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Abstract

This thesis presents the flight simulation and hardware implementation of Deep Model

Predictive Control (DMPC) on an experimental setup, which consists of a quadcopter and

motion capture system. DMPC aims to adapt abrupt state-dependent matched uncertainties

arising due to faults, collects training data for a deep neural network (DNN) to learn slowly

varying features, and ensures safety during the learning phase. Training of DNN to learn

features is carried out on a parallel machine, while the actual system is controlled by a tube

MPC and an adaptive mechanism with fixed features. Under certain verifiable technical

conditions, DMPC ensures the asymptotic stability of closed-loop states. Through simulations

presented in this thesis, it is shown that DMPC can outperform other control architectures

when utilizing an affine model with additive nonlinear disturbance to the control input, and

is able to guarantee stability while avoiding unwanted behavior in early learning phases while

having long-term learning capabilities. This study demonstrates that DMPC is a powerful

and safe control architecture for nonlinear systems.
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Chapter 1

INTRODUCTION

In recent years, quadcopters have become increasingly popular in civilian and defense

applications[1]–[5], and for academic research [6]–[8]. This can be attributed toward the

quadcopters maneuverability and the simplicity in its structure. With this increase of usage,

and the diversity of its applications, control algorithms that reject disturbances from its

environment while giving stability guarantees have become a subject of interest to the

research community.

Developing these types of controls while guaranteeing stability and avoid unwanted

behaviors is a challenge. These nonlinear disturbances can have significant effects on the

dynamics of the robot by changing the operating conditions it was built for, degrading

the overall performance, or potentially damaging the vehicle, leading to failure. Under

these types of conditions, traditional control architectures, including model-based control

architectures, can fail when dynamic changes become too extreme.

Traditionally, Adaptive controllers that can learn online and in real-time to adapt to

disturbances have been utilized by quadcopters [9]–[11]. An alternative that has gained

popularity is Model Reference Adaptive Control (MRAC) using shallow networks to learn

[12]–[14]. One such method, Gaussian Process Model Reference Adaptive Control [13], [15],

has had success in adapting to disturbances. While these control architectures can adapt to

mitigate instantaneous disturbances, they lack the ability to generalize to similar operating

conditions. Recent success in this endeavor has been found utilizing Deep Model Reference

Adaptive Control (DMRAC). Quadrotor experiments were conducted to test DMRAC [6],

and this control architecture demonstrated long term learning and generalizability, which

allowed for improved performance over other PID controllers and Model Reference Adaptive

Controllers (MRAC). While DMRAC can learn these unstructured uncertainties in real-time,

the system exemplifies unwanted behaviors during the early learning phases and there is

no provision to optimally impose hard constraints on control actions. These learning-based
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control architectures implementations are prohibited on safety critical systems due to this

behavior.

One approach to this problem is to utilize Model Predictive Control (MPC) to ensure

safety due to its constraint satisfaction capability. Robust Adaptive MPC [16], [17] has

proven to be able to adapt to nonlinear disturbances while ensuring safety, however like other

adaptive control systems it lacks the ability to generalize disturbances. New forms of control

architectures employ MPC for constraint satisfaction, and deep neural networks (DNN) for

function approximation. Recent tests utilizing these types of control architectures have

shown that they can handle structured uncertainties through representing the uncertainties

as high dimensional basis functions and learning the basis function over time.

1.1 Motivation

A new neuro-adaptive control architecture called Deep Model Predictive Control (DMPC) [18]

demonstrates the ability to adapt to nonlinear disturbances while avoiding unwanted behavior

by utilizing Deep Learning with a tube-based model predictive control. This ensures the

satisfaction of constraints and gives input-to-state stability of the closed-loop states. In

this thesis, implementation and evaluation of the DMPC architecture for a quadcopter is

simulated in comparison to other algorithms such as PID, tube-based MPC, and Adaptive

tube-based MPC and the implementation for hardware is demonstrated.

1.2 Overview

To provide insight into the control architecture and simulations this thesis is organized

as follows: In chapter 2, a brief overview of frame of reference, equations of motion and

dynamics of quadcopter, and linearization of quadcopter dynamics are discussed. In chapter

3 the Model Predictive Control algorithms are explored and discussed. In chapter 4 the

experimental setup and implementations of the control algorithms discussed in chapter 3 are

presented. Chapter 5 presents and discusses the results of the control algorithms presented

in chapter 3.
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Chapter 2

KINEMATICS AND

DYNAMICS OF THE

QUADCOPTER

The work done in this thesis relies on having accurate models of the kinematics of the Parrot®

Mambo Drone. The state-space models derived from the equations of motion are utilized by

the MPC to determine the control inputs used at each time step and to simulate the drone

with those control inputs at each time step. The Parrot® Mambo Drone is a quadcopter,

this means that it is a type of helicopter that uses four upwards directed rotors that are

placed in a square formation equidistant to the center of mass of the vehicle. For the control

algorithms in this paper, we utilize equations of motion derived for quadcopter applications

as the best representation of the Parrot® Mambo Drone used in the experiments.

The kinematics of the quadcopter are well-defined in prior works by Sabatino and

Lukkonen [19], [20]. For the purposes of this thesis, we will provide a quick review of the

frame of reference, equations of motion of the quadcopter, and linearization of the state-space.

