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ABSTRACT

LLC Resonant converters provide soft-switching capabilities enabling high

switching frequencies and high efficiency. A low-quality factor design operat-

ing below resonant frequency is preferred for wide voltage-gain applications

to reduce the required range of operating frequencies. Phase-shift modula-

tion can be used in conjunction with frequency modulation to further narrow

the operating frequency range. A first harmonic analysis-based approach has

high inaccuracies in estimating capacitor voltage, inductor current, and volt-

age gain, which are critical parameters to design the converter and estimate

the losses when phase-shift modulation is employed. This thesis presents a

state-plane-based modeling framework to accurately analyze the converter

when both frequency and phase-shift modulation are used. The proposed

model is then used to highlight the power density versus efficiency trade-

off obtained by utilizing phase shift as an additional control variable for an

electric vehicle battery charging application. The accuracy of the model is

verified by experiments on a 10kW SiC-based prototype. Two converters are

designed using the trade-off curve, one employing only frequency modula-

tion and the other using both frequency and phase-shift modulation. These

two converters achieve the same efficiency over the constant current bat-

tery charging mode but, the addition of phase-shift modulation reduces the

transformer’s size by 22% and its weight by 28%.
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CHAPTER 1

INTRODUCTION

An LLC series resonant dc-dc converter, shown in Fig. 1.1, is an attractive

solution for the dc-dc conversion stage in many applications including battery

charging, solar energy harvesting, and LED driver due to its high efficiency,

high power density, and low electromagnetic interference (EMI) over a wide

load range [1–8]. The output voltage is typically regulated using frequency

modulation [9–13]. Applications that have to accommodate a wider range

of voltage conversion ratios need a wider operating frequency range. For

example, in a typical battery charging application for an electric vehicle (EV)

with a 400V input dc bus, the conversion ratio varies approximately between

0.65 and 1 for a 400V battery pack depending on the battery state of charge

[15]. This requirement results in two consequences. First, the optimization of

magnetic components becomes challenging, thereby sacrificing power density.

Further, the circulating current increases at lower frequencies reducing the

converter efficiency.

Adding phase-shift modulation as another control variable reduces the re-

quired switching frequency range to achieve an identical voltage conversion

ratio. However, an accurate estimation of the state variables is required at

all operating conditions to accurately assess the power density versus effi-

ciency trade-off during the design process. For example, [16–19] propose us-

ing phase-shift modulation but employ first harmonic approximation (FHA)

to design the converter. An FHA-based approach becomes highly inaccurate

when the phase-shift modulation is used for a converter with a low-quality

factor (Q) operating in discontinuous conduction mode (DCM). Figure 1.2

illustrates the discrepancy between an FHA-based estimation (shown in blue

dashed lines) of the capacitor peak voltage and inductor rms current versus

their simulated values (shown in solid red lines) using the circuit in Fig. 1.1.

DCM is preferred because of the zero current switching of the secondary-side

diodes [9, 20], thereby reducing the overall loss. A low Q is desirable to de-
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Figure 1.1: Full bridge LLC resonant converter

crease the energy storage requirement in the resonant tank, thus increasing

the power density.

Instead of FHA, [21–23] use explicit time-domain equations to estimate the

state variables. While this approach improves accuracy and is useful to sim-

ulate particular operating conditions, it makes the optimization challenging

over a wide design space. Reference [24,25] models the LLC converter under

phase-shift modulation using a state-space approach but restricts the model-

ing to continuous conduction mode. Although [26–28] model the converter in

DCM mode, these ignore the magnetizing inductance when operating with

phase-shift modulation. Similarly, [29] assumes magnetizing inductance as

infinite for part of the analysis. This leads to discrepancies between the

model and the simulation. An open question remains: How do we accurately

model and design a low-Q LLC series resonant converter operating in dis-

continuous conduction mode without neglecting the magnetizing inductance

and allowing phase-shift modulation?

The key contribution of this thesis is a state-plane-based approach to model

a low-Q, LLC series resonant converter to estimate the capacitor peak volt-

age requirement and the inductor rms current under phase-shift and fre-

quency modulation, without neglecting the magnetizing inductance. Instead

of explicitly solving differential equations for each operating mode, the en-

tire steady-state operation is captured via the capacitor charge-voltage re-

lationship, input/output energy balance, and time periodicity. These three

considerations enable the creation of a modeling framework with operating

frequency and phase-shift as inputs and state trajectories and voltage con-

version ratio as outputs. The proposed framework is next used to capture the

trade-off between a converter’s efficiency and power density for an EV battery

2



Figure 1.2: Waveforms of state variables using FHA (blue dashed lines) and
circuit simulation in PLECS (solid red lines) for Lr = 3.5µH, Cr = 180nF ,
fsw = 200kHz, Rout = 16Ω, Vin = 400V , and phase-shift = π/2.

charging application with a voltage conversion ratio of 0.65 to 1 and a maxi-

mum output voltage of 400V. The time-weighted average efficiency approach

is used to optimize the design over the constant current (CC) charging mode.

The converter employing both frequency and phase-shift as control variables

reduce the transformer’s size by 22%, weight by 28%, and the peak energy

stored in the resonant capacitor by 1.7x, while incurring the same energy

loss over the 20%–80% charging cycle and incurring 36% less loss over the

80%–100% charging cycle compared to an only frequency modulated LLC

converter.

The rest of the thesis is organized as follows. Chapter 2 discusses the

preferred region of operation for the LLC converter in a wide voltage range

application. Chapter 3 presents the generalized state plane approach for a

3



series LLC converter. Chapter 4 discusses the optimization framework to

design the LLC converter. Chapter 5 gives the experimental and simulation

results to verify the proposed model. Chapter 6 concludes the thesis.
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CHAPTER 2

PREFERABLE OPERATING REGION OF
AN LLC CONVERTER FOR A

WIDE-VOLTAGE CONVERSION RATIO

This chapter shows the advantages of designing and operating an LLC series

resonant converter in DCM with a low Q to achieve a wide voltage conversion

ratio. Although the FHA-based approximation is inaccurate under these

conditions, the discussion below uses this well-known method to explain the

need for an accurate model in this operating region.

