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Abstract

The spatial autoregressive (SAR) model is one of the most important models in spatial econometrics to
describe the connection between dependent and independent variables by taking account of spatial dependence.
The emphasis on SAR models has become more prominent in not only practical econometrics, but also
theoretical econometrics. While the traditional SAR model has been extensively researched in the literature,
researchers in the field of spatial analysis are becoming increasingly interested in spatial models with limited
dependent variables (LDV). The model specification problem and applications for both the SAR model and
the SAR model with LDV are investigated in this dissertation.

Chapter 1 proposes the modified Lagrange multiplier (LM) tests for one of the SAR models with LDV, SAR
Tobit models with SAR disturbances (SARAR Tobit model). There are two types of models considered in this
chapter. One is the latent SARAR Tobit model, and the other one is the simultaneous SARAR Tobit model.
The difference of these two types of SARAR Tobit model is whether a certain area’s data is affected by the
actual data of its neighbors or by the latent data of its neighbors. This chapter includes score functions,
two information matrices, and proofs of asymptotic distributions for the suggested test statistics. The finite
sample size and power are also investigated through a Monte Carlo simulation study. Our simulated results
show that these proposed tests have good finite sample properties both in terms of size and power, even in

the presence of misspecification.

Chapter 2 examines the geographical distribution of crime in the city of Chicago census tracts and its
effects on house values using the SAR model. The results show the spillover effects of crime among census
tracts in Chicago and the effect of crime on the local real estate market. We consider two kinds of spatial
models: one is the SAR model, and the other one is the spatial Durbin model (SDM). We demonstrate
the impact of crime on the local region as well as the large impact of neighborhood area crime on home
values using data from 801 census tracts in the city of Chicago. Besides, in our results, theft and burglary
have positive but insignificant effects on housing prices, which means they are associated with higher-income
neighborhoods, while violent crimes tend to be found in lower-income neighborhood areas. This means that,
contrary to the conventional thought that crime always has a negative effect on property prices, our analysis

shows that the effects of different types of crimes can have various and complex effects on housing prices.

In addition to the SAR model and its application, this dissertation also investigates the hypothesis testing
problem in a high-dimensional data setting. High-dimensional data means the dimension of the data can
grow with sample size, or even larger than the sample size. When the dimension of data is larger than the
sample size, the traditional Hotelling’s T2 test cannot be used since the inverse of the sample covariance

does not exist. Chapter 3 studies the consistency of the wild bootstrap for the U-statistic in the inference of

ii



high-dimensional means. Both unstudentized and studentized U-statistics are investigated and the consistency
of wild bootstrap is obtained under mild conditions, allowing for the dimension d growing at the faster rate
than sample size n. The results are applied to three problems in statistics and econometrics: overidentification
test with growing number of instrumental variables, spatial sign-based mean test and sphericity hypothesis

test for the covariance matrix.

Overall, this dissertation discusses hypothesis testing for SAR models with LDV and high-dimensional
data, as well as certain applications. The findings of this dissertation contribute to a better understanding of
the use of robust LM tests in the SARAR Tobit model and the application of unstudentized and studentized
U-statistics in the mean zero testing under high-dimensional settings, as well as the possibilities of future

research.
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Chapter 1

Robust LM Tests for Latent and
Simultaneous Spatial Autoregressive

Tobit Models with Spatial

Autoregressive Disturbances

1.1 Introduction

The conventional Tobit model (Tobin [1]) can be expressed as
yi = max(B'z; + i, 0)

where u; ~ .i.d.N (0, 0(2)), B and oq are parameters and x; is k X 1 vector of exogenous variables. The Tobit
model, also known as a censored regression model, is frequently used to estimate the linear relationship
between variables when the dependent variable is censored. The conventional Tobit model has been well
studied by many researchers (see, among others, Tobin [1]; Amemiya [2]; Robinson [3]; Robinson et al. [4]).
When spatial settings are introduced to the Tobit model, for example, one certain area’s data is not only
left- or right-censoring, but also affected by the neighborhood locations. That’s the basic concept of spatial
models with LDV.

Spatial models with LDV have been an emerging topic with rising interests among spatial analysis re-
searchers. The related publications can be generally classified into three categories including the model
estimation, empirical applications and new test statistics for the detection of spatial correlations. The first
category focuses on the estimation of the model. McMillen [5] proposed two categories of estimators for
probit model with spatial autocorrelation. One was based on the EM algorithm and the other one could
be applied to models derived using the spatial expansion method. Pinkse and Slade [6] developed tests for
spatial-error correlation and proposed a generalized method of moments (GMM) estimation for the model.
They also applied the method to evaluate spatial patterns in retail-gasoline contracts. Lesage [7] used the

Gibbs sampling (Markov chain Monte Carlo simulation) method for the bayesian estimation of the LDV



spatial autoregressive models. Wang et al. [8] demonstrated the consistency of a spatial Probit model for
cross-sectional data in a binary choice form using partial maximum likelihood. Besides the estimation of
the model, the second category focuses on the empirical applications. Pinkse et al. [9] used the one-step
GMM estimator to study mine operating decions in a real-options context. Bhat et al. [10] used a composite
marginal likelihood approach with a spatial dependent discrete choice model to investigate the daily episode
frequency of teenagers’ physically active and inactive reactional activity participation. In a recent survey
paper, Bille and Arbia [11] discussed different methods used in spatial discrete choice models and LDV
models, as well as their applications in health economics. Yang et al. [12] proposed a non-nested Cox-type
test for the specification test in the Tobit model with social interactions with both complete and incomplete
information. They used the property tax rates data in North Carolina to show that this Cox test has larger
income marginal effects and smaller population marginal effects for complete information model than the
incomplete ones. The final group is concerned with the novel test statistics for the discovery of spatial
dependence. Testing spatial models has received a lot of attention in the literature. Moran [13] introduced
the most commonly used test statistic for spatial correlation, which is referred as Moran’s I test. In their
survey paper, Anselin and Bera [14] documented various tests for spatial dependence. Anselin et al. [15]
applied the modified LM test developed by Bera and Yoon [16] to the SAR model in the presence of spatial
error auto-correlation, the spatial error model (SEM) part. Robust tests developed in Anselin et al. [15] have
become standard diagnostic tools for spatial econometricians. In this chapter, we generalize Anselin et al.
[15] from the standard SAR-SEM model to the Tobit framework. This generalization is importnat from the
practical point of view, as evidence from the the papers cited above. And also theoretically, as we will note

subsequently, derivations and proofs are relatively much more complex than in Anselin et al. [15].

There are two types of Tobit models that are frequently employed in the spatial setting. One is the
SAR Tobit model and the other is the spatial error (SE) Tobit model. These two structures have different
spatial correlations and have been proposed and studied by a series of research papers. Qu and Lee [17]
proposed LM statistics for testing the spatial correlation and derived the asymptotic distributions. Xu
and Lee [18] came up with the maximum likelihood estimation for the SAR Tobit model and showed the
consistency for the estimator. Xu and Lee [19] investigated a distinct environment for disturbances that were
i.i.d. but had an unidentified distribution. They used the sieve maximum likelihood estimation and showed
the consistency. However, none of the papers combined the two spatial correlations together. Therefore, in
this chapter, we proposed the spatial auto-regressive Tobit model with spatial auto-regressive disturbances
(SARAR) and applied Bera and Yoon’s [16] modified LM test technique.

For developing robust LM test statistics, we consider two types of SARAR Tobit models. One is the
latent SARAR Tobit model as follows.

Y =M, Y  + X8+ un, up,=pMuu, +e,

Yin = maX(Oa y;n)a

/

where Y, = (Y1,n,Y2,n; -, Yn,n)’ are observable variables, Y, = (y3 ,,,¥5 ;- Un )’ is the vector of latent

variables, €; ,, ~ i.i.d.N(0,0?), Ele; »|*™ < o0, for v > 0 and &, ~ N(0,,,3.), where ¥, = 0°1,.



Another version is the simultaneous SARAR Tobit model, which has the following structure
)/: =W, Y, + Xnﬁ + Up, Up = pMnUn + en, Yin = max((), y;:n)

Wi p = 0, My = 0, En ~ N(On,azfn).

The difference of these two types of SARAR Tobit model is whether a certain location’s observation is affected

by the latent data of its neighbors or by the actual data of its neighbors.

The rest of the chapter is organized as follows. In Section 1.2, we introduce the latent SARAR Tobit
model and present the details of its score functions and information matrix. In Section 1.3 we provide the
model structure of simultaneous SARAR Tobit model and the corresponding score functions and information
matrix. Section 1.4 is about the asymptotic distribution of test statistics. Section 1.5 shows the Monte Carlo
simulation results under different data generating processes. Section 1.6 provides the conclusions and some

ideas for future research, and the technical proofs are in the Appendix A.1.

1.2 Latent SARAR Tobit Model

1.2.1 Model Construction

Assume we have the latent SARAR Tobit model and the model can be written in the following matrix form:
Y =MW, Y, + X, B+ up, up,=pMyu, +e,

Yion = ma’X(Oa yz,n)7

where Y, = (y1,n, Y2,ns - Un,n)' are observable, Y* = (y§ .43 s s Ui n)'s €in ~ 4.0.d.N(0,0?). Using the

same settings in Qu and Lee [17], we let Ele; ,,|*T" < oo, for v > 0 and &, ~ N(0,, 2.), where . = 021,,,
1 . . 1 . .

|A] < S W and W, is bounded in row sums and |p| < T S, My and M, is bounded in row sums.

W, and M,, are both non-negative and they are not necessarily the same. It should be noted that the spatial

correlations are between the latent variables, as well as the disturbances.

Then the model can be rewritten as, when y;,, > 0 for every i,
Y, = (In — AW,) ' X8 + (I — AW,) 7M1, — pM,) " ten.

Since &, ~ N(0y,,0%1,,), let Sp(X) = I, = AWy, Ry(p) = I,, — pMy,, then (I, — AW,,) "1 (I, — pM,,) " te,, ~
N(0n, 028 (N R (0) S (MR (p).

n

Denote 6 = (3,02, X, p)’ and the density function takes the following form

! S” A Y;; — X” ,Rn /Rn Sn A er - Xn
—a= ISR exp | -2 B o) BP0 )

Y1 X0, 0) = (



Following the results in Qu and Lee [17], we denote I(Y;,Y;’) which takes value 1 if Y;* > 0, and 0 if ¥* < 0.
Then the joint function of (Y,,,Y,*) will be

YV, Y| X, 0) = 1Yo, Y  f (Y | X, 0),

nytn ny tn

and the density function of Y,, will be

V| X0, 0) = | (Yo, Y[ X0, 0)dY, = / I(Yn, Y) f (Y, [ X, 0)dY7
2 2
Considering the log-likelihood function for Y,, might be difficult and our primary focus is the score function
and the information matrix, we can utilize the property to interchange differentiation w.r.t. 6 and integration

w.r.t. yr.

O (Yol Xns0) [ Ol £, X, 0) 1Y Y F(V71X,00)
a6 = Ja,. 26 F(YalX,0, 0) n
- / O S [ Xns0) p ey, X, 0)av; (12.1)
0. o
oYX, 6)
—Eg[ 20 |Yn,Xn .

Since the density function f(Y,*|X,,,0) belongs to the exponential family of distributions, we can express it

in the following form.

FY7 X0, 0) = exp [n(Xn, 0) m(Y,)) + a(Xn, V)] /K (X0, 0(Xn, 0)).

where
K(Xn,n(Xn,0)) =/ exp [(Xn, 0)'m(Y,) + a(Xn, Y,)] dY,;
Qy;;
thus
Oln f(Y[X,,0)  n(Xn,0) o Oln K(X,,n(X,,0))
a0 =0 |0 an
6 X’fme ! * *
= OO o 32) — B ()1 X0)

Then Equation (1.2.1) becomes

ORI %0, 0) _ OO 13y m(32) X, Vi) — om0

In order to get the explicit form for Equation (1.2.1), f(Y,*|X,,0) can be decomposed as

= (o= ISa R )] el 55 07 S Bop) Ru ) SuNY = BB p) B (0)5, (Y

— Y, 8,(A) Ru(p) Ru(9) X0 + B/ X!, Ru(p)' R (0) X 8)).
(1.2.2)



A part of Equation (1.2.2) can be further decomposed as

Sn(A) Ru(p) R (p)Sn(AN) = (In = AWR)' (I — pMy) (I — pM ) (I — AW,
= (I, — AW, — pM], + N\oW, M} )(I,, — A\W,, — pM,, + A\pM,,W},)
= I, — \W,, — pM,, + A\pM,W,, — AW, + N2W/ W, + NpW,, M,, — N pW, M, W,,
— pM, + pAMW,, + p* M, M,, — \p*> M}, M,,W,, + \pW, M,
— NpW! MW, — \p* W/ M! M,, + X2 p* W/ M/ M, W,,.

Then the density function becomes

1
\V2mo?
— Y SN Ru(p) Ru(p) X + B' X}, R (p)' R (p) X 3)]

1
= V2mo?
+ XY WIW, Y — 202 Y W M, W, Y

+ 200 MW, Y + p?YE ML M, Y, — 2Xp°Y," M., M, W,Y;:
+ XY WM M WY, — 268'X R (p) Ru(p)Sn(NY;7)

1
— 3B/ X Ra(p) Ru(p) X

FY 31X, 0) = (

n

)" [Sn (M| B (p)] exp[*%(YJ/Sn(/\)/Rn(p)'Rn(P)Sn(A)YJ = B X5 R (p) R (p) S (MY

1 ’ ’ ’ ’
" ISu (1R (p) expl s (Vi Vit = 20V, Wy — 207, MY;7 + 200Y Mo WY

(1.2.3)

Equation (1.2.3) is used to determine the values of n(X,,8), m(Y;*) and a(X,,Y;’). As a result, we have

n

1 1. 1 1 1 1
X, 0)=(———, =\ —p, ——Ap, ———= A2, — )2
n( ) ) ( 20_270_2 ’02p7 02 p7 20_2 30_2 pa
1 1 1 1 1 1
— = Ap,———p%, =M%, ——— 2202, =S (A R (p) B (0) X8, ———=B' X! Rp(p) Rp(p) X n8)
0_2 p7 20_2p ’0_2 p7 20_2 p 70_2 ( ) (p) (p) /8’ 20_2/8 n <p> (p) 5)

(1.2.4)
and

m(Y) = (VY Y WY, Y MY, Y MW, Y Y WaW, Y, Y, WM W, Y, Y MW, Y,
Y M MY Y M MW, Y Y WM MW, Y Y1)

(1.2.5)

Though the forms of (X, 0) and m(Y,’) are rather complicated, it’s possible to get a neat form for the score

functions and the information matrix.



1.2.2 Score Functions

Now we denote 6 = (8,02,0,0)". The score functions for latent SARAR Tobit model take the following forms:

ds(0) = ;xammxn,m ~ BE(Y;|X,)] (1.2.6)
dy2(0) = %[E(Y:’mem Ya) = B Y| X0)] - ;m (B X0, Ya) = B(Y,|X,)] (1.2.7)
dr(0) = %E(sn\Xn, Yo W E(en| X, Ya) + %E(sn\Xn,Yn)’Wanﬁ (1.2.8)
d,(6) = %E(mxn,Yn)’MnE(gn\XmYn) (1.2.9)

The derivation for Equations (1.2.8) and (1.2.9) is given in Appendix A.1.

1.2.3 Information Matrix

The information matrix for the SARAR Tobit model takes the following form:

o= [

Jo Jsoz Jan Jp
Jorg  Jor Jnx JInp

g Iaez In I

Jos oz don

Next we compute the components of the information matrix one by one. Since the second derivative might

be very complicated, we can use the score function and compute the information matrix using the following

oL@\ (or@)\'] _
BT, 20 )|~

We simplify the score functions as follows because the information matrix will be more complex than the

information matrix equality:

92L(0)

E 0000’

scoring function.

Equation (1.2.6) can be further broken down into

ds(0) = L X1 [B(V21X,0,V,) — BV} |X,)] =

o2

1
X, B (e X0, Vo) (1.2.10)

because

EY) | Xn,Yn) = E(XuB+en|Xn,Yn) = X0B+ E(en| Xn, Yan)



and

E(Y,)|X,) = E(XpB+en|Xn) = X,8.

It can be deduced from definition of @ that

¢(x; . B,0%)0”
(1= (7, 8,02%))

E(in|Xn,Yn) = Wi — =i, 8) I (yin > 0) — I(yin =0). (1.2.11)

The derivation of Equation (1.2.11) is shown in Appendix A.1. Denoting vl(é) = E(gin|Xn,Ys), the score
function dg(f) can be simplified as

N 1 & .
Similarly, for d,2(0) we have,
A dln L,4(B,0?%)
dy2(0) = ———"1—2
0(0) 002
O I (yin = 0)In(1 — @(78,0%)) — 5 20 I(yin > 0)(I0(270°) + 25 (yin — 7 ,,0)°)]
n Oo?

B2 2
= o0t 22 [ =0 2GS 1t > O 51,9~ )

1- q)(x;,nﬂ’ 02)
= ﬁ ZQi(é)7
i=1

(1.2.13)
h X N _ . _ $;,nﬂ02¢(x;,n,570-2) . . A 2 2 . N —
where ¢;(0) = I(yun =0) 1—®(a] ,B,0%) + I(yun > 0)((yz,n - xz,nﬂ) —0?) and E(q;(0)) =
For dy(6),
A 1
d>\(9) = EE(5n|XnaYn) W, E(sn‘XTHY ) + E(5n|XnaYn) w, Xnﬁ
1« «— R . (1.2.14)
:ﬁz Z w”-lev] 22 Z w;jv;(0)z;
i=1 j=1,5#1 i=1 j=1,j#1
For d,(0),
. 1 .
dp(0) = —5 B(enl X, Yo) MpE(en| X, Ya) = — Z Z mg;vi(0)v;(0). (1.2.15)

=1 j=1,j7#i

With these simplified score functions, it will be much easier to get a simplified version of the information

matrix.



1.2.3.1 Jg

According to the information matrix equality,

Js =B [ds(0)ds(0)
= %E 14 Z Z xanU; nvl(é)vj(é)]
i=1 j=1

1< A
= Z xi,nxgan(vi(9)2).

i=1

Based on the property of v;(#), under 6, E(v;(d)) = 0. Since

E / 27 07%0/2 2)4 +002/ 2y4 oo 2 2d_z2
(i~ BP0 > 0] = [ wlo0t0t)it [ 2otz [ (oo 0Ndig )
= (2},0)°® (@], .0%) + @}, B0 b (] . B, 0%) + o ®(2] ,, 8, 07),
then
) / ¢(z;,n570—2)0—2
E[v1(9)2] =F [(yl,ﬂ - xz,nﬁ)l(yl,n > O) - (1 — @(l‘;)nﬂ702))l(yi’n = O)]2‘|
_ ) o ThaBo(),B,0%) (1 — 0] ,B,0%) — o?P(z] . B,0°)
7 [(I)(xi’”ﬂ e = 0(,,5,0%) |

Denoting h;(6) = U—le[vl(é)QL Js can be simplified as
J, :LG:m z h,(é)
B o2n v i,nbg pnlli .

1.2.3.2  Jg,e
For J3027

T 8) = - lds(6)d,2 (0]
="F

1 < Al s
- ﬁ;xmvi(a)w;qu}

- lzzmmm]

1

i=1 j=1
n

= Y i [m;mwi,n(x;nﬂ,a% 021028, 0%) -

02503 0 (1)

L= ®; (2,8, 0?)