2.1 Frame of Reference

To describe the equations of motion for the quadcopter, we first introduce the reference

frame, in which we describe the position and orientation of the system. The two reference

frames, inertial and body frame of reference are considered. We describe the inertial and

body frame of references using the North-East Down (NED), where the NED convention

points the x-axis north, y-axis east and z axis down. For this thesis, we will denote the

inertial frame of reference as ONED and the body frame of reference as OABC for Aircraft
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Body Center.

Figure 2.1: Inertial Frame and Body Frame of Reference of Quadcopter [21]

2.2 Equations of Motion

In this section, a mathematical model of the quadcopter will be provided that exploits the

Newton and Euler equations. To develop the vector that describes the state-space model,

we will utilize the vector
[
x y z ϕ θ ψ

]T
to describe the linear and angular position

of the quadrotor in the earth frame, and the vector
[
u v w p q r

]T
to describe the

linear and angular velocities in the body frame. The states of the quadcopter dynamics can

be defined as the combination of these two vectors giving us a 12-dimensional vector of the

following form:

x =
[
x y z ϕ θ ψ u v w p q r

]T
(2.1)
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where the components of equation (2.1) can be described as:

x, y, z = Position components along NED directions in ONED

ϕ, θ, ψ = Euler angles relating the OABC frame to ONED

u, v, w = Velocity components in the NED directions in OABC

p, q, r = Angular rate components relating the OABC frame to ONED

The dynamics can be represented using Newton-Euler equations, which the MPC shown

in this thesis utilize for their optimization. The derivation of the state-space model can be

found in [19] the final form can be expressed as: ẋt+1

ẏt+1

żt+1

 =

 w[SϕtSψt + CϕtCψtSθt]− v[CϕtSψt − CϕSψtSθt] + u[CϕtCθt]

v[CϕtCψt + SϕtSψtSθt]− w[CϕtSψt − CϕSψtSθt] + u[CϕtSθt]

w[CϕtCθt]− u[Sθt] + v[CθtSϕt]

 (2.2)

 ϕ̇t+1

θ̇t+1

ψ̇t+1

 =

 pt + rt[CϕtTθt] + qt[SϕtTθt]

qt[Cϕt]− rt[Sϕt]

rt
Cϕt
Cθt

+ qt
Sϕt
Cθt

 (2.3)

 u̇t+1

v̇t+1

ẇt+1

 =

 rtvt − qtwt − g[Sθt]

ptwt − rtut − g[SϕtCθt]

qtut − ptvt − g[CθtCϕt]

− T

m

 0

0

1

 (2.4)

 ṗt+1

q̇t+1

ṙt+1

 =


Iy−Iz
Ix

qtrt
Iz−Iz
Iy

ptrt
Ix−Iy
Iz

ptqt

+


τϕ
Ix
τθ
Iy
τψ
Iz

 (2.5)

In which T is the total thrust, τϕ, and τψ are the thrust in the direction of the correspond-

ing body frame angles, and ωΓ is the total angular velocity of the rotors which correspond

to the following equations:

T = k

4∑
i=1

ωi (2.6)

τB =

 τϕ

τθ

τψ

 =

 lk(−ω2
2 + ω2

4)

lk(−ω2
1 + ω2

3)∑4
i=1 bω

2
i + Imω̇i

 (2.7)

ωγ = ω1 − ω2 + ω3 − ω4 (2.8)

Where k in equations (2.6) and (2.7) is the lift constant, l, b, and IM in equation (2.7) are

the distance between the rotor and the center of mass, drag constant, and inertia moment of

the rotor for the quadcopter.
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2.3 Linerization

As mentioned previously, the state-space model for MPC is critical for accuracy in control

inputs for the system. The main drawback, however, of using accurate nonlinear state-space

models is computational time and power needed to run these systems. For real-time applica-

tion driven programs, computational time and power is critical for responding to disturbance

and tracking trajectory for the operating vehicle. Researchers have demonstrated [22] that

while nonlinear model based MPC is slightly more accurate than Linear MPC, the run-times

for these algorithms are significantly higher than their linear counterparts.

In our simulation, accuracy is measured by tracking error of the trajectory in nominal

conditions. Looking at the standard deviation, and R-Squared error, we can get a better

idea of how well our system is performing. To illustrate the differences between utilizing a

Linear and Nonlinear model for our simulation, we will simulate the quadcopter in Nominal

Conditions, utilizing Nominal MPC for a simulation, and simulate the quadcopter rising

to the altitude zt=10 = 2 m in t = 10 s and then following a fig-8 trajectory for 20 s.

Under these conditions, the run time for the Linear and Nonlinear model was tL = 4.5938 s

and tNL = 143.8750 s respectively and the R-Squared error was R2
L = 0.0615 m2 and

R2
NL = 0.0174 m2 respectively. Using the Linear model vs the Nonlinear model, we see an

increase in accuracy of 71.74%, but we also see an increase in run time of 3272.75%. For

quadcopter applications, run time is critical, and the system needs to be able to make a

decision in real-time. These results show that while the nonlinear model based MPC is more

accurate, it wouldn’t be able to run in real-time. While we see a decrease in accuracy for

the trajectory tracking, the linear model based MPC is able to run in real-time. For our

real-time application, we use the linearized form of the quadcopter state-space in order to

keep computational time down while maintaining a fair amount of accuracy.