The voltage gain (Vout/Vin) of an LLC resonant converter assuming FHA

is given by [30]:

M(fn, k, Q) =
k√

(1 + k − 1
f2
n
)2 +Q2k2(fn − 1

fn
)2

(2.1)

where fn is the normalized switching frequency (fsw/fr1), k is the ratio of

magnetizing inductance, Lm, to series inductance, Lr, and Q is defined by

Q =
Z0

Req

(2.2)

where

Z0 =

√
Lr

Cr

and Req =
8n2Rload

π2
(2.3)

n : 1 is the transformer turns ratio, Cr is the series capacitance, Rload is the

load resistance. An LLC resonant converter has two resonant frequencies and

these are given by

fr1 =
1

2π
√
LrCr

and fr2 =
1

2π
√

(k + 1)LrCr

(2.4)

Figure 2.1 illustrates the possible operating regions using an example k

of seven for a range of Q to achieve the same voltage conversion ratio. In

order to ensure zero voltage switching (ZVS) of the MOSFETs, the converter

must operate in the inductive region which implies normalized switching fre-
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Figure 2.1: Voltage gain of an LLC resonant converter using FHA for k = 7.

quencies greater than fr2. In Region A, the converter always operates at

frequencies above the resonant frequency fr1. A high Q design is neces-

sary to limit the operating frequency range while achieving a wide voltage

gain. For example, to achieve a conversion ratio varying from 0.65 to 1 and

fn max/fn min = 1.94, the required Q is 0.75. The operating range for this

design is marked by points X and Y on the figure. Alternatively, designing

the converter to operate in Region B would call for a low Q design. For the

same conversion ratio and same fn max/fn min, the required Q is 0.17 in this

region. The operating region is marked by points X and Z. As the quality

factor is a measure of stored energy, a high Q design translates into a bulkier

resonant tank. Moreover in Region A, the secondary-side rectifiers lose zero

current switchings (ZCS) decreasing the overall efficiency. Therefore, Region

B is preferred to maximize the power density and efficiency for a wide voltage

conversion ratio.

However, using an FHA-based model to capture the inductor current and

capacitor voltage waveforms in Region B leads to inaccuracies, as discontin-

uous conduction of the rectifier diodes along with a lower Q, makes them

far from sinusoidal. The inaccuracies are further increased when phase-shift

6



modulation is used to reduce the operating frequency range, as shown in Fig.

1.2. These are the critical variables to understand the converter’s underlying

power density versus efficiency trade-off. Inductor rms current is important

as it is a key indicator of efficiency. In the presence of primary-side ZVS and

secondary-side ZCS, the switching losses are insignificant. The converter

losses primarily occur as conduction losses in the MOSFET’s on-state resis-

tance and capacitor’s equivalent series resistance (ESR) along with winding

losses in the transformer and inductor. The capacitor peak voltage dictates

the energy-storage requirement, thereby influencing the capacitor volume.

Maintaining ZVS throughout the operating region is necessary for high

efficiency. ZVS requires a minimum circulating current during the switch

transition’s dead time and this current is dictated by the magnetizing induc-

tance. Any analysis ignoring the magnetizing inductance will not only lose

the information about ZVS but will also give inaccurate estimates for state

variables, as the current going into magnetizing inductance will be neglected.

Therefore, a low Q LLC converter operating in the below resonant frequency

region with phase-shift modulation requires a better modeling approach for

accurate converter design.
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CHAPTER 3

STATE-PLANE ANALYSIS OF LLC
RESONANT CONVERTER

This chapter presents a state-plane-based model that accurately calculates

the voltage gain, inductor rms current, and capacitor peak voltage as a func-

tion of operating frequency, phase shift, passive components, magnetizing

inductance, and load current. Additionally, the model also captures the

switching current at the switching instants to ensure ZVS for the entire op-

erating range. The following assumptions are considered:

1. MOSFETs and diodes are treated as ideal switches

2. Transformer, inductor, and capacitor are lossless

3. Output voltage ripple is negligible

4. Converter is in periodic steady state

3.1 Basics of State Plane Approach

The state plane approach is essentially a geometric way of solving differential

equations. In this technique, the state variables are plotted as they evolve

with time. In the particular case of the LLC resonant converter, there are

two state variables — the resonant inductor current and the resonant capac-

itor voltage. The state plane for two fundamental circuit states of the LLC

resonant converter is described next.
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3.1.1 State Plane when a DC voltage is applied to an LC tank

Figure 3.1: Circuit diagram of LC
tank

The differential equations governing the

state variables when a dc voltage is ap-

plied across an LC resonant tank, as

shown in Fig. 3.1, is given by:

iLr = Cr
dvCr

dt
(3.1)

Lr
diLr
dt

+ vCr = Vdc (3.2)

Differentiating (3.2), and substituting dvV r/dt in 3.1, we get a second order

differential equation given by

iLr = −CrLr
d2iLr
dt2

=>
d2iLr
dt2

= −ω2
0iLr (3.3)

where ω2
0 is equal to 1/

√
LrCr. The solution of the differential equation with

the initial conditions

iLr(0) = 0 (3.4)

and

vCr(0) = 0 (3.5)

is given by

iLr = I0sin(ω0t) (3.6)

and

vCr = Vdc(1− cos(ω0t)) (3.7)

where I0 is given by Vdc/Z0 where Z0 is called the characteristic impedance

of the resonant tank given by

Z0 =

√
Lr

Cr

= ω0Lr =
1

ω0Cr

(3.8)

Using the identity, sin2(θ) + cos2(θ) = 1 and combining (3.7) and (3.8)

(
iLr
I0

)2 + (1− vCr

Vdc

)2 = 1 (3.9)

If we normalize the inductor current by I0 and capacitor voltage by Vdc, (3.9)

9



becomes

Figure 3.2: State plane of LC
tank under DC excitation

j2l + (1−mc)
2 = 1 (3.10)

where jl and mc are normalized induc-

tor current and capacitor voltage respec-

tively. (3.10) is an equation of a circle

centered at (1,0) and radius 1. There-

fore, the state plane when a DC voltage

is applied to an LC tank is given by a

circle as shown in fig. 3.2. The center

is located at (1,0) because the normal-

ization voltage is equal to the voltage

across the tank. In a more general case,

the center will be given by (Vacross the LC tank/Vnormalization, 0).

