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ABSTRACT

Parsimony is a general guiding principle in science and philosophy which suggests that if one
has multiple theories fitting the data equally well, one should choose the “simplest” theory.
In the field of machine learning and artificial intelligence, the sparsity of a model is used
as a measure of parsimony. Algorithms which produce an optimal set of sparse parameters
for a given model have been notoriously difficult to construct due to the non-convex and
combinatorial nature of sparsity constraints. In this thesis we begin by giving an overview
of popular algorithms for sparse and convex optimization. We then show how they can
be combined with classical tools from the theory of approximation algorithms to compute
approximate projections onto the sparsity constraints, which ultimately leads to a novel

algorithm for sparse optimization.
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CHAPTER 1: INTRODUCTION

1.1 THE IDEAL OF SPARSITY

Parsimony is a general guiding principle in science and philosophy which suggests that if
one has multiple theories fitting the data equally well, one should choose the “simplest”
theory. What metric to use for the simplicity of a theory can be problem specific, but
in general theories which require fewer assumptions are considered more parsimonious. In
the field of machine learning and artificial intelligence, the sparsity of a model is used as
a measure of parsimony. Sparse models, those which have a bounded number of non-zero
parameters, have many benefits such as the prevention of overfitting, as well as maintaining
the interpretability of the model. In fact, in many modern statistical estimation problems
the number of parameters of the model is far greater than the number of observations, so the
number of non-zero parameters of the model must be bounded to ensure consistent statistical

recovery [1].

1.2 DIFFERENT APPROACHES TO SPARSITY

The difficulty of producing a sparse model stems from the combinatorial nature of sparsity
constraints, as considering all subsets of a given size k would take exponential time. An
intuitive approach to tackle the general intractibility of sparsity is to relax the non-convex
sparsity constraint to a convex constraint which roughly captures the desire for sparse solu-
tions. One way to go achieve this is to relax the sparsity constraint from the /y norm to the
[y norm, which is convex. After this convex relaxation, assuming a convex objective func-
tion, the overall optimization problem is convex, so standard gradient descent approaches
can be used to solve the relaxed problem optimally. A natural question to ask would be
under what conditions does the optimal solution of the relaxed problem coincide with the
optimal solution of the original problem. A sufficient condition for accurate recovery under
the convex relaxation is known as the Restricted Isometry Property introduced by Candes
and Tao [2]. Another approach is to add a regularization term to the objective function
which promotes sparsity. As an example, one common regularization term is the addition of
the [; norm of the parameter to the objective function. Note the regularization term must
be convex to ensure the overall objective remains convex. There are also many other norm
choices for the convex relaxation, such as the k-support norm, which is the tightest convex

relaxation of sparsity combined with a [ penalty [3].



1.3 TACKLING SPARSITY DIRECTLY

In recent times, there have been new developments in the field of non-convex optimization
which allow algorithms to tackle the sparsity constraints directly, as opposed to using convex
relaxations as a proxy for sparsity. Although considering all subsets of a given size k is
algorithmically infeasible, there are situations where all subsets of a given size do not need
to considered, and this can lead to efficient algorithms such as Iterative Hard Thresholding
[1, 4] for sparse recovery of the model parameters. Iterative Hard Thresholding will be
described in further detail in Chapter 2. The results of this thesis will follow in line with the
aforementioned algorithm, as we work directly with the sparsity constraints as opposed to
a convex relaxation. The remainder of this thesis is organized as follows: This chapter will
conclude with a list of technical definitions required for the results presented in this work.
Chapter 2 will describe the Iterative Hard Thresholding Algorithm (IHT) in more detail, as
well as give perspective on viewing IHT as a sparsification of Projected Gradient Descent
(PGD). Chapter 3 will describe the Mirror Descent algorithm as a generalization of PGD
where the Euclidean norm is replaced with a Bregman divergence. Chapter 4 will give an
overview on previous results regarding the sparsification of Mirror Descent. Finally, Chapter

5 will cover new results and algorithms for the sparsification of Mirror Descent.

1.4 TECHNICAL DEFINITIONS

Throughout this thesis, the main optimization problem of concern is of the following form

minimize  f(z)
subject to z € C'N Sy

(1.1)

Where C is a convex subset of R? and Sy, is the set of sparse vectors in RY, i.e Sy = {||z]lo <
k : x € R'}. Here we define ||z|o for some n dimensional vector = as > ., 1[x; # 0], the
number of non-zero values in the vector x. This is also referred to as the [y norm, although
it is technically not a norm as it violates the triangle inequality. Furthermore we assume f
is a continuously differentiable function which satisfies the restricted strong convexity and
restricted strong smoothness properties, which will be explained in further detail below. The
addition of the sparsity constraint turns the overall problem into a non-convex optimization

problem, as the set S is a non-convex set.

Definition 1.1 (Convexity). A function f : D C R* — R is convez if D is a convex set
and for all x,y € D and o € [0, 1] we have



flaz+ (1—a)y) <af(z)+(1—-a)f(y) (1.2)

Geometrically this condition ensures the line between 2 points of the function always lies
above the function itself. Convex functions have been well studied for their theoretical
properties with respect to optimization problems. Perhaps the most useful fact about convex
functions in terms of tractability of optimization problems is that the convex condition
ensures that any local minimum of the function is also a global minimum. An equivalent

characterization of a convex function can be written as

fy) = f(@)+ V() (y—z) Vo,ye D (1.3)

In this form the convexity condition states that a convex function can always be lower
bounded by an affine function. Rearranging the above inequality yields f(y) — f(z) >
V f(z)¥(y — x), which implies the function f has at least a linear rate of growth. We present
the aforementioned characterization of convexity to show it can generalize to stronger notions

of convexity.

Definition 1.2 (Strong Convexity [5]). A function f : D C R* — R is strongly convex with

parameter > 0 iof D is a convex set and for all x,y € D we have

f(4) = (@) + Vi @) (y = 2) + Slle — y|* Ve.y € D (14)

Clearly strong convexity implies convexity as the condition imposes a stronger lower bound.
Geometrically, strong convexity ensures the function f has at least a quadratic growth rate
with respect to some norm. The choice of norm is not fixed in the definition, and as we will
see later, the choice of norm is important in developing algorithms for convex optimization.
The degree of freedom with respect to the norm also allows us to characterize a function as

convex with respect to a given norm.

Definition 1.3 (Restricted Strong Convexity (RSC) [5] ). A function f : D C R* — R
satisfies the RSC property with parameter > 0 and if for all x,y € D we have

f(y) = f@) > Vi) (y =) + Sl = y|* Yoy € D (L5)

Note that the only difference between the restricted strong convexity and strong convexity
conditions is that in the definition of restricted strong convexity we have dropped the re-
quirement that the domain D of function f be a convex set. Restricted strong convexity

ensures that even if the function f is not convex, we still have a quadratic lower bound on
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the growth on the function on it’s domain. Intuitively speaking, in the context of sparse
optimization we would like the domain D to relate to the sparsity constraints so that we
have a grasp on the rate of change of the function f on sparse inputs. For example in [6]
they consider D = {z,y : ||z|lo < k,|lyllo < k, ||z — yllo < k}, i.e the set of all k-sparse
vectors that differ in at most k entries. The definition of restricted strong convexity with
the aforementioned k-sparse domain is the definition of restricted strong convexity we will

consider for the remainder of this thesis.

