Wl )’ .

where the last step is by noticing visiting (s, al,, s} 1) = (s}, af, ) implies visiting (h, s}, af).

Therefore, we get

log(2/4")
k k
(P o) < =

Finally, union bounding over all k, h, sf, a¥ and v € {—1,+1}* and set § = §'/(2°SAT),

18



we get

PF 1/ 4.26
( hsh ah hsh ah h Shvah \/ h Shaah ( )

This implies ||P]’:’s§7a}kl — Py gk at |1 < 4, /W, which completes the proof. QED.

The following Lemma 4.7 is the V' function version of its () function version counterpart in

Lemma 4.5. Tt is applied in the proof of final regret decomposition in Theorem 4.1.

Lemma 4.7. With probability at least 1—4/4, for any h, k, sp,, ay, the following decomposition
holds

G} [Valsn) = Vir(sn)]

SL
S 1{gk‘} Ph ySh,ap + Rh ,Sh,Qp + wh ySh,ap + 5h+1(8h+1> + M(S + 4H\/’)’L(h7 Sh’ ah) + 1

(4.27)

Proof. With aj, as the action taken by the algorithm 7 (sy,), it follows that V5,(sn) = Q,(sk, ax)

and V7 (sp) = Q7 (sp, ap). Thus, the proof follows by a direction application of Lemma 4.5.
QED.

4.3.3 Bound on Pessimism Term

In this section, we will upper bound the pessimism term with the help of the probability
of being optimistic and the bound on the estimation term. The approach generally follows
Lemma G.4 of [15]. The difference here is that we also provide a bound for Vi*(s}) =V, ,(s}).
This difference enable us to get stronger bounds in the tabular setting as compared to [15].

The pessimism term will be decomposed to the two estimation terms V', ,(sf) — V" *(s%) and

Vi (s) — V, ,(sF), and martingale difference term MYy,

Lemma 4.8. For any k, the following decomposition holds,

G} (Vi (s) = Vialsh) ) < 14} (V71 (s8) = Vulsh))
< CUG} (Vialsh) = Vi (s8) + Vi (s8) = Vo lsh) + M) (4:28)

where 1{G} [Vl (s") -V, k(31)] will be further bounded in Lemma 4.9.
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Proof. For the purpose of analysis we use two quantities f/lk(s’f) and V, ;(s}), which are
formally stated in the Definitions 4.1 and 4.2 respectively. Thus we can define the event
Ok def {f/lk(s’f) > V]_*(slf)} For simplicity of exposition, we skip showing dependence on
k in the following when it is clear. Also we would use the event G, as a concise way of
representing the intersection event G, = Gy N G, = 5,?“ NCLNELNE.

By definition, there is no clipping under event Gy, so the equivalence between model-free
view and model-based view tells us that V' would be equal to the optimal value function
under M. Then by Definition 4.1, we know that V1 (s1) and V;(s1) are identically distributed
conditioned on last round history 7—[?1 and under G;. From Definition 4.2, under event Gy,
it also follows that V,(s1) < Vi(s1) and V,(s1) < Vi(s1).

Since V,(s1) < V1(s1) under event G, we get
LGk} [Vi'(s1) = V()| < 1{Ge} [V (s1) = V()] (4:29)

We also introduce notation Eg [-] to denote the expectation over the pseudo-noise w (recall
that @ discussed in Definition 4.1). Under event Oy, we have V;(sy) > V;*(s1). Since V;*(s1)
does not depend on w, we get Vj*(s1) < Ez 6, [171(31)} Using the similar argument for
V,(s1), we know that V,(s1) = E; 5, [V1(s1)]. Subtracting this equality from the inequality
Vit(s1) < Egp, [‘71(31)}, it follows that

Vi(s1) = Vals1) < Ego, [Vals1) = Vi (s1)] - (4.30)
Therefore, we have
H{Gi} [Vi(s51) = Vi(s1)] < H{Gi}E 5, [Vl(sl) - L(sl)} : (4.31)

From the law of total expectation, we can write

Es [Vi(s1) = Va(s1)| = POWEg, [Vils1) = Vi(s1)] +BODE, og [Valsr) = Vi(s1)]
(4.32)

Since Vi(s1) — V,(s1) > 0 under event Gy, relaxing the second term to 0 and rearranging

the above equation yields

Gk} Eg0, Vi(s1) —K1(81)] < !