For small oscillations and movements, a simplified state-space model is used and linearized

for the quadcopter system. The system can be simplified by approximating the sine function

with its argument and the cosine function with unity. This approximation gives us the

following equations: ẋt+1

ẏt+1

żt+1

 =

 wt(ϕtψt + θt)− vt(ψt − ϕtθt) + ut

vt(1 + ϕtψtθt)− vt(ϕt − ψtθt) + uψ

wt − utθt + vtϕt

 (2.9)

 ϕ̇t+1

θ̇t+1

ψ̇t+1

 =

 pt + rtθt + qtϕtθt

qt − rtϕt

rt + qtϕt

 (2.10)
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 u̇t+1

v̇t+1

ẇt+1

 =

 rtvt − qtwt − gθt

ptwt − rtut + gϕt

qtut − ptvt + g

+

 0

0

− T
m

 (2.11)

 ṗt+1

q̇t+1

ṙt+1

 =


Iy−Iz
Ix

qtrt
Iz−Iz
Iy

ptrt
Ix−Iy
Iz

ptqt

+


τϕ
Ix
τθ
Iy
τψ
Iz

 (2.12)

Using these simplified equations, we can linearize the system around an equilibrium

point x̄ for a fixed input ū. One such equilibrium point is when the drone is hovering, this

equilibrium point is described as follows:

x̄ =
[
x̄ ȳ z̄ 0 0 0 0 0 0 0 0 0

]T
∈ R12 (2.13)

ū =
[
mg 0 0 0

]T
∈ R4 (2.14)

The associated matrices for linearizing the state-space matrix along this equilibrium point

for equations (2.9) through (2.12) is described below:

A =
∂f (x,u)

∂x

∣∣∣∣x = x̄

u = ū

=



0 0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 0 0 0 1

0 0 0 0 −g 0 0 0 0 0 0 0

0 0 0 g 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0



(2.15)
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B =
∂f (x,u)

∂x

∣∣∣∣ x = x̄

u = ū

=



0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0
1
m 0 0 0

0 1
Ix

0 0

0 0 1
Iy

0

0 0 0 1
Iz



(2.16)

Utilizing linearization of the State-Space matrix, this matrix can be tailored for different

stability points and simplify calculations for small oscillations.

2.4 Overall dynamics

The overall dynamics of the Parrot® Mambo Drone can be written as a linear time invariant

discrete time system with state dependent uncertainty as follows:

xt+1 = Axt +B (ut +∆(xt)) , (2.17)

Using the following constants:

mass, m = 0.063 kg

distance between rotor and COM, l = 0.0624 m

lift constant, k = 0.0107

drag constant, b = 0.78264 ∗ 10−3

element of inertia matrix, Ix = 0.0001
kgm2

s

element of inertia matrix, Iy = 0.000071691
kgm2

s

element of inertia matrix, Iz = 0.000058286
kgm2

s

If we rewrite the control inputs to be the angular velocities as represented in equations

(2.6)-(2.8), and set the equilibrium point to be the quadcopter hovering at the desired altitude
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of z̄ = 2, the equilibrium point can be written as:

x̄ =
[
0 0 2 0 0 0 0 0 0 0 0 0

]T
∈ R12 (2.18)

ū =
[
14.4 14.4 14.4 14.4

]T
∈ R4 (2.19)

where discrete time system can be written as:

A =



0 0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 0 0 0 1

0 0 0 0 −9.81 0 0 0 0 0 0 0

0 0 0 9.81 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0



(2.20)

B =



0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0.1698 0.1698 0.1698 0.1698

0 −11.4552 0 −11.4552

−9.3133 0 9.3133 0

−7.8264 7.8264 −7.8264 7.8264



(2.21)

In the simulation, our disturbance, ∆(xt), will be generated in a few different ways

to try to mimic some of the conditions that quadcopters experience in various operation

environments and usages. More detail about these disturbances will be explored in our

experimental results in Chapter 5 where we discuss the simulation setup.
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Chapter 3

MODEL PREDICTIVE

CONTROL

In this chapter, an overview and salient features of model predictive control (MPC) are

provided. In particular, we first summarize tube-based MPC because of its inherent robustness

compatibility with learning based techniques. By breaking the control command in two

components – MPC component and adaptive component, and by considering adaptive

component as an additional disturbance for MPC, we introduce adaptive MPC. The MPC

control component aims to achieve input-to-state stability (ISS) with respect to total

experienced disturbance, and the adaptive control component tries to adapt the state-

dependent uncertainties. In case of matched and structured uncertainties, this method

ensures convergence of states to origin due to converging input converging state (CICS)

property of ISS. For unstructured uncertainties, a single layer neural network (NN) can be

employed to get an approximate structure. This approach, shallow MPC, demonstrates

a reasonable performance but is unable to possess long term learning and generalization.

Therefore, we replace the single layer NN by a deep NN. This final technique is called deep

MPC. In this thesis, these different techniques are utilized and compared for the autonomous

flight of a quad-copter simulation.

Consider a discrete time dynamical system

xt+1 = Axt +But, (3.1)

where xt ∈ X and ut ∈ U. We first fix an optimization horizon N and choose positive definite

matrices Q,R ≻ 0. The matrices Q,R ≻ 0 are used to construct the cost per stage function.