Definition 1.4 (Restricted Strong Smoothness (RSS) [5]). A function f : D C R* — R
satisfies the RSS property with parameter w > 0 and if for all x,y € D we have

I() = f(@) < V@) (y =)+ Slle =yl Va,y € D (L6)

As opposed to the lower bound on the growth of the function f imposed by the RSC condi-
tion, the RSS condition imposes a quadratic upper bound on the growth of the function f.

It is also known that this condition is equivalent to a Lipschitz condition on the gradient.

Definition 1.5 (Submodularity [7]). Consider an arbitrary set V. A set function f : 2V — R
is submodular if for every AC B CV and e € V' \ B it holds that

f(AUA{e}) = f(A) = f(BU{e}) — f(B) (1.7)

There are several equivalent characterizations of submodularity, but in this form, the defi-
nition of submodularity captures the fact that submodular set functions have a diminishing
returns property. Given a set X and element e € V' \ X, the term f(X U {e}) — f(X) can
be interpreted as the marginal contribution of the element e to the value of the set function
at X U {e}. The above condition states that if we have 2 sets A C B and some element
e € V'\ B, the marginal contribution of e is greater when e is added to a smaller set. In other
words, the larger a set is, the smaller the marginal contribution of an additional element,

hence the diminishing returns property.

Submodular set functions have been well studied in the field of theoretical computer sci-
ence for their use in greedy approximation algorithms. A seminal result of Nemhauser et.al
[7] showed that greedy maximization of a monotone submodular set function returns a set
within a constant factor of (1 — é) of the optimal set of the same size. This result is the
basis of many approximation algorithms related to set covering, and in the field of machine
learning then concept of submodularity has been proven to be a useful concept for many

tasks including sparse prediction [8] and model interpretation [9].
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CHAPTER 2: IHT AS SPARSE PROJECTED GRADIENT DESCENT

2.1 ITERATIVE HARD THRESHOLDING

Consider an optimization problem of the following form

mln.lmlze f(x) (2.1)
subject to = € Sy
Where the function f : RY — R satisfies the RSC condition on domain D = {z,y : [|z]lo <
Ellyllo < k,|lz—yllo < k}. Note that this optimization is similar to the main optimization
problem 1.1 except for the fact we have eliminated the convex constraint on the domain of
feasible solutions, so we should hope to understand how to solve an optimization problem
in this form before we tackle the additional convexity constraint. As the sparsity constraint
is still present, the overall problem is still non-convex, so we cannot directly apply algo-
rithms like gradient descent and expect good convergence guarantees. Furthermore, plainly
applying gradient descent would not guarantee a sparse solution even if it did converge, so
more intricate algorithmic machinery is required. A simple way to force gradient descent to
produce sparse solutions is to project the current iterate onto a sparse set after the gradient
step. Indeed, this is exactly the intuition for the Iterative Hard Thresholding algorithm

which is presented below [1].

Algorithm 2.1: Iterative Hard Thresholding
Input : function f with gradient oracle, sparsity level k, step size n

01=0
t=1
repeat
Or+1 = Pe(0: —nV [(0:))
=t+1

until stop criteria
Output: 6,

Where P(.) is the Euclidean projection operator onto S, i.e Py(z) = argmin, g ||z — y|3.
Since we are using the Euclidean norm to measure the distance between a point and it’s
projection, the corresponding projection is computationally easy to compute. Given some
vector € R? we would like to compute the projection of, consider a permutation ¢ on the

indices of = such that z,(1) > @s2) > ... > Ty(). Recall that ||z||3 = Z?zl z?. In this form



it is easy to see ||z — yl|3 subject to {y € Sk} is minimized when y,(;) = z,(;) for ¢ € [k], and
Yoi) = 0 otherwise. In other words, the projection of x under the Euclidean norm can be
computed by simply picking the top k£ elements in terms of magnitude, and setting the rest

of the elements to 0, which is also known as the hard thresholding operator [10].

Lemma 2.1 (IHT Convergence, [1]). Let f have RSC and RSS parameters p and w re-
spectively and let the THT algorithm be invoked with the function f, k= 32(5)21@ and let
n = % Let * = arg min,.g, f(x). Then on the 7-th iteration of the IHT algorithm for
7= 0(% log F@o)y satisfies

€

fa™) = fla") <e (2.2)

The lemma above states the main convergence result of the Iterative Hard Thresholding
algorithm in the context of M-estimation [1]. The surprising fact to take note of is that
although the overall optimization problem is non-convex, we are still able to converge to
a global optimum without the use of any convex relaxation, but rather by using the non-
convex constraint directly. This is possible due to the fact that sparsity constraints are
more structured then general non-convex constraints, and the fact that the projection under
the Euclidean norm can be computed exactly. A more detailed discussion of the projection

operator is presented below.

2.2 PROJECTION OPERATOR

In the vanilla Iterative Hard Thresholding algorithm presented above, we project onto the
space Sg, but in general we could encode more structure into the sparsity constraint. For
example, we could consider the notion of group sparsity, where we have a set of supports
G = {G1,Gy,...,Gy} where G; C [d] and a set of sparsity levels {ki, ko, ...,k } for each
support. Let z¢, denote the elements of x under the support G;. The sparsity constraints
can be written as ||z¢,||o < k; Vi € [m]. For simplicity consider the case when G;NG; = 0 for
all i, j € [m]. This is known as the non-overlapping case, as the supports are disjoint and thus
non-overlapping. The projection operator for the non-overlapping group sparsity constraint
differs from the projection operator in the vanilla sparsity constraint case, but can still be
efficiently computed by projecting thresholding the top k; values for each group support
z¢,. One way to view the Iterative Hard Thresholding algorithm is just as a special case of
projected gradient descent, and like all projected gradient descent algorithms the efficiency
of the overall algorithm is heavily dependent on the efficiency of the projection operator.

Therefore many new results which modify the Iterative Hard Thresholding algorithm for
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different constraint sets focus on the the projection operator as the main mathematical object
of study. In the case where the groups are allowed to overlap, an exact projection cannot be
computed and instead we must rely on approximate projections to the sparsity constraint
set. It is interesting to note that the approximate projection operator in the overlapping
group case relies on reducing the projection to a submodular maximization problem, which is
yet another example of the effectiveness of submodularity as an algorithmic tool in machine
learning [11]. This result is also relevant since it uses an approximate projection as opposed
to an exact projection at each iteration, which will become a more central theme in latter

sections.