< P(@wl{gk}]ﬂ‘@ Vi(s1) — Kl(sl)] . (4.33)
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Noticing V is an independent sample of V we can invoke Lemma A.1 for V, it follows that

P(O)) > ®(—V/2). Set C = @(_1\@) and consider

1{GEs [Vi(on) - Va(on)] < €16 (Ba [Fatsn)] - Ti(on)

N J/

i

+ O1{G) !Vl(sl) . Kl(sl)), (4.34)

v~

(2)

where the inequality is due to w is independent of V', (s1).

Since V1(s;) and Vi(sy) are identically distributed from the definition, we will later
show term (1) 1{Gx} |Es [Vl(sl)} — 71(31)} = MY is a martingale difference sequence in

Lemma 4.12. Term (2) can be further decomposed as

Vi(s1) = Vi(s1) = Vis1) = Vi'(s1) + V" (s1) — V(1) (4.35)

J/

-~ -~

®3) (4)

Term (3) in the above equation is same as estimation term in Lemma 4.7. For term (4), to
make it clearer, we will show a bound separately in Lemma (4.9).

Combining the last three equations, gives us that
UG E 0, [Vi(s1) = Vi (s1)
wk 1/ ok w
< CUG} (V7 (5) = V() + Vou(sh) = v () + Mz ) (4.36)

This completes the proof. QED.

In Lemma 4.9, we provide a missing piece in Lemma 4.8. It will be applied when we do

the the regret decomposition of major term in Theorem 4.1.

Lemma 4.9. With probability at least 1—§/4, for any s, h, s¥, a¥, the following decomposition

holds with the intersection event Gy,

1{Gr} Vhﬂk(si)_zh,k(si) <

SL
nk(h, s, aj) + 1

»SpHap,

k k k wk k
1{gk;} _Phﬁﬁvaﬁ - Rh k  k wh,sﬁ,aﬁ + éh-l—lJc(Sh-i—l) + Mézkk(sﬁ) + 4H\/

(4.37)
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Proof. We continue to show how to bound term (4) in Lemma 4.8 and we will also drop the
superscript k here.

Noticing that aj, as the action chosen by the algorithm 7(s), we have V™ (s) = QF (sp, ap)-
By definition of value function V/,(s) = max,e 4 @, (sn, a). This gives @, (sp, an) <V, (sn).
Hence,

Vit (sn) = Vi (sn) = Qp(sn, an) — Vi, (sn) < Qi (sn, an) — Q, (sn, an). (4.38)

Since the decomposition and techniques in Lemma 4.5 and Lemma 4.6 only utilize the
property that @, is a value function (optimal value function under MDP M when no clipping
happens), we can directly get another version for instance Qh by shifting from M to MDP
M. Also noticing that we flip the sign of V;"(s5) — V,(sp), therefore, we obtain the following

decomposition for the term (4) in Lemma 4.8

1{Gi} [V (1) — Vi (sn)]

W SL
< 1{gk} _Ph73h,7ah - Rhashvah — Wp s an + éh+1(5h+1) + Méﬂ(sh) + 4H\/n(h sh ah) +1
(4.39)
QED.

4.3.4 Final Bound on Theorem 4.1
Armed with all the supporting lemmas, we present the remaining proof of Theorem 4.1.
Proof. Recall that in the regret decomposition Eq (4.15), it remains to bound
K
>OUER NG} (Vi (5) = Vo alsh) + Vu(sh) = 17 (1)) (4.40)

k=1

From Lemma A.5, we have that with probability at least 1 — §/8, for any k, Cj holds implies
& holds. Similarly, we can have a version Lemma A.5 for @. This implies with probability
at least 1 — §/8, for any k, Cj, holds implies &, holds.
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Noticing that G = E,gh NELN gk N Ck, with probability at least 1 — §/4, we have

> newd (W sh) = Vislsh) + Voslsh) = v (sh))
k=1
= G (V) = Vislsh) + Vilsh) =17 (1)) (4.41)