1.2.3.3  Jp,

For Jgy,

Tn(0) = = Blds(0)dx(0)

1 — « R
i=1 j=1,j#1
1.2.3.4 Jg,
For J[gp,
A~ 1 A A
Tap(8) =  Elds(8)d,(0)
= Ogx1-

1.2.3.5 J,

Since

o2 18 o2\
£ (g0 = £ [«yi,n—x;,nﬁ)?—a?>2f<yi,n>o>+( RN )) I<yz,n=o>]

4.0 202 ( 2
- (?f@@(i (:;’Zfﬂg ] 0%}, B)70(2.0%) — 0%, B0(a 0 B.0%) + 3020(a,5.0°)]

—20°0%[~a} , B(x] , B, 0%) + ®(a} .8, 0°)] + oD (a] , B, 07)

o*(x7,8)* (7, B, 02)2]

= 02 [_(x;,nﬁ)3¢<x;,n57 02) - JQ(x;,nﬂ)¢(m;,n57 02) + 202@(1';’71570'2) + 1— (I)(I;7n/63 0-2)

Then
~ 1 ~
Jor(0) = - Bldys (0
1 Iy
= EE 108 ;%(9) ]
= 1 Z": — (2! B)S(b(x’ B8 0'2) —02(33’» ﬁ)(ﬁ(a:’ Jé; 0'2) +202<I>(x’. B 0'2) + 02($27nﬁ)2¢2($;7n5,02)
456n, gt RO i,no RO i,mi inio 1— Q(x;7n5;02) .



1.2.3.6  J,2y

For J,2,,
1 . . . n(J# . n(j#i)
EE[d (Q)d)\(o 04 qu 9 Z Wi, nU U] 9 Z Wig, "UZ Lin )]
i,j=1 1,j=1
1 1 & . n(]?’fl 1 n(j#1) A .
— . — .. ! . .
= EE[ﬁ Z%(a ijl w;jnvi (0 xz n )] = 2051, ijZ:1 wz],nxi,nﬁE[Ul(o)%(a)]

= 204p et 1—d(x Z’nﬁ,UQ)
1.2.3.7  J,2,
For J52,,
. . 1 1 & 1 n(j#i) . A
—Eldy2(0)d,(0)] = gE[ﬁZQi(e)ﬁ Z mijnvi(0)v;(6)] =0
i=1 ij=1
1.2.3.8 J
. A 11 "uED . 1 MU R .
gE[dp(e)dp(e)] = EE[T Z My nvi(e)vj(e)ﬁ Z mijnvi (0)v;(0)]
i,5=1 1,7=1

n(];é n(a#b) ) ~ .
— Z Z myj, n’U@ o)mab nUa (0)1}(,(9)]
0 i,7=1 a,b=1
n(a=i,b=75) n(a=4,b=i)

n(j#i) _ 2
L P s e RO P W S

i

= - El S mijnvi@)0; O mapnva@vs(0) + Y Mg i (0);(0)mapnva(B)vs(9)

i,j=1(j#1) i,j=1(j#1)
n(j#i) n(other)

+ Z Z mij, nﬂi(é)’l)] (é)mab,nva(é)vb(é)]

4,j=1 a,b=1(a#b)

1 « N R
=~ > (m 0+ migamyin) Bl (0)°)1B[v; (6)°).
ij=1
1.2.3.9 J,,
For J,», we have
1 R ) "(J#z) . n(];ﬁz n(j;éz)
- Eld,(0)dx(0)] Z Mijn0i (0 vj (0)( Z Wi (0 Z Wij U (0
i,5=1 3,j=1 i,j=1
n(i#i) na#) )
BL Y miavi@)v;(0) D wanva(0)vn(0)
1,j=1 a,b=1
1 n(j#1) R R
=~ D Mign(Wijn + wjin) Bvi(0))E[v;(0)?).
ij=1

10

Bl

)



1.2.3.10 J,

JA(0) = = E[dx(0)*]

1 1 n n R R 1 n n R , )

= —F |( wigoi (0)v; (0) + — SN wiui6))B)
i=1 j=1,j#1 i=1 j=1,j#1

1 n n R . 1 1 n n n N

- n Z Z _wij(wijm +wjin)hi(0)hi(0) + o} Z Z » .wijwitxgﬁxiﬁhi(e)
i=1 j=1,j#1 i=1 j=1,j#i t=1,t#4,j

1 1 n n R

to3 > wii(@)8)*hi(0)
i=1 j=1,j#1

1.3 Simultaneous SARAR Model

1.3.1 Model Construction

Similar to the settings in latent SARAR Tobit model, the simultaneous SARAR Tobit model can be expressed

as
Y; = \W,Y, + Xnﬂ + Up, Up = PMnun + &n, Yion = max(07 y:n)
Let R, (p) = I, — pM,,, then

Y= AW, Y, + X8+ RN p)en,  en = Ru(p) (Y = AW,Y,) — Ru(p) X,5.

Y1 Y
Denote Y,, = , and correspondingly Y, = ' , where all elements of Y7 = 0, and all elements of Y5

Yo Yy

are positive. Then Y7* and Y5 can be written as

Yl* = )\W12Y2 + Xlﬂ + (Ril(p)g)l = )\Ollyl* + >\W12}f2* + Xlﬁ + (Ril(p)€)1
Yy = AWaYs + Xof + (R (p)e)2 = A021 Y[ + AWaa V5" + Xof + (R (p)e)a.

Denote Wy 11 = 0, Wy 12 = Wig, Wy = 0, Wy9o = Wag, then
Y= MWy, Y, + X8+ Ry (p)en.
Let Syn(A) = I, — AWy, then
Yy = Sya(NXaB 4+ Sya(MR N (0)en,  en = Rul(p)Sya(N)Y,) — Ru(p) X 3.
This equation is the same as the latent SARAR Model, but w;;, = 0 for y;, =0. When A =0,p =0

Sp=1Ip—-W, =1,, R,=1I,— pMy, = 1I,.
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For § = (B,0%,A =0,p=0), similar to the latent model, it can be computed that

Ul(é) :Ee(yzn - m;,nB|Xn7 Yn)
—29(a! )
= n T T — ! I(u:
1 _ @(x;7n5’ 0_2) (ylﬂl O) + (yz,n x;)nﬁ) (yz,n > 0)
6 (0) = Bo((yfn — 75,28)* — 07| X, Y2)

o?x; , B(x] .8, 0°)
= i1 L I . = . - 2 _ 452 I . .
1— (I)(x;,nﬁa o2) in =0) + ((Win — i nB)” — ") (i > 0)

1.3.2 Score Functions

The score functions for simultaneous SAR Tobit model have the following forms:

= E xinvi(0) = E Tim
02 02

n 2
do2( 204 Z% (9) 204 Z [U % nﬁ(i(z ;giz) )I(yz‘,n =0) + ((Yin — 7,08)° = ") (yin > 0)]

1_5(:?agﬂwm=0%wwm—@WMH%n>m] (1.3.1)

(1.3.2)
| "G n(j#i)
é Z WiV (0)[(Yj,n — x; LB (yjm > 0)] Z Wi;n0; (0 b (1.3.3)
3,j=1 ,j=1
n(J#Z .
Z mijnvi(0 v] (9). (1.3.4)
1,j=1

The alteration of dy(f) is the main distinction from the latent SARAR Tobit model.

1.3.3 The Information Matrix

Similar to latent SARAR Tobit model, considering the variation of score function dy, then there are 4 items

containing dy(0) that have changed correspondingly.

1.3.3.1  Jgy
1 . .
HANOING)
1 1 n . n(];éi 1 n(j#i) R
= E[; Z{L‘i’nvi 0 Z wzg nvz yj,n - x;,nﬂj»n)‘[(ijn > 0)] + ; Z wij’nvi(a)x;’n )]
i=1 i,j=1 i,j=1
n(j#1) 1 n(j#i) .
Z TinWijn vl(ﬁ) 1E[(yjn — x;’nﬁ)l(yj,n > 0)] + . Z .Ti,nUJij7nl‘;~7n6E[’l}i(9)2]
1,j=1 i,j=1
n(j#i) 0242 2
1 2 ’ (b ( 17Lﬂ70 ) / ! 2 ! 2
TTL ijz::l LinWijmn [O' ¢($],n67 ) + x] nﬂ] W — xi,nﬁ¢(xi7nﬁ, g ) —+ (I)(xi,n/@’ o )
1 n(j#i) R
Z LjnWij, n[o— ¢( j nﬂv ) nﬂ]hl(e)
1,7=1

12



1.3.3.2  J,2)

*E[ 2(0)dA ()]

1 1o R n(j#i) n(j#i) R
=—El5 3 Zqi(e Z Wi Vi (0) (Y — 25 Bin) I (Y > 0)] + o > wijavi(0)a],5)]
i=1 ij=1 ij=1
n(j#) R 1 n(j#i) o
= o Z i B0 (0)ai O B[y — 25,0 (950 > 0)] + jnBEwi(0)a:(0)]
(J#z) 2,/ 20,1 2
1 ! 2 2 -0 xz,nﬂ(z) (xi,n/g7o. ) 2 2 2
= i 2o, W00 0%) B | e T OB 8o
1.3.3.3  J,»
1 . .
—E[d,(0)dx(0)]
1 n(_];éz ) n(j#i) 1 ny#i) ~
= EE 02 Z mijnvi(0 UJ (0)( Z Wi n0i (0)[(Yj.n — ,B)I(yj n>0)]+ o Z wij i (0)
1,j=1 %,j=1 i,j=1
n(j#i) _ n(a#b)
= i Z mij, HU’L UJ 9 Z Wab, nva yb,n - ,Ub,n)l(yb,n > 0)]
g 7’L 7,7=1 a,b=1
1 n(j#1) R .
=% > mijnwinBlvi(0)*)1Elv; (0) (yjn — 2 8T (Yjn > 0)]
Py
n(j#1) .
+ Z MijnWjin U] (9)2}E[’U1(9)(yz,n - x;,n/ﬁ)l(yl,n > 0)]
i,j=1
1 n(j#i)
_ N\ 2 ) /
=, > (Mijmwijn + Mji nwji n) E[vi ()1 E[v; (0) (yj.n — 2 nB)I (Y0 > 0)],
ij=1
where
. o2 (z B, o>
E[vi(0)%] = o° (@i 07 — @ . Bo () . B,0%) + ®(x] ,,8,07) (1.3.5)

1= ®(x,,.0%)

E[vj (é) (yjun .’E] n )I(y],n > 0)] = E[(yj’n - x;,nﬁ)?[(yj’n > 0)] = 02[_x;',nﬁ¢(x;,nﬂﬂ 02) + (I)(x;nﬁ7 02)]'
(1.3.6)

13

2)‘| )
x},nﬂ)}



1.3.3.4 J,

1 A o
EE[d,\(G)dA(G)]
1 n(j;ﬁz) 1 n(j#i) ~
= ﬁE 0_2 Z Wig i (0)[(Yjn — B)I(y] n > 0)] + ) Z Wijnvi (0) Ty, nﬁ)Q
3,j=1 i,j=1
[ nG#ib#a)
1 1 5 p A
=Bl > winti®)in — 2508050 > O)wasnva(®)[(Unn — )1 (G0 > O)
L i,j=1;a,b=1
1 9 n(j#i,b#a) . .
+ B\ D> wintiO)(in — 750G > O)]wabnva(0)pn
1,7=1;a,b=1

1 1 n(j#i,b#a) X A
+okB ; o Z wijanvi(e)‘r;’,nﬁwab,nva(G)Mlhn
i,7=1;a,b=1

n(j#i)

Z wijnE [ 2} E[(yjn — 2,8)°1(yjn > 0)]
3,j=1
n(j#1) A )
= D Wit E [0 O — 2B Wi > O] B [050) (3.0 = 20 (W30 > O)]
7,7=1
n(j#i,k#t) )
toh D Wikt [vi(@ﬂ El(yjn — 2508)I(Yjn > 0)]

i,5,k=1
n(j#i ki)

1 l N\2
+ E Z wij,nwik,nxj,nﬂﬂk,nE [vz(e) :|
i,j,k=1
n(j#t)
= > wh B [0i0)?] Ellysn — 5,08 1y > 0)
4,j=1
n(j#i)
Z WijnWjin [(yi,n - m;,nﬁ)21(yi,n > 0)] E [(yj,n - x/jmﬁ)QI(yj,n > 0)]
4,5=1
9 n(j#i,k#1) .
o O Wtk B [0:(02] Elsin = 7 u8)1 (g > 0)]
1,],K=
1 n(j#i,k#1)
A i'nin/' . E{;éz}
+ 0'41’L ijZkZI WijnWik, m],nﬁxk,nﬁ U( )

1.4 Asymptotic Distributions of Test Statistics

1.4.1 Asymptotic Distribution of Conventional LM Test Statistic

Now we denote § = (B ,62,0,0), where B and 62 are the maximum likelihood estimators of 3 and o2, which

lead to the discussion on the test statistics under different hypotheses.
(1) H§ : p=0.

(2) Hy: A =0.

14



(3) Hflzpzpo—&-%.
(4) HY X=X+ 2.

Under H§, the conventional LM test statistic is

where J,(0) = J,(0) — J,n (8)J;1()J,,(6). Under Hg (or §), we have J,5(0) = 015k, Jp02(0) = 0 and J,(8)

is nonsingular under the conditions of Amemiya (1973). Thus we have Jp.w(g) = Jp(g). Let the log-likelihood
function to be L(vy, p, ). Suppose we set A = 0 have the log-likelihood function as Lq (7, p,0). Then we set
p = 0 and have the log-likelihood function La(7,0,A). If Li(7, p,0) is the true model, then it is obvious that

LM, follows a chi-square distribution. In our case, we can simplify LM, as

’ L0740
Bld,0?]  Varld, 8?7 xi(0).

Si=

And according to Davidson and MacKinnon (1987) and Saikkonen (1989), if true model is La(7,0,A), and
under HY,
LM, =4 X3 (83 Ixpy Iy 3 T orn)

where . (0) = Jpa(0) — Ty (0)751(0).J,2(0).

Under H{, the conventional test statistic is

LMy, = %d,\(g)'J;}Y(g)d,\(g)

where Jx.~(0) = Jx(0) — Jxy(0)J1(0)Jy(0). Since v is a (k4 1) x 1 vector, J7(5) isa(k+1)x(k+1)
matrix, J,\V(g) isalx (k4 1) vector and JW,\(g) isa (k+1) x 1 vector. Similarly, if p = 0 is the true model,
under HY, it is obvious that

LMy —4 x3(0)

Similarly, if L1 (v, p, 0) is the true model, under H,
2/52 -1
LM,\ —d Xl((spJpXV‘])\-»yJ/\P'V)

In Qu and Lee [17], there are five types of LM test statistics. The first one is the LM test for simultaneous
SAR Tobit model. The second one is LM test for the latent SAR Tobit model. The third is for the latent
SE Tobit model. The fourth is latent SAR Probit model, and the fifth is the latent SE Probit model. After
comparing with our test statistics, our LM, for the latent SARAR Tobit model is just the LM test statistic
for latent SE model in Qu and Lee [17], which takes the following form:

9se(dQ)

2L N(0, 1),
9Qn

where



which is just the d, in this chapter; and
05, = tr(WnS, Wy + W) S, W, Ey),
where X, = diag(E(e?,,(«)) and

¢(z},B,0°)*®(x] ,8,0°)
1 —&(z],B,0%)

B(s} (o) = + (] .8, 0%)° + @ (2} .8, 0°)* — 2} . Bo(x7 B, 07),

which is just J, in this chapter.

Similarly, the LM under the latent SARAR Tobit model in our chapter is just the LM test statistic
for latent SAR Tobit model in Qu and Lee [17], which has the following form:

gsAr(&)

~ N(0,1
&Qn (7)7

where

which is just the dy in this chapter; and

ag)ﬂ = tr(W,S, W, 2, + W)X, W, %,) + (W, X,,8)' S, W, X,. 3

6gSAR(d))[E82 lnLn(a)}_lE(agSAR(d)>

+E( oo’ Oada! Oa

where ¥, = diag(E(¢2 (o)), and

i,n

¢(z},B,0°)*®(x] ,B8,0°)
1- (b(‘r;,nﬂa 02)

E(Ezz,n (a)) = + d)(l';,nﬁv 02)2 + (I)(x;,nﬂ’ 0—2)2 - m;,nﬂgb(‘r;,nﬁv 02)'

The whole term of aén is just J;i(a) in this paper.

For the simultaneous SARAR Tobit model, the LM, under the simultaneous setting is just the LM test
statistic for simultaneous SAR Tobit model in Qu and Lee [17], which has the following form:

where
gn(d) = é;ngén + g;LWn(XnB)a

which is just the dy in this chapter. And &g, has the similar form as above, which is exactly Jys in this

chapter.
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1.4.1.1 Robust LM Test Statistic
According to Bera and Yoon [16] and Anselin et al. [15], the modified robust LM test statistic is as follows

LM} = %[dp(a) - Jp,\.y(g)J;i(ﬂ)dA(a)]/[Jpw(a) - me(5)Jii(9)JAp-w(9)Tl[dp(9) - Jp)\-w(o)‘];i(e)dk(e)]

LM, = ~[Ax(0) = Trpy (0) T3 0)dp(O)) [ry (0) = Tnpr (0) 7,23 (6) Tory (O]~ dA(0) = T (0) 7,5 (6)d, (6).

1
n
According to Anselin et al. [15], for LM, dp(g) - Jp)\,,y(a)J;}/(g)dA(g) is the part of dp(bv) that remains

after eliminating the effect of d(0). It’s shown in Bera and Yoon [16] that under Hg, LM, has a central

chi-square distribution, similarly for LM}, which is the following theorem.

The asymptotic distributions of the LM test statistics under SAR Tobit model settings have been well-proved
by Qu and Lee [17]. We can further illustrate a brief proof of the modified LM test statistics in our SARAR
Tobit model setting. We denote v = (3}, 02)’, which is the true parameter contained in the interior of the

compact set ©. And 4 = (B/ ,62)" is the MLE estimator for 7. Now we define assumptions as follows.
Assumption 1.4.1. W and M spatial weight matriz is bounded in row and column sums norms.
Assumption 1.4.2. ¢;,, ~ i.i.d. N(0,02) for all i.

To show the asymptotic distribution of the LM test statistics, we need the following Lemma.

Lemma 1.4.1. Under the null and Assumption 1.4.1 and 1.4.2, %a;,%ﬁ) —F (%%) —p 0 where v*

lies between the MLE estimator 4 and the true parameter ~y.

The proof of Lemma 1.4.1 is in Section 7.

Using Taylor series expansion:

o
I
\
-
\

, = 10000 19LO) ()

0y n 0yoy'

where v* lies between 7y and 4. Since 8@—9”@ =0,

oy (LIPLOMN T 1 0L)
Vit =) = (-2 ZHI)) - o)

Based on Lemma 1.4.1, using the Central Limit Theorem, we have the following result:

V(i =10) —a N(0,J7), (1.4.1)

where J = F (—%6;%1‘3)).

Theorem 1.4.1. Under assumptions in Amemiya [2] and also Theorem 2 in Qu and Lee [17], as n — oo,
the following result hold.
Under H§ and HE,

LM} =4 X3 and LM —q X3
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Proof of Theorem 1.4.1: According to (1.4.1) and the results from Bera and Yoon [16], we have

d,(4,0,0) 0 |Jpy JIon
Jn p N ’ Py A
dx(%,0,0) 0| |Japmy  Jan

Since we have our robust LM test with the modified score d(0) as
d5(0) = [dp(8) = Tpr (0) 153, (B)dr(6)],
then we can get
VIAS(0) = (L =Ty R VTAD) + 0p(1) =50 N0, Tpr (0) = Tpre (BT (B) I (8)),
which shows that LM} —q x3(0). The similar procedure holds for LMj;

When H§ : p = 0, the conventional one-direction test is

and the robust test statistic is

LA = 1y 8) = Tpres 0T O s D) g 8) = Ipres @ T30 T O] (0) — Tpa (013 B)r ),

where Jpn () = Jpa(0) — Ty (0)T5 1 (0) Toa(0), Ty (0) = Jp(0) — T ()51 (0) T1(6), Trn(0) = JIn(0) —

Iay(0) 7 (0)JyA(6). Since we have Jg, = Ogx1 and Jy2, = 0, then Jyx,(8) = Jpa(0), J,n(0) = J,(0). We
can simplify LM} as

LM = %[dp(é) — Tox(O) T2 O)dr0)) [7,(0) — Tpx(0)T32(0) Trn(0)) " [dy(8) — Jpa(0)T5.2 (B)d (0)).