2.3 GRADIENTS AND DUAL NORMS

While not obvious at first glance, there is a technical point to be made about the projection
step, specifically regarding why we are able to subtract the gradient from the current iterate
directly like so Py, (6, — nV f(6;)), as the input to the projection operator. To explore this

technicality, we must first understand the notion of a dual norm.

Definition 2.1 (Dual Norm). Given some norm ||.|| defined on R, we define the dual norm

I.ll+ as a function from Ry — R with values

2]l = max (z"2) : [lz] <1 (2.3)

For example, the dual norm to the 1-norm can be computed as ||z, = max),|,<1(z7z). We
have that 2zTa < |22 < 37 |zil|ws] < maxg|z) Yo |2 < maz;|z] since ||z]|; < 1. So we
have that max, 272 < ||2|ls, and we can achieve this bound by choosing x = sign(z;)e;
where z; is the component in z with maximum norm. This yields ||z||, = max,|,<1(z72) =
max; z; = ||2||cc. Therefore, the dual of the 1-norm is the oco-norm. In general the dual of
a p-norm can be computed as a g-norm such that (|[z[|,). = [|z[l, where  + > =1 and we
adopt the convention that é = (0. Using the aforementioned fact, we see that the dual of
the 2-norm is the 2-norm itself, so the 2-norm is self dual. Related to this fact about the
self-duality of the 2-norm, by the Riesz representation theorem, given some Hilbert space
‘H, the dual space H* is isometric to H itself. Now consider the general case when we are
optimizing in some Banach space B (B = [; as an example). In this setting, subtracting the
gradient term directly from the iterate as is done in the gradient descent algorithm, projected
gradient descent and IHT algorithms, is not a formally defined mathematical operation. This
is because the gradient is a linear functional, so technically the elements of V f(z) do not lie

in the primal space B, but in the dual space B*, so the operation 6, — nV f(6,) is not defined
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since 6, exists in the primal space B and V f(6;) exists in the dual space B*. The reason we
are able to directly subtract the gradient from the iterate in the case of an Euclidean space
is because the dual space is isometric, but for more general optimization problems this may
not hold. Further details on this discussion are given in [12]. To address this problem in
the context of convex optimization, we will introduce the well known algorithm of Mirror

Descent.



CHAPTER 3: MIRROR DESCENT

3.1 PROBLEM INTRODUCTION

In the previous section we saw an algorithm to tackle the optimization problem which only
includes the sparsity constraint. We will now address optimization problem which only
includes the convex constraint, and along the way we will see how this addresses the afore-
mentioned issue in the previous chapter with primal and dual spaces. Formally, consider the

following optimization problem

minimize  f(z)

. (3.1)
subject to z € C

where C' is some convex set, f is a continuously differentiable convex function. This is a
classical optimization problem with applications in both theoretical and applied domains,
and as a result has been extremely well studied. As we have seen, the Projected Gradient
Descent algorithm may not be optimal in all situations to solve this problem. Before we

introduce the celebrated Mirror Descent algorithm [13], some preliminaries are required.

Definition 3.1 (Convex Conjugate). Given a function f : R" — R U {oo}, the convex
conjugate f*: R"™ — R U {oo} is defined as

) = sup (y"z — f(x)) (32)

zeR"™

Given an input y, f*(y) is the maximum value by which the linear function of y exceeds
f(x). Alternatively, one can think of f*(y) as the value that y”x must be shifted until it is
a support of f. Geometrically, the convex conjugate is a representation of the function f as
a set of tangent hyperplanes, and the parameters of these hyperplanes are encoded in the

conjugate function f*.

Example 3.1. Let f(x) = cx for some ¢ € R. Then the conjugate function can be computed

as follows

[ y) = itelﬂg(y:v —cx) = iléﬂrg((y —c)r) (3.3)
— =t e (3.4

0o otherwise



Therefore, the convex cojugate of f(z) = cz is f*(y) = J., the indicator function for ¢. More
relevant to our setting, given a convex set C', let d¢ be the indicator function for the convex
set C' defined as follows

0 zedC
o x¢C
Example 3.2. Given a convex set C, let f(x) = dc(x), the indicator function for the convex

set. Then the conjugate function can be computed as follows

() = sup (y"z — dc(x)) = sup(y” z) (3.6)

zER™ zeC

If 2 ¢ C, then the quantity y’z — dc(x) is arbitrarily negative, so we only have to consider
values of € C, in which case dc(z) = 0. The conjugate function in this case is known as

the support function of the set C', since it defines a set of supporting hyperplanes to the set C'.

On may notice some similarities between the definition of the convex conjugate and the

definition of a dual norm, and indeed they are related in the following way

Example 3.3. Let f(x) = ||z| for some norm ||.||. Then the conjugate function can be

computed as follows

£ () = sup(y"x — ) (3.7)
0 L <1

— fy) = Iyl < (3.8)
0oyl > 1

In other words, the convex conjugate of a norm function is an indicator function for the
unit ball of the dual norm. Another important concept to understand as a precursor to

understanding the Mirror Descent algorithm is the Bregman divergence.

Definition 3.2 (Bregman Divergence [13]). Le f be a continuously differentiable convex

function. The Bregman Divergence between 2 points x,y € Dom(f) is defined as

By(z,y) = f(z) — fly) = (Vf(y),z —y) (3.9)

For an intuition of this quantity, recall the first order Taylor approximation of a function at
a point can be written as f(z) =~ f(y) + (Vf(y),x — y). With this in mind the Bregman
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divergence can be seen as the difference between the true value of the function f at x and
the value of the linear approximation of f centered at the point y. Let us now see a few

examples of functions and the corresponding induced Bregman Divergence.

Example 3.4. Define f : R® — R as f(x) = ||z||3. Then the induced Bregman divergence

5

Bi(z,y) = f(z) — fy) = (V[f(y),z —y) (3.10)
= [lz]l3 = lylls — 2{y, = — y) (3.11)

= lz[l5 + [lyll3 — 2{y, =) (3.12)

= [lz —yl3 (3.13)

Therefore, the ls norm function induces the Euclidean distance as it’s corresponding Bregman

divergence.

Example 3.5. Define f : R4, — R as f(x) = Y1, x;In;, otherwise known as the negative

entropy function. Then the induced Bregman divergence is

By(w,y) = f(z) — f(y) = (Vf(y),z —y) (3.14)

n

:Zazilnazi—Zyilnyi—Z(lnyi+1)($i—yi) (3.15)
i=1 i=1 i=1

=D milnw =3 wilnyi— ) (@) + > (u:) (3.16)

i=1

=2 ln% =2 @)+ ) (3.17)

1=

— Dy (ally) (3.18)

Therefore, the negative entropy function induces the generalized K L-divergence as it’s cor-
responding Bregman Divergence. In the special case when > z; = > y; = 1, this reduces to

the ordinary K L divergence.