Again, we would skip notation dependence on k when it is clear. For each episode k, it

suffices to bound

Gk} (Vi (s1) = Vi(sn) + Vils1) = Vir(sn))
< G} [V s1) = Valsn)| + UG} [Vi(sr) = V(o)
= 1{Gi}b1(s1) + 1{Gi}] (s1). (4.42)

We first use Lemma 4.8 to relax the first term in the above equation. Applying the result

of Lemma 4.8 gives us the following
1{Gx}d1(s1)
= 1{Gu} |5 (s1) = Vi(s1)]
< OUG} (Vi (1) = Valor) + Valsr) = ViT(s1) + MY
— C1{G} (57{(31) +T(s1) + M;”) . (4.43)

Combining the last two equations, we get

G} (Vi (s1) = Vi(s1) + Vi (s1) = V7 (s1))
< (€ + DG (1) + CH{Ge} (MY +87(s1) (4.44)

We will bound the first and the second terms of the above equation one by one. In the
sequence, we always consider the case that Lemma 4.9 and Lemma 4.7 hold. Therefore, the
following holds with probability at least 1 — /4 —§/4=1—§/2.
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For the 97 (s1) term, applying the result of Lemma 4.9 yields

1{Gx}67 (s1)
= 1{G} [V{(s1) — V1 (s1)]

< 1{gk} (Pl,s1,a1 + Rl,s1,a1| +‘w1,sl,a1 (1 s al) +1

SL
+95(s2) + Mé;r(sl) + 4H\/n ) .
(4.45)

For the &, (s1) term, applying Lemma 4.7 yields

1{Gr}01 (51)
= 1{Gi} |Vis0) = W(s1)]

_ﬂ SL
<1 81,01 R 51,01 51,01 0 51 4H '
< {gk} (|7717 Lar T RKis, ‘+w1, a1 T 2(82)—1—/\/151(31)-1‘ \/n(1,51>a1)+1)
(

4.46)

Using the above two relations, gives us, with probability at least 1 — §/2,

UG (V7 (51) = Vils) + Vi (s1) = V(1))
< (C+ VLG (51) + CL{G} (MY +7(s1)

s SL
+ 05 (82) + Mr(sy) + 4H\/n(1, s1,a1) + 1)

S Cl{gk} (Plvslaal + R1781,(l1| +‘w17817a1

. SL
+(C +1)1{G:} (|7>1,31,a1 + Risran | + Wiy + 05 (s2) + Mgy + 4H\/n(1, ) 1)

+ C1{G} MY
— O1{G}0%(52) + (C + 1)1{Gy} 35 (55) + C1{Gr}M"

SL
Mz (s 4H
T Magen + \/”(1731,(11)"'1)

SL
e (‘P F R+ Wt + M)+ 4H \/nu,sl,al) ¥ 1) |

+ Cl{gk} (P1751,a1 + R17517(I1| + ‘wl,sl,al

(4.47)
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Keep unrolling the above inequality to timestep H and noticing 65, (sz11) = g 1 (8H41) =
0 and M¥,, = 0 yields that with probability at least 1 —0/2,

1{Gi} [V (s1) — V" (51)]

SL
n(h, sp,ap) + 1

H
S O Z 1{gk} |7Dh,sh,ah + Rh,shvah

h=1

+ Mz (s, + My + 4H\/

+ ’wh,sh,ah

H
SL
+ (O + 1) Z 1{gk’} ‘Ph,sh,ah + thshyah| + Wh,sp,an T MEZ(sh) + 4H\/ (

P n(h, sp,ap) + 1

(4.48)

It suffices to bound each individual term in the above inequality and we will take sum over &
outside.
Lemma 4.11 gives us the bound on transition function and reward function
K

k=1

= O(VH3SAT). (4.49)

M=

hsa

1{gk}y7>hsk o+ RE

T
L

Following the steps in Lemma 4.11, we also get the bound

h

Lemma 4.12 bounds the martingale difference sequences. Replacing ¢ by ¢’ in Lemma 4.12

gives us that with probability at least 1 — ¢,

K H
> G Mgz 4| = O(HVT), (4.51)
k=1 h=1 '

K

O(HVT), (4.52)

Z 1{G;} Z Méh g

Z1{gk}ZMw — O(HVT). (4.53)

k=1

For the noise term, we first notice that under event G, w h ok (sh) €1 be upper bounded