When H{ : A = 0, the conventional one-direction test is

1 ~,
LMy = ﬁdx(G)/J,\.i(e)dx(Q),

and the robust test statistic is

LA = —[d3(8) = Ingy (0T @y O 1 8) = T (8172 0T D] 1A B) = Ty (B):1 01 (),

where Jxp.(0) = Jx,(0) — Jay(0)J51(0)J5,(0) = Jr,(0). The simplified version is

LAL; = —ds@) = g0 @)y (0] Unn (0) = T @7, BT n @] [dr0) — I (017, @), (0],
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When Hy : p =0, =0, the joint test statistic is

/ -1

dy(0)| | T (0)  Jpr(8 d, (0
LMP)\:l o(6) -y (0) pa(0) o(0)
n ~ ~
@) | [Ipn@  Dna@ | |dr@)

which has the simplified version as
! -1

d,(0)| | J,8) T8 d,(0

LMM:l p(0) p(0)  Jpa(0) p(0)

n ~ ~

1.5 Monte Carlo Results

In this section, we use Monte Carlo simulations to demonstrate the limit sample performance of our test
statistics. 1000 Monte Carlo replications are performed for each simulation. In each table, N is the sample
size; p is the spatial error parameter; A is the spatial lag parameter. For our Monte Carlo study, we consider
five test statistics LM, LMy, LMy, LM} and LMy, which are given below.

Similar to Anselin et. al.[15], the joint test statistic is also the sum of uncorrected one-direction test

for one type of alternative and the adjusted form for the other alternative, which is
LMy = LMy + LM, = LM, + LM} (1.5.1)

First we verify the identities given in Equation (1.5.1).From Table A.1, we notice that the identities are
satisfied. This observation also verifies all our algebraic derivation. The test statistics have complex expression;

thus verifying Equation (1.5.1) is very difficult. Thus Table A.1 results are very reassuring.
[Table A.1 is here]

In the following tables, the performance of five test statistics are studied. For the latent SARAR Tobit
model, LM, and LM) are exactly the sqaure form of the LM test statistics for latent SE and latent SAR
Tobit models in Qu and Lee [17]. For the simultaneous SARAR Tobit model, LM is the square form of the
LM test statistic for the simultaneous SAR Tobit model in Qu and Xi [17]. There is no corresponding test
statistic for LM, in Qu and Lee [17] under the simultaneous SARAR Tobit model setting. Table A.2 is a

brief description of the test statistics involved in the Monte Carlo simulation study.

[Table A.2 is here]

1.5.1 Data Generating Processes

The model under null hypothesis of no spatial dependence is a classical Tobit model:
Y = Xnﬂ + Un

n

Yion = maX(O, y::n)
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The explanatory variable X, is a N x 2 matrix. There are two types of model considered in this chapter,
latent SARAR Tobit model and simulaneous SARAR, Tobit model.

For the latent SARAR Tobit model, we let z1;, to be intercept and Xy9;,, ~ N(1,1) as in Qu and Lee
[17]. u;s are from normal distribution with mean equal to 0 and o 6 and the coefficients 8 = (1,1)". For

each combination of parameters, 1000 replications are performed and the proportions of rejections are reported.

The choice of weight matrix is the same with Qu and Lee [17]. We construct the weight matrix W,
and M, using Lesage’s econometrics toolbox (Lesage and Pace [20]). For the construction of W, and M,,, we
firstly generate two random normal vectors of coordinates as geographic location, and then we let k to be
the number of nearest neighbors for each observation and denote weight to be 1, otherwise 0. Finally we

row-normalize W,, and M,,, where N is chosen to be 50 and 100 and k is 3 and 5.

The empirical sizes of the test for latent SARAR Tobit model are reported in Table A.3.
[Table A.3 is here]

For the simultaneous SARAR Tobit model, we let x1;, to be intercept and Xs; , ~ N(1,1) as in Qu and
Lee [17]. u.s are from normal distribution with mean 0 and ¢ 6. The coefficients 8 = (1,—1)". For each
combination of parameters, 1000 replications are performed and the proportions of rejections are reported.
The empirical sizes of the test for simultaneous SARAR Tobit model are in Table A.4.

[Table A.4 is here]

The nominal significant levels in Table A.3 and Table A.4 are o = 0.05 and o = 0.1. According to Table A.3
and Table A.4, the sizes for LM and LM, are not so good for they reject the null too often. LM, and LM
behave the best among the test statistics. For all combinations of parameters, their rejection frequencies are
all within range. When N = 50 and K" = 3, LM, and LM under-reject the null while others over-reject at the
same time. If we keep the sample size fixed and increase the number of neighbors, they all have experienced
the over-rejection problem. Therefore, with fewer neighbors, the outcomes are substantially better. If we keep
the number of neighbors fixed and increase the sample size from 50 to 100, all the test statistics fairly reject
the null compared with a smaller sample size. The robust test statistic LM has the good size and no penalty
for using it. For the other three statistics, they have experienced the over-rejection problem. This may be

caused by the settings of the data generation. The same results apply to the simultaneous SARAR Tobit model.

In this chapter, we consider three types of alternative hypothesis of spatial dependence.

1.5.1.1 Spatial AR Error

In this setting we have the spatial AR error as follows.
Up = pMpuy + €y

where €; ,, follows the normal distribution with mean 0 and o = 6. We let the parameter p take values from

0.1 to 0.5. The tables and figures are as follows:

[Table A.5 is here]
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[Table A.6 is here]
[Figure A.1 is here]
[Figure A.2 is here]

Table A.5 and Table A.6, as well as Figure A.1 and Figure A.2 illustrate the estimated rejection rates for the
five test statistics against the spatial AR errors for both latent and simultaneous SARAR Tobit models. The
first and seventh rows of Table A.5 and Table A.6 are just the empirical sizes for the five test statistics when
both p and X equal to 0. Rejection probabilities are presented in the remaining rows of the table, some of
which can be interpreted as powers. Here p and A change from 0.1 to 0.5 and the results for p and A bigger
than 0.5 are not reported in the table since their estimated rejection rates are just 1 or close to 1. LM,
and LM have the highest power, which means that they both have the power against spatial errors. When
N =50, p > 0.4, their power is higher than 90% rejection rates, and when N = 100, their power is higher
than 90% even when p > 0.3. From Figure A.1, when A\ = 0, it is obvious that employing the adjusted test
LM over LM, results in a minor reduction of power, which is due to the difference in the non-centrality
parameter of x?(8'.J Aoy ;J,,)\.,Yé). The findings indicate that employing robust test statistics rather than a

one-directional alternative does not result in a significant loss of power.

According to Figure A.1, when p changes from 0.1 to 0.4, the power function of LM is flatter than
other test statistics, which represents the meaning of robustness of this robust LM test statistic, especially for
small values of p. The joint test LM,y also has good power against the AR error dependence, much better
than LM and close to LM,. Since LM, is a X7 test while LM, is a X3, it should come as no surprise that
the former has higher power than that of the latter. When p value is high, the two tests are indistinguishable.
The advantage of using LM is that when compared to LMy, it can help us to point to the correct alternative
because LM has higher power than LM} under the AR error dependence. On the contrary, LM,y can not
provide the indication which alternative cause the misspecification. In comparison to the power of a smaller

sample size, all statistics tend to have more power as the sample size grows.

1.5.1.2 Spatial AR Lag

The spatial AR lag has the following form for the latent SARAR Tobit model:
Y =W, Y + X0+ up, Yin = max(0,y;,)

where x1; , to be intercept and Xo;,, ~ N(1,1) as in Qu and Lee [17]. u}s are from normal distribution with

mean equal to 0 and variance to be 6. The coefficients 5 = (1,1)".
For the simultaneous SARAR Tobit model, the spatial lag has the following form:
Y = W,Y, + X0 + un, Yi.n = max(0,y;,,)

where z1;,,, to be intercept and Xa;,, ~ N(1,1) as in Qu and Lee [17]. u}s are from normal distribution with
mean equal to 0 and variance to be 6. The coeflicients 8 = (1,1)’. We let the parameter A take values from

0.1 to 0.5 and get the following empirical power for both of the models. The tables and figures are as follows:
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[Table A.7 is here]
[Table A.8 is here]
[Figure A.3 is here]
[Figure A.4 is here]

Table A.7 and Table A.8, as well as Figure A.3 and Figure A.4 show the empirical power under the spatial
AR lag for both latent and simultaneous SARAR Tobit models. Similar to Table A.5 and Table A.6, the first
and seventh rows of Table A.7 and Table A.8 are just the empirical sizes for the five test statistics when both
p and A equal to 0. Different from Table A.5 and Table A.6, now LM, and LMj3 have the highest power,
which means that they both have the power against spatial lags.

From Figure A.3 and Figure A.4, the power function of LM is flatter than rest of the statistics, especially for
the small values of A. The difference of power between LM, and LM for simultaneous SARAR Tobit model

is not as big as in the latent SARAR Tobit model which is due to the difference in the non-centrality parameters.

An interesting finding is that the power function of LM is flatter for simulatneous SARAR Tobit model
when there is the presence of spatial AR lags; while the power function of LM7 is much flatter for latent
SARAR Tobit model when there is a presence of spatial AR errors. The reason behind this phenomenon
is because the simultaneous and latent SARAR Tobit models’ information matrices diverge, resulting in a

variation in the non-centrality parameter.

1.5.1.3 Spatial AR Lag and AR Error

In this setting, both A and p will not equal to 0. The latent SARAR Tobit model has the following

Yion = maX<07 y;k,n)

and the simultaneous SARAR Tobit model:
Y;: = \W,Y, + Xnﬂ + Un,, Up = pMnun +én

Yion = maX(O, yz*,n)

where the 8 and X, are just the same with above. For the selection of parameters, first we keep A = 0.05
fixed and let p change from 0.1 to 0.5. Then we keep A = 0.1 fixed and let p change from 0.1 to 0.5, vice
versa. The tables and figure below present the estimated rejection probability for the latent SARAR Tobit
model and the simultaneous SARAR Tobit model:

[Table A.9 is here]
[Table A.10 is here]
[Figure A.5 is here]
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Table A.9 and Table A.10 show the estimated rejection probabilities for both latent and simultaneous SARAR
Tobit models. The results are similar to the case when there is only spatial AR errors or only spatial AR lags.
When p is not zero, but remains a small value, as A gets bigger, the power function of LM is still flatter,
compared to all the other test statistics. Similar situation holds for LM} as A stays a small value and p

increases.

Besides LM,, LMy, LM, LM, additionally, we are quite intrigued by the performance of LM, for
the relevance of its size and power characteristics are so crucial. Figure A.5 show the power surface plots
of latent SARAR Tobit model and simultaneous SARAR Tobit model for different combinations of (p, \)
varying from (0, 0) to (0.5, 0.5). From the power surface plots, it is obvious that the power of LM, climbs

extremely quickly and approaches 1 very quickly when any one of p and A increases.

1.6 Conclusions and Future Research

This chapter derives the robust LM tests to test the spatial correlations for SARAR Tobit model, which is a
generalization of Anselin et al. [15] to Tobit model. Additionally, we derive the joint LM test for endogeneity
and spatial dependence, which we recommend as the place to start when performing a specification search in
the given situation. Two types of SARAR Tobit models are considered in this chapter. One is the latent
SARAR Tobit model and the other is the simultaneous SARAR Tobit model. The Monte Carlo simulation
results show that the robust test statistic for both models have good properties under finite samples for
local misspecification. For the practical use, our recommendation would be to apply LM, for the joint test
Hy:p=X=0.If Hy is accepted, then it would be totally fine to use the standard Tobit model. If rejected,
then apply LM or LM3 to find the case.

In this chapter, we do not address the problem of choosing between two types of SARAR Tobit mod-
els. It is possible to design Cox-type non-nested tests to determine which Tobit model, latent or simultaneous
is more appropriate for the data in hand. For the current data generating process, we only consider the
normal error terms. According to Anselin et al. [15], tests are still robust under non-normality. Thus for the
future research, we can also consider the cases under non-normality. Besides, we also intend to do further
research on the empirical case dedicated to demonstrating the effectiveness of test statistics in future works
of this study.
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Chapter 2

Modelling the Spatial Impact of Crime
on Housing Prices: Evidence from
Chicago City

2.1 Introduction

The City of Chicago (hereafter, Chicago) has 801 census tracts, 77 community areas that have been grouped
into 9 districts; Chicago has one of the highest crime rates in the United States compared to all other cities,
especially the violent crime rates. The crime rate in Chicago experienced a major rise in the late 1960s;
however, there is a drop in recent years. Different census tracts in Chicago have different changing patterns

in crime but somehow affect each other at the same time, which reveal significant signs of clustering.

In general, research tend to operate on the assumption that crime plays an important role in affecting
housing prices, and the effect is negative since people are more willing to buy houses located in “safe” areas.
The underlying relationship between property prices and crime, on the other hand, may be more intricate than
a straightforward downward effect. Ceccato and Wilhelmsson [21] proved the fact that the overall influence
of crime on property values (measured as crime rates) was negligible, but the effect was non-negligible when
assessed by distance to a crime hot spot. When different types of crime were considered instead than just
looking at overall crime instances, the impact of crime might vary. According to Gibbons [22], different types
of crime might have different impacts on property prices. Violent crimes, such as sexual assaults or homicides,
might have a significant negative influence on prices, although property crimes, such as burglaries, might have
a minor impact. According to the findings of Pope [23], when a sex offender came into a neighborhood, house
prices in the surrounding area dropped by 2.3 percent ($3500 on average). While IThlanfeldt and Mayock [24]
found that only robbery and severe assault crimes (per acre) had a significant impact on housing values in
the neighborhood.

In this chapter, the goal is to use the spatial autoregressive (SAR) model to show the spatial impact

of crime on housing prices using the data from Chicago. The rest of the chapter is organized as follows. In

Section 2.2 a brief review of the relevant literature is provided. Section 2.3 describes the data sources and the
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methodologies used in data acquisition and organization; Section 2.4 provides an overview of crime analysis
in Chicago. Section 2.5 presents the two models used in this chapter, a SAR model and spatial Durbin model
(SDM) and their estimation methods. Section 2.6 presents the results and the final section 2.7 provides some

concluding remarks.

2.2 Literature Review

Researchers have historically focused on within-neighborhood crime for offenders who commit their crimes
mostly in the vicinity of their homes (Rhodes and Conly [25]) and rarely commit crimes outside of their
familiar surroundings (Brantingham and Brantingham [26]). However, as people travel from one area to
another and connect local crime between spaces, there is mounting evidence that crime in one area is also
associated with their neighborhood areas. As a result, the use of spatial analytical methods in crime pattern

analysis has become common (see, for example, Anselin [27] and Townsley [28]).

First introduced by Paelinck [29], spatial econometrics has recently become of considerable importance
in estimating appropriate models that incorporate spatial auto-correlation or neighborhood spillovers. Using
spatial econometric methods can help identify the difference of predictors in different areas and shrink
the estimate bias by introducing and accounting for spatial dependence. Anselin and Bera [30] used the
observations of crime rates from 49 contiguous planning neighborhoods in Columbus, Ohio to analyze the
determinants (housing values and income) of neighborhood crime. Morenoff and Sampson [31] examined
the role of violent crime in generating population decline in Chicago neighborhoods from 1970 to 1990. Ye
and Wu [32] used exploratory spatial data analysis (ESDA) to examine the dynamic spatial patterns of the
indicators of homicide rates of Chicago. Schnell et. al. [33] employed street segments instead of neighborhood
units to analyze the spatial variability of violent crime in Chicago. According to Huang et al. [34], both
the spatial distribution and the spatial clustering of crimes had impacts on house values. The volume and
severity of crimes had an increasing negative impact on housing values. Regardless of crime category, the

price discount effect of crimes reduced as distance from crime places increased.

When taking the spatial setting into consideration, the relationship between property price and crime
will be more complicated. One not only needs to consider the effect that neighboring areas may have on
a certain area’s property price, but also need to consider the effect of crime from the neighbor areas, since
crime could also have the spillover effect. Hence, two kinds of spatial model will be considered in this chapter;
one is the SAR model with the following form:

N

Yi :)\Zwijyj—&—ﬁ'xi—l—ui, i=1,2,...,N.
j=1

The other one is the SDM with the following form:
N N
y,-:/\Zwijyj+ﬂ'mi+92wijxj+vi, ’L:LQ,,N

Jj=1 Jj=1

With these two models and the annual Chicago crime data for 77 communities and 801 census tracts, we can

observe the spatial trends of major crime rates in Chicago from 2012 to 2018 and analyze the spatial impact
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of crime activities on house prices in Chicago.

The innovative contribution of this chapter is to combine Hedonic price modeling with spatial models.
Hedonic price modeling has been employed by many researchers in the real estate market; it’s a useful tool to
model the price of goods based on the characteristics of those goods. When estimating the house prices, those
properties often include floor area, number of bedrooms and so forth. For example, according to Fotheringham
et al. [35], house prices are positively related to property size and number of rooms and negatively to the
distance from the Central Business Districts (CBDs). Crime has also been included as a negative factor in
influencing the house prices. A price index based on this approach using housing characteristics has been
used for a number of years in Chicago, as a complement to the more traditional median price indices (see

Lopez and Hewings [36]).

2.3 Data Source

Data for this research are extracted from several public sources. Census tracts are chosen here as the spatial
unit because of the homogeneity of socioeconomic and demographic characteristics. The boundaries of census
tracts are from the Chicago data portal in a shapefile form. The house value data is the residential sales data
from Illinois REALTORS. Each house price is the actual transaction price with characteristics provided like
number of bathrooms, floor area and X, Y coordinate for its address. All these transactions are geocoded
using ArCGIS pro and aggregated to census tract to compute a mean price for each community. According

to the property sale data, we choose year 2017 since it has enough houses sold for each census tract in this year.

Several typical hedonic pricing variables are considered here, representing structural, locational and neigh-
borhood attributes of the property. For the structural variables, the number of bathrooms and floor area
are constructed as averages for each census tract. For the locational variable, we use the distance from each
census tract to the Central Business District (CBD). The spatial distance of this location variable is calculated
in ArcGIS by its Euclidean distance. The structural variables and locational variables are from REALTORS.

The crime data is from Chicago data portal that provides reported incidents of crime that occurred in
Chicago every year. These data are from the Chicago Police Department’s CLEAR crime victims with X,Y
coordinates. Using definitions from the U.S. Bureau of Justice Statistics, violent crime includes homicide,
assault, crime sexual assault, battery and robbery. Property crime includes burglary, motor vehicle theft,
theft and arson. These cases are sorted into violent crime and property crime and aggregated using ArcGIS
pro into different census tracts. The core of this chapter is to study the impacts of different crimes on property
values in Chicago. Therefore, this chapter applies several kinds of crime variables, including three main
categories: total crime, violent crime, property crime, and three specific crime variables, including criminal
damage, theft, and burglary. The crime data are the total number of events happened in each census tract.
Table B.1 presents the overall summary statistics for each of the variables with data from 2017 and the

description of these variables are listed in Table B.2.

