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Abstract

Spatio-temporal imaging (also known as dynamic imaging) refers to the inverse problem of the

recovery of an underlying time-varying object f at each time instant t from its undersampled

measurements g obtained by a known and possibly time-varying measurement operator Rt.

The problem appears in various imaging modalities, such as computed tomography (CT) and

magnetic resonance imaging (MRI).

In this thesis, we particularly focus on the problem of dynamic tomography with time-

sequential measurements, which is significantly ill-posed due to only having a single projection

for each time instant t. Performing a direct recovery using this inconsistent set of projections

is not possible. Also, the acquisition strategy (also called the angular sampling order) is

another design parameter that plays an important role in the accuracy and stability of the

developed methods. We formulate various methods to tackle this problem. Several of the

proposed methods employ partially-separable models (PSM) to represent the underlying

spatio-temporal object. PSM representation introduces a particular low-rank structure,

leading to the factorization of the spatial and temporal effects. It is also parsimonious

and preserves interpretability. Firstly, we propose a projection-domain PSM and analyze

conditions for a unique and stable solution to this ill-posed inverse problem. The special

projection-domain PSM also allows a quantitative analysis and prediction of the performance

of different time-sequential acquisition schemes. Then, to enable the incorporation of a spatial

regularizer, we propose an object-domain recovery algorithm using a variational formulation

with PSM enforced as a soft constraint. This method uses the temporal components of

the PSM recovered by the fast projection-domain method for initialization to improve and

accelerate convergence. Thirdly, we propose another object-domain method that efficiently

combines the PSM and the popular Regularization-by-Denoising (RED) frameworks for the

first time. Convergence of the proposed algorithm is improved and accelerated by initializing

the method with the spatial and temporal components of the fast projection-domain PSM.

The method includes a convergence analysis. Finally, the last method proposed in this thesis

combines the neural fields (NFs), or implicit neural representations (INR), with the RED

framework for the first time to recover the underlying spatio-temporal object with improved
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accuracy compared to its low-rank alternative, and another deep-prior-based method. The

proposed optimization algorithm avoids costly gradient computations through the deep

denoiser for RED updates.
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Chapter 1

Introduction

1.1 Overview

In Chapter 2, we present a novel unsupervised projection-domain recovery algorithm called

ProSep for dynamic tomography where we utilize a particular partially-separable model with

harmonic spatial representations. The method employs bit-reversed time-sequential sampling

and the factors affecting the uniqueness and stability of the solution are analyzed. We compare

the proposed method with a recent deep-prior-based approach for video reconstruction and

demonstrate its advantages.

In Chapter 3, we propose an object-domain variational formulation to incorporate explicit

spatial priors. This formulation enforces the partially separable model (PSM) spatio-temporal

prior as a soft constraint, and employs an accurate and fast temporal initialization obtained

by ProSep. The results are promising even with a simple spatial regularization technique,

but we anticipate even better performance with improved regularization.

In Chapter 4, we combine the regularization by denoising (RED), which offers a flexible

framework to exploit the powerful performance of state-of-the-art denoisers for numerous

inverse problems, with PSM techniques. To the best of our knowledge, this is the first

PSM-based approach using a pre-trained, learned (RED-based) spatial prior. This method

considers PSM as a hard constraint, and the recovery algorithm is formulated using a bilinear

ADMM. We also propose a patch-based version of the proposed algorithm. This version

eliminates the need to store the complete object in the memory. Thus, the method becomes

scalable for high-resolution and/or 3D dynamic objects. This change leads to negligible to

no loss in reconstruction accuracy. Also, the analysis shows that a minor variation of the

implemented algorithm converges to a stationary point. The computational advantages and

the reconstruction accuracy improvements of the proposed method over a recent DIP-based

technique are shown.
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In Chapter 5, we represent the spatio-temporal object using neural fields (NF), and

similarly combine the NF representation with the RED-based spatial prior. As in Chapter 4,

this is the first time that the RED-based spatial prior is combined with NFs. Likewise, the NF

representation is considered as a hard constraint and the resulting objective is minimized using

an efficient ADMM-based algorithm. The proposed method is shown to provide improved

reconstruction accuracy compared to its alternatives, including the method proposed in

Chapter 4.

1.2 Linear inverse problems: Variational formulation

Many imaging inverse problems are formulated as

g = Rf + η (1.1)

where R : RN → RM is a linear measurement operator associated with the imaging modality,

where M ≪ N , f ∈ RN is the object to be reconstructed, and g ∈ RM is the set of

measurements corrupted by additive noise η ∈ RM .

The associated recovery problem is

argmin
f

H(f, g) where H(f, g) = L(f, g) + ρ(f), (1.2)

where L is the data fidelity term measuring the fit between available measurements and the

ones obtained from the estimated object, often in the form

L(f, g) = ∥g −Rf∥22. (1.3)

When the noise is modeled as additive white Gaussian, this term is proportional to the

negative log-likelihood of the data, and otherwise it is simply a squared deviation term.