Recall we began this discussion of the Mirror Descent algorithm as a remedy for the po-
tential shortcomings of gradient descent, so in some sense we should expect Mirror Descent
to generalize gradient descent type algorithms. As discussed in the previous section, the

iterative update for Projected Gradient Descent can be written as

Tpy1 = Po(zgy — nV f(xy)) (3.19)

11



Where P(.) is the Euclidean projection operator. By the definition of Euclidean projection

we have

Ti+1 = argmin |(z, — 0V f(xx)) — 2|3 (3.20)
= argmin |[(v — zx) + 0V f(zr)|3 (3.21)

Since the ls norm is induced by an inner product, we can expand as follows

[(z—2) + Vi f(@p)]5 = [|o—axll54+20(x, V f (@) + 20—k, V f (2)) + [0V f (z) 5 (3.22)

Note that the last 2 terms of the expansion do not depend on z, so therefore they can be

excluded from the optimization. Rearranging the remaining terms yields

Ty = argmin (z, V f(xy)) + llz = 2 (3.23)
+ zeC ’ 27}

In this form, we can interpret the next iterate x;, 1 as the point which strikes the best balance
between following the direction of steepest descent, represented by the inner product term,
and not straying too far from the current iterate, represented by the proximal term, while still
remaining in the constraint set C. Since we started with the Euclidean projection operator,
we see that the proximal term uses the [, norm as a measure of distance between points. A
natural question that should arise is whether we can generalize the proximity term to other
measures of distance. Using d(.||.) as a placeholder for an arbitrary distance function, we

recover the Generalised Projected Gradient Descent algorithm.

Tjy1 = arg rxrgg {(:B, Vf(zg)) + d(xz,—nxk)} (3.24)

From an optimization perspective, we must know ask the following question: For what
choices of d(.||.) is the aforementioned optimization problem feasible? As one may expect
based on the definitions presented in the beginning of the chapter, we can select d(.| .) to
be a Bregman divergence and solve for a closed form iteration for zj.;. Say we have a u
strongly convex function v, let By, be the associated Bregman divergence, then the resulting

iteration becomes

Tjy1 = arg Iggg {(x, Vf(xg)) + %ﬁ} (3.25)

For a closer look at the derivation of the closed form iteration, refer to the work of Beck and

12



Teboulle [13], which was one of the first works to introduce the Mirror Descent algorithm.

The full Mirror Descent algorithm is presented below.

Algorithm 3.1: Mirror Descent
Input: y; € dom Vo*

repeat
zy = VU* (yk)
Yrr1 = V() — 1V f(2)
Trp1 = VP (Yrt1)

until stop criteria

Where ¢* is the convex conjugate of 1.

3.2 BENEFITS OF MIRROR DESCENT

Recall we introduced the Mirror Descent algorithm as an algorithm for solving the opti-
mization problem presented at the beginning of this chapter, namely minimizing a convex
function under a convex constraint set. We have alluded to the benefits of Mirror Descent
over Projected Gradient Descent, but in this chapter we will go into further details regarding
these benefits.

3.2.1 Differentiation of Primal and Dual Space

One of the main issues we presented in the previous chapter regarding Projected Gradient
Descent algorithms in general, is that they do not differentiate the primal space the iterate
xy exists in and the dual space that V f(zy) exists in. We can justify conflating R™ equipped
with the l; norm with it’s dual space as they are isometric, but as mentioned in the previous
chapter, this justification is not sufficient for more general spaces. One major benefit of
Mirror Descent is that it explicitly distinguishes between the primal and dual spaces, and
specifies a bijection we can use to map between these spaces. Specifically this bijection is
determined by our choice of function ¢ : R* — R. The bijection will map the primal point
x to it’s dual point V f(zy), and to map from the dual space back to the primal space we
use the inverse mapping of z — V f(z), which is given by, y — V1*(y), the dual of v). With
this in mind, the steps of the Mirror Descent algorithm can be interpreted as follows: We
start with some feasible point in the primal space, we then project the feasible point onto

the dual gradient space, we take a step in this dual space, then finally we project back to
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the primal space to recover the next iterate.

3.2.2  Improving Dimension Dependence

Say we run the Gradient Descent algorithm for 7" steps, and let x; denote the iterate at
the i-th step. Let ¢, = f(x;) — f(z*), the difference between the functional value at the
current iterate and the functional value at the optimal at the i-th iteration. It is known that
Gradient Descent converges in O(\/LT) time, and specifically we have that
min ¢; < RG (3.26)
1€[T] \/T
where ||V f(x)]l2 < G for all x € C and R = max,cc ||x1 — z||2. G can be interpreted as an
upper bound on the norm of the gradient for all feasible values of x, and R can be thought
of as the diameter of the constraint set C. In the above form, the dimension dependence
is not easy to see, but consider the following example when C' is the probability simplex,
so we have C = {x € R" : |z|y = 1}. In this setting, R < v/2, and if each coordinate
of the gradient V f; is bounded by M, then we have that G < M+/n, so G depends on the

dimension, which does not scale well for high dimensional problems.

The convergence bound for Mirror Descent is similar, but with a few key differences. First,
the upper bound on the gradient is measured in terms of the dual norm, so ||V f(z)|.« < G,
and second the diameter of the constraint set is measured using a Bregman divergence. In-
tuitively, one should should pick a Bregman divergence that measures the diameter of the
convex constraint set in a nice way. and in this way one can fine tune the Mirror Descent
algorithm to the geometry of the specific problem at hand. In our example given C'is the sim-
plex, say we choose 9 to be the negative entropy function, so we induce the K L-Divergence
as the corresponding Bregman divergence. Note that ¢ is 1-strongly convex with respect to
the [ norm. Recall the dual of the /; norm is the [, norm. and assuming each coordinate
of the gradient V f; is bounded by M as above, we can bound |V f(z)|. < M = G. By
measuring the gradient in the dual norm, we have removed the dimension dependence in G.
If we set 1 = %1, the uniform distribution vector, then we can bound By(z,z*) < logn
since By, is the K L-Divergence. This yields a final value of M logn in the numerator of the

convergence bound for Mirror Descent, which compared to the bound M+/2n for gradient

n
logn

descent gives an improvement of order O . Therefore, by choosing a Bregman di-

vergence which reflects the geometry of the constraint set, Mirror Descent can converge to

an optimal solution faster than Gradient Descent.
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CHAPTER 4: PAST RESULTS ON MIRROR DESCENT SPARSIFICATION

Now that sufficient background on Mirror Descent and sparse optimization have been de-
veloped, let us consider ways to combine these 2 concepts together. In this section we will
cover some previous results on the use of Mirror Descent for sparse optimization problems.