. Applying Lemma 4.10 and (replacing § by ¢’ in Lemma 4.10) gives us, with

hsk Ic

by‘w
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probability at least 1 — 24

>N LG hwy g ovioty = O(H?SVAT) (4.54)

K
k=1 h=1

and

— O(H*SVAT). (4.55)

K H
Z Z 1{Qk}(w§,sg,nk(s’z>

k=1 h=1

Putting all these pieces together and setting 6’ = /12 yields that with probability at least
1—9,

K

S UEMNC (Vi (1) = Vialsr) + V(1) = VW (51)) = O (H2SVAT + H25°A),
k=1
(4.56)
which together with the warm-up regret bounds in Lemma 4.4 completes the proof of
Theorem 4.1. QED.

4.4 SUPPORTING LEMMAS

4.4.1 Bound on the Noise Term

Lemma 4.10. With w? , , as defined in Definition 4.2 and aj = 7*(s}), the following
ySpHp
bound holds:

~0 (H2S\/ﬁ> . (4.57)

Proof. We have:

= @“TLZ > % (4.58)

Upper bounding by integration followed by an application of Cauchy-Schwarz inequality



gives:

hsa) hsa)
RTED O AR
s,a n= 1

:22\/71 (h,s,a)

h,s,a

< 2\/HSAZnK(h,s,a)

h

h,s,a

=0 (VHSAT). (4.59)

This leads to the bound of O (\/_ﬁk VH SAT) <H2S\/AT> QED.

4.4.2 Bound on Estimation Error

Lemma 4.11. For af = 7%(sF), the following bound holds

K H
Pk Dk *
22 16 ’Rh,sz,aﬁ = Byt + (Fpgpat = Phostals Vi)
k=1 h=1

-0 <H3/2M> . (4.60)

Proof. Under the event Gy, the estimated MDP MP* lies in the confidence set defined in
Notation Table of Section 4.1. Hence

Dk Dk * k .k
‘Rh,sﬁ,ag — Ry ot + (B ab = Pasiabs Vi) | </ erlh, s, ap), (4.61)

log(2H S Ak)
nk (h,sﬁ,aﬁ)—&—l :
We bound the denominator as

K H n* (h,s,a) n¥ (h,s,a)
ZZ h5h7ah +1 . \/7 Z/ \/7dx

where /ex(h, s, af) = H

—1 h=1
< 22\/ (h,s,a) % \/HSAZnK(h,S,a):O(\/HSAT), (4.62)
h,s,a h,s,a

where step (a) follows Cauchy-Schwarz inequality.
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Therefore we get
K H
S\ Jewlhshoaf) = HO (VHSAT ) = O (HY*VSAT). (4.63)
k=1 h=1
QED.

In the next section, we show concentration bounds on the martingale difference sequences
created in the analysis. For each of the martingale difference sequences, we identify the

filtration set (c—algebra) and the terms of the martingales and apply Hoeffding’s inequality.

4.4.3 Bounds on Martingale Difference Sequences

Lemma 4.12. The following martingale difference summations enjoy the specified upper
bounds with probability at least 1 — 9,

Z1{gk ZMW . = O(HVT), (4.64)

k=1

Z1{gk}ZM,ﬁ 5 = O(HVT) (4.65)

k=1
K H )
> G} Y M| = O(HVT). (4.66)
k=1 h=1
Here M ko /\/Lﬁk .. are considered under filtration ﬁ:, while M}, is considered under

s
6h k h k(sh

filtration M5~ o Notlclng the definition of martingale difference sequences, we can also drop

1{Gx} in the lemma statement.

Proof. This proof has two parts. We show (i) above are summations of martingale difference

sequences and (ii) these summations concentrate under the event G, due to Azuma-Hoeffding

inequality [34]. We only present the proof for {Mﬁk } and { M}, }, and another one

5}L,k(sﬁ)

follow like-wise.