Function ρ is a regularization term containing prior knowledge about the object f .

1.3 Problem Statement: Dynamic CT

The dynamic tomography is a challenging ill-posed inverse problem that addresses the recovery

of a time-varying object from projections acquired sequentially at specific time instants. Since

the object evolves in time, and too few projections (only one, in the extreme case) are acquired

at any time instant, they are insufficient to reconstruct the object at any time. The problem

arises in the fields of myocardial perfusion imaging [1], thoracic CT [2], imaging of fluid flow
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processes [3], [4], imaging of material samples undergoing compression [5], [6], and certain

microscopic tomography tasks [7]. Also, it is closely related to the dynamic MRI (dMRI)

problem, which typically arises in cardiac imaging [8].

Figure 1.1: Projection acquisition geometry for time-varying tomography of the object ft
with single measurement gt at each time instant for t ∈ {0, 1, 2}.

In a 2D setting, the goal in dynamic tomography is to reconstruct a time-varying object

f(x, t), x ∈ R2 vanishing outside a disc of diameter D, from its projections

g(·, θ, t) = Rθ{f(x, t)}+ η(·, θ, t) (1.4)

obtained using the Radon transform operator Rθ at angle θ where η is the additive noise. We

consider time-sequential sampling of a single θ at each time, assuming that the acquisition of

a projection is fast enough that the object is essentially static within the sampling time, but

the variation between samples cannot be ignored. Assuming sampling uniform in time, the

acquired data is

{g(s, θp, tp)}P−1
p=0 , ∀s, tp = p∆t, (1.5)

where s is the offset of the line of integration from the origin (i.e., detector position), and

P is the total number of projections (and temporal samples) acquired. The s variable is

uniformly sampled to {sj}Jj=1, and we assume that this sampling is fine enough to not affect
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the accuracy of the reconstruction, and therefore suppress it in the notation unless relevant.

We consider the sequence {θp}P−1
p=0 , with θp ∈ [0, 2π], which we call the angular sampling

scheme, to be a free design parameter 1.

The objective is to reconstruct a time-sequence, a movie of the object {f(x, tp)}P−1
p=0 from

the time-sequential projections in (1.5). For a static object, f(x) can be reconstructed from g

using the inverse Radon transform R−1, which is well-approximated in practice by the filtered

backprojection (FBP) algorithm for P large enough [9]. However, time-sequentially acquired

projections (1.5) are inconsistent because different projections correspond to different objects,

and a direct reconstruction using R−1 leads to severe artifacts.

1.4 Previous Work

We limit our discussion of previous work in this section to dynamic CT and dMRI, although

similar or analogous methods have been or can be applied in other dynamic imaging modalities.

The same can be said of the methods proposed in this thesis.

1.4.1 Dynamic MRI (dMRI)

In spite of major advances in hardware and signal acquisition methods, MRI has remained a

relatively slow modality, posing significant challenges for dynamic imaging. This, coupled with

the high flexibility in the acquisition strategy, has motivated extensive work on dMRI, with

hundreds of papers on the subject. We highlight some key developments in the algorithm-based

dMRI techniques.

Fundamentally, algorithmic approaches to dMRI are based on identifying and exploiting

redundancy in the dynamic object, which enable its recovery from an incomplete, and usually

sparse set of samples acquired in the joint k-space and time domain – the k-t-space. Many of

the proposed methods have extensions to parallel imaging, which introduces additional such

redundancy by additional hardware.

A large set of approaches rely on modeling the support of the object in the domain dual

to the k-t-domain – the (x-f) domain (the space – temporal frequency domain). These

approaches may be classified into three groups. The first involves generic modeling of the

(x-f) support as in reduced field-of-view (FOV) techniques [10]–[12]. The second involves

sparse and unknown support modeling in a transform domain, and sampling and recovery

using the methods of compressed sensing [13]–[16]. The third involves adaptive sparse support

1An arbitrary angular sampling scheme is easily implemented in radial MRI, but also in CT systems such
as micro-CT and industrial CT where the factor limiting acquisition speed is the x-ray exposure or sensor
readout, rather than the rotation of the object or source.
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modeling [17]–[20], where the support information is adapted to the dynamics of the imaged

slice, and the theory of time-sequential sampling [21], [22] is used to design an optimal k-t

sampling and reconstruction scheme. Other related approaches model prior information such

as motion periodicity and related harmonic structure [23], [24], or the object’s spatial and

temporal correlation functions [25].