Recall the overall optimization problem 1.1 we are interested in solving

minimize  f(z)

| (4.1)
subject to z € C'N Sy

Furthermore, recall some of the methods mentioned in Chapter 1, such as convex relaxation
and regularization, which are used to solve these sparse optimization problems indirectly,
without explicitly working with the sparsity constraints. One may consider combining these
methods when with Mirror Descent to induce sparse solutions, and indeed this is what past

results on Mirror Descent for sparse optimization do.

4.1 SMIDAS ALGORITHM

A noteable result in the this problem area is a result of Shalev-Shwartz and Tewari [14], in
which they introduce the Stochastic Mirror Descent Made Sparse (SMIDAS) algorithm. The
SMIDAS algorithm is a modified version of Mirror Descent which solves the [; regularized

optimization problems. Specifically, the optimization problems they consider are of the form

m
g D2 Hw- )+ Aol (12
This can be related to the original optimization problem we are interested in by considering
C = R" and setting f(z) = = >, L((w,z;),y;). Statistical problems where the objec-
tive function is an average of samples like above are referred to as M-estimation problems.
Without the use of the regularization term in the objective function, we know we can solve
the optimization problem by plainly applying the Mirror Descent algorithm. An initial way
one might consider modifying the Mirror Descent algorithm for the regularization term is
to subtract the gradient of A||w]||; from the dual vector before projecting back into the pri-
mal space. Technically since the [; norm is not differentiable, we must use a subgradient
of ||wl;, for example a vector whose i-th element is equal to sign(w;), where we consider
sign(0) = 0. Let us denote such a vector as sign(w). Recall the original gradient update of

Mirror Descent is of the form ygy1 = Vo(xy) — uxV f(xg). Factoring in the regularization
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term, the new update would become yi1 = Vo(zr) — (e (V f(zr) + Asign(w))). Unfor-
tunately as noted by Langford et.al [15], this will actually lead to a dense vector in the
dual, which will consequently lead to a dense primal vector, which is clearly undesirable as
we want Mirror Descent to produce sparse solutions. Alternatively, this paper proposes a
breaking up the gradient step into 3 separate steps. The first step is the standard gradient
step y1 = Vip(xg) — eV f(x). The next step is the gradient step for the regularization
term computed on the gradient after the first step, y; = yi— uk)\sign(y%). Finally, there
is a truncation step where if sz’gn(y%’i) # sign(yy;), then we set y;; to 0 where 1; is the
i-th component of y;. Intuitively, the first gradient step is taken to minimize the objective
function, and the next 2 steps are to minimize the regularization term, with the truncation
step at the end to promote sparse solutions. The algorithm for this procedure is presented

below.

Algorithm 4.1: SMIDAS
Input: >0
Let g =0

repeat

Sample ¢ uniformly at random from [m]

Yrpt = Vip(zr) — eV f (i)

Vi Yrrrg = sign(ypy 1 ;) X max{0, [y, 1 ;| — pA}
Tyt = VY (Yrt1)

until stop criteria

Note that the a sample is picked uniformly at random to compute the gradient as opposed
to using the entire dataset each iteration, so this is really a modification of the Stochastic
Mirror Descent algorithm. While this algorithm does not consider the sparsity constraints
directly, modifying the standard Mirror Descent algorithm for an [; regularized optimization
problem is still an important result for the use of Mirror Descent in sparse optimization. It is
interesting to note that even though the sparsity constraint is imposed on the primal vector,
the SMIDAS algorithm is able to achieve sparse solutions by making the dual vector more
sparse. Inspired by the SMIDAS algorithm of, a possible algorithm one may come up with is
to threshold the dual vector, only keeping the top k values of the dual vector and setting the
rest to 0, before projecting back into the primal space. The main issue with that idea is that
we sparsify the dual vector before projecting back into the primal space, and even in the

simple case of Euclidean projections, a sparse vector y, does not imply that the projection
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x = Pc(ys) will be sparse. In general sparsity in the dual space does not imply sparsity in
the primal space, so the only way to guarantee sparsity in the primal space is to work with
the sparsity constraints in the primal space directly. How exactly we will accomplish this
given the intractable combinatorial nature of sparsity constraints will be elaborated in the

next section.
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CHAPTER 5: NEW RESULTS ON MIRROR DESCENT SPARSIFICATION

Now that the relevant preliminaries have been covered, we can now begin the discussion
on new resulting regarding the use of Mirror Descent for sparse optimization. Recall the

optimization problem (1.1) of interest in this thesis.

minimize  f(z)

. (5.1)
subject to = € C'N Sy

We will first give an overview of the new algorithm proposed in this thesis for the modification
of Mirror Descent for sparse optimization, and then go into the technical details and proofs
regarding the algorithm. The ending of the last chapter alluded to the fact that if we want to
work with the sparsity constraint directly, we will need to do so in the primal space as opposed
to the dual. An initial idea one may have based upon this is to threshold the primal vector
at the end of each iteration, similar in style to the Iterative Hard Thresholding algorithm
presented in Chapter 2. The issue with this approach is that we cannot simply pick the top k
values of the primal vector as the projection onto the sparse set S;. The reason this approach
worked in the case of Iterative Hard Thresholding was because choosing the top k values
is the optimal projection onto Sj using the [, norm, but since Mirror Descent generalizes
beyond Euclidean metrics, we cannot assume that thresholding the top k£ values is optimal.
As computing the exact projection in the general case is NP-hard, we will instead use an
approximate projection inspired by approximation algorithms for set covering in classical
computer science. We will show that we can bound the quality of the approximation, given
certain conditions on the constraint set C', and that an approximate projection is sufficient

for convergence to the optimal solution.

5.1 INITIAL PROOF OF ITERATION VIA DESCENT LEMMA

Recall the proximal form of the Mirror Descent iteration.

Tjy1 = arg I;lelél {(x, Vf(ze)) + %T;Ik)} (5.2)

If we want to consider an exact expression for the optimal projection of the next iterate onto

the sparse set Si, we can write this as

Tpy1 = argxer%imnslc {(x, Vf(zk)) + %7;%)} (5.3)
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It is known that optimization problems of the above form are NP hard, even in the case
of “simple” loss functions like the squared loss. Before we discuss how to approximate a
solution to this subproblem, we must first show that this is indeed the correct subproblem
to solve. Assume we could solve this subproblem exactly, would the corresponding iterates
converge to the optimal solution? The next series of proofs, based on the Descent Lemma of
[16] proves that this is indeed the case. Note that in it’s original form, the Descent Lemma
assumes the functions has a L Lipschitz continous gradient, but this is equivalent to the

Restricted Strong Smoothness property with parameter L.

Lemma 5.1 (Descent Lemma). Assume f satisfies the Restricted Strong Smoothness prop-
erty with parameter Ly , with respect to some norm |.|| is a continuously differentiable

function. Then for all L > Ly, and all x,y € R" the standard descent lemma states

F(@) < halr,y) = F6) + (V)2 ) + o lle — P (5.4

Where hp(z,y) is a shorthand for the smoothness inequality parameterized by L. Now
assume 1) is also L strongly convex function with respect to the same norm as above for

some L > Ly, i.e

0(@) 2 9ly) + (V)7 — ) + Sl — ol (55

Let By be the Bregman Divergence associated with the function 1. We can now generalize

the aforementioned Descent Lemma from the norm operator to Bregman Divergences.