The terminal constraint set Xf and the terminal penalty matrix Qf ≻ 0 are constructed as

per the following assumption:
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Assumption 1. There exists a control u′ ∈ U such that the following holds:

∥Ax+Bu′∥2Qf − ∥x∥2Qf ≤ −∥x∥2Q + ∥u′∥2R (3.2)

for every x ∈ Xf .

The standard MPC algorithm is given as follows:

Algorithm 1 MPC

0: for each t do
1: measure xt
2: solve

min
(vi)

N−1
i=0

∥zN∥2Qf +
N−1∑
i=0

∥zi∥2Q + ∥vi∥2R

s.t. z0 = xt,

zi+1 = Azi +Bvi for i = 0, . . . , N − 1,

zi ∈ X for i = 1, . . . , N − 1,

vi ∈ U for i = 0, · · · , N − 1,

zN ∈ Xf .

(3.3)

3: apply ut = v0 to the system

The above algorithm guarantees satisfaction of state and control constraints, and con-

vergence of states to origin. When the system is affected by disturbances, then robust and

adaptive versions of the above algorithm are required. In this chapter, we will highlight the

modifications needed in the above algorithm to control the Parrot® Mambo Drone.

3.1 Tube-Based Model Predictive Control

Tube based MPC is based on ensuring that the closed-loop states in the presence of disturbance

stay within a tube around a nominal reference trajectory. We obtain a reference trajectory by

solving a reference governor problem offline, and utilize constraint tightening in our reference

governor to satisfy the state constraints of our system. To tighten our constraints, knowledge

of the exact bounds on disturbance is needed. The disturbance we see in our dynamical

system (2.17) at time t is B∆(xt). We assume that the state-dependent uncertainty ∆(xt)

is bounded. Therefore, B∆(xt) is also bounded. To tighten our constraints, we must obtain

the sets of our various states. To do this We construct a series of polyhedron that contain

the bounds of our possible states, control authority, and disturbance using the upper and

lower bounds of the possible states, control authority and disturbance respectively. These

polyhedron represent the sets of our State X, Control Authority U, and disturbance W. We
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then compute the invariant set SK(t) such that:

SK(t) =

t−1∑
t=0

(A+BK)tW (3.4)

We can then use the invariant set to compute the nominal sets of our state and control

authority such that:

X̄ = X⊖ SK (3.5)

Ū = U⊖KSK (3.6)

These tightened constraint sets can then be used to find the upper and lower bounds for the

nominal state outputs and control inputs. The derivation of equations 3.5 and 3.6 can be

found in Rawlings [23].

We then obtain a reference trajectory by solving the optimal control problem with penalty

matrices Q,R ≻ 0, optimization horizon N ∈ Z+ and tightened sets Xr and Ur:

min
(uri )

N−1
i=0

N−1∑
i=0

∥xri ∥2Q + ∥uri ∥2R

s.t. xr0 = x0, x
r
N = 0,

xri+1 = Axri +Buri , x
r
i ∈ Xr ⊂ X,

uri ∈ Ur ⊂ U; i = 0, · · · , N − 1.

(3.7)

The solution to this optimization problems produces the following reference trajectory:

(xrt )t∈N0
:= {(xrt )N−1

t=0 , 0, . . . },

(urt )t∈N0 := {(urt )N−1
t=0 , 0, . . . }

(3.8)

For the online reference tracking MPC, we need to choose an optimization horizon

N ∈ Z+, and positive definite matrices Q,R ≻ 0. These parameters do not need to match

the same parameters used to solve the offline reference governor. Let:

cs(xt+i|t, ut+i|t) := ∥xt+1|t − xrt+i∥2Q + ∥ut+1|t − urt+i∥2R (3.9)

be the cost per state at time t+ i predicted at time t, and let:

cf (x) := xTQfx (3.10)

be the terminal cost with Qf ≻ 0. The terminal cost cf is treated as a local control Lyapunov

12



function within a terminal set:

Xf :=
{
x ∈ Rd|cf (x) ≤ α;α > 0

}
(3.11)

by making the following assumption:

Assumption 2. There exists a control u′ ∈ U such that the following holds:

cf (f̄(x, u′))− cf (x) ≤ −cs(x, u′) (3.12)

for every x ∈ Xf .

This assumption is standard in literature and can be referred to in mayne [24]. The

terminal set Xf is defined as a level set of terminal cost.

The optimal control problem for the online reference tracking MPC can be represented

as:

min
(ut+i|t)

N−1
i=0

x⊤t+N |tQfxt+N |t +

N−1∑
i=0

∥xt+i|t − xrt+i∥
2

Q
+ ∥ut+i|t − urt+i∥

2

R

s.t. xt|t = xt,

xt+i+1|t = Axt+i|t +But+i|t for i = 0, · · · , N − 1,

ut+i|t ∈ U for i = 0, · · · , N − 1.

(3.13)

The first component of ut|t is called the MPC component, umt which is applied to the

quadcopter at time t and gives us a result that satisfies our control constraints. The overall

algorithm for offline and online portions of the Tube MPC have been rewritten as:

Algorithm 2 Tube MPC

Require: x0, Q,R,N
1: get the reference trajectory (xrt )t∈N, (u

r
t )t∈N

1: for each t do
2: measure xt
3: solve

min
(ut+i|t)

N−1
i=0

x⊤t+N |tQfxt+N |t +

N−1∑
i=0

∥xt+i|t − xrt+i∥
2

Q
+ ∥ut+i|t − urt+i∥

2

R

s.t. xt|t = xt,

xt+i+1|t = Axt+i|t +But+i|t for i = 0, · · · , N − 1,

ut+i|t ∈ U for i = 0, · · · , N − 1.