Since its introduction, the partially-separable model (PSM) [26], with a non-parametric

factorized low-rank form separating the spatial and temporal structure, has been used

extensively in many works on dMRI to represent the underlying spatio-temporal object. A

group of methods recover the PSM in two steps: (a) estimate the temporal subspace using

data (e.g., a navigator signal) sampled at low spatial, but high temporal resolution; and

(b) estimate the spatial subspace using the entire acquired data set. Such methods include

e.g., [26]–[30], with followup versions promoting sparsity of the object in a transform domain

(e.g., [31]). Other PSM approaches use a low-rank matrix recovery formulation to estimate

spatial and temporal components jointly (free of conditions or additional data acquisition

enabling a separate reconstruction of the temporal subspace), e.g., [32], [33]), also with

versions promoting sparsity [34], [35].

Manifold models have also been considered for dMRI. Recent such work [36] surveys

previous related works, and proposes a new method that is related to PSM. The method

partitions the dynamic object into temporal subsets each lying on a low-dimensional manifold,

approximated by its tangent subspace. As a result, the object is represented by a temporally

partitioned PSM. A simple sparsity penalty is used for the spatial representation. The spatial

basis functions and linear transformations aligning the temporal subsets are determined

by optimizing a non-convex objective using an ADMM algorithm. The subset temporal

partitioning and temporal bases are estimated using an initial reconstruction obtained from

training data. In some applications, such data may not be available.

Another set of methods, including [37]–[40], promotes low-rankness of the entire spatio-

temporal object matrix or of patches thereof [41], [42] implicitly by using the nuclear norm

or Schatten-p functional with p < 1, often promoting sparsity in a transform domain as

well. Methods combining motion estimation and compensation with other priors are also

used widely for dMRI, e.g., [43]–[46].

A different approach in dMRI decomposes the object into the sum of low-rank and sparse

components, with the low-rankness encouraged implicitly using nuclear or a Schatten-p

functional [47]–[50]. A recent related fast method [51] decomposes the object representation

into the sum of three components: the mean signal; a low-rank PSM; and a residual sparse

in the Fourier domain. Although benchmark competing methods are either faster or more

accurate on some of the diverse data sets used for the comparison in [51], the method provides
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the lowest reconstruction error and runtimes when these quantities are averaged over these

data sets.

Recent approaches to dMRI reconstruction have used deep neural networks (DNNs).

A majority of these methods, such as [52]–[65], are supervised, requiring a large set of

high-resolution artifact-free images for network training. However, acquiring such training

data can be difficult for some dMRI applications, and may be impossible for many other

dynamic imaging applications, where clinical dMRI strategies for freezing motion such as

ECG synchronization and breath-hold by a cooperative patient, are not available.

The need for a training data set is overcome by recent object-domain deep image prior

(DIP)-based DNN algorithms for dMRI [66], [67], which are unsupervised. Providing impres-

sive results, DIP-based algorithms such as [66] suffer from overfitting and usually require

handcrafted early stopping criteria during the optimization of generator network parameters.

To overcome these drawbacks, [67] includes regularization constraining the geodesic distances

between generated objects. However, this requires the computation of the Jacobian of the

generator network at each iteration of the update of the weights, significantly increasing the

computation and run time.

A different unsupervised approach [68] combines factorized low rank (i.e., partially

separable) with generative models. Although it combines the PSM with the recent DIP

framework, this method has the following limitations: (i) The spatial generator is an artifact

removal network taking the full-sized spatial basis functions as input. Since this prevents

a patch-based implementation, it may be computationally problematic for high-resolution

3D+temporal settings; (ii) The CNN structural prior for natural images that is used in the

spatial generator may not be useful as a prior for the individual spatial basis functions, since

the least-squares optimal spatial basis functions are the left singular vectors of the complete

object, and as such may not have the structure of natural images; (iii) As with the other

DIP-based methods, if the additional penalties on the generator parameters are insufficient,

this method can be prone to overfitting. These various limitations are overcome by the

proposed approach.

Lately, neural fields (NFs), or implicit neural representations, have been proposed as deep

learning-based continuous representations of spatio-temporal objects. Since NF representation

is essentially resolution-free, the number of parameters to represent, and hence the memory

required to store the underlying object, does not scale with the spatio-temporal resolution.

This provides an advantage over the previously proposed alternatives to provide a parsimonious

representation and reduced memory requirements.

Similar to PSM or DIP-based techniques, most of the NF-based algorithms are optimized

in an unsupervised manner, using only the measurement data to estimate the network
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parameters.

For dMRI, in [69], the object is represented by NF in the object-domain and the NF

parameters are optimized using a fidelity term in the k-space combined with temporal total

variation (TV) and low-rankness regularization terms. The method in [70] uses the NF

representation in k-space, requiring an inverse Fourier transform to obtain the estimated

object. Another method [71] combines the idea in [70] with an additional convolutional

correction layer taking the NF outputs of the spatially neighboring coordinates as input and

provides a corrected output for the coordinate of interest. This layer is optimized with the

low-frequency k-space data estimated by the NF. Again using a k-space NF, [72] proposes

a k-space-based self-consistency regularization for recovery. In [73], the authors introduce

Fourier positional encodings [74] to shift the spectral bias [75] to higher frequencies.