3.1.2 State Plane when a DC voltage is applied to an LLC
tank

Figure 3.3: Circuit diagram of
LLC tank

The differential equations governing the

state variables when a dc voltage is ap-

plied across an LC resonant tank, as

shown in Fig. 3.3, is given by:

iLr = Cr
dvCr

dt
(3.11)

(Lr + Lm)
diLr
dt

+ vCr = Vdc => Lr(1 + k)
diLr
dt

+ vCr = Vdc (3.12)

where k = Lm/Lr. Differentiating (3.12), and substituting dvV r/dt in 3.11,

we get a second order differential equation given by

iLr = −CrLr(1 + k)
d2iLr
dt2

=>
d2iLr
dt2

= − ω2
0

1 + k
iLr (3.13)
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The solution of the differential equation with the initial conditions

iLr(0) = 0 (3.14)

and

vCr(0) = 0 (3.15)

is given by

iLr =
I0√
1 + k

sin(
ω0√
1 + k

t) (3.16)

and

vCr = Vdc(1− cos(
ω0√
1 + k

t)) (3.17)

Using the identity, sin2(θ) + cos2(θ) = 1 and combining (3.16) and (3.17)

(1 + k)(
iLr
I0

)2 + (1− vCr

Vdc

)2 = 1 (3.18)

If we normalize the inductor current by I0 and capacitor voltage by Vdc, (3.18)

becomes

(1 + k)j2l + (1−mc)
2 = 1 (3.19)

Figure 3.4: State plane of LLC
tank under DC excitation

which is an equation of an ellipse cen-

tered at (1,0) with major axis 1 and mi-

nor axis 1/
√
1 + k. Therefore, the state

plane when a DC voltage is applied to an

LLC tank is given by an ellipse as shown

in fig. 3.4. Due to the addition of Lm,

the state plane transforms from a cir-

cle to an ellipse. The angular frequency

with which the state vector moves within

the state plane also reduces by a factor

of
√
1 + k.
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Figure 3.6: State plane for Type I DCM: when the input voltage to the
resonant tank is shorted before the diodes stop conducting

3.1.3 State Planes for an LLC resonant tank converters

The state plane of the LLC resonant converter is a combination of arcs of

circles and ellipses with varying centers depending upon the voltage across

the resonant tank and radius which depends on initial conditions. Figure

3.5 shows the equivalent circuits depending on the MOSFET switching state

and diode conduction state when the converter is operating in Region B.

Two different DCM modes are possible, depending on the phase shift be-

tween the two legs of the full bridge. Type I DCM occurs if the diodes keep

conducting when the input to the tank is shorted, and the circuit transi-

tions through I→II→III→IV→V→VI. The resulting state plane is shown

in Fig. 3.6. Alternatively, type II DCM occurs if the diodes turn off be-

fore the input to the tank is shorted, and the circuit transitions through

I→VII→III→IV→VIII→VI. The corresponding state plane is shown in Fig.

3.7. If the phase-shift equals π, which is the case for only frequency modu-

lation, the state plane reduces to Modes I→VII→IV→VIII.

The state plane shown in Fig. 3.6 is the one of interest for the majority of

operating conditions, as voltage gain becomes more sensitive at lower phase-

shift values. The analysis for this state plane is described next.
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Figure 3.7: State plane for Type II DCM: when the input voltage to the
resonant tank is shorted after the diodes stop conducting.

3.2 Type I Discontinuous Conduction Mode

The converter’s state plane modeling is carried out in terms of normalized

variables. The normalized variables of interest are:

Normalized input voltage: Min =
Vin

Vin

= 1 (3.20)

Normalized output voltage: Mout =
nVout

Vin

= Gain = M (3.21)

Normalized capacitor voltage: mc =
vc
Vin

(3.22)

Normalized inductor current: jl =
iLr
In

(3.23)

Normalized output current: Jout =
Iout
nIn

(3.24)

where In =
Vin

Z0

(3.25)

where Vin and Vout are average input and output voltage, respectively, vc and

il are instantaneous voltage across Cr and current through Lr and n : 1 is

14



transformer turns ratio. The different modes shown in Fig. 3.6 occur for the

corresponding circuit states shown in Fig. 3.5. In Mode I, when the input

voltage to the tank is Min = 1 and the diodes D1 and D4 are conducting,

which makes the voltage across the magnetizing inductance M , the state

trajectory is an arc of a circle with center at c1 = (1 − M, 0). The circle’s

equation in this mode is given by

Mode I: (mc − (1−M))2 + j2l = r21 (3.26)

The initial conditions for the normalized capacitor voltage and inductor cur-

rent as marked by point p0 in the state plane are assumed to be (mc0, jl0).