. : —k
We first consider ./\/l wk n term. Given the filtration set ‘H,, we observe that
h k\Sp

H | =

1{gk}32+1,k(sz+l)

—nF ’ YL
1{gk}]ESINP;: kb k) |:5h+1,k;($ ):| ’Hh] . (467)
T\ h
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This is because the randomness is due to the random transitions of the algorithms when

M_ .k ﬂ:] = 0 and {Mﬂ.k

p1(sF)

} is indeed a

e —k
conditioning on H,. Thus we have E 5 ok
h,k\Sp,

martingale difference on the filtration set ﬁ:

Under event Gy, we also have SZ:M(SIZH) = Virix(shoy) — Vhﬂka(SiH) < 2H. Applying
Azuma-Hoeffding inequality (e.g. [3]), for any fixed K’ € [K] and H' € [H], we have with
probability at least 1 — ¢,

K' H’ oT ~
SS Mo | < Hy[4Tlog (—) ~0 (Hﬁ) . (4.68)
—1 hel 5h,k(5h) (5’

Union bounding over all K" and H’, we know the following holds for any K’ € [K] and
H' € [H| with probability at least 1 — ¢’

SN My | < i farion (57 ) =0 (V). (4.69)

Then we consider Mj, term. Given filtration H} ! and under event Gy, we know that V,

has identical distribution as Vh,k. Therefore, for any state s, we have

E 1{Qk}‘~/h7k(s) Hf-fl =K 1{gk}vh7k(8)

Hﬁﬁ] : (4.70)

Besides, from the definition of Eg and @ is the only randomness given 5!, we have that

for any state s,

E |1{G.}E [mG(s)] ’7—[’}{1]

=E [1{G:}Eqs [\N/W(s)m’;l} ‘Hjﬁ;l]

—E [1{G)E [thk(s)}’}'{l[i[_l]

H’;;l]

= E 1{gk}‘7h7k($)

H’,ﬁ,—ll . (4.71)

Combining these two equations and setting s = s¥, we have E [ }fk"}-lﬁfl} . Therefore the
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sequence { M}/, } is indeed a martingale difference.
Under event G, we also have ’Ew [Vh,k(sz)] — Vh,k(s’fb)' < 2H from Lemma A.4. Applying

from Azum-Hoeffding inequality (e.g. [3]) and similar union bounding argument above, for

any K’ € [K]| and H' € [H], with probability at least 1 — ¢’, we have

K' H' T
> M| < Hy[4T log (5—> =0 (BVT). (4.72)
k=1 h=1

The remaining results as in the lemma statement is proved like-wise. Finally let ¢’ = 6/3 and

uniform bounding over these 3 martingale difference sequences completes the proof. QED.
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CHAPTER 5: CONCLUSIONS

In this work, we provide a sharper regret analysis for a variant of RLSVI and advance our
understanding of TS-based algorithms. Compared with the lower bound, the looseness mainly
comes from the magnitude of the noise term in random perturbation, which is delicately
tuned for obtaining optimism with constant probability. Specifically, the magnitude of S
is O(vHS) larger than sharpest bonus term [3], which leads to an additional O(v/HS)
dependence. Naively using a smaller noise term will affect optimism, thus breaking the
analysis. Another obstacle to obtaining O(v/S) results is attributed to the proof of Lemma 4.6.
Regarding the dependence on the horizon, one O(\/ﬁ ) improvement may be achieved by
applying the law of total variance type of analysis in [3]. The future direction of this work
includes bridging the gap in the regret bounds and the extension of our results to the

time-homogeneous setting.
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APPENDIX A: OPTIMISM AND EVENT CONCENTRATION

In this Appendix, we give the missing proofs from the Section 4.2.

A.1 PROOF OF OPTIMISM

Optimism is required since it is used for bounding the pessimism term in the regret bound
calculation. We only care about the probability of a timestep 1 in an episode k£ being

optimistic when the event £ holds. The following proof of Lemma A.1 follows Lemma 4
in [14].

Lemma A.1 (Optimism with a constant probability, restatement of Lemma 4.3). Conditioned
on history H%~!, if the estimated MDP M* € M* and the event £ holds, then

P (Vyu(sh) > V7 (sh) [ e ) = @(=v2), (A1)

where MF is the confidence set defined in Eq (4.3).

Proof. The analysis is valid for any episode k and hence we skip k from the subsequent
notations in this proof. When the event £ holds then none of the rounds in the episode k
are clipped. By the equivalence between two views of RLSVI, we know that 7 is the optimal
policy under M. Let V;r (s1) represents the value function of optimal policy 7* (of the true
MDP) in MDP M. Notice that 77{*(51) is not the optimal value function under MDP M.
As the first step, we show VT*(sl) > V;*(s1) with probability at least ®(—+/2).