Lemma 5.2 (Bregman Descent Lemma). Assume f satisfies the Restricted Strong Smooth-
ness property with parameter Ly , with respect to some norm ||.|| is a continuously differen-
tiable function. Then for all L > Ly, given a function 1 that is L-strongly convez, for all
x,y € R" we have

f(x) < hpg(z,y) = f(y) +(VI(Y),x —y) + By(z,y) (5.6)

Where hpp(z,y) is a shorthand for the smoothness inequality with a Bregman divergence

B, induced by a function v, which is L-strongly convex
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Proof (5.1): By the definition of Bregman Divergence we have

By(x,y) = d(x) —d(y) = (VU(y),z —y) (5.7)
> (y) + (Vo). o — ) + 2 e~ yll* — 9lo) — (V). 7~ 9) 659
= Zlle —yl? (59

Where the first inequality uses the fact that v is L-strongly convex.

We will now prove that this iterative scheme converges to the optimal solution.

Theorem 5.1 (Fixed Point Iteration Convergence). Let x* be the optimal solution to opti-

mization problem 1.1. Then x* is a fixed point of the iterative scheme, so we have that

= argcljn;n {(x, Vi) + O%qu(x, x*)} (5.10)
zelCn k

Proof (5.2): Recall the proposed iterative scheme from above

. 1

Tp41 = argmin {(x, Vf(xg)) + —Bw(x,xk)} (5.11)
zeCnsS Qe

Note that the point xj4; € argmin, g {hrs(z, z%)} is equivalent to the point xj,; in the

above iteration, since the terms which appear in hyg(z,x), but do not appear in the above

iteration only depend on x;, which is constant at each iteration.

We know that hpp(xgi1,xr) < hpp(zr,zx) = f(xg) by the optimality of zj,,. Let us
now define a Bregman divergence B, induced by a function 7, which is L j-strongly convex.

By the Bregman Descent Lemma, we have

f(@r) = f(or1) = far) — hrpp(Tri, 2r) (5.12)

By definition, we have hr, (7,y) = hrp(v,y) — (By(2,y) — Bx(7,y)). Recall that we assume
the function f is L strongly smooth, and in order for the Bregman Descent Lemma 5.2 to
hold, we need % to be at least L strongly convex, so B, can be thought of as the Bregman
divergence induced by the m with the minimum curvature needed for iterative improvement.

Combined with the above property of Ay g, this yields

L— Ly

o il (5.13)

fxr) = f(wpy1) > Bv,b(l‘k, Tp1) — Br(op, Tpgr) >
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This not only shows that the proposed iterative scheme makes progress at each iteration, it
also proves that the optimal point z* € argmin,cong, f(z) is a fixed point of the iteration

il.e

= arggn}qn {(w, V")) + aiBw(x, x*)} (5.14)
zeln k

because if it were not, we could apply the above iterative inequality, but that would contra-

dict the optimality of x*.
The remaining issue is now how to solve the subproblem in each iteration, i.e

1
Tpy1 = argmin {(x, Vf(zr)) + —Bw(:r,a:k)} (5.15)
zeCNS A

5.2 APPROXIMATING SPARSE SOLUTIONS WITH SUBMODULARITY

As suggested in the introduction for this section, the above optimization subproblem takes
exponential time to solve exactly, unless P = N P. Therefore it is not unreasonable to shift
our view from exact solutions to approximate solutions. It is not hard to see that finding
the best set of k atoms to project to reduces to a set selection problem, so we should shift
our attention to approximation algorithms for related problems such as set covering. In
a seminal result by Nemhauser [7], it was proved that for a set selection problem with a
monotone submodular cost function on the sets, a greedy algorithm will produce a set of
k sets that approximates the optimal choice of k sets to a factor of (1 + %) In order to
apply the aforementioned result on greedy selection algorithms, we need some sort of set
function, i.e for some set X, a function f : 21X — R that assigns each subset to a number
corresponding to the cost of the set. A natural way to do this is to create set function for
each set of atoms and assign cost based on improvement to objective. In addition, in order
to directly apply the result of Nemhauser, we would also need the defined set function to
be submodular. Thankfully, a result of Das and Kempe [17] proves that as long as we can
bound the submodularity ratio, which we will define later, we can still obtain a constant
factor approximation, assuming fixed convexity and smoothness parameters. Furthermore,
a result of Elenberg et al. [18] shows that strong convexity implies a bounded submodularity
ratio, which allows us to apply the greedy selection algorithm and obtain a constant factor
approximation to the optimal. The only issue is the result of Elenberg et.al does not consider
the case of sparse optimization problems with convex constraints, so in the following sections

we prove that under certain conditions regarding the geometry of the constraints, we can
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also bound the submodularity ratio and obtain a constant factor approximation algorithm.

Definition 5.1 (Set Function). Let us define a set function on a set X as f: 2% — R

ﬁé@ﬂs) = ﬁ}él;gol(ﬁ) —1(0) (5.16)
|S|<k

In the above definition, 5 can be thought of as the model parameters and the input to the
set function f can be thought of as a support set, so given some a potential support set
S, [ is the set of parameter values which maximizes the loss function constrained by the
support set S. In our problem setting, the loss function is equal to the function value of the
subproblem, so we have [(z) = (z, Vf(z)) + alszﬂ(x,fk)- Note the difference between the
set function defined here and the one defined in [18] is the additional constraint that g is
now constrained to some convex set C. Let * be the § which maximizes f(X), and let B;*
denoted the jth component. We now proceed to attempt to lower bound the submodularity

ratio defined as follows

Definition 5.2 (Submodularity Ratio, Weak Submodularity). Let S, L C [d] be 2 disjoint
sets, and f : 29 — R. The submodularity ratio of L with respect to S is given by

 Yes[FLU ) - FD)]
YL,s = FLUS)— f(L) (5.17)

The submodularity ratio of a set U with respect to an integer k is given by

= min 5.18
ok L,S:LNS=0 VLS ( )
LCU,|S|<k

As alluded to previously, we need to assume a condition on the geometry of the constraint
set which will allow us to lower bound the submodularity ratio. As before for some S, let
% be the set of parameters which maximize f(S) and let 5}9 be the vector where only j-th
index has a value equal to the j-th index of 5%, and all other indices have value 0. We will
first present the definition, then give an intuitive explanation of the restriction this condition

places on the geometry of the constraint set.