The radius r1 of the circle in Mode I is known in terms of mc0, jl0 and M , as

p0 lies on the circle. The converter stays in this mode for a phase duration

of phase-shift, ϕ and subtends an angle of ϕ/fn at the center c1 during this

interval. Mode II begins when the input to the resonant tank is effectively

shorted. The diodes D1 and D4 are still conducting and therefore the voltage

across the magnetizing branch is M . The state plane is an arc of a circle but

with the center at c2 = (−M, 0). The equation in this mode is given by

Mode II: (mc − (−M))2 + j2l = r22 (3.27)

The point p1, which marks the end of Mode I and the beginning of Mode II is

equivalent to the vector (p0 − c1) rotated by the angle ϕ/fn in the clockwise

direction and is given by[
mc1

jl1

]
=

[
mc0 − (1−M)

jl0

][
cos( ϕ

fn
) sin( ϕ

fn
)

−sin( ϕ
fn
) cos( ϕ

fn
)

]
+

[
1−M

0

]
(3.28)

The point p1, marked as (mc1, jl1), is known in terms of initial conditions and

voltage gain from (3.28) and thus the radius r2 is also known by substituting

p1 in (3.27).

As the inductor current is decreasing in Mode II and the current in the

magnetizing branch is rising linearly due to a constant positive voltage across

it, the diodes stop conducting when these two become equal. This instance

marks the end of Mode II, and the magnetizing inductance Lm joins resonance

making the state trajectory an arc of an ellipse. The equation governing the

15



state trajectory in this mode is

Mode III: m2
c + (k + 1)j2l = r23 (3.29)

The point p3 is the mirror image of point p0:

p3 = −p0 = (−mc0,−jl0) (3.30)

The only remaining point of interest on the state plane is p2. This can be

found by calculating the intersection point of the ellipse of Mode III and

the circle of Mode II. Thus, all the state trajectories are known in terms of

switching frequency, phase-shift, and three unknowns: the converter voltage

gain and the initial condition of the state variables (mc0, jl0). The first of

the three equations to solve for the unknowns come from the input/output

energy balance over a half-switching time period. In normalized form:

Min < jin >= MoutJout ⇒< jin >= MJout (3.31)

where < jin >=
fn(mc1 −mc0)

π
(3.32)

Equation 3.32 comes from the fact that the average value of the y coordinate

in an arc of the circle is given by the difference of x coordinates divided by

the angle subtended by the arc at the center, which has been explained in

appendix A1.

The second equation comes from the capacitor charge-voltage relationship.

During the half-time period comprising Modes I, II, and III, the capacitor

charges and its voltage swings from mc0 to −mc0. The change in capacitor

voltage is given by

∆vCr =
∆q

Cr

=
< iLr > Ts

2Cr

(3.33)

where Ts is the switching time period. In normalized form,

∆mc = −2mc0 =
< jl > π

fnCr

(3.34)

The average value of current flowing into the capacitor during this period is

< jl >= Jout+ < jlm > (3.35)
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where jlm is the normalized current in the magnetizing inductance and its

average over a half-time period is given by

< jlm >=
< jlm,I−II > (ϕ+ fnα)+ < jlm,III > δ

ϕ+ fnα + δ
(3.36)

where ϕ and fnα are the phase duration corresponding to Modes I and II

respectively, during which < jlm > is linear. δ is the phase duration corre-

sponding to Mode III, when < jlm > is sinusoidal. α is the angle subtended

by points p1 and p2 at the center c2, as shown in Fig. 3.6. As jl0 is also

the starting point of the magnetizing current’s linear segment, its average in

Modes I and II combined is

< jlm,I−II >=
1

2
(2jl0 +

M

fnk
(ϕ+ fnα)) (3.37)

where M/fnk is the normalized slope. The elliptical state trajectory of Mode

III is transformed into a circular trajectory by changing the normalization

factor for current from Vin/Z0 to Vin/Z1 where Z1 =
√

(Lm + Lr)/Cr to get

δ =
√
k + 1fnβ (3.38)

where β is the angle subtended by the state-trajectory arc at its center in

the Z1 normalized state plane. Finally, < jlm,III > is given by

< jlm,III >=
−mc0 −mc2√

k + 1β
(3.39)

using the same approach as explained in Appendix A.

The third equation comes from the time periodicity. The time at which

the state plane starts as a circle from point p0 and ends as an ellipse at point

p3 is half the total time period. In angular form,

fn(
ϕ

fn
+ α +

√
(k + 1)β) = π (3.40)

Equations (3.31), (3.34) and (3.40) are sufficient to compute the voltage

gain, M, and the initial conditions mc0 and jl0 for a given load current,

phase-shift, and switching frequency. Since the equations are transcendental

in nature, closed-form solutions are impossible. Matlab function vpasolve is

17



used to numerically solve for the unknowns. Once the unknowns are solved,

the current in the magnetizing inductance at the end of Mode I is given by

jm1 = jl0 +
M

fnk
ϕ (3.41)

If jm1 ≤ jl1, the assumption that diodes are conducting at the end of Mode

I is true and the converter is in type I DCM. Otherwise, the converter is

operating in type II DCM whose analysis is discussed next.

3.3 Type II Discontinuous Conduction Mode

The state variables follow the trajectory, as shown in Fig. 3.7 if the diodes

turn off before the inputs are shorted. Mode II is replaced by Mode VII for

this state trajectory. The combined phase duration of Modes I and VII is

ϕ. Therefore, the phase duration of Mode III, δ, is π − phi. The under-

lying principles to obtain the three equations remain the same with some

modifications. The equation of the ellipse in Mode VII is given by:

Mode VII: (mc − 1)2 + (k + 1)j2l = r27 (3.42)

Since, δ is known, β can be calculated from (3.38). The point p2(mc2, jl2)

which marks the end of Mode VII and the beginning of Mode III is equivalent

to vector (p3 − O) by angle β in the counterclockwise direction and is given

by

[
mc2√
k + 1jl2

]
=

[
−mc0

−
√
k + 1jl0

][
cos(β) −sin(β)

sin(β) cos(β)

]
(3.43)

As p2 lies on the ellipse of Mode VII, the semi-major axis of the ellipse, r7,

can be calculated by substituting it in (3.42). The point p1 is calculated

by finding the intersection point of Mode I and Mode VII state trajectories.