26



2.4 Crime Analysis in Chicago: Initial Explorations

In recent years, there has been an overall decline in the crime rate in the United States, as well as in Chicago.
From Figure B.1a, we can see there is a sharp decline from 2012 to 2014 and a small increase in 2016. Figure
B.3 and B.4 show the quantile plots of housing prices, total crime, violent crime and property crime in
2017. In the housing price quantile plot of census tracts, we can observe a clear clustering pattern. The
darker purple color in the left sub-figure indicates higher prices for those areas, while those areas in the right
sub-figure tend to have lighter green colors, which means a low number of crime cases. From these figures, we
can derive a general pattern of the negative relationship between housing prices and total crime. However the
plot for property crime has a different pattern compared with total crime and violent crime, leading to our
conjecture that the relationship between housing price and different types of crime may be more complicated

than simply negatively correlated.

Based on the figures, it is obvious that crimes, both violent and property crimes have spatial depen-
dence; this can be tested using Moran’s tests, a widely accepted test of spatial dependence. In Table B.3,
we have two sets of weighting matrices, Queen criterion and Rook criterion matrix. It can be seen that the
results are not sensitive to the choice of weight matrix and all crime types show a high degree of spatial

dependence.

2.5 Formal Analyses: Spatial Autoregressive Model and Spatial
Durbin Model

2.5.1 Spatial Autoregressive Model

As the house prices show a spatial dependence pattern according to the Moran’s I test result, this chapter

employs a spatial autoregressive (SAR) model.
Y =AWY + X3 +e,

where Y = (y1, Y2, -..-,Yn)" and € to be error terms. W is a n X n nonstochastic spatial weights matrix. When
the queen criteria is applied, w;; is 1 when two neighbors share a side or vertex, and 0 otherwise. The
explanatory variables X,, consist of different types of crime, number of bathrooms, floor area and distance to
CBD. House prices, floor area and crime types, those continuous variables are measured in natural log terms.
The model is estimated with two methods, one is maximum likelihood function in Anselin [37] and the other

is a general spatially weighted two-stage least square (2SLS) method following Kelejian and Prucha [38].

2.5.1.1 Maximum Likelihood Estimation (MLE)

If we assume that ¢ is a multivariate white noise, then its density function follows the multivariate Gaussian

density function. Thus we can write the log-likelihood function as follows

log(L(\, B, 2| X,Y,W)) = —%[(I —MV)Y = XA/ I - AW)Y — X8] — g log(27) — % log || + log ‘STE/ ,
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where V = (X,Y,W) and ¥ = 02I. Then by setting the first derivative of log-likelihood function to 0, we

can obtain an estimate for 3.

al
5=
B=(X'X)"'X'(I - AW)Y.

0

The regression results are shown in Table B.4. Note that the p-values for LM test for the residual correlation
for each model are all greater than 0.273, providing for acceptance of the null hypothesis of no residual
correlation.

2.5.1.2 Spatial 2SLS Estimation

Consider the SAR model
Y =AWY + X3 +e.

Now we can rewrite it in a compact form
Y =Zv+e,

where Z = [X,WY] and v = [#, \]’. Since WY can be correlated with the innovations e, then we can propose

an instrumental variable. The matrix of instruments can be defined as
H=XWX WWVX).
where ¢ < 2. Then the spatial 2SLS estimator for -y is:
y=[2'21712"y,
where Z = PZ, P = H(H'H)"'H’. The asymptotic variance covariance matrix is
Var(§) =6%(2'2)7",

2

where 62 = e’e/n with e = y — Z%. The regression results are shown in Table B.5. The results will be

discussed in more detail later in Section 2.6.

2.5.2 Spatial Durbin Model (SDM)

As an explanatory variable, crime also has the spillover effects to the neighboring areas. One area’s property
price may also be affected by the neighboring areas’ crimes. Thus, when the spatial dependencies not only
occur in the dependent variable, but also in the independent variables, a SDM can be employed. The SDM
has the following structure:

Y=Y +8+ X5 +WXB +e¢,

where € ~ N(0,0%1,).
The SDM can be viewed as a generalization of SAR model in the sense that the SDM adds spatial lags on

the independent variables. To estimate the SDM model, here we employ the Maximum Likelihood estimation
as in Bekti and Rahayu [39].
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2.5.2.1 Maximum Likelihood Estimation

SDM can be formed into the following equation:
Y =1 \W)"'ZB +¢,
where /6 = (/80361752)/ and Z = (I7 X7 WX)

Then the loglikelihood function is

1
2mo2

n/2
LB = (5o ) =AW exp (=g = XW)y = 28 (1= W)y~ 25) ).

Letting algi(ﬁm =0, the MLE B of B is as follows:

B=(2"2)"2"(1 - W)y,
which is unbiased since:
EB)=E((Z72)7 " Z7(1 - \W)y) = (Z72) 1 Z" (I - \W)(I = \W) 123 = .

The results for the SDM are shown in Table B.6.

2.6 Results and Findings

Table B.4 table B.5 and table B.6 all show high levels of association between the dependent and independent
variables. Instead of using the traditional R?, a pseudo R? is used for the spatial model. According to table
B.4, the pseudo R? values are all greater than 0.824, indicating that the spatial relationships provide a strong
source of explanation for house prices in Chicago. The spatial lag coefficients are all significant and positive

across the different models, suggesting that a neighborhood’s house prices have positive effects.

The hedonic price model captures the effects of housing characteristics on house price change. The re-
gression results show the expected signs and impacts for the housing characteristics. In Table B.4, when
estimating the model using ML estimation and the total crime considered in the model, when number of
bathroom increase 1 percent, the natural log of house prices will rise about 0.196%. Different types of
crime will not change the behavior of those housing characteristics very much. Distance to CBD is not very
significant with small coefficients, which may result in the fact that many of these census tracts are very close
to CBD and so this factor will not matter so much. In addition, distance to CBD maybe sensitive to the
certain types of crime. While all of the models have the same sign for this variable, some of them are not
significant, showing that certain types of crime will influence the assumptions regarding the effect of distance

on house prices.
Most models show a statistically significant association with house price and crime and most of the signs are

negative, showing that crime activities have a negative impact on house prices in Chicago. However, there is

a positive relationship between theft and house prices, with 1 percent increase in theft activities, there will
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be a 0.018% increase in house price, indicating that such crime is primarily connected with less dynamic
locations. So the general idea of crime having a negative impact on house prices is actually more complex,

depending on the type of crimes.

When the spatial dependence of the independent variables is introduced into the model, the results become
more interesting and complex. It is still clear that crime, notwithstanding the types of crimes, plays a
relatively small part in affecting the property price; all of them reveal small values that are not significant.
However, what is interesting here is that though crime does not play a significant part in the current area,
they can have bigger influence on the neighbor areas’ property prices. Refer to Table B.6 and explore violent
crime as an example; the effect on current area’s housing price is not significant. However, the neighbor areas’
violent crime cases can have significant effects. The same patterns hold for criminal damage. The effects of
housing characteristics on housing price are still within expectations, all significant except for the distance to

CBD.

When considering burglary and theft in the area, they can have positive effect on the housing price. The
different part is that the neighborhood burglary cases still plays a negative effect on a certain area but
the neighboring theft cases can also play a positive part in affecting a certain area’s housing price. The
explanation about why burglary and theft have positive effects not only on a certain area, but also on the
neighborhood is that criminals usually choose the places for property crime based on perceived wealthiness
degree of that area. If an area’s housing price is rather high, it will have a higher probability to have property
crimes such as burglary and theft. So we can’t simply analyze the effects of theft and burglary on the housing
price using a simple regression model. Clearly, there is an important endogeneity issue here that needs to be

resolved.

2.7 Conclusion

In this chapter, we examine the spatial pattern of crime in 801 census tracts in Chicago and its effect on
housing prices. For different types of crimes, the crime in the neighborhood areas all have significant and
positive effects on the housing prices. We not only show the effect of current area crime but also show the
significant effect of neighborhood area crime on housing prices. This result is different from Lynch and
Rasmussen [40], where they showed that the cost of crime has almost little effect on overall housing values,

but residences in high-crime regions were heavily discounted.

In contrast to the conventional thinking that crime always has a negative effect on housing prices, our
results show that crime doesn’t have a uniform effect on the housing prices, which is consistent to McHatton
et. al. [41]. In our results, theft and burglary have positive but not significant effects on housing prices,
which means they are associated with higher-income neighborhoods, while violent crimes tend to be found in

lower-income neighborhood areas.

Our next step is to expand our cross-sectional study to panel data analysis. It would be interesting
to see what is the pattern of crime within a period and whether the effects of theft will change for a long
period of time. Besides, we consider the possibility of using this SAR model to make predictions about

housing prices for the future.

30



Chapter 3

Bootstrap-Based Inference of
High-Dimensional Means and Its

Applications

3.1 Introduction

Suppose we have some independently and identically distributed (i.i.d.) d-dimensional random vectors
Z1y ..oy Zy with E(Zy) = pu, Cov(Z;) = X. Now consider the following high-dimensional hypothesis:

Hy:p=0versus Hy : u # 0.

Here we allow the dimension d to increase with the sample size n and can be even larger than n. This
is a typical “large d, small n” problem which arises with the analysis of the gene sets. In this case, the
conventional Hotelling’s T2 test cannot work properly because the inverse of the sample covariance does not
exist. There have been many papers about this high-dimensional problem and some new tests to deal with it.
Bai and Saranadasa [42] compared the Hotelling’s T2 statistics and Dempster’s Non-Exact statistics, and
then came up with their own statistic when d/n — A € (0,1). Chen and Qin [43] proposed a two-sample test
for the high-dimensional data when dimension d was much larger than the sample size n and their proposed
test didn’t require explicit conditions on the relationship of dimension and sample size. Pouzo [44] studied
the asymptotic behavior of quadratic forms with increasing dimension and proved the consistency of the wild
bootstrap for the quadratic forms using the Lindeberg interpolation. Xu et al. [45] showed the asymptotic
theory for the L? norm of the sample mean vector of the high-dimensional data. Instead of bootstrapping,
they used the plug-in method to estimate the eigenvalues of the sample covariance matrix and an alternative

sub-sampling approach to avoid estimating eigenvalues.

In this chapter we propose a new test statistic in the form of U-statistic as follows:

n t—1

Tn:(i)ZZZtTZS.

t=2 s=1

To approximate this statistic, we apply the wild bootstrap to estimate our U-statistics. The bootstrapped
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statistic takes the following form:
n t—1

T = (i) SN wizf Zow,,
2

t=2 s=1
where {w;}}_; are the wild bootstrap weights. Bootstrap is a very simple and efficient way to estimate
statistics and is widely used ever since Efron [46] first introduces it. There are many papers about the
application of bootstrap (see Mammen [47]; Chang [48] among others). In our simulation study, we compared
both normal weights wild bootstrap and Mamen weights bootstrap. The results show that compared with Xu
et al. [45], both of the bootstrap estimations have smaller approximation errors than the plug-in procedure

and sub-sampling procedure in Section 3.6.

Our main goal in this chapter is to show that

(o =)~ (G =)
Var(T,) Var(Ty)

Since our statistics T,, and T)' turn out to be martingales, we can directly apply Heyde and Brown’s [49]

SUDy 0.

results and compute the exact bounds of the U-statistics departure from the bootstrapped version. Heyde and
Brown [49] studied the departure from normality of a class of martingales and came up with the main theorem
about the bound of this distance. Besides, we also apply the studentized statistic as the testing statistic, which

shows a better result than the unstudentized one under some data generating processes in the simulation study.

In order to show the applicability of our statistic, we apply our results in three aspects. The first ap-
plication is about the overidentification tests for models with many instrumental variables. This topic has
been studied by many researchers in recent years (see, among others, Lee and Okui [50]; Anatolyev and
Gospodinov [51]; Chao et al. [52]). Lee and Okui [50] proposed a modified version of Sargan test when the
number of instruments increased with the sample size. Anatolyev and Gospodinov [51] carried modifications
on AR tests and J tests for the models of many instrument variables in the homoskedasticity case. Chao et
al. [53] used a jackknife version of the overidentifying test statistic under heteroskedasticity when the number

of instrumental variables grew at a rate up to the sample size.

In our application part, we apply the U-statistic as the testing statistic for the overidentifying restric-
tions and use the bootstrapped version for approximation. The technical assumptions for our statistic are

much weaker than the ones in Anatolyev and Gospodinov [51].

The second application is on the spatial sign statistics. Spatial sign is often used to construct robust
test statistics, and its applications in high-dimensional data have been studied by many papers in recent
years. Wang et al. [54] proposed a novel high-dimensional non-parametric test for the mean vector of the
non-normal high-dimensional data. Feng and Sun [55] employed a scalar transform invariant test based on
spatial sign in the high-dimensional settings. In our second application, we apply our results in the spatial
sign form of data and compare the simulation results with Wang et al. [54]. The approximation errors are

much smaller in our case.

The third application is about testing the high-dimensional covariance matrix. The null hypothesis is

Hy : ¥ is a diagonal matrix. We construct the test statistics with U-statistics and use the bootstrapped
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version to approximate it. Compared with the tests in Chen et al. [43], our approximate errors are smaller

under the same settings, leading to smaller size distortion.

This chapter is organized as follows. In Section 3.2, we introduce some lemmas and technical assump-
tions. Section 3.3 presents the theorems and corollaries for unstudentized statistics. In Section 3.4 we
provide the main theorem for the studentized statistics. Section 3.5 is about the applications of our results.
Section 3.6 shows the Monte-Carlo simulation results about the approximation errors for our studentized and
unstudentized statistics compared with other statistics. Section 3.7 concludes while Section C.1 collects the

proofs of lemmas, propositions and theorems in this chapter.

3.2 Technical Assumptions and Auxiliary Lemmas

Consider an i.i.d sample Z = (Z1, ..., Z,) with E(Z;) =0, Var(Z;) = ¥ and the dimension of Z; is d. We

will stick to this assumption throughout the whole chapter. The U-statistic is constructed as follows:

t—1

1 n n
n—T)Z zl'z, =Y v,
2

t=2 s=1 t=2

where Y; = Zi;ll (G ZI'Z,. The filtration is set up in the following way: F; = 0(Z1, Za, ..., Z;). Then it is

obvious that

t—1 1 t—1 1
E(Y|Fi1) Z(T (ZE\Fio1)Zs = WE(Z?)ZS:(J.
s=1 2 s=1 \2

Thus {Y;, F:—1} is a martingale difference sequence. So T;, is a martingale. We have the following lemma.

Lemma 3.2.1. For the random sample {Z;}},, we have
1 2
Var(T,) = WHE”F'
2

Then we construct the wild bootstrapped version of T,,, T*.

n t—1 n
Zzwtz Zaw, = Y/,
t=2 s=1 t=2

where Y;* = 22;11 @thtTsts. The filtration is set up in the following way: F; = o(wy,wa, ..., w),
Fn =0(Z1,..., Zy). Throughout we assume the wild bootstrap weights wys as iid scalar random variables

and wjs are independent of Z}s. E(w;) =0, E(w?) = 1, Ew}] = k < cc.

. 4._ plziz)
Assumption 3.2.1. Define Do(Z)* := FE i , and we have

[=1%

Do (Z)*

— 0.

Assumption 3.2.2. AsnAd— oo,
tr(4)

= — 0.
[p52
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Proposition 3.2.1. Assumption 3.2.1 is implied by

d d d d
> Z Z cum(Zuj,» Zujas Zijsr Zagi)? = o(n] || 1) (3.2.1)
Ji=1j2=1j3=1js=1

Remark 3.2.1. To satisfy Assumption 3.2.1, we need to assume
sup1<]<dE(X )<C< o

If we further assume Zy; L Zy; when |i — j| > L (i.e. L-dependence), then we have

d

d d d
Z Z Z cum(thl’ Ztjss Lt th4)2 = O(dLg)'

Jj1=1jo=1j3=1ja=1
If 8] =< (dL)?, then L = o(dn).

We use E*(T), Var*(Ty) to represent the expectation and variance of T;* conditional on F,,
E*(T¥) = E(T:|F,), B*(Y/|Fry) = B(Y7|Fry, Fn) and Var*(TF) = Var(T#|F,). Tt is obvious that

E*(T*) = E(TF|F) ZY*\]—” => E(Y;|Fn)
= t=2
and
B (Y| F_y) = E(Y) | F1, Fn)
t—1 1
= — E(w| F/_ 1)Z Zsws = 0.
s=1 2)

Thus {Y;*, F;_,} is a martingale difference sequence conditional on F,.

Then we have the following result about the consistency of bootstrap variance estimator.

Proposition 3.2.2. The variance of the bootstrapped statistics T is

n t—1
1
Var*( B NS zlz.z7 7,
2) t=2 s=1

Under Assumption 3.2.1, we have
Var*(T}) »
—n
Var(T,)

3.3 Unstudentized U-Statistic

In this section, we directly apply the results in Heyde and Brown [49] about the convergence rate for the
martingale to get the convergence rate for the standardized U-statistic to the standard normal and the wild
bootstrap U-statistic. Before presenting the following theorems, we first give a definition of convergence in

distribution in probability introduced by Li et al. [56].
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Definition 3.3.1. Let S,, be a statistic that is a function of {Z;, w;}_,, we say that (S, |Z1, Z2, ...) converges
to (S|Z1, Zs, ...) in distribution in probability if for any subsequence Sy, there exists a subsequence of S,

Sprr, such that (Syi|Z1, Za, ...) converges to (S|Zy,Za,...) for almost every sequence (Zy, Za, ...).
Then we introduce the following theorems:

Theorem 3.3.1. We have

P(Vz:(m < x) o)

r 1,2 . . "
where ®(z) = i foo e~ 2% du and K is a generic positive constant.

Supy

)

(24 Dy(Z)  +1\°
< (g )

Therefore under Assumptions 3.2.1 and 3.2.2, we have

Ty

—n 2oN(,1).
Var(T,)

Similarly for the bootstrapped version, we have the following theorem.

Theorem 3.3.2. Under Assumption 3.2.1, we have

where P*(-) means the probability conditional on F,.

SUP;

o 352222

Thus under Assumptions 3.2.1 and 3.2.2, we have

T e .
W) converges to N(0,1) in distribution in probability.

Finally we combine Theorems 3.3.1 and 3.3.2 and get

Corollary 3.3.1. Under Assumption 3.2.1, we have

(e <) 7 (v <) -0 (B - 25) )

Corollary 3.3.1 gives the convergence rate for the bootstrap approximation.

SUP,

3.4 Studentized U-Statistic

We can also prove the consistency under the studentized form. Similar to the way we construct the wild

-

bootstrapped U-statistics 7F, we can construct the bootstrapped version of sample variance, Var*(T;).

Since
n t—1

1
Var*(T;f) = (n)g ZZZtTZsZZZta
2 t=2 s=1
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thus we define

-+
|
—

— 1 <
Var<(Ty) = — Z wi ZF Zgwsw, ZT Zyw,
(2 t=2 s=1
t—1
_ 1 - T T 2 2
=— NS 28 z. 2] Zywiu?.
(2) t=2 s=1

Based on Definition 3.3.1, we have the following theorem.

Theorem 3.4.1. Under Assumptions 3.2.1 and 3.2.2, we have

S converges to N(0,1) in distribution in probability.

—

Var*(Ty)

Then we can follow the previous results in Section 3.4 and show the convergence.

3.5 Applications

In this section we apply the results in section 3.3 to three problems. The first application is the test for the

overidentifying restrictions in linear model with many instruments.