Definition 5.3 (Incremental Update Condition). Given some set L such that |L| < k, there
must exist some set X such that L C X, j € X, j ¢ L and the following condition holds

VL8913

< 18X — pE|? 5.19
Moo 15; 12 (5.19)

22



First note that given some set L, the value of %

is constant. In the language of
submodularity, the term on the right hand side can be viewed as the marginal benefit gained
by adding the atom j into the support set. So given some set L, this condition places
a lower bound on the marginal benefit of adding a new element into the support. The
technical purpose of this condition will be elucidated in the proof of the lower bound of the
submodularity ratio, but intuitively to bound the submodularity ratio, we need to ensure we
make enough progress with each greedy selection, and this condition places a lower bound

on the the progress we make with each selection.

Theorem 5.2. Define f(S) as above in definition 5.1, and assume l(.) is a (M1, Mju|+r)
(strongly concave, smooth) function on domain Qu|4x and M|U|+1 smooth on Qui41. Also
assume the Incremental Update Condition (5.3) holds. Then we have that vy is lower
bounded by

mu|+k mU|+k

>

= (5.20)
Mg41 My |4k

YUk =

Proof (5.3):
Let v > 0. We call a function y-weakly submodular at a set U and an integer k if vy, > v
We first upper bound the denominator of the v, 5. Let k = |L| + k. Applying the definition

of strong concavity we get

ZE||BH — BHI3 < 1(8F) — U(B™5) + (VI(B"), 825 - BT) (5:21)

We can rearrange and use the fact that [(.) is monotone for increasing supports to obtain

0 < U(B2%) — I(B") < (VI(BY), B2 — BE) — ZE|| 855 — |3 (5.22)
< max (VI(3"), 0 = 3%) = T |lv = 6" (523)
< max (VI(3),v = 6%) = TE[lo — 5" (524

Where the final inequality is due to the fact that the optimal maximum value of a function

subject to some constraint is less than the optimal maximum value of the function not subject

to any constraints. Taking the derivative, we find the optimal value of v = 3% + #VZ(BL ),
k

which yields a final bound of
1
0 <UB™) = UB") < 5 —IIVIB)I (5.25)
my
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Now consider a single j € S. We know [0} > [(y;) where y; = (1 — a;)8L + (a;)B for

all 0 < a; <1 and any set X. Combining with the smoothness parameter yields

(B0~ 1(5%) > (1 — a5) " + () 5) ~ (3" (5.26)
> () {VI(B"), 6 — 8 — T 0, — 5 (5.27)

Taking the derivative with respect to a; yields

L (VI(8Y), B — BY)
= MoalBY I 29

Substituting this optimal value of a; and summing over all j € S yields

(V1(BL), BF — p1))?

(Y — (gL
BT =18 2 o T = A1

(5.29)

= SHEN) <184 2 = 3 (VUE,) = g VU (530

jes JjES

Which when combined with the upper bound on the numerator, gives the desired result. It

now remains to show there exists some set X, such that 0 < a; < 1.

Consider the case when a; < 0 for some X such that L C X. The denominator is strictly
positive so a; < 0 = (VI(3*), 3\ — ") < 0 for the given X. But this implies for some
small positive ¢, I((t)3 + (1 —t)") < (8") for all X, but this violates the monotonic-
ity of [, since we have that I(A) > [(B) for A C B. Thus for any X such that L C X, a; > 0.

We now attempt to upper bound «;.

o = (VI(B"), B — B") < max {||VI(B")[3, 18} — B3} (5.31)
T Mpal||gf -6t T Mpa||85F — B3 .

If we have that [|[VI(8%)]|3 < ||3,X — BLl3, then this implies o < ﬁ <1 for Mp,y > 1.

Now consider the other case, where we have that

V(B3
a; < 5.32
7T Mg - B3 (5:32)
If there exists some X such that —IVIEDIE <4 then, we have that a; is also bounded by

Mp1|85 =BE =
1. Now say there exists no such X. We then have
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IVI(B")I3 VL8513 X _ gLy
>1 = 22> ¥ - VX C 2P 5.33
ML+1||B3'X . /BL”% ML+1 ”BJ ﬁ H2 = ( )
But then this would violate the Incremental Update Condition (5.3), and thus there some
ICIE

exist some set X such that < 1, and thus in this case a; is also bounded by 1.

Mr41118X 5]

5.3 PROOF OF CONVERGENCE

Now that we have shown that under certain conditions on the constraint set C', we can use a
greedy selection to approximate the optimal support set, we must now prove that this itera-
tive algorithm converges. To do this, we first need to prove some properties of the gradient,

which we can derive from the Restricted Strong Convexity condition.

Lemma 5.3 (Monotonicity of gradient for restricted strong convexity). If f is a function
that satisfies the restricted strong convexity condition with parameter p and domain €2, then

we have that

(Vf(z)=Vfy),z—y) > plle —y|* Y,y € Q (5.34)

Proof (5.4): By the condition of restricted strong convexity we have that

1) 2 f(@) + (Vf(2),2 = ) + Slle = y]? (5.35)
f@) = F) + (V) =) + Sy — x| (5.36)

for all z,y € . Adding the inequalities together yields the final result that (Vf(z) —
Vi), x—y) = plle =yl Yo,y € Q.

Lemma 5.4. Let f be a function satisfying the restricted strong convexity condition with
parameter p. Let x* = argmin,q f(x) and denote the upper bound of the gradient of f by
G. Then for any y € 2, we have

—icﬂ < Vi) (y - 2°) (5.37)

By the result of [19], we have that restricted strong convexity implies the Polyak- Lojasiewicz

(PL) inequality, so we have that
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SIVF@I? 2 (i) — F(a) (5.3%)
Now define ¢,(2) = f(z) — Vf(x)?z. Note that

(Vou(21) = Vou(22)) (21 — 22) = (Vf(21) = Vf(22)) (21 — 22) > pl|z1 — 20 (5.39)

Which implies that ¢, (z) satisfies the restricted strong convexity condition on domain €2, by
the equivalent characterization of the monotonicity of the gradient. We can then apply the
PL inequality to ¢.(z), which yields

bu(a”) = F(2) — (VF(2),2) > duly) iuwx(wu (5.40)

= f(y) = (Vf(@),y) - %va(y) — V()] (5.41)

Which after rearrangement yields

1
fy) < fla) +(Vf(z),y —z) + ﬂHVf(y) —Vf(@)|* Yo,y € Q (5.42)
Setting x = x*, upper bounding the gradient by G, and using the fact that f(z)— f(z*) > 0,
we have
1
0< f(x) = f(z") <(Vf(x),y —z) + @Gz (5.43)

which implies

—%Cﬂ <|(Vf(x"),y—x*) Yy e (5.44)

Now that we have shown the preliminary proofs regarding the properties of the gradient,
we can now begin to present the proof of convergence of the algorithm. The next lemma
is a general lemma regarding approximate solutions to optimization problems of the form
r* = argmin, ~g{L(z) + By(x,x0)}. Note that if we replace L(x) with (z, V f(z)), then

this becomes our iterative subproblem,

Lemma 5.5 (Approximate Bregman Projection). Let L be a function satisfying the restricted

strong sparse convezity conditions (IHT), and define z* as
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z* = argmin{L(z) + By(z, o)} (5.45)
zeCNS