1.4.2 Dynamic CT (dCT)

CT is faster than MRI, thanks to acquiring an entire projection at one view angle at once.

However, because of the angular scanning required in almost all systems, in spite of significant

advances in hardware, dCT is still a relatively slow modality. It is also the problem that

motivated much of our work reported in this thesis.

In perhaps the earliest algorithmic approaches to dCT, the time-sequential sampling

problem in d-CT was formulated and studied in [76], and [77], [78] provided a solution using

time-sequential sampling of bandlimited spatio-temporal signals including an optimal view

angle order for the scan and theoretical guarantees for unique and stable reconstruction.

However, the approach is limited by its bandlimitedness assumptions.

A class of algorithms for dCT are based on modeling the time variation by a motion field,

and motion-compensated reconstruction. Many of these algorithms, e.g., [79]–[82] alternate

between estimating the motion field and the time-varying object. Some algorithms, e.g., [83]

use the optical flow (mass continuity) PDE. A different method [84] estimates the motion

field separately by evolving a linear elastic deformation by the Navier-Cauchy PDE, assuming

known boundary evolution of the object and initial density distribution. However, these

methods assume the total mass or density to be preserved over time, which may be a limiting

assumption. As also stated in [85], another issue with the motion field-based methods is their

inability to represent topological changes which require discontinuity in the representation.

For instance, flow of a contrast agent into the imaged volume, or imaging a fixed slice of a

3D time-varying object under compression with cross-slice motion may violate either of these

assumptions. As a hardware-based, problem-specific approach, optical tracking of fiducial

marks has been used for motion correction [86].
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Various methods approach dCT reconstruction as Bayesian estimation. These include

methods [87]–[90] that employ a state-space formulation and use Kalman filter techniques

to approximate an MMSE estimate. A different Bayesian method [91] incorporates a spa-

tiotemporal Markov random field object prior, and models measurement imperfections. An

iterative algorithm is used to compute a MAP estimate. An interlaced projection acquisition

scheme is also proposed.

Several dCT methods motivated by compressed sensing use a total-variation penalty along

both spatial and temporal coordinates, as in [92], while other methods, e.g. [93], propose

efficient sparse representations for the dynamic object. Incorporating low-rank modeling

[94] decomposes the object into low-rank+sparse components, promoting the low rankness

implicitly using the nuclear norm. The method relies on the object being approximately static

for groups of projections, enabling an approximate reconstruction from each such group.

The PSM model has been introduced into dynamic tomography [95], [96] by carrying

the PSM to the projection domain using the harmonic representation of projections, and

estimating the spatial and temporal basis functions jointly. The work provides a theoretical

analysis of uniqueness and stability and the choice of time-sequential angular scan scheme for

the problem. Despite the advantages of this approach, its performance is still limited by the

null space of the measurement operator.

To help address the underdetermined problem, the method of [97] improves over [95],

[96] by combining a PSM with basic spatial regularization by total variation. Like [95], [96]

this method too estimates the temporal and spatial PSM components jointly. This makes it

applicable to the time-sequential acquisition scenario considered in this paper , where only a

single projection is available per time frame. It imposes low rankness as a soft constraint,

using a hybrid biconvex objective with a data fidelity term and a TV regularizer expressed in

terms of the unfactorized object, and a penalty for object-PSM mismatch. It uses [95], [96]

for fast initialization. The method [97] can be considered a precursor to the method of this

paper, which combines a hard-rank constrained PSM with a sophisticated learned spatial

regularizer, and provides theoretical convergence analysis.

Recent methods [98]–[101] introduce deep learning into dCT. These methods require

an initial reconstruction from the subsets of data from which the motion can be estimated

accurately. However, without a periodicity assumption, this is not applicable to the scenarios

in this paper, where only a single projection is available at a time. Another method [102] for

cone-beam dCT proposes a multi-agent consensus equilibrium [103]-based technique using

separate deep denoisers for axial, sagittal, and coronal slices of the object.