3.5.1 Application 1: Overidentification Tests

Now consider the simple IV regression model
Yy = XB + e,

where
Y = (ylvaa B3] yn);xl
/

X = (z1,%2, cory Tn) sk

Z = (21,72, Zn)hsca
/

e=(e1,e2, .y €n)ny1

{yi, i, Z; ¥ is a random sample.

We impose the following assumptions.
Assumption 3.5.1. The errors e; satisfies E(e|Z) = 0, E(ee’|Z) = 021, and E(|e;|*) < co.
Assumption 3.5.2. Suppose Zie; = Z; with E(Ziey) =0, Var(Zie;) = L*.

Assumption 3.5.3. Suppose Zyxl = Ay, E(A;) = A#0 E(AAT) =3, and as n Ad — oo,

IA%Ally _
e = (1) (3.5.1)
tT(E(AlTA2f;11T)A)) = o(1) (3.5.2)
|35
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[Xallr

A = o) (3.5.3)
% — (1) (3.5.4)
m — o1). (3.5.5)

Assumption 3.5.4. Asn — oo, d/n = 0(1).
To test the overidentifying restrictions, the null hypothesis of correct moment restrictions is Hy : E(e;Z;) =0

Then we apply our unfeasible U-statistic here and get

n t—1 n t—1
- YNl v = S5
(2) t=2 s=1 2 t=2 s=1
We can compute the conditional variance of T;, as
1 * |12
Var(T,) = ﬁ”z 152
2
Then the feasible test statistic is o
. 1 e~
n = 7n Zzetzt Zsesv
(2) t=2 s=1

where €; is the residual. é =y — X . According to Bekker [57], since the 2SLS estimator is not consistent in
the model with many instrument variables, in stead we use the LIML estimator to estimate 8. According to

Anatolyev et al. [51],
P XL, — kM)Y
LIML = S0 RML) X

where k is the smallest characteristic root of (Y'Y)(Y'MY )™ Y = (y,X) and M = In—Z(Z'Z)~*Z'. Since
€ —ep = x?(ﬂ - B) =(B- B)Txta
then we can use e; to replace ¢€; in Tn and have the following theorem.

Theorem 3.5.1. Under Assumptions 3.5.1, 3.5.2 and 3.5.3, we have

T, _ T,
\/Var(Tn) \/Var(Tn)

Further assume Assumptions 3.2.1 and 3.2.2 hold for {Z}}, by Theorem 3.1 we have

+ 0p(1).

T,
—" 2, N, 1).
For the bootstrapped version

n t—1

% Z Z wtétZtTZsést7

2 t=2 s=1
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we have the following theorem.

Theorem 3.5.2. Under Assumptions 3.5.1, 3.5.2 and 3.5.83, we have

L __ L.
\/Var(Tn)_\/Var(Tn) o)

where op- (1) means converging to zero in probability conditional on the data. Further assume Assumptions
3.2.1 and 3.2.2 hold for {Z}}, then by Theorem 3.2 and Proposition 2.2 we have

*

£ converges to N(0,1) in distribution in probability.

\/Var(Ty,)
P(ﬁ1§x>—}”<ﬁj§x>

Remark 3.5.1. We can use an example to examine the validity of Assumption 3.5.3. Now we assume that

Thus we have

SUDy; 0.

Ty =24t + vy,
where v is a k x d matriz and E(Zwl) =0, E(Zxl) # 0, and E(Z;ZF) = %,. Then we have
Ay = Zial = 2,ZF4" + Zof.
Then for Assumption 3.5.3, we apply the conditions in Anatolyev et al. [51] with

Yi = Bo + B1wi + e
d
T = Z’szij + vi,
j=1

€; = 0.25 0.20
where = chol(X)e;, = #WdN(0,I441), ¥ = , Y = (%77%) Thus ¥, =

13, |[S¥3 = d?, A = E(A) = £97 =7 |[Sall} < &, tr(B(AT A AT)S.7" < 1. Then we have LA —
F

V24712 1 o tr(BAT A,ATYDAT) 1 DSl 1. (Sl _ 1
ez =@ 0 SIbRIE =& 2 U ez <z 20 e <m0

3.5.2 Application 2: Spatial Sign Statistics

We follow the paper of Wang et al. [54] and use the spatial sign function of the data. We denote Zy = HZ:H’

where ||Z;|| is the Ly norm of Z;. Then our new test statistic T}, is

t—1 T n t—1

Z; s 1 =T 5
= T Z st
1Z 111201 — () 22 %

t=2 s=1

=,
I

-

NE

g) t=2 s=1

and under the settings in Wang et al. [54], we have E(Z;) = 0, and we let B = Var(Z;) = E(%) Then

we have )
Var(T,) = 7 ||Bl[%

(5)
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The bootstrapped version is

1 n t—1
B S
2) t=2 s=1
Our assumption is as follows
Assumption 3.5.5.
tri(%) tr2(%)
=o(1
I 128, )

where Amaz(X) = o{\/Tr?(22)} and Az (-) means the largest eigenvalue of a matriz.

Then we have the following theorem.

Theorem 3.5.3. Under Assumptions 3.2.2 and 3.5.5, we have

p(Tn~ Sﬂf) p*<T”~ < :v)
Var(T,) Var* (Tn*)

We compare this new spatial sign test statistic with our old one in our simulation study in Section 3.6.

SUDy 0.

3.5.3 Application 3: Tests for the Covariance Matrix

For this chapter, suppose we have the data Z;, Z>, ..., Z,,, which are i.i.d. with mean 0 and covariance matrix

Y. Now the null hypothesis Hy : ¥ is a diagonal matrix, which contains the sphericity hypothesis ¥ = 021y,

2

where o“ is unknown. We denote

Zi1 22

Z11 243
W,

Zt(d—l)th

Then our statistics can be rewritten as T,, = 1G] ) Sr LT S WIw,, T = ( ] Yoo 22;11 w W Wiws. Now
it is easy to see that under the null, E(W;) = 0, Var(W;) = £,, and Var(T,,) = ﬁ
2

From Section 3.2, we have the following proposition for W;:

Proposition 3.5.1. If we assume that Zy; L Zy; fori # j
0<c <sup;E(Z}) < Cp < o0

0 < ¢z < sup; E(Z}) < Cy < o0,

then Do (W)
V)
n
and i
r{ “’4) — 0.
Sl
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Theorem 3.5.4. Under the assumption of Proposition 3.5.1, we have

p(T" g) p*(Tn g)‘ 0,
Var(T,) Var (Ty)

For the simulation part, we apply the numerical settings by Chen et al. [58].

SUP

Suppose X1, Xo, ..., X, are IID d-dimensional random vectors such that
Xi = FZH

where T is a d x d constant matrix so that ['TT = ¥, and F(Z;) = 0, and Var(Z;) = I,.
Chen et al. [58] introduced the statistics for testing the high-dimensional covariance matrix. There are two
testing structures for the covariance matrix. Hy : ¥ = o2Iyvs. Hy : X # o?Izand Hy: X = Iy vs. Hy : X # I,

Let Y1, = %Z?:I XtTXtv Yo = p%g Zi;ﬁj(XiTXj)za Yan = p%g Zi;&j Xz‘TXj7 Yin = p%g sz,k XiTXijTXk,
Yo = pr 0 s Xi X X{ Xy, where Py =n!/(n—r)!, Y27 and 377, mean that the summations over
mutually different indices. Then let T} ,, = Y1, — Y3, T2 = Yo, —2Ys , + Y5 . The test statistic for the

first testing problem is
T2,n

U,=d
(T,

)—1.

The testing statistic for the second testing problem is

1 9
AR N Y
aem gt

Under the first null hypothesis Hy : ¥ = 021 vs. Hy : ¥ # 0214, we have
D
nU, — N(0,4).

Under the second null hypothesis Hy : X = I; vs. Hy : X # I, we have

nV, 25 N(0,4).

The simulation reults are listed in section 3.6.

3.6 Simulation Results

In this section we use Monte Carlo study to present the finite sample performance of our both studentized
and unstudentized U-statistics compared with other statistics. 10000 Monte Carlo repetitions are performed
here and for every repetition, we have 2000 bootstraps. In each table, n is the sample size, d is the dimension,
a is the ath percentile of the distributions. In the first three subsections, we compare the approximation
errors for different statistics under different data generating processes. In the following tables,

€T, represents approximation error of unstudentized statistics under normal weights.

€T, Tepresents approximation error of studentized statistics under normal weights.

€T,... Tepresents approximation error of unstudentized statistics under Mammen weights.

€T, ,, Tepresents approximation error of studentized statistics under Mammen weights.
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ey, and ep, represent approximation error of the plug-in method and sub-sampling method in Xu et al. [45].
€q, and eq,, are the approximation errors of the quadratic forms under normal weights and Mammen weights
in Pouzo [44].

3.6.1 x?—1 case

In the first data generating process, we construct Z; as Z;; = x? — 1,j < d. In Table C.1, we set the sample
size n to be 50 and 100 and the dimension d from 5 to 300.

[Table C.1 is here]

Then the following linear and factor model data generating processes are from Xu et al. [45].

3.6.2 Linear Process
For the second data generating process we let &; , be i.i.d. Student ¢5. Let
2000
Zij=Y (k+1)7%&, &

k=0

Then if § < 1, the process (Z; ;) is long memory. Here we let § = 0.6 and § =2, n = 50 and n = 100 in
Table C.2.

[Table C.2 is here]

3.6.3 Factor Model

Then we let
Zij =4+ U2 +b(2N; + N} —1),1<i<n,1<j<d,

where U; ~ Uniform|[—1,1],& ;, N; ~ N(0,1) and they are all independent. In the following Table C.3, we
consider the case when b = 0.05 and b = 0.5.

[Table C.3 is here]

In the above six tables, the first four statistics in each table are our statistics under studentized forms or
under unstudentized forms. It’s clear that the approximate errors for our statistic are very low, all below 5%,
which show the better consistency of the bootstrap under Mammen weights and wild weights. When the
dimension of the sample becomes bigger than the sample size, the error becomes even smaller, which show

the validity of our statistics under the high dimensional settings.

3.6.4 Spatial Sign

In our second application, to compare our spatial sign version statistics and the statistics in Wang et al. [54],

we use the settings in their paper. There are three types of data generating processes (DGP).
1. DGP1: Z; follows a N4(u, %) where p = (0,...,0)T and for X, o;; = 0.8/7771,

2. DGP2: Z; follows a Ny(u,X) where u = (0,...,0)T and for ¥ = DRD, D = diag(dy,da, ..., dq) with
di =2+ (d — 14 1)/d, R = (Tij) with Tis = 1 and Tij = (—1)i+j0.2‘iij| for ¢ }é j
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3. DGP3: Z; follows a N4(u,¥) where = (0,...,0)7 and for ¥ = 0, where 0;; = 1 and 0;; = 0.2(i # 7).

4. DGP4: Z; follows a d-variate t distribution with mean vector to be p = (0, ...,0)7 and ¥ = 0;j, where
0;i = 1 and o;; = 0.2(i # j), and 3 degrees of freedom.

5. DGP5: Z; follows a d-variate t distribution with mean vector to be p = (0, ...,0)” and %, Oij = 0.81i=3l,

and 3 degrees of freedom.

Here are Table C.4, C.5, C.6, C.7, and C.8 generated from the above three DGPs. In each table, the sample
size is set to 30, and dimensions are from 20 to 1000.

€T,.., Tepresents approximation error of unstudentized statistics under normal weights.

€T, , represents approximation error of studentized statistics under normal weights.

ew,, represents approximation error of Wang’s statistics compared with normal distribution.

[Table C.4 is here]
[Table C.5 is here]
[Table C.6 is here]
[Table C.7 is here]
[Table C.8 is here]

It’s obvious that bootstrapping shows a better consistency under the high dimensional settings.

3.6.5 Covariance Testing

In this part we apply the settings in Chen et al. [58] and compare the behaviors of our test statistic and their
test statistics under the two hypotheses. In the following Table C.9 and C.10, we have two kinds of settings
for Z;.

1. DGP1: Z; were IID d-dimensional normal random vector with mean 0,, and covariance Iz; I' = I,.

2. DGP2: Z; = (Zin, Zi2, ..., Ziq) consists of IID random variables Z;; which follows a standardized

Gamma(4,0.5) distribution with mean 0 and unit variance; I' = I.

For each scenario, we let n = 30 and dimensions change from 20 to 1000.

Here eg,, , represents approximation error of our unstudentized statistics.

€E,.., Tepresents approximation error of our studentized statistics.

ey, represents approximation error of statistics nU, in Chen et al. [58] under the first null hypothesis.

ey, represents approximation error of statistics nV;, in Chen et al. [58] under the second null hypothesis.

[Table C.9 is here]
[Table C.10 is here]

Table C.9 and C.10 show the consistency between the U-statistics and Bootstrapped version. Compared with
the two statistics under different hypotheses in Chen et al. [58], our statistic behaves much better even in the

high dimensional case.
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3.7 Conclusion and Discussion

This chapter shows the consistency of the bootstrap for U-statistic under high-dimensional settings and
proposes the accurate convergence rate by directly applying the main theorem in Heyde and Brown [49]. Under
some proper assumptions, we can use the results in testing for the overidentifying restrictions, covariance
testing and spatial sign statistics. The simulation studies for our statistics compared with other statistics
are pretty good under different data generating processes. For future study, we can derive some high order
accuracy results when Z; has special dependence structure, like m-dependence. Besides, we can use martingale

expansion to find the exact convergence rate of studentized statistic.
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Appendix A

Robust LM Tests for Latent and
Simultaneous Spatial Autoregressive
Tobit Models with Spatial

Autoregressive Disturbances

A.1 Proofs of Lemmas and Theories

A.1.1 Derivation of Equation (1.2.8) and (1.2.9)

According to Equation (1.2.4) and Equation (1.2.5), the score function for A has the following equation

A (0= g (B WY1 X, Vo) = B WY, X)) = gl B0V MY X, Vo) — BOV MW, 51X,
B WY X, Vo) — B WL, |X,)]
2BV WMWY X, Vo) — B WMWY, |X,)
OB MY X, Ya) — BV MLW,Y; X
+ %f{E(Y;UVI;ManY,ﬂXm Yy) — E(Y M! M, W, Y| X,,)]

1 / /

(o2
1
o?

1 %/ * *! * 1 * *
ZE[E(Yn WnYn ‘Xnvyn) - E(Yn WnYn |Xn)] - ;(XH/B)/Wn[E(Yn |Xn»Yn> - E(Yn ‘Xn)]

1 1
=§[E(5;Wanﬁ|Xm Y,) — E(e, W, X,8X,)] + ;[E(s%Wnen\Xn,Yn) — E(el,When| X))

1

1
:;[E(E;Wnen\Xn,Yn) — E(e),When| Xn)] + E[E(5;L|Xm Y,) — E(e),| X)W, X8
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Since
E(gin|Xn) =0, E(,1X,) =02 E(eintjrinlXn) =0,

then

E(en|Xn) =0, E(een]X,) = no?

E(e, Wnen|Xn) = E(Y_ inWijinejn|Xn)

i,j=1

> WiinE(El ) Xn) + Y WijnE(eintizinlXn)
i=1,i=j i=1,i#j

n

2 : 2
= Wii,na .

i=1

According to the properties of the spatial weight matrix, W, have zero diagonals, which means E(e, Wy,e,|X,,) =

0. The final form of score function of A is
A 1 1
dx(9) = TE(En‘Xn,Yn)IWnE(Eann, Y.) + —QE(5n|Xn, Y)W, X, 5.
o o

The derivation for dp(é) is similar to dy(6):

4y 0)= 5 (B MY 150, Vo) = BOG MUY IX0)] = S NB(V MUY X, Vo) = BV MW, Y7 |X,)]
+ %ﬁ [E(Y; W M, W, Y| X, Y,) — E(Y, W MW, Y| X,,)]
- %A[E(Y;’M;Wny,ﬂxn, Y,) — E(Y; MW, Y| X,)]
S IBO MM, X, Vi) — BV MM, Y X))

1 / /
g

1 , ,
— SAIE(Y W) MM WY | X, Vo) — B(Y, Wi ML MW, Y| X))
g

1
— S (XY (M, + M) Su N BV X, Ya) — B
= B MY X, Ya) = (Y MY 10)] = 5 (X8 (M, + M) BV X0, Ya) = BYX,)]
= B, — XY MY, Xa)| Ko Yol = BV, — X B) Mo (¥ — X, 8.}

1
=5 B(enl X, Ya) Mo B(eu| X, Ya).

A.1.2 Derivation of Equation (1.2.11)

Let A\=0,p=0, & = y;,, — =, 0B, then

Yion = max{(),y;n} = y;nl(yi,n > 0), I(Z/i,n > 0) + I(yi,n =0)=1
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% / _ / .
When yin >0, €in = y;,, — 25,8 = Yin — 25,5

/

When y; , =0, yi,, <0, &in =y, — 7,8 = (—o0,—x;,B]. Thus

_g',',i,nﬁ
/ z2¢(z,0)dz = —

oo

_ .2

)d(5 )

U/ 202

/ (A.L1)
o’ ¢(—x; .5, 0)

o ¢(x .8, 0).

Because for normal distribution, we have ¢(z} ,,38,0) = ¢(—=;,8,0) and ®(z;} ,B8,0) = 1 — &(—x;,8,0).
Thus

E(5i7n|Xna Yn) = E(5i7n|Xna Yn)-[(yz,n > 0) + E(Ei,n|Xnv Yn)I(yz,n = 0)

’ 1 FimP

= Wi — 3,08 (Yin > 0) + [W /_Oo 2¢(2, 0)d2l (yin = 0) (A.1.2)
) a?p(a; B, 0) _

= (Yin — 2 B (Yin > 0) — Wl(yi,n =0).

A.1.3 Proof of Lemma 1.4.1

The proof procedure is similar to the proof of Theorem 1 in Qu and Lee (2012). By the triangle inequality,

|}32L(7*) g (19L0) < |332L(%) g (19L0) | 192L(v") 32L(70)|
n 0yo0y n 0yoy ~'n OyoY n 0yoy n 6787’ n O0yoy'
2 2
< |l5 L(70) _E 38 L()
n 0yovy' n Oyoy

10°In L(B,0%0,0) Iy

v 0 = ol-

>|+ e@

It’s sufficient to show that

19°Lv) (1 32L(’Vo)) )0

n 0yo0y n 0yoy

and 93 n L(8,02,0,0)
n o2
€ G) . <

sup 900 ’ 00

Under the null, the second order derivatives are
9*InL ,0,0) 1
nL(g,o” Z Li nxz nl=1(Yin > 0)

opop’ T2

¢i7”( i,nﬂ7 ) Lin (1_ ( anB’ )) n( znﬂ’ )
(1- ‘I’z,n(ﬂfz,n/@a a?))?
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821n L(3,52,0,0)
002002
O I(yin = 0)In(1 — @(2}B,02)) — L >0 I(yin > 0)(In(2702) + 5 (yin — x;nﬁ)z)]

o Oo?