Denote xj, as the approzimate solution to the above optimization problem, computed via
greedy support selection. Let (1 + ¢) be the approzimation factor of approzimate solution.
Then for ally € C'N S we have

(14 @) (L(y) + By(y, x0)) = L(xy) + Buy(xy, 20) + By(y, %) — iGQ (5.46)

Proof (5.5): Since z* is the minimizer of L(x) + By(x, o) over C' NS, which satisfies the
restricted strong convexity condition over a sparse domain (2, for d € 9(L(x) + By(z, x0)),

we have that

1
(d,z —x*) > —ZGQ VreCnS (5.47)

Note that d = g + V¢(z*) — Vip(xy) for ¢ € OL(x) which implies there must exist a
subgradient g € OL(z*) such that

(9 4+ Vip(a") = Vi(zg), x — %) = —iGQ VzeCnS (5.48)

Using the subgradient property we have

L(y) = L(z") + {9,y — 2) (5.49)

> L) + (Vo) = Vola').y = ') = 3-G° (5.50)
L(z*) — (Vib(ae), 2" — o) + (a*) — (o) (5.51)
+(V(xg),y — x0) — P(y) + ¥(x0) (5.52)
(V) - o) + 0ly) - () (5.53)

= L(*) + By(a*,30) — By(y, a0) + Bu(ya") — oG (5.54)

which after rearrangement yields

1
L(z*) + By(y,x0) > L(x*) + By(z*, z0) + By(y, z*) — ZGQ Vye CNS (5.55)

Note that our approximation algorithm yields an approximate optimal solution for the value
of the function L(z) + By(x, x¢). We therefore have
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(1+ @)(L(z") + By (2", m0)) = L(xy) + By(xy, 7o) (5.56)

Substituting z* with x}, yields

L(z}) + By(k, w0) + By(y, z*) — icﬂ (5.57)

< (1+ ¢)(L(z*) + By(z*, x0)) + By(y, x*) — iGQ (5.58)
< (14 6)(L(") + Byla',w0) + Byly, o) — 5-G?) (5.59)
< (14 @)(L(y) + By(y, z0)) (5.60)

We now present the final convergence result for the algorithm.

Theorem 5.3 (Convergence). Let f be a function which is satisfies the RSS and RSC
properties with parameters (w, ) respectively on domain D = {z,y : ||z|lo < k,|lyllo <
k,llz —yllo < k}, with respect to some norm ||.||. Let v be a function which is at least w
strongly convex, and let By, be the induced Bregman divergence. Say we run the algorithm for
T iterations, let x* be the optimal solution, let z; be the i-th iterate and let ¢; = f(x;)— f(x*).

The convergence rate of the algorithm can then be written as

, 2RG?

R e S (5.61)

Where By(z*,21) < R and |Vf()|l. <G
Proof (5.6): Rearranging the result of the previous lemma and considering L(z) =

(Vf(z),r — xy) yields

By(z%, 2p1) < (14 0)(By(a", zx)) + (1 + ) () (V f (w), 27 — zp) (5.62)
o (Vf(20), 5 — ) — Bu(wpess 4) + iGQ (5.63)
< (L+ @) (By(a", ) + (14 0) () (f (zx) — f(27)) (5.64)
+op(V f(2r), T — Thy1) — g”m — Tppa|| + iGz (5.65)
< (1 +0)(By (2", z)) + (1 + ¢)(an) (f (ze) — f(z7)) (5.66)
+ou V@) ek = auiall = Sl = ol + 56 (5.67)
< (14 @)By(a*, ) + (1 + 6)(ow) (f(aw) — f(a7)) + Vg (5.65)

2
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Where the second inequality follows from the definition of convexity and the quadratic lower
bound on Bregman Divergences implied by strong convexity, the third inequality follows
from an application of the Cauchy-Schwartz inequality, and the final inequality follows by
bounding ||V f(x)|| by G.

Now assume we run the algorithm for 7" iterations, and without loss of generality, assume T

is as even integer. Telescoping from % to T yields and rearranging yields

L+ o)) > (fla) — f(z") < 1+ )R> + Z o +1 (5.69)
i=T/2 i=T/2

Let ¢; = f(z;) — f(z*). We then have

1+ )R+ S5 (@241
min ¢ < 1+¢) 2 2ir2l ) (5.70)

erpr ™ = (14 0) (S )

Note that «; is the step size during the i-th iteration, so we can set the value of «; to optimize

the convergence rate. Let

R

oy =— 5.71
G2Vi(1+ @) 571)
which simplifies the earlier expression as follows
2
G2 ( + (z)) R2 + Zz =T/2 ( \/f(il_;'_qg)) + O(l)
- > - (5.72)
2 Zi:T/2 Vi
G*R 14X, rpi  2RG?
2oiery2 < (5.73)

= X
VE 2y T VT

where we use the fact that log T — log(% —1) =~ log 2. This gives an overall convergence rate
of

. < 2RG?
min ¢ <
i€T/2..T VT

which is a factor of G worse than the standard convergence of the Mirror Descent algorithm.

(5.74)

Note that the step size is inversely proportional to the approximation quality, so the worse

the approximation bound, the slower the algorithm will progress.
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CHAPTER 6: CONCLUSIONS

In this thesis, we developed a novel algorithm to solve optimization problems of the form

minimize  f(z)

. (6.1)
subject to z € C'N Sy

where C'is a convex set, and Sy is a sparsity constraint. We started with an overview of the

Iterative Hard Thresholding algorithm, which solves optimization problems of the form

minimize  f(z) (6.2)
subject to x € Sy '

and then discussed the celebrated Mirror Descent algorithm, which solves optimization prob-

lems of the form
minimize  f(z)

. (6.3)
subject to z € C

We then discussed previous attempts at modifying Mirror Descent for sparse optimization
via regularization methods, and finally we presented a novel algorithm which modifies Mirror
Descent to consider the sparsity constraints directly. We showed that although the general
problem of projecting onto a sparsity constraint under a Bregman divergence is compu-
tationally hard, an approximate projection suffices for iterative convergence. Specifically,
we proved that under certain geometrical conditions on the convexity constraint, the result
of Elenberg et.al [18] can be applied to bound the submodularity ratio of the subprob-
lem objective function, thus allowing us to bound the approximation guarantee of a greedy
support selection algorithm. Future work in this direction will include implementations of
the algorithm, and empirical results on regarding the speed of convergence. Hopefully this
work has provided insight into the inner working of some of the aforementioned algorithms,
and helped the reader develop an understanding of the novel proposed algorithm for sparse
Mirror Descent, which will hopefully inspire new ways of thinking of algorithms for sparse

optimization.
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