Let (sp,---,sm) be the random sequence of states drawn by the policy 7* (optimal policy
under true MDP M in the estimated MDP M and aj, = 7*(s;), then applying Bellman

equation, we have

—* %
Vi, (sn) = Vi, (sn)
A A _ﬂ—* %
= Rh,smah + Wh,sya), + <Ph73hyah ) Vh+1> - thshyah - <Ph78h,ah ) Vh+1>
> > Sy * > *
= Rhashvah - thsh,ah + <Ph,5h7ah ) Vh+1 - Vh+1> + <Ph75h7ah - Ph,shﬂlh ) Vh+1> + Wh,sy,,ap

= Rhyshvah - Rhysh’ah + <Ph,sh,ah - Ph,Sh,ah ) ij+1> + Ew*,ﬁ [Vthl(Sh-O—l) - V;+1(Sh+1> + Wh,sp,ap
(A.2)
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Further:

*

Vi (sn) = Vi (sn)

H
a
= Ew*,ﬂ E :wivsi:ai + Ri,siﬂi + Pi,sz',ai

i=h
S (H_hiDE 1 3 : A3
> (H—h+1E.5 H——h+12<w_ (irsna)) | (A.3)

Step (a) follows by expanding the recursion. Step (b) is from the definition of the confidence
sets (Definition 4.3). Now substitute h = 1 in the inequality above and define d(i,s) =

+P(s; = s) for any s € S. The inequality can be written as

*

= (V7 0 = 1)

Z d(i, s) (wi,shai— e(i,si,ai)>

SES1<i<H

v

> Z d(i, s)W;s;0 | — VHS Z d(i, s)%e(i, s;, a;)

SE€S,1<i<H SES,1<i<H

= X(w). (A.4)

The second inequality is due to Cauchy-Shwartz. Since d(i, $)w; s, o, ~ N (O, d(i, 3)20,%) with

9 _ HSe(i,s,a)

, we get

SES,1<i<H SES,1<i<H

X(w)~N —\/HS > d(is)2e(i sia), HS Y d(i s)%e(i,si,a:)/2 | . (A5)

Upon converting to standard Gaussian distribution it follows that

P(X(W) > 0) =P (N(0,1) > V2) = o(~V2). (A.6)

Therefore, P (V;r*(sl) — Vi*(s1) > O) > ®(—+/2). Since the policy 7 is optimal under the
MDP M when & holds and V is defined as the value function of 7 under MDP M, we know
that Vi(s;) > Vf(sl). This implies P (Vl(sl) > Vl*(sl)> > @(—\/ﬁ) and thus completes
the proof. QED.
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A.2 CONCENTRATION OF EVENTS

Lemma A.2 (Bound on the confident set, restatement of Lemma 4.1). Z;";l]P’(Ck) =
SO P(MF ¢ MF) < 2006HSA.

Proof. Similar as [14], we construct “stack of rewards” as in [29]. For every tuple z = (h, s, a),
we generate two 1.i.d sequences of random variables 7, ~ Ry s, and s,, ~ Py s.(-). Here
T(h,s,a),n a0 S(6.4)n denote the reward and state transition generated from the nth time

action a is played in state s, timestep h. Set
Yon =7on +Vii1(S2n) n € N. (A.7)
They are i.i.d, with Y, ,, € [0, H] since ||V}";]|oc < H — 1, and satisfies
E[Y.n] = Bhsa+ (Phsas Vi) (A.8)

Now let n = n*(h, s,a). First consider the case n > 0. From the definition of empirical MDP,

we have
n

. . . 1 1< 1 -
Rz,s,a + <Pilf,s,a ) Vh+1> = Z }/(h,s,a),i = Z Yv(h,s,a),i - n<n i 1) Z Yv(h,s,a),ﬁ (A9>
i=1 =1

n—i—liz1 n =

Applying triangle inequality gives us

P ( |BEow = Rusat (Ploa = Prsa, Vi) > H %)
=P %g Yinsw.i = Bnsa = (Phsas Vi) — ﬁ :1 Yinsa)i| = H —log(22?{6n)
<P %; Yinoars — Risa = (Prsas Vi) | + m ; Vinsas| 2 1y 2200
<P %; Vit = Rin = Prsa Vi) | + s > Hy [ 25/ 0)
=P %Zj;m> — Risa— (Prsa, Vin)| = H k)g(;r{ o) _ - i - | (A.10)
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When n > 126, we have