/ 2 ’ 2
2 4 Z [ yl = CL’z,nﬂJ ¢(:Ez7n670- ) + I(yi7n > O)((yim _ Jf;’nIB)2 _ 02)]

1= &} ,8,0%)
= ﬁ Z%(é)
i=1

9%In L(3,02,0,0)
08002

_ ix i = )l(fvﬂ)%i,n(x;,nﬁ,az) 0% ¢in (2] 0B, 0%) szgﬂqﬁin(z;’nﬂ,ﬂ)}
_ﬁ i,n wn — i

(1= @0 (2],0,0%)) 1= ®@in(2],0,0%) (1= Pin(2],0, 0%)

Under Hy, according to Lemma 1 and Lemma 2 in Qu and Lee (2013), each elements are i.i.d. and have the

same mean, so it follows the law of large numbers that

1 9*L(0) 1 0L(%0)
- _El( =z
n 0y0y (n Ov0y' )_>p 0

19°L(A) _ 1 9°L(w)
To show P07 w0y TP 0, we need to show

93 InL(B,02,0,0)
oloatond

sup 6@
0 n

<

The third order derivatives are

19°mL(B,0%0,0) 1
n_ 0BOBOB  o’n Zx“”’m Zind Yin =0)
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1 — ®; n(} . 8, o?) g2

Gin (@), B,07) 1 202 ¢; (], 8, 0%)?
1=, (2),8,0%)" (1 —®n(r],B,0%)>

183InL(3,02,0,0 1 Gin(TinB0%) 7B

- w/ 2 %:TTE:%m%mH%mzo) e

n  9BIBdo o’n 1= ®; (2] ,B8,0%)" 20
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382 In L(B,02,0,0)
n 002002083

1 - ’ 02¢i,n(xg’n5302) (x;Anﬂ)2¢i,n($;7nﬂva2)
Z )

= ind (Yin =0 —I(y;n =0
204n — il (s )1 = ®; (2}, 08,0%) (v, ) 1= @, (2;,8,07)

2l Bo?e?, (x}. B,0?)
R i,m\Vi,nt 7 Zn>02 - /
(1~ i n(2),5,07)) (s, )2(Yin — 75.05)]

19210 L(8,02,0,0)
n 002002002

o 1 - / _ xé,nﬁ¢i7n(x;,n6702) _ .131 nﬁ¢l n(ﬂ?; 11670- )
- 204n, ;xl,n[j(yz,n - O) 1_ q)i7n(x;7n/850-2) o I(yl,n - 0) ( _ ( ; 6702))
I B3¢ (a) 2 L3242 (g
+ I(yim, _ 0) (Iunﬂ) (bl,n(xz,nﬁﬁg ) _ I(ym _ O) <x17n6> z,n(xz,nﬁ7o- ) _ I(yz,n > O)]

20%(1 = i n (2] ,,0,0°)) 2(1 = @i (7,8, 0%))?

According to Qu and Lee (2012), under the null, E(y; ,,) is bounded and these third order derivatives are all

bounded, which implies that

9%In L(B3,02,0,0)
supE@n P < 00

Under the null, 4 is a consistent estimator of vy. Thus |§ — vo| = 0,(1), which implies that |v* — vo| = 0,(1).
Thus the second argument is also proved.

A.2 Simulation Results

Table A.1: Verification of the identities in Equation (1.5.1)

LM, LM LM, LMj LM,

p=0,12=0

Latent SARAR Tobit Model 0.902 0.777 0.373 0.248 1.150

Simultaneous SARAR Tobit Model 0.422 0.729 0.507 0.814 1.236
p=0.1,A=0.1

Latent SARAR Tobit Model 0.190 0.290 0.950 1.050 1.240

Simultaneous SARAR Tobit Model 3.843 4.150 0.657 0.964 4.807
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Table A.2: Test statistics descriptions

Parameter
Null Hypothesis Test statistics
Spatial lag, A Spatial error, p

Hy:p=0 A=0 - LM,
Hy:p=0 A#0 - LMp
Hyp:A=0 - p=0 LM,y
Hy:A=0 - p#0 LMy
HoipZO,AZO - - LMp)\

Table A.3: Empirical size of test for latent SARAR Tobit model (p =0 and XA =0)

Test LM, LM LM, LM; LM,
N =50, a = 0.05

K=3 0.043 0.045 0.087 0.056 0.081
K=5 0.060 0.054 0.119 0.067 0.094

N =50, a=0.10

K=3 0.093 0.097 0.147 0.080 0.124
K=5 0.099 0.100 0.175 0.091 0.180
N =100, a = 0.05

K=3 0.054 0.054 0.108 0.065 0.101
K=5 0.057 0.060 0.169 0.097 0.131
N =100, o = 0.10

K=3 0.103 0.104 0.194 0.107 0.161
K=5 0.106 0.113 0.236 0.124 0.200
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Table A.4: Empirical size of test for simultaneous SARAR Tobit model (p = 0 and A = 0)

Test LM, LM LM, LM; LM,
N =50, a = 0.05

K=3 0.038 0.043 0.078 0.060 0.077
K=5 0.051 0.049 0.126 0.095 0.119
N =50, a = 0.10

K=3 0.090 0.093 0.127 0.084 0.118
K=5 0.098 0.099 0.209 0.119 0.178
N =100, a = 0.05

K=3 0.060 0.060 0.111 0.071 0.106
K=5 0.053 0.052 0.175 0.104 0.142
N =100, a = 0.10

K=3 0.104 0.105 0.176 0.095 0.161
K=5 0.102 0.106 0.263 0.139 0.219
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Table A.5: Estimated rejection probabilities of test against spatial AR errors for latent SARAR Tobit model

(A=0)
N p LMp LM; LM, LM LMp)\
50 0.0 0.043 0.045 0.087 0.056 0.081
0.1 0.174 0.175 0.107 0.070 0.192
0.2 0.487 0.479 0.143 0.100 0.458
0.3 0.836 0.840 0.239 0.155 0.798
0.4 0.987 0.986 0.406 0.281 0.979
0.5 0.999 0.999 0.680 0.509 0.999
100 0.0 0.054 0.054 0.108 0.065 0.101
0.1 0.300 0.300 0.132 0.084 0.302
0.2 0.782 0.780 0.189 0.117 0.743
0.3 0.993 0.993 0.300 0.194 0.987
0.4 1.000 1.000 0.525 0.389 1.000
0.5 1.000 1.000 0.832 0.668 1.000

Table A.6: Estimated rejection probabilities of test against spatial AR errors for simultaneous SARAR Tobit

model (A =0)
N p LM, LMy LM,y LMy LM,
50 0.0 0.038 0.043 0.078 0.060 0.077
0.1 0.159 0.156 0.100 0.074 0.162
0.2 0.433 0.446 0.163 0.123 0.428
0.3 0.783 0.782 0.269 0.210 0.749
0.4 0.966 0.969 0.448 0.365 0.951
0.5 1.000 1.000 0.671 0.550 0.998
100 0.0 0.060 0.060 0.111 0.071 0.106
0.1 0.284 0.284 0.149 0.094 0.300
0.2 0.736 0.737 0.246 0.170 0.718
0.3 0.977 0.977 0.396 0.294 0.974
0.4 1.000 1.000 0.645 0.523 1.000
0.5 1.000 1.000 0.886 0.801 1.000

55



Figure A.1: Estimated rejection probabilities of test against spatial AR errors for latent SARAR Tobit model
(A=0)

Estimated power against spatial AR errors for latent SARAR Tobit model
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Figure A.2: Empirical rejection probabilities of test against spatial AR errors for simultaneous SARAR Tobit
model (A =0)

Estimated power against spatial AR error for simultaneous SARAR Tobit model
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Table A.7: Estimated rejection probabilities of test against spatial AR lag for latent SARAR Tobit model

(p=0)
N A LM, LM LM, LM; LM,
50 0.0 0.043 0045  0.087 0056  0.081
0.1 0061  0.061 0277 0269  0.253
0.2 0153 0125  0.662  0.667  0.646
0.3 0411 0320 0937 0934 0916
0.4 0733  0.624 0996 0995  0.996
0.5 0956 0920  1.000  1.000  1.000
100 0.0 0.054 0054 0108 0065  0.101
0.1 0075  0.075 0500 0498  0.475
0.2 0185  0.152 0947  0.946  0.934
0.3 0557 0465  0.999 0999  0.999
0.4 0929  0.867  1.000  1.000  1.000
0.5 0997 0996  1.000  1.000  1.000

Table A.8: Estimated rejection probabilities of test against spatial AR lag for simultaneous SARAR Tobit

model (p =0)
N A LM, LMy LM,y LMy LM,
50 0.0 0.038 0.043 0.078 0.060 0.077
0.1 0.051 0.052 0.175 0.166 0.167
0.2 0.072 0.070 0.386 0.387 0.360
0.3 0.145 0.134 0.633 0.631 0.616
0.4 0.354 0.311 0.812 0.810 0.838
0.5 0.664 0.657 0.889 0.887 0.966
100 0.0 0.060 0.060 0.111 0.071 0.106
0.1 0.061 0.064 0.324 0.317 0.293
0.2 0.089 0.085 0.694 0.693 0.654
0.3 0.161 0.149 0.930 0.929 0.910
0.4 0.416 0.367 0.990 0.990 0.991
0.5 0.863 0.788 0.999 0.998 1.000
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Figure A.3: Estimated rejection probabilities of test against spatial AR lag for latent SARAR Tobit model
(p=0)

Estimated power against spatial AR lag for latent SARAR Tobit model
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Figure A.4: Estimated rejection probabilities of test against spatial AR lag for simultaneous SARAR. Tobit
model (p =0)

Estimated power against spatial AR lag for simultaneous SARAR Tobit model
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Table A.9: Estimated rejection probabilities for latent SARAR Tobit model

p A LM, LM: LM,  LM§ LM,
0.05 0.1 0.122  0.099 0287 0274  0.284
0.05 0.2 0235 0170  0.672  0.664  0.654
0.05 0.3 0411 0320 0937 0934  0.916
0.05 0.4 0479 038 0928 0919  0.914
0.05 0.5 0.954 0921  1.000 0999  1.000
0.1 0.1 0218 0196  0.306  0.290  0.351
0.1 0.2 0.364 0276  0.685  0.668  0.672
0.1 0.3 0.556 0469  0.927 0924  0.919
0.1 0.4 0.786  0.672  0.994  0.994  0.995
0.1 0.5 0.943 0918  1.000 0999  1.000
0.1 0.05 0.199 0178  0.183  0.156  0.248
0.2 0.05 0.527  0.509 0228 0194  0.505
0.3 0.05 0.846  0.837 0323 0261 0811
0.4 0.05 0.988  0.98) 0474 0381  0.983
0.5 0.05 1000 0999 0718 0582  1.000
0.1 0.1 0218 0196  0.306  0.290  0.351
0.2 0.1 0.557 0528 0350 0317 0.570
0.3 0.1 0.864  0.843 0436 0380  0.848
0.4 0.1 0.988  0.98  0.566 0478  0.989
0.5 0.1 1.000  1.000  0.775  0.656  1.000
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Table A.10: Estimated rejection probabilities for simultaneous SARAR Tobit model

p A LM, LM: LM,  LM§ LM,
0.05 0.1 0.082  0.078 0191 0179  0.199
0.05 0.2 0.125  0.107  0.393 0390  0.377
0.05 0.3 0232 0183  0.637  0.630  0.636
0.05 0.4 0424 0362  0.802  0.802  0.836
0.05 0.5 0.699  0.674 0879 0878  0.971
0.1 0.1 0.174 0158 0214 0200  0.250
0.1 0.2 0236 0198 0410 0407  0.423
0.1 0.3 0.340  0.280  0.645  0.641  0.665
0.1 0.4 0501 0413 0792 0.788  0.845
0.1 0.5 0.713  0.696  0.875  0.871  0.969
0.1 0.05 0.162 0154 0148 0128  0.196
0.2 0.05 0454 0452 0211 0182  0.452
0.3 0.05 0.782  0.781  0.327 0266  0.761
0.4 0.05 0.965  0.963 0488 0418  0.948
0.5 0.05 0.998 0999  0.666  0.569  0.996
0.1 0.1 0.174 0158 0214 0200  0.250
0.2 0.1 0474 0457 0281  0.261  0.493
0.3 0.1 0.792 0788  0.386  0.348  0.767
0.4 0.1 0.962  0.967  0.523 0474  0.948
0.5 0.1 1.000  1.000  0.664 0591  0.996
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Figure A.5: Power surface plots of LM,y for latent and simultaneous SARAR Tobit models

Latent SARAR Tobit model Simultaneous SARAR Tobit model
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SARAR Tobit model simultaneous SARAR Tobit model
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Appendix B

Modelling the Spatial Impact of Crime
on Housing Prices: Evidence from
Chicago City

B.1 Tables and Figures

Table B.1: Summary of Variables

Mean Range Std.deviation

House prices(in thousands) 280.4 5.0-1471.6 218.3
Total crime 329.3  3.0-4380.0 306.6
Violent crime 102.5  1.0-793.0 92.1
Property crime 30.9 1.0-110.0 20.6
Criminal Damage 36.2 1.0-168.0 26.4
Burglary 16.2 1.0-70.0 12.1
Theft 79.1 1-2329 133.5
Number of bathrooms 1.9 1.0-3.0 0.4

Floor area 1259  0.0-4000.0 469.9
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Table B.2: Crime Variable Descriptions

Crime Variable

Description

Violent crime

Property crime

Criminal damage

Burglary

Theft

Violent crime includes murder, rape and sexual assault, robbery, and assault. Informa-
tion about murder is obtained on a yearly basis from the FBI’s Uniform Crime Reports.

Property crime includes burglary/trespassing, motor-vehicle theft, and property theft.

Criminal damage is a crime against property and is a charge that can lead to prison or
jail time, fines, and costs to repair the damaged property.

Burglary is the unlawful entry of a building at night with the intent to commit a felony
therein.

Theft is the generic term for all crimes in which a person intentionally takes personal
property of another without permission or consent and with the intent to convert it to
the taker’s use (including potential sale).
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Figure B.1: Different Crime Changes in Chicago City
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and total crime quantiles in Chicago city (darker color means higher prices or larger

Figure B.3: House prices
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Table B.3: Moran’s I Test Results

Moran’s I tests

Weight matrix: Queen criterion

Moran’s I statistics

Housing prices 0.758***
Total crimes 0.460%***
Violent crimes 0.338%***
Property crimes 0.474%%*

Weight matrix: Rook criterion

Moran’s I statistics

Housing prices 0.765%***
Total crimes 0.401%**
Violent crimes 0.367***
Property crimes 0.494***
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Table B.4: Spatial MLE results based on queen criterion

Total Crime  Violent Property Criminal Burglary Theft
Crime Crime Damage

0.276. 0.443** 0.215 0.276. 0.124 0.003
Intercept

(0.150) (0.154) (0.143) (0.147) (0.139) (0.211)

0.196*** 0.192*** 0.205*** 0.199*** 0.207*** 0.211*%*
No. of Baths

(0.017) (0.017) (0.016) (0.017) (0.016) (0.017)

0.132%** 0.139*** 0.125** 0.125** 0.115** 0.113**
Floor Area

(0.040) (0.040) (0.039) (0.040) (0.039) (0.039)

-0.004* -0.005* -0.003 -0.003 -0.002 -0.002
Distance CBD

(0.002) (0.002) (0.002) (0.002) (0.002) (0.002)

. -0.060*** -0.088*** -0.066*** -0.068*** -0.003. 0.018

Crime Types

(0.018) (0.015) (0.018) (0.018) (0.016) (0.017)
Spatial Lag 0.835*** 0.805*** 0.837*** 0.828*** 0.847*** 0.856***
N
Pseudo R? 0.826 0.831 0.827 0.827 0.825 0.824

Note: Standard error s are in the parentheses. Significance level are as follows: "*** for p < 0.001; "** for p < 0.01;
* for p < 0.05; 7.7 for p < 0.1.
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Table B.5: Spatial 2SLS estimation results based on queen criterion

Total Crime  Violent Property Criminal Burglary Theft
Crime Crime Damage

0.210 0.156 0.043 0.076 -0.137 -0.266
Intercept

(0.286) (0.269) (0.244) (0.259) (0.236) (0.231)

0.195%*** 0.186*** 0.199*** 0.193*** 0.197*** 0.200***
No. of Baths

(0.017) (0.017) (0.017) (0.017) (0.017) (0.018)

0.135%*** 0.150*** 0.134%** 0.134** 0.131** 0.132**
Floor Area

(0.041) (0.040) (0.041) (0.041) (0.041) (0.041)

-0.004 -0.003 -0.002 -0.002 -0.001 0.000
Distance CBD

(0.003) (0.002) (0.002) (0.002) (0.002) (0.002)

. -0.057* -0.071F** -0.057*** -0.056** -0.022 0.019

Crime Types

(0.022) (0.021) (0.020) (0.022) (0.018) (0.017)

. 844*F* 0.847*** 0.862*** 0.857*** 0.886*** 0.987***

Spatial Lag ()

(0.021) (0.035) (0.032) (0.034) (0.031) (0.031)

Note: Standard error s are in the parentheses. Significance level are as follows: "*** for p < 0.001; "** for p < 0.01;
* for p < 0.05; °." for p < 0.1.
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Table B.6: Spatial MLE results for SDM based on queen criterion

Total Crime  Violent Property Criminal Burglary Theft
Crime Crime Damage
1.267*** 1.381*** 1.170%** 1.213*** 1.144%** 1.020%**
Intercept
(0.255) (0.265) (0.249) (0.255) (0.246) (0.243)
0.215%** 0.212%** 0.223*** 0.218%*** 0.225%** 0.228***
No. of Baths
(0.017) (0.016) (0.016) (0.016) (0.016) (0.017)
0.206** 0.211%** 0.196*** 0.202%** 0.193%** 0.187***
Floor Area
(0.042) (0.040) (0.040) (0.040) (0.040) (0.040)
-0.012 -0.017 0.001 -0.010 0.002 -0.000
Distance CBD
(0.024) (0.024) (0.024) (0.024) (0.025) (0.024)
. -0.030 -0.044* -0.031 -0.017 0.007 0.019
Crime Types
(0.021) (0.019) (0.021) (0.021) (0.019) (0.018)
-0.115%** -0.130%** -0.078* -0.108%* -0.075* -0.051
Lag of Baths
(0.034) (0.033) (0.032) (0.033) (0.031) (0.034)
-0.312%%* -0.260%* -0.3547%** -0.3017%** -0.376%* -0.417%**
Lag of floor
(0.079) (0.079) (0.076) (0.079) (0.075) (0.076)
0.007 0.010 -0.004 0.007 -0.004 0.000
Lag of CBD
(0.025) (0.025) (0.025) (0.024) (0.025) (0.025)
. -0.080* -0.108%** -0.053 -0.113%** -0.064* 0.036
Lag of Crime
(0.035) (0.031) (0.033) (0.034) (0.031) (0.030)
Spatial Lag 0.844*** 0.847%** 0.846*** 0.829%** 0.854%** 0.865%**
(A)
Pseudo R? 0.826 0.844 0.839 0.840 0.838 0.837

Note: Standard errors are in the parentheses. Significance level are as follows: “***’ for p < 0.001; ‘**’ for p < 0.01; **’
for p < 0.05; <" for p < 0.1.
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Appendix C

Bootstrap-Based Inference of
High-Dimensional Means and Its

Applications

C.1 Proofs of Lemmas and Theories

C.1.1 Proof of Lemma 3.2.1

Var(T,) = Var< ;;Z >
Z (572))
i o(3. 3 nin)
- n2(n4— 1)? i 3)3

Z E(tr(zF 2,27 2,))

= 2(n — 1)2 Z tr(E(ZZ0)E(Z:Z)))

where ||X||7 is the Frobenius norm.
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C.1.2 Proof of Proposition 3.2.1
Note that P
D2(2)4 = E|Zt ZS|

IZlE
We can write the numerator as

d d
Z Z Z Z E[Zj, Z1j, 21, 21, E|Zsj, Zsjy Zsjs Z

s$j14sj24s]3 SJ4}7
J1=172=1j3=1 ja=1

where

E[Z4j, Ztj, Ztjs Zij) = cov(Zyj, s Zij, )cov(Zijys Zijy) + cov(Zyj, s Zijy)cov(Zigy s Zij,)
+ cov(Zijy s Zijy)cov(Zijy s Zijy) + cum(Zyj, s Zijys Ztjss Ztja)

with cum(Zy;,, Zij,, Zijs, Z1j,) being the fourth order joint cumulant. Since Var(Z;) = X, cov(Zij,, Zij,)
equals to the (j;,jx) component of ¥, which can be represented as X;, ;.. Then

d d d d
>3 YN Bl gy Zagy Zag EN By Zgs 2, 2

sj14sj2 4 sjs g]4]

d d d d
=3 Y 3 B Zhaa + s Diaia + Sra D

thl ’ thz ) th:w th4)]27

Jr
Q .
<
-

where the summand can be decomposed as
2 2 2 2 9 9
[Zjl 72273 g T E]l J3 Ejz g T E]l 34232 gs T 2535, G2 D g n g 2

J3,Ja 71,73~ J2,Ja
+ 285, 5, X 50 X1 a2z gs T 2251 s Dz e Mg ,ja Dz,

+ 22j17j2 2j37j4cum<ztj1’ th2 ) thS’ th4) + 22j1,j3 Zj%ﬂcum(thl ) thzﬁ Zt]37 Zt]4)
+ 255, 5, S5 o cum(Zug, s Zujas Zijss Zujs) + cum(Zug, s Zujss Zijys Zuj,)°)
Since there are four types of items in the above equation, we can discuss them separately
(l)For Z]l 1 2]2 1 Z]g 1 2]4 1 ]1,]2233 Ja? it is jUSt ||E||4F

(2)For 2]171 thl Zj3:1 Zj4:1 Y1 o X i 2145 Dja,ja, We can use Cauchy-Schwarz inequality here. Thus

1

d d d d d d d 3
2 : E : E : § :Zhdz 73,74 ]1,]3 J27J4 — ( E E E E Zjl,jz ]3,J4>
J1=1j2=1j3=1 ja=1 Jjz3=1ja=1

J1=1j2=1
d

(EE T s

J1=1j2=1j3=1

=15ll5-
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(3)For 2?1:1 D a1 2?3:1 2?4:1 Y15 2s,ia U (Zej, s Zijy s Zijs s Ztj, ), We can also apply Cauchy-Schwarz
inequality. Under Equation (3.2.1), we have

d
Y S Singacun(Zag,, Zijys Zaga Zaj,)

d d l d d d d
= <Z Z Z Z 2517]2 ]37J4> (Z Z Z Z Cum(thlvZt]é?thsttJA)z)

J1=1j2=1js=1js=1 J1=1j2=1jz=1ja=1

N

(4)For Z?Fl D ia=1 Zi:l Zi:l cum(Zij, , Zijys Zijss Zija)?, it is just o(n]|X||%) under Equation (3.2.1).
Combining all the cases, the conclusion follows.