Now, all the state trajectories are known in terms of switching frequency,

phase shift, and the same three unknowns.
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< jlm > is given by

< jlm >=
< jlm,I > θ+ < jlm,V II > δ′+ < jlm,III > δ

θ + δ′ + δ
(3.44)

where θ/fn is the phase angle corresponding to Mode I and δ′ is the corre-

sponding phase duration for mode VII. It is given by

δ′ =
√
k + 1fnγ (3.45)

where γ is the angle subtended by the state-trajectory arc at its center in

the Z1 normalized state plane. < jlm,V II > is given by

< jlm,V II >=
−mc2 −mc1√

k + 1γ
(3.46)

In this case, the time periodicity equation is

fn(
θ

fn
+
√

(k + 1)(β + γ)) = π (3.47)

and the input/output energy balance equation is

Min < jin >= MoutJout ⇒< jin >= MJout (3.48)

where < jin >=
fn(mc2 −mc0)

π
(3.49)

3.4 Design Parameters

The capacitor peak voltage and inductor rms current are required to evalu-

ate the power density versus efficiency trade-off of the converter. The peak

normalized capacitor voltage is the absolute value of the x-intercept of the

circular state plane in Mode I. It is given by

mC,peak = |(r1− (1−M))| (3.50)

The inductor rms current in different modes are:

Mode I : jl,rms1 =

√
1

2
(r21 −

m′
c0j

′
l0 −m′

c1j
′
l1

ϕ
fn

) (3.51)
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Figure 3.8: Model flowchart for calculating converter gain, capacitor peak
voltage, and inductor rms current for given converter parameters: Lr, Cr,
Lm, n.

Mode II : jl,rms2 =

√
1

2
(r22 −

m′
c1j

′
l1 −m′

c2j
′
l2

α
) (3.52)

Mode III : jl,rms3 =
1√
k + 1

√
1

2
(r23 −

m′′
c2j

′′
l2 −m′′

c3j
′′
l3

β
) (3.53)

Details of these are given in Appendix A2. The prime denotes the variables

shifted in the x-axis so that the center of the arcs is at the origin, for instance[
m′

c0

j′l0

]
=

[
mc0

jl0

]
+

[
(1−M)

0

]
(3.54)

and the double prime denotes the variable shifted in the x-axis so that the

center is at the origin after the ellipse-to-circle transformation. The rms

value over half the time period is the weighted sum of rms values in different

modes:

jl,rms =

√
j2l,rms1ϕ+ j2l,rms2αfn + j2l,rms3β

√
k + 1fn

π
(3.55)

The last step in this modeling framework is to establish constraints to
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ensure ZVS. The current at the time of the switching instant is given by jl0

and ZVS is ensured if

jl0 ≥
2CossZ0

tdeadtime

(3.56)

In the case of frequency modulation only, ZVS is ensured if

jl0 ≥
4CossZ0

tdeadtime

(3.57)

where Coss is the output capacitance of the MOSFET provided in the device

datasheet.

To summarize, this chapter derived a model of an LLC resonant converter

operating in Region B under both frequency and phase-shift modulation.

Figure 3.8 shows a flowchart of the proposed approach.
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CHAPTER 4

LLC RESONANT CONVERTER DESIGN
FOR AN EV BATTERY-CHARGING

APPLICATION

Electric vehicles typically have a 400V lithium-ion battery pack whose termi-

nal voltage can vary from 260V to 400V, depending upon the battery state

of charge. The converter needs to be designed to work efficiently over this

entire wide output voltage range. This output voltage regulation range re-

quirement translates to a gain variation of 0.65 to 1 for a 400V dc voltage

bus, which is the output of a typical power factor correction (PFC) rectifier

used in charging applications. The design is optimized for a CC mode charg-

ing current of 25A which translates to a peak output power of 10kW. The

converter’s maximum switching frequency is chosen as 200kHz. For efficient

operation, the converter also needs to maintain ZVS of primary-side switches

and ZCS of secondary-side diodes throughout the load range.

4.1 Design Approach

Since closed-form solutions were not possible for the proposed model, a grid

search-based approach was used to highlight the power density vs efficiency

trade-off when phase-shift modulation is used as an additional degree of

freedom to regulate the output voltage gain. The design variables are fn,min,

Lr, Cr and Lm. The converter’s maximum gain is determined by fn,min and

thus it also determines the transformer turns ratio. The required voltage gain

range of [0.65, 1], output current of 25A and maximum switching frequency

of 200kHz, which is also the resonant frequency, are equality constraints.

As discussed in Chapter II, the inductor rms current acts as a surrogate

variable for losses in the converter. The average value of rms current over

the entire output voltage range is calculated for different designs to optimize

the converter over the entire CC charging mode. The capacitor peak energy

over the entire load range along with fn,min act as surrogate variables for the
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Figure 4.1: Design flowchart: control variables are changed to meet the
equality constraints and surrogate variables for power density and efficiency
are plotted for each design to obtain the trade-off curve.

size of the capacitor and transformer, respectively, for a particular design.

The worst operating point from the transformer size standpoint is when the

converter is operating at fn,min, as the switching frequency is at its minimum

and the converter gain at its maximum. The area product for the transformer

is given by

AcoreAcopper =
VArated

2fn,minkwJBm

(4.1)

where VArated is the rated volt-amperes of the transformer, kw is the winding

fill factor, J is the current density of the copper, and Bm is the maximum

flux density. The transformer size is reduced as fn,min is increased for a given

V Arated. However, this comes at the cost of a smaller peak gain from the

converter. Phase-shift modulation must be used to achieve the required gain

range. The design procedure is illustrated in Fig. 4.1. Figure 4.2 shows the

capacitor peak energy and fn,min versus average Irms over the entire load

range for different design points. A minimum normalized frequency of 0.6,
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Figure 4.2: Capacitor peak energy (blue squares) and minimum operating
normalized frequency (orange circles) versus the average value of inductor
rms current over the entire CC mode.

marked by point P, allows frequency modulation alone to meet the output

voltage gain constraint. A higher normalized minimum frequency requires

both frequency and phase-shift modulation. As evident from the figure, if we

rely solely on phase-shift modulation, marked by point Q, the capacitor and

transformer size go down, but the average inductor rms current increases,

thereby increasing losses. The trade-off curve conveys that for a minimum

normalized frequency of 0.7, marked by point R, the average inductor rms

current remains almost the same as frequency-only modulation but capacitor

peak energy and transformer size go down. This implies that phase-shift

modulation in conjunction with frequency modulation can be used to increase

the overall power density without losing efficiency.