(3.14)

4: apply ut = ut|t to the system
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The Tube-Based Model Predictive Control and overall Control System Architecture can

be simplified in model form. In figure 3.1 and figure 3.2 below, a model of the Tube MPC

System is represented. After initializing the Nominal and Tube MPC’s, we input the current

state y(t), and the reference trajectory r(t). The Nominal MPC then generates a nominal

state and control trajectory,xn(t) and umn (t), that satisfies the tightened constraints and

passes those trajectories to the Tube MPC. The Tube MPC then takes the current states

of the system, nominal state trajectory, and nominal control trajectory, and represented

determines a control input to keep the state and control of the system close to the nominal

trajectory.

Figure 3.1: MPC Control System Plant Model

Figure 3.2: Control System Architecture
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3.2 Adaptive Tube-Based Model Predictive Control

For Adaptive Tube-Based Model Predictive Control and Deep Tube-Based Model Predictive

Control, we make slight modifications to the previously discussed control architecture.

Consider the dynamical system (2.17). For the Adaptive MPC and Deep MPC, the control

input ut is broken up into:

ut = umt + uat (3.15)

where umt represents the MPC control input and uat represents the neuro-adaptive control

input. A disturbed system utilizing the Adaptive MPC controller can best be described as:

xt+1 = Axt +B(umt + uat +∆(xt)) (3.16)

From this equation, it can be noted that the MPC experiences the adaptive control input

as a disturbance. In this sense, umt is responsible for input-to-state stability of the close loop

system in the presence of bounded disturbances, and uat is responsible for approximating

−∆(xt) and staying within a known bound. In the case that the uncertainty is structured,

given that there exists a known basis function, ϕ (x) ∈ Rn, and a set of ideal weights that

correspond to that basis function, W ∗, the disturbance can be represented such that:

∆xt =W ∗Tϕ(xt) (3.17)

And the adaptive control element can be represented as:

uat = −K⊤
t ϕ (xt) (3.18)

In the case where uncertainty is unstructured, given that the disturbance is continuous and

is defined over a compact set, then:

∆(xt) =W ∗⊤Φxt + ς1(xt) (3.19)

where ϕ (x) is a Gaussian Basis Function Network, in the case of Adaptive MPC [25],

or the basis function of a Neural Network adaptive element [26], in the case of Deep MPC,

then the adaptive control element can be represented as:

uat = −K⊤
t Φ (xt) (3.20)

The Gaussian radial basis function is used for our adaptive control law and is expressed as:

ϕ (xt) = e−(
x−µ
σ )

2

(3.21)
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where µ is the radial basis function center, and σ is the standard deviation.

For our purposes, we employ the following weight update law for our adaptive control

law:

Wt+1 =Wt +
Γ

∥ϕ(xt)∥2
ϕ (xt)

(
B† (xt+1 − x̄t+1)

)T
(3.22)

where Γ is our learning rate, ϕ (xt) is our feature basis function, B† is the pseudo-inverse

of B. By taking the difference between the nominal states determined by the MPC, x̄t, and

the actual state, xt+1, we get the added disturbance to the system. To ensure boundedness

of our weights we employ a discrete project method as follows:

Kt = Proj K̄t =

{
K̄t if ∥K̄t∥ ≤ w̄
w̄

∥K̄t∥
K̄t otherwise

(3.23)

Looking back at the model of our Adaptive MPC model with added disturbance,

xt+1 = Axt +B(umt + uat +∆(xt)) (3.24)

we notice that a part of the control input to the system is utilized by the adaptive controller,

so we rewrite the control set utilized by the offline reference governor described in the

previous section. The control set can be rewritten as:

U′ :={v ∈ Rm | ∥v∥∞ ≤ umax − uamax} (3.25)

We also redefine the online reference tracking MPC as:

min
(ut+i|t)

N−1
i=0

x⊤t+N |tQfxt+N |t +

N−1∑
i=0

∥xt+i|t − xrt+i∥
2

Q
+ ∥ut+i|t − urt+i∥

2

R

s.t. xt|t = xt, ut|t + uat ∈ U′,

xt+i+1|t = Axt+i|t +But+i|t for i = 0, · · · , N − 1,

ut+i|t ∈ U′ for i = 0, · · · , N − 1.

(3.26)

We then take the first component of the optimizer of the above problem, u∗t|t, to be umt

and apply it along with uat to the quadcopter at time t and gives us a result that satisfies

our control constraints. The overall control system for Adaptive MPC has been rewritten as:
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Algorithm 3 Adaptive Tube MPC

Require: x0, Q,R,Nϕ

1: choose Γ

2: initialize K0 = 0, t = 0

3: get the reference trajectory (xrt )t∈N, (u
r
t )t∈N

3: for each t do

4: measure xt

5: compute uat = −Ktϕ(xt)

6: solve

min
(ut+i|t)

N−1
i=0

V (xt, (ut+i|t)
N−1
i=0

s.t. xt|t = xt,

ut|t = ut ∈ U,

xt+i+1|t = Axt+i|t +But+i|t for i = 0, · · · , N − 1,

ut|t + uat ∈ U for i = 0, · · · , N − 1.