C.1.3 Proof of Proposition 3.2.2

Var*(T)) = VCL’I‘(T | Fn)

(Zth Zyws|Fn )

1 n t—1 t—1
G QZE(Z > wil Lavwn 2 2 7,
(2 t=2 s=1s'=1
1 e e (C.1.1)
= n\ 2 Z Z ZtTZsZSI:ZtE(wtwswsfwt)
(2) t=2 s=1s'=1
1 n t—1 t—1
=== > > HZZiZEw)E(wawy)
(2) t=2 s=1s'=1
1 n t—1
= T2 Z ZtTZsZSTZt
(2) t=2 s=1
Since Var(T,) = = ||2]|%,
(3)
* n t—1
Var (T 5 zr 72,27 7,.
VCH"( ) ||E||F t=2 s=1
Then
VGT*(T*) n t—1 . .
E = Eltr(Z,2Y 7,7,
[ Var(T,) } ||z||g tz_;z; r( 1zl
) (C.1.2)
=1.
||z||F Z
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We can compute the variance as

vor| Varizey) = K TSI ii” 77-1) }

t=2s
:—E
n2(n— D2[IEh {Z

We have different cases for Equation (C.1.3) under different values of {¢,¢', s, s'}.
(1)When none of them are equal, then

(C.1.3)

t—1

i SN ZF 72,272,282, 77 Zﬂ} _

t'—1
t'=2s=1s'=1

n t'—1

n t—1
m [ZZ 2 Y. 42.2{2,2]7.7] Zt/}

t=2 s=1t'=2,t'#t,t'#s s'=1,8"#s,s' #t

n t—1 n t'—1
= VAVAS VA E(zY7,7% 7,
2(n —1)2 ||E\|‘;ZZ t] Z Z [ s vl
t=2 s=1 t'=2,t'#t,t' #s s'=1,s"#s,8' #t
n t—1 n t'—1
= t 22 tr(2?) = 1
2(n—1) ||E\|jlu DDt > > r(¥%)
t=2 s=1 t'=2,t'#t,t' #s s'=1,s"#s,8'#t

(2)When there is at least one equality among {¢,#', s, s'}, then there are at most three summations. Since
the absolute value of the summand E(Z] Z,ZT 72,21 7, 7% Z,/) is bounded by D5(Z)*||%||% by Hélder’s
inequality, which is

B\Z} 2,27 2,2} 2. 25 20 < (E(Z] 2)))YHEWZE Z)))}F = Da(2)|S 1. (C.1.4)

Then the summation is bounded by %2)4, which converges to zero under Assumption 3.2.1.
Thus .

Var*(Ty) XY

Var(T,)

in view of Equations (C.1.2) and (C.1.3).

C.1.4 Proof of Theorem 3.3.1

According to the main theorem in Heyde and Brown [49], we have

P(ﬂ%v) <) - o)

SUPg < KQ(Vn1+Vn 2)%

where N . " ) )
% IZZt:2E|Yt‘ V. 2:E\(Zt:2Yt)—Var(Tn)|
™ Var(T,)2 * ™ Var(T,)? ’
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and Ky is a generic positive constant.
Let a(n) = w, then

S-S0 7) |

t=2 t=2 s=1
n t—1 4
—a(n)ZE[(ZZtT&) ]
t=2 s=1
n t—1 t—1 t—1 t—1
= a(n) E( Z Z Z zl'z,zt 2,77 7, ZTZt>
t=2 s1=1s5=1s83=1s4=1
n t—1 n t—1 t—1
=a(n)Y Y E[(Zf'Z)" +3a(n) EZr 7, 2T 7, 2F 7,,7T 7))
t=2 s=1 t=2 s1=1 so#s1
By Lemma 3.2.1 and Equation (C.1.4), we have
v X B
’ Var(T,)?
n t—1 n
—nzn_12ZZD2 n_lzzZZD2
t=2 s=1 t=2 s1=1s5%#s1
< D2
n

Then for V;, 2, we have

Vo - p{ (i T2) Vo)1)

’ Var(T,)?
1
ZZTZZ Zt—1>
s=1s'=1

- < ||z||%tz; :
n n t—1t-1¢t-1¢-1
ZZ Z Z Z ZTZSZSZtZ;ZS&ZiZt,>

( |E||‘fl7‘t 2¢=2s=1s'=1s1= 151—1

2 n_t
_WZZZE(Z?ZSZEZt)+1
2 F
n o t=lt-1¢t—-1¢t-1

:%iZZi Yo Y EZlz,252.2) 2, 2] Zi) -1

BRI [F¥= 2t=25=1s/=1s1=14;=1

t—1 t—

Let Q denote the set of indices with no particular equality constraints among {t,t, s, s, s1, s }, i.e.
Q={(tt,s,8,s1,s)|t,t' =2,...,n;8,8 =1,...,t —1;81,8) =1,....¢' —1}.
Then we can write Q = Qo U Q1 U Qs U Q3 U Qy, where

Q; ={(t,t',s,5, 51, s])|there are j equalities among (t,t', s, s, s1,7) € Q}
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for 7 =0,1,2,3,4.
(1)When (¢,t', 5,5, 51, 5]) € Qo, we can always find one index in {s,s’, s1, 8]} that is distinct from all others,
which leads to

# N Bzl 2.252:2] 2, Z) Zv) = 0.

(R [>ol[F e 1
(2)When (t,t,s,s', s1, 1) € 1, this is similar to (1). There is also at least one index in {s, s’, s1, s} } that is

distinct from all others, which leads to

1
7219 (zf 2,252,252y 2T Zy) = 0.
R
(3)When (¢,t',s,5', s1,5]) € Q2, we have two kinds of cases, and we use one example for each case.
(3a)When s = s' # 51 = s, t #t',t' # s,t # $1, here we define Qf = {(¢,¢',s,5',51,8))[s =8 #s1 =], t =

t',ort' =s,ort =s1}.

4 n t—1 n t'—1
PSS ETSITS [ Z Z Z zlz,2r 2,25 2, 2T 7,

t=2 s=1t'=2,t'#t,t' #s s1=1,81 #8,817#t
n t—1 n t'—1

= m ZZ > > E(Z{ Z: 2] Z)E(Z) Z, 2, Z)

t=2 s=1t'=2,t'#t,t'#s s1=1,81#s,51F#t
n t—1 n t'—1

ZWZZ > > (e

t=2 s=1t'=2t'#t,t’'#s s1=1,81#8,817#t

n t—1 n t'—1
4

IS 25 2 2 s 2 )

F =2 s=1¢=2s,=1

:1_Hn7

where |H,| < £ since there are at most three summations in ay,.

Thus we have

4 n t—1 n t'—1 . . . .
eI VTS [ IS >, #zzlnz ZaZlev] - 1‘ <
t=2 s=1t'=2,t'#t,t'#s s1=1,81#s,81 #t

s |

(C.1.5)

(8b)When s = s1 # s’ = s}, t #t/, we have

n A —1 tAt' —1

: Z > N > EZlzzizziz.z!7Z)

( ) |E||F t=2t'=2,t'#t s=1 s'=1,s'#s
n n tAt =1 tAt —1
-5 HEH Z > > Y B2zl 72,7577 2]
t=2t'=2t'#t s=1 s'=1,8'+#s (0.1.6)

> tr{B(Z,2]\E|Z+ Z}\E(Zv Z} ) E|Z: 2] ]}
( HZH t=2t/=2t'#t s=1 s'=1,s'#s
4
<K tr(24).
|1Z]1%

(0]



Thus

1 1 4
— > B(Z 2,252,752, ZTZt,)—1’<K[ L i 4)].
GI=14 5 1]

(4)When (t,t',s,5,s1,8]) € Q3 or 4, there are three or two summations for the term, and the summand is
4

bounded by D2(Z)*||S||3 by Equation (C.1.4). The term is bounded by K%.

We combine all the cases and get

1
ISl

(DQ(Z) —|—1 tr(24))
n 15[/

ZE (Zf 2,252,285 24 2T 2) — 1

n,2 —

<K

The result follows.

C.1.5 Proof of Theorem 3.3.2

According to the main theorem in Heyde and Brown [49], we have

Tr 1
P ————— <z | —P(z)| < Ka(Vp3+ Vp4)®
(s <) 0| < KalVaa + Vi)

SUPy

where " A " ) )
yo DL B B, ) — Vart(T))
M Va0 Vart(T;)? '
Since N
t=2
n t—1 9 4
ZE*KZn p— 1)th Z ws) ]

n t—1 t—1 t—1 t-1

=a(n)d Y 2 i i B2y 2, 2L 2,2] Z,, 2T, Zywtws, we,we, ws, | F)

t=2 s1=1s2=1s83=154=1
n t—1 t—1 t—1 t—1
=a(n)ky 212, 2T 2,28 2, 2T Z,F(ws, ws, ws,ws,)
t=2 s1=1s2=1s3=1s4=1
n t—1 n — —
= a(n)K? (2] Z)* + 3a(n)k > Z Z zlz, 2t 2,28 2,2t 7,
t=2 s=1 t=2 s1=1 so#s1

under Assumption 3.2.1, it follows from Proposition 3.2.2 that

Var(TF) »
AN Gl VA N
Var(T,) -

Similar to the argument used in bounding V), ; in the proof of Theorem 3.3.1, we have

)

Db B (YY) Do(X)*
E( Var(T,)? )SK n

76



which yields

To analyze V,, 4, we shall focus on

n n

-+
|

4 1

n?(n — 1)2HEH4

- >

t=2t'=2s=1s'

Vn,4
_ | 2 Y2 — Var*(T)]?
B Var(T,)
4 n t—1 t—1 n t—1 9
= I { S5 S wl Zww 2 -3 22,717 |
1=2 s=1s'=1 t=2 s=1

1s1=1

—1t'—1

§ § Z] Z,2% Zywiwiwawg wg ws, Zy Zg ZL Zy
/:1
57

t—1 t—1 t'—1

fQiiZZ >zl 2.2} Zowiwawe 2 2, 2L 2y
t=2t'=2s=1s'=1s1=1
t

n —1t'—

+ Z; > D ZstZZZtZtT,ZS,ZST,Zt,]
t

=21'=2 s=1s'=1

n n t—1t—1t—11t-1
4

- M[ZZZ Y>> 4220220 24, 2] Zv E(wiwiwawgwgw,,)

t=2t'=2s=1s'=1s1= 151_1
n n t—1t'—1

NN > 2727 2,25 2. 7] Zf/] .

t=2t'=2s=1s'=1

Then

E(Vp4)

:(n—lllxll“[ii

t=2t'=2s=1s'=1

t—1 t—1

E(Z] 2,25 2,2}, Zy Z] Zy ) E(wiwjwsws wg ws,)

TM\

Z
n n t-1t-1
=22 D> E# 2.2 222, 7] Zt,)]

t=2t'=2s=1s'=1

n,l — In 2-

s

For I, for different values of {t,t',s,5', 51,51}, E(wjwjwswswy ws,) # 0 when there are at least two
equalities among {t,t',s,s’, s1,s7}. Then we can write

4 T T 2,2
I = TR ETISTES ZE 202,257, 7) 7 ZF 7y ) E(wiwiwswy wy wy, )
4 T T 2.2
= W(;—F;—F;) YAV ZtZt/Z Z Zt/)E(wtwt,wsws/wsiwsl),
2 3 4

where () is defined in the proof of Theorem 3.3.1.
(1)When (t,t,s,5,51,51) € Q2. Then E(wiwjwswywy ws,) = E(wi)E(ws

wy 2)E(w3)E(w}). There are two
kinds of cases, and we use one example for each case.
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(la)When s = s’ # 81 = s}, t Zt',t # s1,t' # s, then we have

t'—1

n t—1 n
K
T T 7 7T T
R LY Y Y BAnasiz.zin) i<
F =2 s=1v= 2, t'#t,t' #s s1=1,817#8,81#t
in view of Equation (C.1.5)
(1b)When s = s1 # s = si, t # t/, then we have
no AV =1 tAt—1 tr(34)
T T T
n2(n — ||Z||4 Z Z Z Z E(2; 2,2, ZtZ ZsyZs Z) <K||E||4 J

Fri—op=2t+4t s=1 s/=1,s'#s

in view of Equation (C.1.6)

(2)When (t,t',s,8',51,5]) € Q3 or Q, then E(wjw}wswgwgws,) = E(w})E(w3)E(w3) or E(wi)E(ws).
4

Thus we have three or two summations for the term, which is bounded by K DQ(TZ).

For I,, 5, we have different cases for different values of {¢,¢,s, s}

(1’)When none of them are equal, then it is the same as the case (1a) for I, 1, we have

t—1

=

n n t'—1
> > N B(Z]z2'722]7,2520) 1] < —.

t=2 t'=2t'#t s=1,s#t’ s'=1,8"#s,s'#t

(2°)When there is at least one equality, there are at most three summations for I,, o, thus the term is bounded
by K Da(2)
n

We combine all the cases and get

)

B < K(tr(24) Da(Z)* + 1)

1Z]1%
which implies

Via =0,

)

)

(-2

in view of Proposition 3.2.2. The conclusion follows.

C.1.6 Proof of Theorem 3.4.1

According to Lahiri’s [59] Conditional Slutsky’s Theorem (see Lemma 4.1 on page 77). The conclusion follows
from Theorem 3.3.2 and the following statement:

Var(T*) ,
Pl | —2 1 . 1.
<’vtm~*<T:;> ’ > ) -0 (G17)

To show Equation (C.1.7), it suffices to show

Var (T*) — Var (T*)1? ,
E* n n .
{ Var(T;) -0
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Var ()

In light of the fact that )

2, 1, it suffices to show

- {Var*(T;{) - Var*(T,’{)r 7o

Var(T,)

which follows from the following statement by Markov’s inequality.

E{E [V‘%(\TELMTZ‘;T*(T:)} 2} 0. (C.1.8)

To show Equation (C.1.8), we note that

n t—1 n t—1 2
E*[Var+(T?) — Var*(T))? = E[ >SN 272,27 Zwte 2 1 Zz{zszjzt]
) t=2 s=1 (Z t=2 s=1
1 n t—1 n t'-1
n)4 > Z 72t 7,27 2,2% 2,28 7, [E(w?wiwiw?) —1].
2 t=2 s=1t'=2s'=

Then

e [T ] ) -

t=2 s=1t'=2s'=1
x Zr 72,727 72,7} ZS/Z'ST,Zt,}

4
S S— 5 T
IR DI
For E(V,,), we have the following cases:

(1)When none of {t,t',s,s’'} are equal to each other, we have

n n t'—1
> > > B(Z'2.2122) 20 2] Zy) | E(w}) E(w?) E(w}) E(w}) — 1] = 0.
t=2 s=1t'=2,t'#t,t'#s s'=1,s'#s,s' #t

(2)When there is at least one equality among (¢,t', s, s’), then the four summations reduce to three or less.

4
The summand is bounded by D2(Z)*||2[|% by Equation (C.1.4). Therefore the term is bounded by K 2221
which converges to zero under Assumption 3.2.1.

Thus we can combine all the cases and get the result.

C.1.7 Proof of Theorem 3.5.1

n t—1
T, - (1) S S ler - (B - BT 2T Zyles — 278 - B)]
2/ t=2 s=1
1 n t—1 )
=T - 1 (6B ATZ: (C.1.9)
2) t=2 s=1
1 n t—1 o 1 n t—1 -
— e D> Y ZTAB =B+ DD (BB TATALB - B)
(2) t=2 s=1 (2) t=2 s=1



Here we can assume /(5 — ) = O,(1) according to the Assumption 4(a) of Anatolyev et al. [51

to show the last three terms are negligible with respect to /Var(T,).

For the last term in Equation (C.1.9), we need to show that

n t—1

ﬂ B S AT AL(B - B) = 0,(\/Var(T,)).

t=2 s=1

/\

Since Var(Ty,) = 7 ||X*||%, then it suffices to show that

n t—1
E{ nIIE*II |ZZATA||F] — 0.
( ) t=2 s=1
Since
n t—1
E[ ISy AT A, |F}

BE nIIE I ; -
1 n t—

1
— g B || AT AR
() TR 2.2
n t—1t'—1

R 2 O O 3 Flir(A AT A
1

2
F 4—2p=2s=1s'=

=hLh+IL+ I3+ 14+ Is,

let Q denote the set of indices with no particular equality constraints among {t,#', s, s}, i.e.

Q={tt,sst,t' =2,..,n;s=1,..,t—1;8 =1,..,¢ —1}.
Then we can write Q = Q1 U Qs U Q3 U Q4 U Q5, where
0y = {(t,t, s,s")|there is no equality among (¢,t,s,s’) € Q}
Qo ={(t, V', 5,8 )|t =t ,5# 5}
Qs = {(t,t',s,8[t #1',5 = 5"}
Q= {(t,t,s,8)|t =5 or t'=s}
Qs = {(t,t,s,8)[t=t',5s=5"}.

Thus I; = ém Zﬁj E[tr(AT A,AT Ay)).

]. We need

(C.1.10)

(1)When {t,t',s,s'} € Qy, I} = O(IATA|%> = o(1) according to Equation (3.5.1) in Assumption 3.5.3.