For dCT, method [104] combines the learning of NFs for static templates, with motion field

estimation to warp the learned template for dynamic reconstruction. This framework has been
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applied to generic video frames [105] and, by incorporating a differentiable forward operator

and using available time-sequential projections, it was translated to dynamic tomography

[104]. A deep-learning-based method [106] for dynamic photoacoustic tomography (PACT)

used the partition of unity network (POUnet) [107] as the NF architecture to represent

the dynamic object. To handle the dynamics, the input spatial coordinates to the NF

were augmented by the temporal coordinate. The POUnet output is expressed in terms

of cubic polynomials which are functions of spatio-temporal coordinates whose coefficients

are determined by the POU NF, which are weighted by a learned matrix. These basis

functions are defined as polynomials of a total degree of 3. To regularize the objective, a

Frobenius norm penalty on the interpolation coefficients and a smoothed p-norm penalty

p ∈ (0, 1) on the NF outputs were used with decaying weights. The proposed NF structure

and the alternating minimization strategy are claimed to offer robust optimization despite

the problem nonconvexity, and a good alternative for representing piecewise smooth functions.

The method outperforms its comparison benchmarks only in some of the projection-per-frame

settings. Recently, [108] uses proximal splitting to separate updates involving the imaging

operator from the NF parameter updates by solving additional embedding problems. The

method uses a modified PSM-like POUnet form, where the NF is only dependent on the

temporal variable, and the results are demonstrated on PACT. Another NF-based dynamic

cone-beam CT (CBCT) method [109] decouples the reconstruction into recovering a reference

volume via a spatial NF, and the motion field using principal component analysis (PCA)-based

patient-specific models where the component weights are estimated by a temporal NF. The

method requires pre-acquired dynamic data to extract a motion model. A follow-up work

[110], proposes a faster version that does not require pre-acquired dynamic data. Similar to

[110], a two-stage dynamic CBCT model [111] combines NF representation for the object

with a neural deformation field, having the limitations mentioned for the methods that model

time variation by a deformation field applied to a static template.
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Chapter 2

Dynamic Tomography Reconstruction

by Projection-Domain Separable

Modeling

.

2.1 Introduction

In this chapter, we present a new unsupervised dynamic tomographic reconstruction algorithm,

dubbed ProSep, that uses a special bilinear partially-separable model for the projections of a

time-varying object. The newly proposed framework also enables the quantitative analysis

of the effect of the different sampling schemes. Based on this analysis of time-sequential

acquisition schemes, we consider a particular object-independent angular sampling order of

the projections for this model and analyze factors affecting the uniqueness and stability of the

solution. ProSep does not use any spatial prior for the object, but in numerical experiments

shows performance superior to the recently proposed GMLR [112] - a deep image prior model

for video reconstruction.

2.2 Problem Statement

We consider the time-sequential dynamic tomography problem described in Chapter 1.3

assuming sampling uniform in time.

Material of this chapter has previously appeared in [95], [96] and is adapted here with permission. Code
link: https://github.com/berkiskender/ProSep
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The objective is to recover the spatio temporal object {f(x, tp)}P−1
p=0 . We wish to re-

construct the time series of the dynamic object using minimal and verifiable assumptions,

and to analyze the effect of various problem parameters, including the sampling scheme, on

the uniqueness and stability of the reconstruction. We use a high benchmark for accuracy:

FBP-based reconstruction of each frame f(x, tp) from the complete set of P projections taken

simultaneously, i.e., using a total of P 2 rather than just P projections.

2.3 Partially Separable Model (PSM)

2.3.1 Partially separable model in the object domain

The representation of a dynamic object f(x, t) by a K-th order partially separable model

(PSM) is the series expansion

f(x, t) =
K−1∑
k=0

fk(x)ψk(t), (2.1)

which is known to be dense in L2 [113], meaning that any finite energy object can be

approximated arbitrarily well by such a model of sufficiently high order. Empirically, it is found

that even modest values of K provide high accuracy in applications to MR cardiac imaging

[32], [114], [115], however we have not found a quantitative analysis of this phenomenon.

Our analysis (see Section 2.7) shows that for a spatially bandlimited object, a time-varying

affine transformation (i.e, combination of time-varying translation, scaling, and rotation) of

bounded magnitude leads to a good approximation by a low order PSM model. Because our

benchmark is FBP-based tomographic reconstruction of a static object from P simultaneous

projections, which is inherently spatially bandlimited, the above analysis lends support to

the use of the PSM with modest K. This reduces the number of degrees of freedom in the

dynamic object, enabling reconstruction with less data.

2.3.2 Partially separable model in the projection domain

While the PSM has been used for dynamic imaging in MRI [32], [114], [115], we gain

additional insight into its role in tomography by carrying it into the projection domain, and

the harmonic representation of the projections. For real-valued time-varying projections, the

circular harmonic expansion is

g(s, θ, t) =
∑
n∈Z

hn(s, t)e
jnθ, hn = h∗−n, (2.2)
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and we have the following result.