(3.27)

7: set umt = ut|t

8: apply ut = umt + uat to the system and measure xt+1

9: compute Kt+1 by the weight update law:

Kt+1 = Kt− ΓB†(xt+1−xt+1)ϕ(xt)
T

ε+∥ϕ(xt)∥2

10: Finite Horizon Cost Function:

V (xt, ut+i|t)
N−1
i=0 ) := cf (xt+N |t) +

N−1∑
i=0

cs(xt+i|t, ut+i|t)

3.3 Deep Tube-Based Model Predictive Control

Deep Tube-Based MPC is a learning-based controller that incorporates deep learning and

the Adaptive Tube-Based MPC algorithm. While Adaptive Tube-Based MPC outperforms

conventional Tube-Based MPC, single layer neurons utilized to calculate the adaptive control

input cannot update properly. To improve the performance of these neurons, they need to

be states that the system is experiencing in real time. By utilizing deep neural networks to

represent the complex nonlinearities experienced by the system and the stability guarantees

associated with it, the system will see better performance in the face of nonlinear disturbances.

Details regarding in-depth derivations of equations, stability proofs and boundedness of Deep

Tube-Based Model Predictive control can be found in [2].

The general architecture of Deep Tube-Based Model Predictive Control utilizes a similar

architecture to [1] with some slight modifications:
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Figure 3.3: Deep Tube-Based MPC Architecture

The control architecture can be split into four major elements: the Tube MPC, Fast

Learning Outer Loop (Adaptive Control Law, DNN), Replay Buffer, and the DNN (Slow

feature learning). The Tube MPC takes the current position, nominal trajectory and nominal

control inputs and optimizes its next control input as described in Section 3.2.1. It then takes

the next control input and the adaptive control input determined and simulates the next state

of the system. The Fast-Learning Outer Loop, represented by the Adaptive Control Law or

the DNN, takes the estimate state and determines the estimated uncertainty. The estimated

uncertainty will then be used by the system as the control input for its next time step and is

stored along with the state at that time inside the replay buffer as a data point. Random

batches of data are then taken from the replay buffer and used to train a neural network

utilizing stochastic gradient descent method to map states to use estimated uncertainty

values. The basis function ϕ (xt) is then calculated and passed to the Fast-Learning Outer

Loop, which completes the update loop. The Deep Tube-Based Model Predictive Control

algorithm is written as:

For Deep Tube-Based Model Predictive Control, we want to train the neural network

based on the disturbances and states seen during the Tube-MPC and Adaptive Tube-MPC

process. As the adaptive control law is running at every time step, the neural network is

training off of the data collected in the replay buffer at every time step. While both functions

are performed at every time step, we do not update the basis function of the adaptive control
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Algorithm 4 Deep Tube MPC: Online Reference Tracking

Require: x0
1: choose θ ≤ 1

σ2

2: Generate the reference trajectory from algorithm 1 under the tightened constraints
initialize K0 = 0, t = 0 and randomly assign weights of inner layer to get ϕ
initialize a generative network on a parallel machine

2: for each t do
3: update ϕ if training in the generative network is complete, otherwise move to the next

step
4: compute uat = −Ktϕ(xt)
5: solve algorithm 2, set umt = ut|t
6: apply ut = umt + uat to the system and measure xt+1

7: compute Kt+1 by the weight update law:

Kt+1 = Kt− ΓB†(xt+1−xt+1)ϕ(xt)
T

ε+∥ϕ(xt)∥2

law at every time step. After a few training iterations we update the basis function of the

adaptive control law which is based on the uncertainties and state dated collected. This

allows us to produce better estimates of the uncertainties and improve tracking performance

for the system.
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Chapter 4

EXPERIMENTAL SETUP

In this chapter, we will introduce the hardware and testing facilities that will be used to

validate the results seen in the simulations from chapter 4. This chapter continues the

discussion in chapter 3 where we introduced the model predictive control architecture and

continue with the methods proposed for hardware implementation of the different MPC

control architecture.

4.1 Parrot Mambo Mini Drone

For our flight test, we will be using the Parrot® Mambo Drone that were utilized in [1].

Figure 4.1: Parrot Mambo Mini Drone [27]

These drones are relatively small, low cost and ease of testing control algorithms due

to its compatibility with Simulink. The parrot mambo mini drone utilizes an IMU (3 axis

accelerometers and 3 axis gyroscope), ultrasound sensors and camera to aid in its state

estimation. Similar to the DMRAC experiments, the algorithm will utilize an on-board,

off-board architecture, which we will discuss later in this chapter.
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4.2 Test Facility

Figure 4.2: UIUC Mobile Robotics Arena [28]

The initial and continued experiments for testing the different MPC control architectures will

be conducted in CSL Studio VICON facility and drone arena at the University of Illinois at

Urbana Champaign. To give accurate position tracking for the state estimator, the VICON

arena’s motion capture system will be used to give us greater accuracy. The VICON tracking

arena is equipped with 8 VICON T40 motion capture cameras that can run at 370 frames

per second and have millimeter accuracy.