1 n
P - Ysai_R s,a PstL;V*
”21 (hsa)i — Bhsa = (Prsa, Vigr)| =

Rhsa_

_thsa )i

Rhsa_

_thsa )i

By Hoeffding’s inequality, for any 4,, € (0, 1),

Rhsa_

P Zyv(hsaz

<Ph,s,a7 V};k+1> 2

<Ph,s,a7 V];_l) Z

. 7TH
<Ph,s,a7 Vh+1> Z .

/10g (2/6,)
2n n+1

/log(?/én)
H 2n

2n

TH [l0g(2/6,) (A11)
8 2n '
108(2/0) | _ w/sm. (A12)

For ¢, = m, a union bound over HSA values of z = (h, s,a) and all possible n > 127
yields
i~ * log(2/3,)
P U ﬁzif(hsaz Rhsa_<Ph,s,a7Vh+1> > H m
he[H],s€[S],a€[A],n>126 i=1
| H [log(3/5,)
SP U _thsaz Rhsa_<Ph,s,a7Vh+1> Z? T
he[H],s€[S],ac[A],n>126
S A H o 1 49
<
ZZZZ i (o)
00 1 49
(HSA)
3 i ()
00 1 49/32
< 2(HSA)™/6 (/ (-) dr + 1)
x=1 x
< 6(HSA)W/6 (A.13)
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For 1 <n <125, we instead have

1 & log(2/6,,)
IP) - Y i s,a P s,a ) V*
n};{; ()i = s = (P Vin)| 2 H\[ = 71%_1 j
; [log(2/,) log 2/5
S]P) _thsaz Rhsa_<Ph,s,a7Vh+1> EH T

3 H [log(2/6,)
:]P) —thsa z Rhsa_ <Ph,s,a7 Vh+1> Z E —2n (A14)
By Hoeffding’s inequality, for any 4,, € (0, 1), we have
1< H [log(2/6,) \
]P - Ysai_R sa_Psa7v* Z_ — S 85n A15
n ; (h7 ’ )7 h7 ) < h: ) h+1> 2 2n ( )

For 6,, =

gives

HSA —=71-3, @ union bound over HS A values of z = (h, s,a) and all possible 1 < n < 125

log(2/6,)

1 < .
P U E Z Y(h,s,a),i - Rh,s,a - <Ph,s,a7 Vh+1> Z H m
=1

he[H],s€[S],a€[A],1<n<125

; H [log(2/dn)
SP U Zyihsaz Rhsa_<Ph,s,a7Vh+1> 25 T

he[H],s€[S],a€[A],1<n<125

A H 125

éizzzwﬁﬁ

s=1 a=1 h=1 n=1

125
(HSA) 3/4§ :\/8—2
n

< 2000(HSA)3/4. (A.16)
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Combining the above two cases, we have

) log (2HSA
P (3(k, hys,a):n>0,|RE .~ Rusa+ (P, — Prga Vi) > H W)
< 3(HSA)/% 4 2000(HSA)*/*
< 2006HSA. (A.17)

Note that by definition, when n = n*(h, s, a) > 0 we have

1 QHSA k(h,
Ver(h, s, a) \/og n(h, 5,0)) (A.18)

2n*(h, s, a)

and hence this concentration inequality holds with /e (h, s, a) on the right hand side.
When n = n*(h, s,a) = 0, we have Rh sa =0and P}’fsa() = 0 by definition, so we trivially

have

Dk *
Rh s,a Rh,s,a + <Ph,s,a - Ph,s,a ) Vh+1>

= [Rhsat(Phsas Vi) < H < eg(h,s,a). (A.19)

QED.

Lemma A.3 (Bound on the noise). For w*(h,s,a) ~ N(0,0%(h,s,a)), where o2(h, s,a) =
%, we have that for any k € [K], the event & holds with probability at least
1—4/8.