4.2 Comparison of the proposed model with FHA

Figures 4.3 and 4.4 compare the inductor rms current and capacitor peak

voltage estimated using the proposed model to that obtained using FHA re-
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Figure 4.3: Inductor rms current for different output voltage gain for
Vin = 400V , Lr = 3.5µH, Cr = 180nF , n = 7/6, Iload = 25A as predicted by
simulation (pink stars), FHA (red squares) and the proposed model (blue
circles).

spectively. The predicted value from FHA-based analysis for both capacitor

peak voltage and inductor rms current is considerably smaller when phase-

shift modulation is used. Any design that incorporates phase-shift modula-

tion based on FHA will underestimate the conduction losses and capacitor

voltage rating. This might lead to capacitor failure due to overvoltage and

overheating of the devices due to unaccounted losses.

4.3 Comparison with existing LLC-based converter

designs for wide output voltage range

Table 4.1 compares the proposed design to existing LLC-based converter de-

signs reported in the literature that achieve similar wide conversion ratios.

The publications do not provide all of the relevant experimental data for a

direct comparison so the designs are simulated using PLECS to obtain the ca-

pacitor peak voltage, inductor rms current, MOSFET peak blocking voltage,
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Figure 4.4: Capacitor peak voltage for different output voltage gain for
Vin = 400V , Lr = 3.5µH, Cr = 180nF , n = 7/6, Iload = 25A as predicted by
simulation (pink stars), FHA (red squares) and the proposed model (blue
circles).

and rms current, and diode peak blocking voltage and average current. The

converters are compared using the operating frequency range, energy stored

in the capacitor and inductor, and switch VA ratings. While the operating

frequency range and energy stored in the resonant tank elements influence

the size of the converter, the switch VA rating captures the loss in the con-

verter. Energy stored in the capacitor and energy stored in the inductor is

normalized to the total energy transferred to the load in one switching time

period. The normalized energy stored in the capacitor is computed using

Normalized energy in the capacitor =
1
2
CV 2

peak

Prated

fmin

(4.2)

where Vpeak is the peak voltage across the capacitor, Prated is the rated power

of the converter, and fmin is the minimum operating switching frequency.
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Similarly, the normalized energy stored in the inductor is calculated by

Normalized energy in the inductor =
1
2
LI2rms
Prated

fmin

(4.3)

where Irms is the maximum rms current through the inductor across the

entire output voltage range.
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The normalized metric is based on Irms rather than Ipeak since not all

the designs use soft magnetic materials for the inductor core. The size of

inductors with the soft magnetic core is limited by core saturation which

depends on Ipeak whereas air core inductors are limited by losses which depend

on Irms. It should be noted that if Ipeak was used instead, the normalized

metric would be higher.

The normalized switch VA rating is computed by

Normalized switch VA rating =

NswVsw,ratedIsw,rms

+NdVd,ratedId,avg
Prated

(4.4)

where Nsw and Nd are the number of MOSFETs and number of diodes re-

spectively, Vsw,rated and Vd,rated are the blocking voltages of the MOSFET

and the diode, respectively, Isw,rms is the maximum rms current through the

switch, and Id,avg is the average current through the diode. Conduction loss

in MOSFETs is given by I2sw,rms∗Rds,on, which depends on rms current. Sim-

ilarly, the conduction loss in diodes is given by Vf ∗ Id,avg, which depends on

the average current.

Table 4.1 shows that the converter designed using the proposed approach

has lower energy stored in the resonant tank elements, lower switch VA rating,

and reduced operating frequency range compared to [9,10,28]. Although the

switch VA rating and normalized inductor energy in [14] are comparable to

the proposed design, the operating frequency range is increased by 2.8X,

which will increase the transformer size. Moreover, this baseline design also

has 24.6% higher normalized energy in the capacitor. Reference [23] employs

only phase-shift modulation for output voltage regulation. This particular

design allows a drastic reduction in the capacitor energy storage requirement

at the cost of an increase in the rms current, as observed at the design point

Q in Fig. 4.2. It remains at the designer’s discretion to pick the final design

from the trade-off curve of Fig. 4.2, based on the power density and efficiency

targets.
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CHAPTER 5

EXPERIMENTAL VERIFICATION

Figure 5.1: Experimental setup of the 10kW prototype converter. The
converter is modular and the half bridges attach to the bottom of the PCB.

Two 10kW hardware prototypes are designed with a minimum normal-

ized frequency of 0.6 and 0.7 to validate the results of the design process.

The converter parameters and the selected components are listed in Table

5.1. The input voltage in the experiment is 370V and the peak output cur-

rent is limited to 23A because of laboratory power supply constraints. The

Figure 5.2: Size comparison of the transformer for frequency and
phase-shift modulated (left) and frequency-only modulated (right) designs.
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Table 5.1: Parameters and component list for frequency and phase-shift
modulated, and frequency only modulated designs

Parameters Frequency +
phase-shift

Frequency

Input voltage 370V 370V
Output voltage range 260V to 400V 260V to 400V

Output current 23A 23A
Resonant frequency 209.4kHz 206.3kHz
Operating frequency

range
145kHz to 209kHz 120kHz to 206kHz

Magnetizing
inductance

24.8µH 25.9µH

Resonant inductor 3.4µH 3.5µH
Resonant capacitor 169.9nF 169.9nF
Capacitor peak

voltage
330V 430V

Transformer Core B65686A0000R087 B65982Q0250K097
Primary-side
MOSFETs

IMZA65R027M1H IMZA65R027M1H

Secondary-side
Diodes

MSC050SDA070B MSC050SDA070B

converter uses phase-shift control to reduce the operating frequency range.