4.3 Control Architecture Implementations

For the various MPC architecture implementation, we utilize an on-board, off-board archi-

tecture due to the limitations of the drone. The Mambo Parrot Mini drone has a dedicated

processor to perform its on-board control, sensor processing, and state estimation. While

this processor is sufficient for performing some additional calculations, it is unable to perform

the optimization algorithms required for MPC as well as the additional NN needed for the

Deep-MPC architecture. To solve this, we utilize an asynchronous on-board and off-board

control system, as shown in 4.3. We utilize Simulink off-board to collect position data from

the VICON arena’s motion capture system, as well as iterate the NN with the data captured

by the drone. We then transmit the data via Bluetooth to the quadrotor which performs the

MPC element on-board to determine the next control input.
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Figure 4.3: Hardware-In-the-Loop Architecture for Deep MPC. This utilizes the algorithms

described in Section 3, and Quadrotor Models described in Section 2
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Chapter 5

SIMULATION RESULTS

In this section, the flight simulation results will be presented running the different MPC

algorithms utilizing a linear quadrotor dynamic system with various disturbances and different

trajectories. The code for these simulations is available on GitHub for reference and external

use [29]. This chapter is split into four sections where we will review different disturbances

that were simulated. Further results are presented in Appendix A for review. Performance

for tracking state trajectories from the nominal trajectory will be done by average XY mean

square error for the figure 8 and circle maneuver, and altitude mean square error for the

hover maneuver.

5.1 Reference Trajectory tracking: Nominal and High

Wind Velocity Conditions

In these simulations, each controller’s performance is evaluated for tracking a Parrot® Mambo

that is moving in a figure-8 trajectory for nominal and high wind velocity conditions.The

hyperparameters for the Tube, Adaptive and Deep MPC are tuned on this case to ensure

each controller performs equally well. For each plot we will use the colors Red, Blue, and

Green to distinguish Tube, Adaptive, and Deep MPC results. The parameters obtained

from this experiment are kept fixed throughout the remainder of the other experiments. In

Figures 5.1 and 5.2 below we demonstrate the tracking capabilities of the different MPC

algorithms in Nominal Conditions. Since each controller is tuned to perform at its best the

difference between each controller is negligible, for future reference the XY position mean

square error (MSE) is MSEXY = 0.02016.
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Figure 5.1: MPC Controls performance in tracking a trajectory while following a hover

maneuver in nominal conditions.

Figure 5.2: MPC Controls performance in tracking position while following a hover maneuver

in nominal conditions

In these next set of results, the quadrotor experiences a high velocity wind disturbance

while performing the figure 8 maneuver. This simulation is designed to test the MPCs

capabilities in trajectory tracking while experiencing a disturbance. We inject the disturbance

at the 35-second mark of the simulation and stop the disturbance at the 55-second mark. It

can be seen that all controllers perform very similarly in that they have difficulty tracking

the exact position of the figure 8 trajectory, but still execute the pitch and roll maneuvers
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that give us the figure. These results are presented below in Figures 5.3 and 5.4.

Figure 5.3: MPC Controls performance in tracking a trajectory while following a hover

maneuver in high wind velocity conditions.

Figure 5.4: MPC Controls performance in tracking position while following a hover maneuver

in high wind velocity.
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5.2 Reference Trajectory Tracing: Change in Center of

Momentum

In these simulations, we shift the center of momentum of the quadrotor slightly to create

a nonlinear disturbance. In the field, some vehicles experience changes in the center of

momentum (COM) for various reasons. This change in COM cause a change in the dynamics

of the original system in a way that will make it so control systems that are preset on the

original model will have difficulty to track their intended trajectory. As discussed in Chapter

3, Linear MPC is initialized on a preset model of the system in order to generate the control

inputs to track the trajectory. By changing the model of the system after initialization, the

model of the MPC no longer matches the model of the system. For these simulations, we

change the Ix and Iy values slightly at time t = 15s. In Figures 5.5 and 5.6 below we can

see that this change of COM an impact on the tracking of all MPC controllers. We do see

a shift in the tracking for the Adaptive and Deep MPC as they attempt to correct their

control inputs to track the original dynamics of the quadrotor. From these results we can

analyze the XY position tracking error of each of the controllers, and from those results

we see that Deep MPC is able to beat that of Tube and Adaptive MPC where we see that

MSEDeep = 0.0536, MSEAdapt = 0.0539, and MSETube = 0.0683. This correlates to an

27% improvement from Tube to Deep MPC, and an 0.5% improvement from Adaptive to

Deep MPC. The plot of the XY position tracking error is presented in Figure 5.7.

Figure 5.5: MPC Controls performance in trajectory tracking position when experiencing a

COM shift in a figure 8 maneuver. Fault is injected at t = 15s
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Figure 5.6: MPC Controls performance in tracking position when experiencing a COM shift

in a figure 8 maneuver. Fault is injected at t = 15s

Figure 5.7: Position deviation for each of the control implementations when there is a COM

shift. Fault is injected at t = 15s
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5.3 Reference Trajectory Tracking: Fault Tolerance

In these next simulations, we demonstrate the fault-tolerance capabilities of the quadcopter

during flight. Quadrotor blades and motors can be damaged during operation, especially

if not well maintained, and damages to these reduces the thrust and control capacity of

the quadcopter. For this simulation we demonstrate the fault tolerance capabilities for a

quadrotor that is hovering and at time t = 15s we reduce the control input for one of the

motors to simulate a damaged motor. The results of this simulation are presented in Figure

5.8. From these simulations, we can see that Deep MPC is able to outperform Adaptive

and Tube MPC by a good margin. It is also able to get the closest to the desired altitude

of Z = 2m. This is also be seen in the altitude error displayed in 5.8. The altitude error

for each of the controllers is as follows: MSEDeep = 0.01296, MSEAdapt = 0.09537, and

MSETube = 0.015428. This correlates to a 19% improvement from Tube MPC to Deep

MPC.