Theorem 1. Let an object f(x, t) vanish outside a disk of diameter D and have the partially-

separable representation

f(x, t) =
K−1∑
k=0

fk(x)ψk(t) + γf (x, t), (2.3)

with error term bounded as ||γf ||22 ≤ ϵf , for some ϵf > 0. Then the projections admit the

representation

g(s, θ, t) =
∑
n∈Z

hn(s, t)e
jnθ + γg(s, θ, t) (2.4)

with ||γg||22 ≤ πDϵf and hn(s, t) represented by the special partially separable model

hn(s, t) =
K−1∑
k=0

βn,k(s)ψk(t). (2.5)

Remark: The PSM (2.5) is special, in that all the hn(s, t) are expanded in a common

temporal “basis” {ψk(t)} - independently of n. Moreover, the approximation error of the

projections using this special PSM for the expansion coefficients is bounded explicitly in

terms of corresponding error in the object PSM (2.3). This can be used to show that the

special PSM (2.4) is dense in the space of L2 functions hn(s, t).

The special PSM for the projections compresses their representation from ≈ PD2 param-

eters to ≈ KD2 +KP , with K ≪ P . We introduce further compression to ≈ KD2 +Kd, by

modeling each temporal function by d≪ P parameters.

2.4 The recovery problem: Analysis

2.4.1 Representing the Sampled Projections

Substituting (2.5) into (2.2), it can be shown that the projections are given by

g(s) = (Θ •Ψ)β(s) (2.6)
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where g(s) ∈ RP , Ψ ∈ RP×(K+1), Θ ∈ CP×2N+1, and β(s) ∈ R(2N+1)(K+1) are defined as

g(s) =
[
g(s, θ1, t1), g(s, θ2, t2), . . . g(s, θP , tP )

]T
,

Ψ =


ψ0(t1) . . . ψK(t1)

...
...

...

ψ0(tP ) . . . ψK(tP )

 , Θ̃ =

 1 ejθ1 . . . ej2Nθ1

. . . . . . . . . . . .

1 ejθP . . . ej2NθP


Θ = diag([e−jNθ1 . . . e−jNθP ])Θ̃ (2.7)

β(s) =
[
β−N,0(s) . . . β−N,K(s) . . . βN,0(s) . . . βN,K(s)

]T
.

and • denotes the Face-splitting product [116], where the p-th row of Θ •Ψ is given by the

Kronecker product of the respective rows, Θp ⊗Ψp.

Next, as also applied for X-ray CT scatter correction in [117]–[119], we leverage the

π-symmetry of flipped projections, g(−s, θ) = g(s, θ + π), to double the number of equations

for the same number of unknowns. Replacing θp by θp + π in (2.7) corresponds to post-

multiplication of Θ by a diagonal matrix with entries ejnπ, n = −N, . . . N . Combining the

resulting equations results in expanding model (2.6)-(2.7) to

ĝ(s) = [gT (s),gT (−s)]T , Ψ̂ = [ΨT ,ΨT ]T , Θ̂ = [ΘT , Θ̄T ]T ,

ĝ(s) = (Θ̂ • Ψ̂)β(s), Θ̄ = Θ diag {(−1)n}Nn=−N . (2.8)

2.4.2 Low Dimensional Model for Temporal Functions Ψ

Suppose that a given fixed number of K sampled temporal functions ψk ∈ RP reside in a

d-dimensional subspace where d > K, but d≪ P . They can be expressed as ψk = Uzk where

U ∈ RP×d is a fixed interpolator and zk ∈ Rd. Without loss of generality (wlog), we assume

that UTU = Id, i.e. U has orthonormal columns. Then, the forward model (2.8) becomes

ĝ(s) = (Θ̂ • (ÛZ))β(s), Û = [UT , UT ]T . (2.9)

2.4.3 From Recovered Representation to Reconstructed Object

Once (2.9) is solved for the unknowns Z and β(s)∀s, the reconstructed time series of the

object is obtained by first forming the temporal functions Ψ = UZ and then obtaining

the harmonic expansion coefficients using (2.5). This allows to obtain the projections at

all θ ∈ [0, 2π] for each t using (2.2). Finally, reconstructions at {tp}P−1
p=0 of the estimated

projections are performed using FBP.
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2.4.4 Bilinear problem and necessary conditions for recovery

The problem of recovering Z and β from the sampled projections in (1.5) using (2.9) is the

bilinear problem

∀s find β(s) ∈ B, Z ∈ Z

s.t. (Θ̂ • (ÛZ))β(s) = ĝ(s), (2.10)

where B and Z are appropriate constraint sets. We wish to study conditions for uniqueness

of the solution to problem (2.10) and its stability to perturbations in the data and the model.

Since β(s) and Z appear in product form, there is an inherent scaling ambiguity [120] in

(2.10). To remove it, we impose wlog the constraint that ZTZ = I, or equivalently, that Z is

the d-dimensional Stiefel manifold in RP .

Next, we investigate conditions for uniqueness and stability of the solution to the bilinear

problem. As shown in [120], a necessary condition is that when one of the two variables is

fixed to a valid solution, the solution for the other is unique. This motivates the study of the

linear inverse problems defined by fixing, in turn, one of the two variables β(s) ∀s or Z in

(2.10).