This results in a transformer that occupies 22% less space and has 28% less

weight compared to a design using only frequency modulation for control.

The transformer size comparison is shown in Fig. 5.2. The peak energy

stored in the resonant capacitor is reduced by a factor of 1.7x, decreasing

the size of the required resonant capacitor. The 10kW prototype converter

is shown in Fig. 5.1.

5.1 Output Voltage Gain Characteristics

The experimental results are compared with the analytical model and sim-

ulation in PLECS to verify the accuracy of the proposed model. Figure 5.3

and 5.4 compares the output voltage gain obtained from the model, simula-

tion, and experimental results. The switching frequency is varied from 145

kHz (fn=0.69) to 209 kHz (fn=1) and the phase-shift is varied from 0.55π

to π respectively for a constant load current of 23A. As can be seen from
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Figure 5.3: Output voltage gain with normalized frequency at a load
current of 23A

Figure 5.4: Output voltage gain with phase-shift at the resonant frequency
at a load current of 23A

the plot, the analytical model matches exactly with the simulation results

and tracks the experimental results very closely. Minor discrepancies can be

attributed to drops across the diode, the MOSFET’s on-state resistance, and

resistance due to the transformer winding, capacitor ESR and PCB traces.
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5.2 Comparing the two designed converters

The main waveforms for the two designed converters are shown in Fig. 5.5.

Both converters achieve ZVS throughout the operating range. Ringing in the

inductor current is observed due to the parasitic capacitance of the rectifier

diodes. Figure 5.5c experimentally demonstrates that the inductor current

drops sharply when input to the resonant tank is effectively shorted. The

current is not sinusoidal, which makes the first harmonic approximation un-

reliable for phase-shift modulation.

Figure 5.6: Loss distribution at peak load for combined frequency and
phase-shift modulated converter were total loss = 264.7W.

The loss distribution at rated load for frequency and phase-shift modu-

lated design is shown in Fig. 5.6. MOSFET conduction loss is calculated

using the experimental value of rms current and on resistance obtained from

the datasheet [32]. Diode loss is calculated using diode current and the for-

ward voltage drop is given in the datasheet [33]. Transformer core loss is

estimated using the Steinmetz equation [31]. Conduction losses in the in-

ductor, transformer, and capacitor are calculated using the respective rms

currents, and the resistance is measured at the switching frequency using HP

4284A precision LCR meter. MOSFET turn-off loss is calculated by measur-

ing experimental fall time, dc link voltage, and current through the switch
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(a)

(b)

Figure 5.7: Total power loss in (a) CC mode with a constant load current of
23A and (b) CV mode with a constant output voltage of 400V.

35



Figure 5.8: Energy lost / Energy delivered for frequency modulated and
frequency and phase-shift modulated converter over different charging
cycles.

during the turn-off transient. Total loss is calculated using keysight inte-

gravision power analyzer PA2201A. Seventy-two percent of the total loss is

due to the conduction loss in different circuit elements. This experimentally

validates the approach of using inductor rms current as a surrogate variable

for efficiency.

The loss profiles of both converters are significantly different in CC charg-

ing mode as shown in Fig. 5.7a, due to different modulation techniques being

used. However, they both have almost the same average power loss over the

operating regime at 244.8W and 244.2W for the frequency-only modulated

design and the frequency and phase-shift modulated design, respectively. The

peak losses which determine the size of the heat sink needed are also similar

at 311W and 301W for the frequency-only modulated design and the fre-

quency and phase-shift modulated design, respectively. But, the frequency

and phase-shift modulated converter incur significantly less loss in the con-

stant voltage (CV) charging mode as shown in Fig. 5.7b. This reduction

in loss happens because the rated voltage is achieved at a higher switching

frequency in the frequency and phase-shift modulated converter which re-
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duces circulating current and, therefore, reduces the conduction losses. The

overall energy loss over different charging cycles is shown in Fig. 5.8. It

is clear that both the frequency-modulated and frequency and phase-shift

modulated converters have the same loss in 20%–80% charging cycle but the

frequency and phase-shift modulated converter has 36% and 20.5% less loss

for 80%–100% and 20%–100% charging cycles, respectively.
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CHAPTER 6

CONCLUSION AND FUTURE WORK

6.1 Conclusion

In this thesis, the state plane approach is used to analytically model the

LLC resonant converter in the DCM operating mode for both frequency and

phase-shift modulation. The proposed approach is used to design an LLC

resonant converter for EV battery charging applications which can achieve

the required output voltage regulation with the reduced operating frequency

range and reduced capacitor peak energy. This reduces both the transformer

and the resonant capacitor size while achieving the same average efficiency

in CC charging mode and incurring fewer losses in CV charging mode. Two

10kW SiC-based hardware prototypes are built, one uses frequency modula-

tion alone for regulating output voltage, and the other both frequency and

phase-shift modulation. The proposed model’s accuracy is validated by the

experimental and simulation results. The volumetric size of the transformer

is reduced by 22%, and the weight is lowered by 28%. The capacitor peak

energy storage requirement shrunk by 1.7x. The losses over the 20%–80%

charging cycle remain the same but the frequency and phase-shift modulated

design has 36% and 20.5% less loss over 80%–100% and 20%–100% charging

cycles respectively.
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6.2 Future Work

Possible future work is listed below:

• Developing fast control algorithms with high input disturbance rejec-

tion can allow for reduced input filter size further improving the power

density of the converter

• Circuit changes by introducing additional switches and capacitors to

shape the resonant tank current as a hybrid between a sinusoid and a

trapezoid will lead in reduction of rms tank current while maintaining

soft switching properties. This would enhance the efficiency of the

dc-dc converter stage.