Figure 5.8: MPC Controls performance in tracking position while following a hover maneuver.

Fault is injected at t = 15s
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Figure 5.9: Altitude deviation for each of the control implementations when the control

input is reduced for the system through a fault. Fault is injected at t = 15s

5.4 Reference Trajectory: Payload Drop

In these simulations, a change in the equilibrium point of the quadcopter mid-flight. Imagine

a drone that is carrying a payload to a destination. In order to maintain altitude, the drone’s

thrust needs to match the total mass of the drone and the payload. The drone arrives at

its drop off point and releases the package, now its total mass has changed and so does the

minimum thrust requirements to maintain altitude. As discussed in chapter 2, when you

linearize the state dynamics of a system, you linearize it about an equilibrium point. For

these simulations, we increase the mass of the quadrotor at initialization and the control

set point so that the minimum thrust is met. The control set point for these parameters is

ueq = 15.3568 for each control variable. At time t = 15s we simulate dropping the payload by

reducing the mass and setting the control set point back to the nominal set point shown in

section 2.4. The results of this simulation can be seen in Figures 5.10 and 5.11 below. From

these results we can see that both Deep and Adaptive MPC are able to begin to readjust to

the nominal dynamics, and if we take a closer look at the state variables we can see that

Deep MPC approaches this point faster and earlier than Adaptive MPC. The XY Position

MSE for each controller is as follows: MSEDeep = 0.11368, MSEAdapt = 0.11443, and

MSETube = 0.12190. This correlates to a 7.23% performance increase from Tube to Deep

MPC and a 0.66% improvement from Adaptive to Deep MPC. The XY position tracking
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error is presented in Figure 5.12

Figure 5.10: MPC Controls performance in tracking while following a figure 8 maneuver.

Payload is dropped at t = 15s
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Figure 5.11: MPC Controls performance in tracking position while following the figure 8

Figure 5.12: XY Position deviation for each of the control implementations when there is a

reduction in the system’s mass. Fault is injected at t = 15s
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Chapter 6

CONCLUSION AND FUTURE

WORK

In this thesis, it has been demonstrated that successful implementation of Deep MPC

improves the tracking capability of the quadrotors when they experience disturbances that

change the system’s dynamic model. It has also been demonstrated that even in the wake of

compounding disturbances that the Deep MPC is able to minimize error while providing

stability guarantees. The disturbances demonstrated are not uncommon for quadrotors and

mobile robots used in the field today. These results are good indications that implementation

of Deep MPC on hardware could improve overall performance in these circumstances.

To validate these results for real world application, the MPC architectures discussed

in this thesis are being implemented on the Parrot® Mambo Drone hardware. For this

implementation we will replicate the experiments seen in this thesis as well as in [6]. One

future possible directions for this work is developing methods that are capable of utilizing the

nonlinear model in real-time for our simulation. As discussed in the second chapter, we see

an increase in accuracy with regard to tracking the trajectory when we use a nonlinear model

of the quadcopter for the MPC, but we also see an increase in run time that is too high to

run for a real-time simulation. The ability to use this model would potentially allow us to see

an increase in tracking performance of the DMPC during nominal and disturbed conditions.

Another area of improvement is to test the DMPC control architecture on different platforms

and outdoor environments. To achieve this, the hardware will need to be reconfigured for

the drone to generate it’s MPC trajectory data on-board and communicate with GPS. By

utilizing other vehicles, such as larger drones or fixed wind aircraft, and testing in outdoor

environments, the control algorithm can be validated in settings that will closer resemble its

real-world applications and provide insight on the feasibility of the use of Deep MPC for real

world autonomous flight applications.
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APPENDIX A: ADDITIONAL

RESULTS

A Additional Results

A.1 Hover Maneuver

In this section, we will present the results of a quadrotor that is hovering.

Hover Maneuver: Nominal Conditions
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Hover Maneuver: High Wind Conditions

Hover Maneuver: COM Shift
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Hover Maneuver: Payload Drop

Hover Maneuver: Blade Break
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A.2 Circle Maneuver

In this section, we will present the results of a quadrotor that is performing a circle maneuver.

Circle Maneuver: Nominal Conditions
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Circle Maneuver: High Wind Conditions

Circle Maneuver: COM Shift
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Circle Maneuver: Payload Drop

Circle Maneuver: Blade Break
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A.3 Figure-8 Maneuver

In this section, we will present the results of a quadrotor that is performing a Figure-8

maneuver.

Figure-8 Maneuver: Nominal Conditions
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Figure-8 Maneuver: High Wind Conditions

Figure-8 Maneuver: COM Shift
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Figure-8 Maneuver: Payload Drop

Figure-8 Maneuver: Blade Break
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