(i) Model Linear in β(s). Defining

L1(Z) ≜ Θ̂ • Ψ̂ = Θ̂ • (ÛZ)

yields

ĝ(s) = L1(Z)β(s) (2.11)

with the i-th row of L1(Z) given by

L1(Z)i: = zT (Ai ⊗ ÛT
i: ) (2.12)

where z ≜ (⃗Z) ∈ Rd(K + 1) and

Ai ≜ Θ̂T
i: ⊗ IK+1 ∈ C(K+1)×(2N+1)(K+1). (2.13)

For given Ψ̂ or Z, (2.11) is a linear inverse problem in β(s).

We have the following result for the full-rankness of L1.

Theorem 2. Let L1(Z) = Θ̂ • Ψ̂, where Θ̂ and Ψ̂ are defined in (2.8). Suppose that Ψ with

orthonormal columns is random drawn from an absolutely continuous probability distribution

on the Stiefel manifold V(K+1)

(
RP
)
. If 2P ≥ (K + 1)(2N + 1) and the P view angles

14



θi ∈ [0, π], i = 1, . . . , P are distinct, then L1 has full column rank w.p. 1.

Theorem 2 implies that if 2P ≥ (K + 1)(2N + 1), then for almost all (i.e., generic) Ψ

with orthonormal columns, L1 will have full column rank. In practice, we implement the

low-dimensional model Ψ = UZ of Section 2.4.2 with a fixed U satisfying UTU = Id and

Z ∈ Rd×(K+1) with d ≥ K+1 and ZTZ = IK+1. It then follows that ΨTΨ = IK+1. Numerical

experiments in Section 2.6 for such structured Ψ resulted not only in full-rank L1(Z), but, in

fact, in low condition number for appropriately chosen view-angle sampling scheme.

This provides confidence that this necessary full-rank condition for the uniqueness of the

solution of (2.10) will be satisfied.

(ii) Model Linear in Z. Here we introduce explicitly the discretization of the detector

positions s to J values. For fixed β it is shown in Section 2.8.2 that (2.10) reduces to a linear

inverse problem in z ≜ vec(Z)

ĝ = L2(β)z (2.14)

where vector ĝ ∈ R2JP includes the stacked elements of g(s)i, s = {sj}Jj=1, i = 1, . . . , 2P and

L2(β) ∈ R2JP×d(K+1), with i-th row given by

L2(β(s))
(i) ≜ β(s)TATi (IK+1 ⊗ Ûi:) (2.15)

Problem (2.14) will have a unique solution for fixed β if and only if L2(β) has full column

rank. Furthermore, the stability of the solution is governed by the condition number κ(L2(β)).

Theorem 3. Let Γ ≜
∑J

j=1 β(sj)β(sj)
T ≻ 0. Then, L2(β) is full column rank, and

κ(L2(β)) ≤
√
κ(Γ). (2.16)

Clearly, Γ ≻ 0, i.e., κ(Γ) < ∞ establishes full column rank of L2(β) and uniqueness of

the solution to (2.14) for fixed β. This requires J ≥ (2N + 1)(K + 1) and that there are

at least (2N + 1)(K + 1) linearly independent vectors in the set {β(sj)}Jj=1. This condition

can be somewhat restrictive, but (2.16) is only an upper bound on κ(L2(β)), which may not

be tight. In practice, κ(L2(β)) takes on small (< 10) values even if Γ ≻ 0 is not satisfied.

Furthermore, κ(Γ) typically decreases with increasing spatial resolution J of the projections.

2.4.5 Condition numbers and view angle sampling schemes

Evaluation of the condition numbers κ(L1) and κ(L2(β)) in the separate problems (2.11) and

(2.14) enables explicit analysis of the effects of the view angle sampling scheme on stability.

We consider three schemes: (i) progressive with ∆θ =
2π
P
; (ii) random, θp ∼ U [0, 2π),∀p; and
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(iii) bit-reversed in [0, 2π), with angles obtained by the reversal of the binary representations

of the progressive scheme [121]. The intervals are selected as [0, π) when π-symmetry is

exploited. We study the dependence of the condition numbers κ(L1(Z)), and κ(L2(β)) on

view-angle sampling scheme, for fixed K, N, P . For the study of L1, the temporal functions

in Ψ were set using orthonormal Legendre polynomials of increasing order. (Because their

version sampled uniformly at P points is not exactly orthonormal, it was orthonormalized

by Gram-Schmidt.) L2(β), the interpolator matrix is set to U ∈ R2P×d with elements

Uij ∼ N (0, 1) independent and identically distributed (iid) and βi ∼ N (0, 1), iid.