Proof. For any fix s,a, h,k, the random variable w*(h, s,a) follows Gaussian distribution

N(0,0%). Therefore, Chernoff concentration bounds (see e.g. [34]) suggests

O

P [|wk(h,s,a)| > t} < 2exp (—;—22) . (A.20)

Substituting the value of o7 and rearranging, with probability at least 1 — §’, we can write

H3Slog(2H S Ak) log(2/¢")
b <
‘w (h,s,a)’ < \/ W hs.a) 11 : (A.21)

Union bounding over all s, a, k, h (i.e. over state, action, timestep, and episode) imply that
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Vs, a, k, h, the following hold with probability at least 1 — §’,

H3Slog(2HS Ak) log(2S AT /¢
}wk(h, s,a)‘ < og( ) log / ) (A.22)
n*(h,s,a)+1
Setting ¢’ = ¢/8, for any s € [S],a € [A],h € [H], k € [K], we have that
H3Slog(2H S Ak) log(16S AT /6)
F < < . A2
‘w (h,s,a)‘ < \/ Wb s a) + 1 < Y(h, s, a) (A.23)
Finally recalling the definition of £, we complete the proof. QED.

Lemma A.4 (Bounds on the estimated action-value function, restatement of Lemma 4.2).

When the events Cy, and & hold then for all (h, s, a)

‘ (@i — Qi) (s,0)

<H-h+1. (A.24)

Proof. For simplicity, we set @H+1’k(8,a) = Qf1(5,a) = 0 and it is a purely virtual
value for the purpose of the proof. The proof goes through by backward induction for
h=H+1,H,...,1.

Firstly, consider the base case h = H + 1. The condition |Qp ;1 4(s,a) — Qf41(s,a)] =0 <
H — (H +1) + 1 directly holds from the definition.

Now we do backward induction. Assume the following inductive hypothesis to be true

<H-h (A.25)

‘(Gthl,k - Q;H) (s,a)

We consider two cases:

Case 1: n*(h,s,a) < o,

Then the Q-function is clipped and hence @h,k = H — h+1. Also by definition of the optimal
Q-function 0 < @} < H — h + 1, therefore it is trivially satisfied that

‘(@h,k ~ Q) (s,)| S H = h+1. (A.26)

Case 2: n*(h,s,a) > ay
In this case, we don’t have clipping. From discussion of the equivalence between model-free

view and model-based view in the main text, we know that @h,k is the optimal value function
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of M". Using Bellman equation, we have the following decomposition

Quils, @) = Qi(s,0)
= Rﬁ,s,a + wﬁ,s,a + <Pf1:,s,a ) Vh+1,k> - RfL,S,CL - <Pf]zs,a ) Vh:—1>
<P}]z€,s,a7 Vh+1,k - Vh*+1> +

-~ -~

(1) (2) 3)

IN

(A.27)

h,s,a

Dk k Dk k * k
Rh,s,a - R + <Ph,s,a - Ph,s7a ) Vh—i—l)) _I—‘wh,s,a :
——

Term (1) is bounded by H — h due to the inductive hypothesis. Under the event Cy, term (2)
is bounded by y/ex(h, s,a) = H log((QH—SAk) Finally, term (3) is bounded by 7x(h, s,a) as

nk(h,s,a)+1"
the event & holds. With the choice of ay, it follows that the sum of terms (2) and (3) is

bounded by 1 as

VH?log (2HSAk) + \/H3S log(2HSAk) L

<1. (A.28)

n*(h,s,a)
Thus the sums of all the three terms is upper bounded by H — h + 1. This completes the
proof. QED.

Lemma A.5 (Intersection event probability). For any episode k € [K], when the event Cj
holds (i.e. M* € MP¥), the intersection event intersection event &, = ¥ N 5]? holds with
probability at least 1 — §/8. In other words, whenever the unperturbed estimated MDP lies
in the confidence set (Definition 4.3), the each pseudo-noise and the estimated @ function
are bounded with high probability 1 — 6/8. Similarly defined, &, also holds with probability
1 — ¢/8 when C; happens.

Proof. The event, & holds with probability at least 1 — /8 from Lemma A.3. Lemma A.4
gives that whenever (Ck NEY ) holds then almost surely 5,? holds. Therefore, & holds with
probability 1 — ¢/8, whenever Cy holds. QED.
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