• The input dc link was assumed to be constant in this design procedure.

Complete system-level design optimization with a variable dc-link after

the PFC with a high bandwidth controller will lead to a further increase

in the efficiency of the charging circuit
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APPENDIX A

MATHEMATICAL PROPERTIES OF
CIRCLES

A.1 Average value of y coordinate in a circular

trajectory

The average of the y coordinate for an arc of a circle spanned by coordinates

(x1, y1) and (x2, y2) centered at the origin is

< y >=
1

θ2 − θ1
(

∫ θ2

θ1

ydθ) (A.1)

where θ1 and θ2 are the counter-clockwise angles made by the positive x-

axis and the lines joining the origin with (x1, y1) and (x2, y2) respectively.

Substituting y = rsin(θ) in the above equation where r is the radius of the

circle, we get

< y > =
1

θ2 − θ1
(

∫ θ2

θ1

rsin(θ)dθ)

=
1

θ2 − θ1
(−rcos(θ2) + rcos(θ1))

=
1

θ2 − θ1
(x1 − x2)

(A.2)

A.2 RMS value of y coordinate in a circular trajectory

The rms of the y coordinate for an arc of a circle spanned by coordinates

(x1, y1) and (x2, y2) centered at the origin is

yrms =
1

θ2 − θ1
(

∫ θ2

θ1

y2dθ) (A.3)
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where θ1 and θ2 are the counter-clockwise angles made by the positive x-

axis and the lines joining the origin with (x1, y1) and (x2, y2) respectively.

Substituting y = rsin(θ) in the above equation where r is the radius of the

circle, we get

yrms =

√
1

θ2 − θ1
(

∫ θ2

θ1

r2sin2(θ)dθ)

=

√
1

θ2 − θ1
(

∫ θ2

θ1

r2
1− cos(2θ)

2
dθ)

=

√
1

2
(r2 + r2

sin(2θ2)− sin(2θ1)

2(θ2 − θ1)
)

(A.4)

Using trigonometric identity, sin(2θ) = 2sin(θ)cos(θ) and rcos(θ) = x and

rsin(θ) = y, we get

yrms =

√
1

2
(r2 +

x2y2 − x1y1
θ2 − θ1

) (A.5)
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APPENDIX B

DIFFERENT OPERATING MODES OF
LLC RESONANT CONVERTER IN BELOW

RESONANT FREQUENCY MODE

A total of eight different circuit states are possible, shown in Fig. 3.5. How-

ever, not all switching states will manifest themselves in a switching cycle.

The states shown in Figs. 3.5(II), 3.5(III), 3.5(V), and 3.5(VI) only occur

when phase-shift modulation is used.

1. State a: This state occurs when switches S1 and S4 are ON and diodes

D1 and D4 are conducting. As a result, the voltage at the input of

the resonant tank is +Vin, and the voltage across the magnetizing in-

ductance is +Vout. The circuit diagram of this state is shown in Fig.

3.5(I). The effective voltage across the resonant tank is Vin−Vout. The

state plane diagram in this state is a circle centered at (1-M, 0), where

M is the converter’s gain.

2. State b: This state occurs when switches S1 and S3 are ON and diodes

D1 and D4 are conducting. As a result, the input of the resonant tank

is shorted and the voltage across the magnetizing inductance is still

+Vout. The circuit diagram of this state is shown in Fig. 3.5(II). The

effective voltage across the resonant tank is −Vout. The state plane

diagram in this state is a circle centered at (-M, 0).

3. State c: This state occurs when switches S1 and S3 are ON and none of

the diodes are conducting. As a result, the input of the resonant tank

is shorted and the magnetizing inductance joins the resonance. The

circuit diagram of this state is shown in Fig. 3.5(III). The effective

voltage across the resonant tank is 0. The state plane diagram in this

state is an ellipse centered at the origin.

4. State d: This state occurs when switches S2 and S3 are ON and diodes

D2 and D3 are conducting. As a result, the voltage at the input of
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the resonant tank is −Vin, and the voltage across the magnetizing in-

ductance is −Vout. The circuit diagram of this state is shown in Fig.

3.5(IV). The effective voltage across the resonant tank is −Vin + Vout.

The state plane diagram in this state is a circle centered at (-1+M, 0),

where M is the converter’s gain.

5. State e: This state occurs when switches S2 and S4 are ON and diodes

D2 and D3 are conducting. As a result, the input of the resonant tank

is shorted and the voltage across the magnetizing inductance is still

−Vout. The circuit diagram of this state is shown in Fig. 3.5(V). The

effective voltage across the resonant tank is +Vout. The state plane

diagram in this state is a circle centered at (M, 0).

6. State f: This state occurs when switches S2 and S4 are ON and none

of the diodes are conducting. As a result, the input of the resonant

tank is shorted and the magnetizing inductance joins the resonance.

The circuit diagram of this state is shown in Fig. 3.5(VI). The effective

voltage across the resonant tank is 0. The state plane diagram in this

state is an ellipse centered at the origin.

7. State g: This state occurs when switches S1 and S4 are ON and none of

the diodes are conducting. As a result, the input of the resonant tank

is Vin, and the magnetizing inductance joins the resonance. The circuit

diagram of this state is shown in Fig. 3.5(VII). The effective voltage

across the resonant tank is Vin. The state plane diagram in this state

is an ellipse centered at (1,0).

8. State h: This state occurs when switches S2 and S3 are ON and none

of the diodes are conducting. As a result, the input of the resonant

tank is −Vin, and the magnetizing inductance joins the resonance. The

circuit diagram of this state is shown in Fig. 3.5(VIII). The effective

voltage across the resonant tank is −Vin. The state plane diagram in

this state is an ellipse centered at (-1,0).
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APPENDIX C

PLECS SIMULATION MODEL

Figure C.1: Simulation model of LLC resonant converter in PLECS
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