1=-11%

(2)When {t,t',s,5'} € Qy or Q3, [ = I3 = O(MAATE“)) according to Equation (3.5.1) and Equation

n[[S*[%
(3.5.3) in Assumption 3.5.3. Since

tr(AATS,) _ I Allr |[Zallr

< = o(1),
n||%*|% [1Z*|[F nl[Z*]|F
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then we have Iy = I3 = O(W) =o(1).
F

(3)When {t,t',s,8'} € Qq, I = O(W) = o(1) according to Equation (3.5.2) in Assumption
F
3.5.3.
— 2
(4){t,t',s,8'} € Qs, I5 = O( [Zell, ) = 0(1) according to Equation (3.5.3) in Assumption 3.5.3.

n2[[Z*[[%

Thus the term in Equation (C.1.10) goes to 0 according to Assumption 3.5.3.
For the second term in Equation (C.1.9),

n t—1 n n t—1t—1
1 1 1
E|— ATZ*|F] = Eltr(AT z:Z:T Ay)]
7 VT 22 T S ci
:H+Q+Q+Q+g
where I} = ﬁ ST >0, E[tr(AT Z:Z:T Ayp)).
2
(1)When {t t /} (S Ql and QQ, Il = I2 =0.

(2)When {t,t',s,s'} € Q3, I} = O<W> = o(1) according to Equation (3.5.4) in Assumption 3.5.3.
F
(3)When {t,t',s,s'} € Qq, I} = 0.

(4)When {t,t',s,5'} € Qs, It = O(Z’I(ZEZZ;)) = o(1) according to Equation (3.5.5) in Assumption 3.5.3.
F

Thus the term in Equation (C.1.11) goes to 0 according to Assumption 3.5.3.
Similarly, the third term over y/Var(T,,) in Equation (C.1.9) also converges to 0 in probability.

C.1.8 Proof of Theorem 3.5.2

n t—1
Zzwt - B) xt]ZtTZS[es - xsT(B — B)]ws
2 t=2 s=1
n t—1
= T:; - (711 ZZ(B - ﬁ)ththtTZsesws (0112)
2 =2 s=1
1 n t_i R 1 n t—1 )
— o wtetZtTZSxZwS(B - B)+ 7 Z B-BT wtath Zsx, ws(,B B)
<2) t=2 s=1 (2) t=2 s=1

We assume F/, = o(Z1e1, ..., Znen) = o(Z5,... Z%) and F! = o(Zy2¥, ..., Z,2L) = o0(Ay, ..., A,), and we

n

need to show that
T* T

\/Var (T,) \/Var + o)
For the last term in Equation (C.1.12), we need to show
P S S waT Awle] B0
(’;)%”HE*HF t=2 s=1 L

Since the above term is non-negative, it suffices to show

E{E{( o n||z*||F”i§“”A Al }

t=2 s=1
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n t—

1 1
= );nuz*u I35 vt Aals]
t=2 s=1

n t—1
1
:E{ . IIZ*II 1> w AT A, ws||p|]—'”}

(3)2 n t=2 s=1
1 n t—1
6] ) ] 3 Al A
t=2 s
non 1t'—1
- T ZZZZtr (weAT Ay AT Ay | FL))
Fi—2p=2s=1s=1
n n t—1t-1
n2||E* n2||o*|2 Z Z Z Z tr(Af A, AL Ay E(wawwewy))
Ft =2 s=1 /=1
n t—1
B n2||2*||2 DD tr(ATAATA).
F 4=2 s=1

Then by Equation (3.5.3) in Assumption 3.5.3, we have

n t—1

1 a2
el [(2)2 T 22 A ] =o(GitE) =
For the second term in Equation (C.1.12), we need to show
« 1 e T % P
E [@\/WTH;;WA Z wS|F} = 0.

Since the above term is non-negative, it suffices to show that

o[ [ S I ] o

t—1
w AT 7 ws||F]
1

[Z)W'lis

n t—1
1 *
S DT R
( t=2 s=1
t—1t¢'—1
=2 2

SN tr(Bw AT Ziwawy 25 Apwp| Fl, FL))
=1

n n

>

t'= s'=1

n n t—1t'—1
—?szz&r (AF 2327 Ay )
t=2t'=2s=1s'=1
n t—1
Ztr (AT Zx 73T Ay).
t=2 s=1

)n
:ﬁnuz*w Z
N6

Z) nHE*II%
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Thus by Equation (3.5.5) in Assumption 3.5.3, we can get

E[E[()WZZ“’A Ziw| =0( ) = o

C.1.9 Proof of Theorem 3.5.3

~ 5 T 5
Let Do(Z)% := EM, we just need to show that based on Assumption 3.2.2 and 3.5.5,

[1BIl%
Ds(2)
= o(1)
and
tr(BY)
1B+
then we can use the results in Section 3.3.
For %2)4’ since
|B| = [t?"(B2 ]2
- [r(e () P ()|
1 Z4[? |Z2|[?
- o(( B2 5]
I\le\ ||Z2]]2
(ZT Z,)? \1°
- E( )|
1Z1[[?]| Z2 ||
224 25)7),
thus
2
_ B (2] Z)*
Dy(Z)* IEARIFAL
= 2
n
(ZT Z5)2
”[E(wlﬁﬂzzwﬂ
~ T ~
_ Bz 27
nE2((Zy Z2)?)
tr(B )
For 5

tr(BY) _ E(tT(BZ~2Z~2TBZ~12~1T))
1B} E(r(BZi 2, ) E(tr(BZ:2,"))
E2(Z, BZ))

Thus according to Assumption 3.2.2 and 3.5.5, we can directly apply the results in Wang et al. [54]:

~ T ~

E((Z) Z5)"] = O E*((Z) Z2)?)
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E[(Z1 BZ2)?] = o(1)(E2(Z1" BZY)).

C.1.10 Proof of Proposition 3.5.1

Dy(W)* .
For %, since

Z11 212
21123
Wi =
Zy(d—1)Ztd
and _ _
Z}h Zh Z3 2% ... ZnZinZya-1)Zed
2
war | Ziia
Zy1 Z12 Zy(a—1)Zd Zt2(d—1)Zt2d
Thus if we assume that Zy; L Z;; for i # j:
d j—1
WIWI =Y ZuZiiZaZy)*
=2 i=1

d
Z E*(Zyi, Ziy Zviy Zin Zotjs Ztjo Ztis Ztja)

E(Z3Z%) 0 0
0
Yo = EW W) =
|0 e B(ZE 022
d i—1
1ZullE = D0 B (Z528))
i=2 j=1
4 B, ST 2324 7 2t
D2(W) KZj:?Zi:l ti Lty st S])]
- d i— .
n n[Y i, sy B2 (22222

Then for E[|[WIW|4], since Z;; L Z;; for i # j, then we can reduce it to at most four summations and the
4
summand is bounded by C{, thus E[|[WI W] < Cd*. Similarly, ||,||% < d*, then clearly % — 0.
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tr (o
For HTE(w H‘; , we have

Thus we have tr(X%) < d?, thus

EYZ%47%) 0 . 0
0
0 e BNZ2,
d i—1
tr(£,) =YY ENZiZ)
i=2 j=1

tr(x4) Y, 23;11 EYZEZ3))

- d 71—
1l (Y, i) B2(2222)2

tr(y,)

"
1w

1
= 5 — 0.
Iz = 4
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C.2 Simulation Results

Table C.1: Comparison of the Approximate Errors (%) under Independent x? — 1 Data

n =50
d=5 d=20 d=50 d=100 d =300

a=0.90
er,., 129 017 006 044 0.22
er ., 005 089 080 021 0.45
er,., 071 011 017 021 0.07
er,, 038 052 051  0.06 0.16
ev, 013 1.99 251 237 3.52
eF, 6.35 942 991  10.00  10.00
Q. 134 476 702 844 9.94
€qn 029 299 500 629 9.43
a =095

er,., 065 020 037 016 0.09
er,. 010 058 019  0.12 0.04
er,., 040 032 030 0.4 0.09
e, 038 043 029 031 0.04
ev, 052 189 173 182 2.78
eF, 397 492 500  5.00 5.00
£, 138 340 430  4.69 5.00
€ 064 235 326 3.94 4.93

n = 100
d=5 d=20 d=50 d=100 d =300

a=0.90
er,.. 058 032 062 061 0.52
er, ., 025 022 024 031 0.20
er,... 036 017 039  0.46 0.39
er,,, 020 005 030  0.49 0.21
ev, 018 086 096  0.92 1.23
£, 596 890 977  9.99 10.00
o, 090 235 419  6.39 9.41
£qn 021 127 256  4.00 7.62
a=095

er,., 051 002 000  0.04 0.10
er,. 013 024 004 010 0.11
er,., 044 014 005 003 0.07
e, 012 004 014 004 0.00
ev, 029 124 132 137 1.58
eF, 3.64 486 499  5.00 5.00
Q. 081 215 318 422 4.96
€Q 014 134 214  3.10 4.52
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Table C.2: Comparison of the Approximate Errors (%) Under Linear Model

n = 50
B =06 B=2
d=5 d=20 d=50 d=100|d=5 d=20 d=50 d=100

a = 0.900

ETpuom 0.26 0.44 0.34 0.80 1.58  0.88 0.88 0.66
T, ., 094 0.56 1.26 0.12 0.88 0.24 0.26 0.14
ETyum 0.06 0.16 0.84 0.56 124  0.18 0.68 0.56
€Ty 1.00 0.46 1.28 0.04 0.82  0.02 0.30 0.32
v, 0.48  0.64 0.46 1.20 1.98  0.74 0.36 0.24
€F, 420 4.16 5.04 4.66 5.66  9.14 9.92 10.00
£Q, 0.40 0.04 0.94 0.02 0.32 2.96 6.16 8.14
£Qm 0.22  0.08 1.04 0.02 0.56  1.50 3.74 6.04
a = 0.950

T 0.20 0.16 0.72 0.16 0.76  0.34 0.20 0.78
ET, ., 0.08 0.08 0.58 0.24 0.48 0.24 0.08 0.48
ETue m 0.04 0.02 0.66 0.22 0.74  0.40 0.02 0.54
€Ty 0.16 0.16 0.60 0.40 0.44  0.20 0.02 0.46
v, 0.34 0.14 0.02 0.84 1.10  0.22 0.60 0.20
€F, 3.48  4.78 5.00 5.00 3.28  4.76 4.98 5.00
£Q, 0.62 2.26 3.76 4.70 0.10 2.12 4.06 4.78
£Qm 0.36  1.46 2.54 3.88 0.16  1.12 3.02 4.02

n = 100
B=0.6 B=2
d=5 d=20 d=50 d=100|d=5 d=20 d=50 d=100

a = 0.900

ETwam 0.48  0.60 0.58 0.38 0.26  0.70 0.30 1.24
ET, 0.42  0.42 0.34 0.14 042 0.32 0.42 1.02
ETyum 0.34 0.68 0.50 0.24 0.58  0.62 0.28 0.98
€Ty 0.14 0.56 0.34 0.18 0.58  0.46 0.36 0.86
ev, 0.66  0.90 0.56 0.04 0.22  0.54 0.42 0.62
€r, 594 8.44 9.78 9.98 6.00 8.28 9.58 10.00
£Q, 0.06  1.30 3.54 6.10 0.70  1.24 3.88 5.92
€Qm 0.20 0.32 1.94 3.54 0.72  0.30 2.82 3.74
a = 0.950

€Ty 0.86  0.54 0.36 0.34 0.40  0.72 0.12 0.28
€Ty n 0.70  0.30 0.28 0.46 0.50  0.60 0.24 0.26
ETpum 0.84 0.26 0.22 0.58 0.48 0.74 0.12 0.14
€Ty 0.76  0.26 0.12 0.78 0.52  0.72 0.18 0.14
v, 094 0.22 0.12 0.78 0.52  0.62 0.44 0.28
€r, 3.02  4.50 4.96 5.00 3.64 4.54 4.94 5.00
£Q, 0.42 1.14 2.96 4.02 0.88  0.80 3.14 3.96
£Qm 0.40  0.54 1.82 2.90 0.70 0.18 1.90 2.66

87



Table C.3: Comparison of the Approximate Errors (%) Under Factor Model

n =50
b=10.05 b=05
d=5 d=20 d=50 d=100|d=5 d=20 d=50 d=100

a = 0.900

ETusn 1.38  0.52 0.66 0.02 112 0.44 2.42 1.48
€Ty 0.62 0.10 0.10 0.48 0.08  0.60 1.38 0.80
EThum 1.18  0.26 0.66 0.04 0.84 0.04 2.24 1.42
Ty 0.82 0.10 0.32 0.14 0.08 0.92 1.06 0.48
v, 1.50  0.28 0.26 0.74 0.98 0.02 1.90 1.44
€F, 6.06 9.26 9.86 9.98 5.66  6.52 5.82 6.00
£Q, 0.26  3.12 5.62 8.46 024 1.36 0.24 0.56
Q. 0.60 1.70 3.72 6.26 0.24  0.60 0.62 0.02
a = 0.950

ETpum 0.56  0.42 0.66 0.16 0.54 1.10 2.08 2.10
ET, 0.20 0.26 0.52 0.00 0.06  0.66 1.70 1.76
ETusm 0.70  0.22 0.34 0.00 0.34 0.78 1.76 2.10
ETy 0.38 0.06 0.28 0.02 0.02  0.28 1.18 1.66
v, 0.90 0.30 4.40 0.72 0.34 0.82 2.08 2.48
€F, 3.60 4.84 5.00 5.00 2.94  3.58 3.08 3.16
£Q.,. 0.58  2.56 0.94 4.74 0.40  0.62 0.10 0.32
EQm 0.04 1.50 1.04 4.14 0.10 0.14 0.70 1.06

n =100

b=0.05 b=0
d=5 d=20 d=50 d=100|d=5 d=20 d=50 d=100

o

a = 0.900
€Tpon 058 026 002 056 012 074 048  0.64
er, .. 024 066 014 022 054 006 014  0.02
e 028 040 010 052 000 040 006  0.44
en. 026 050 020  0.30 032 020 066 024
ev, 054 044 036  0.06 004 052 022 050
er, 598 880 9.80  9.98 504 540 576  5.60
cq. 022 250 394  6.14 042 040 068 058
£om 008 140 222 364 036 014 052  0.08
a = 0.950

er,. . 022 016 028  0.00 046 076 142 116
er,. 028 018 030  0.02 0.0 044 112 080
€Tpom 020 010 034 008 028 068 136  1.06
er, .. 030 006 034  0.00 002 028 092  0.32
ev, 034 006 002 054 038 058 156  1.24
eF, 356  4.60 498  5.00 294 268 260  2.60
o, 070 122 220  3.92 014 008 060  0.20
ca., 048 064 134 280 008 026 086 040
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Table C.4: Comparison of the Approximate Errors (%) under DGP1

n =30
d=20 d=50 d=100 d=300 d=1000
a=0.90
ETyun 0.06 0.02 1.48 0.08 0.36
€T, 0.54 0.86 0.80 0.78 0.18
Ew, 0.26 0.12 1.86 0.28 0.26
a=0.95
ETyun 0.36 0.16 0.24 0.64 0.04
€T, 0.26 0.54 0.40 0.40 0.12
Ew, 2.52 1.78 1.24 1.56 0.64
a=0.99
ETusin 0.06 0.01 0.06 0.31 0.22
€T, 0.28 0.29 0.36 0.08 0.28
W, 1.46 1.17 0.95 0.47 0.43

Table C.5: Comparison of the Approximate Errors (%) under DGP2

n =30
d=20 d=50 d=100 d=300 d=1000

a=0.90
er,.. 048 086  0.90 0.49 1.09
er,, 039 004 0.3 0.56 0.30
ew, 053 054  0.38 0.05 0.45
a=0.95

er,.. 002 032 017 0.62 0.11
er,, 024 013 017 0.21 0.29
Ew, 139 1.65 163 2.06 1.78
a=0.99

er,.., 002 032 017 0.62 0.11
er,, 024 013 017 0.21 0.29
ew, 139 165 163 2.06 1.78
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Table C.6: Comparison of the Approximate Errors (%) under DGP3

n =30
d=20 d=50 d=100 d=300 d=1000

a=0.90

ETyun 1.19 0.69 0.74 0.27 0.89

€T, 0.08 0.29 0.40 0.71 0.42

Ew, 0.82 0.30 0.13 0.05 0.64
a=0.95

ETyun 0.35 0.73 0.40 0.27 0.32

er, ., 010 022  0.08 0.21 0.11

Ew, 1.79 2.28 2.16 2.60 2.65
a=0.99

ETusin 0.16 0.09 0.19 0.14 0.27

€T, 0.25 0.20 0.43 0.25 0.38

W, 241 2.40 3.15 3.63 3.85

Table C.7: Comparison of the Approximate Errors (%) under DGP4

n =30
d=20 d=50 d=100 d=300 d=1000

a = 0.90
er,.. 068 066 0.8 0.80 0.15
er,, 044 042 097 0.42 0.96
ew, 0.64 029 033 0.46 0.06
a=0.95

er,.. 027 057 0.3 0.45 0.66
er,, 010 025  0.23 0.15 0.10
ew, 192 227 211 2.70 2.87
a = 0.99

er,.., 017 014 0.6 0.02 0.24
er,, 040 025 0.5 0.06 0.39
ew, 225 274 325 3.29 3.60
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Table C.8: Comparison of the Approximate Errors (%) under DGP5

n =30
d=20 d=50 d=100 d=300 d=1000

a =0.90
ETyum 0.47 0.67 0.92 0.81 1.19
€T, 0.24 0.33 0.23 0.29 0.23
Ew,, 0.82 1.04 1.15 0.63 0.99
a=0.95
ETwsin 0.33 0.67 0.56 0.30 0.07
T, ., 0.02 0.19 0.16 0.06 0.28
Ew, 243 262  2.04 1.42 0.49
a=0.99
ETyun 0.17 0.14 0.06 0.02 0.24
T, ., 0.40 0.25 0.15 0.06 0.39
Ew, 2.25 2.74 3.25 3.29 3.60
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Table C.9: Comparison of the Approximate Errors (%) for Tests of Covariance under DGP1

n =30
d=20 d=50 d=100 d=300 d=1000

a =0.90
... 023 003 017 0.42 0.80
em., 151 147 160 1.64 2.23

ev,, 1.04 136 131 1.37 1.25
ev, 172 162 151 1.46 1.23
a=0.95
€p,.. 118 082 088 1.06 1.02
ep,, 138 1.02 109 1.09 1.20
£u, 137 126 125 1.54 1.50
ev, 198 161 136 1.56 1.57
a=0.99
ep,., 077 081  0.66 0.72 0.65
ep., 037 055 037 0.30 0.35
eu,, 1.00 072 075 0.77 0.77
ev, 155 096  0.73 0.81 0.86
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Table C.10: Comparison of the Approximate Errors (%) for Tests of Covariance under DGP2

n =30
d=20 d=50 d=100 d=300 d=1000

a =0.90
€Buun 0.40 0.40 0.12 0.39 0.36
€E.., 1.34 1.87 1.25 1.48 1.58
eu, 2.11 1.62 1.81 1.45 1.81
ev, 3.35 2.10 2.17 1.56 1.83

a=0.95
€Buun 0.70 1.26 0.58 1.06 0.99
€E.., 0.98 1.29 0.74 1.13 1.03
eu, 2.66 1.82 2.04 1.64 1.48
ey, 3.79 2.18 2.24 1.62 1.50

a=0.99
€Buun 0.64 0.70 0.77 0.68 0.67
€E,., 0.23 0.32 0.39 0.42 0.30
ey, 1.67 1.33 0.84 0.72 0.85
Ev, 2.19 1.43 0.93 0.82 0.88
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