Table 2.1: Condition numbers for different angular sampling schemes for K=5, N=28, P=512.
For the random scheme, κ(L1) and κ(L2) are the best out of 1000 different realizations.

Progressive Random Bit-reversed

κ(L1) no symm./symm. 4.2e+16 / 1.8e+16 103.2 / 8.3 11.7 / 3.0

κ(L2) 1.2 1.2 1.2

Table 2.1 shows that for the given set of parameters, although κ(L2) is not affected by the

sampling scheme, κ(L1) depends on it significantly, and a naive progressive scheme results in

a practically singular model, whereas the bit-reversed scheme improves substantially over the

random case.

2.5 Recovery Algorithms

In view of unavoidable noise and model approximations, we solve (2.11) in the least-squares

sense. Define the loss function and the least-squares problem as

L(β(s), Z) = ||ĝ(s)− L1(Z)β(s)||22 (2.17)

min
Z∈Rd×(K+1),

β(·):R→R(2N+1)(K+1)

∑
s

L(β(s), Z). (2.18)

Problem (2.18) can be solved using the Variable Projection method (VarPRO) [122]. First,

because the summed term L(β(s), Z) is nonnegative, for fixed Z, (2.18) is minimized by

minimizing (2.17) pointwise w.r.t β(s), so that (2.18) becomes

min
Z∈Rd×(K+1)

∑
s

[
min

β(s)∈R(2N+1)(K+1)
L(β(s), Z)

]
. (2.19)

Now, the inner minimization in (2.19) is a least squares problem by β(s), optimized for
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β∗(s) = L†
1(Z)ĝ(s). Inserting this into the objective function and simplifying, we obtain

L(β∗(s), Z) = tr{PR⊥(L1(Z))ĝ(s)ĝ(s)
T}, (2.20)

where PR⊥(L1(Z)) is the orthogonal projection matrix onto the orthocomplement of the range

space R (L1(Z)). of L1(Z). Then (2.19) reduces to

min
Z∈Rd×(K+1)

tr{PR⊥(L1(Z))Ξ(ĝ)}, (2.21)

where PR⊥(L1(Z)) is the orthogonal projection matrix onto the orthocomplement of the range

space R (L1(Z)) and where Ξ(ĝ) ≜
∑

s ĝ(s)ĝ(s)
T and Ξ(ĝ) ∈ RP×P without π-symmetry, or

Ξ(ĝ) ∈ R2P×2P with it. In this form, (2.21) reveals an important fact: the optimum Z, which

determines the temporal functions ψk(t), does not depend on the detailed measurements ĝ(s).

Instead, it only depends on the data matrix Ξ(ĝ), which aggregates all the measurement

information.

As written, (2.21) does not have a unique solution w.r.t. Z, because R (L1(Z)) is invariant

to scaling of the columns of Z. We remove this ambiguity by constraining Z to have

orthonormal columns, ZTZ = I. In the implementation, we use a penalized form and gradient

descent for minimization.

2.6 Experiments

We compare ProSep with the recent GMLR method [112], an extension of deep image prior

[123] to video. GMLR uses a generative model to map latent codes ζt to images ft to

reconstruct a video from incomplete measurements. It performs joint optimization of latent

codes and the generator parameters to match the measured data, while enforcing smoothness

on the sequence of ζt to achieve temporal smoothness in ft. In our application of GMLR to

dynamic tomography it solves

min
ζ1,...,ζT ;γ

L(ζ, γ) s.t. rank(ζ) = r

where L(ζ, γ) = λ

P∑
t=1

∥∥gt −Rθ(t)Gγ (ζt)
∥∥2
2
+ (1− λ)

P−1∑
t=1

∥ζt+1 − ζt∥22

where gt = Rθ(t)ft, Gγ is the generator with parameters γ, ζ = [ζ1 ζ2 . . . ζP ], and λ controls

the similarity of consecutive latent codes. In [112] the architecture of Gγ is the DCGAN

[124] for a 64× 64 image with minor changes. Since our experiments consider f ∈ R128×128,
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another upsampling layer was added to the original Gγ configuration [125].

We present the reconstruction results for ProSep with and without leveraging the π-

symmetry. Both settings use the bit-reversed angular scheme between [0, π] and [0, 2π],

respectively. The interpolator U is set to a cubic spline interpolator for both cases. The

Adam [126] algorithm was used for optimizing Z with learning rate of 0.2. For GMLR, the

learning rates for γ and ζ were kept as in the posted code [125]. For each P , the model was

trained for 6(104) steps with λ = 0.5 and rank r = 4.

In all experiments, we use the synthetic dynamic 128x128 CT slice of a walnut shown in

Fig. 2.1 from the publicly available static 3D walnut CT dataset [127]. We create the dynamic

test object by synthetically warping the central axial slice of one of the walnut objects using

a sinusoidal piecewise-affine time-varying warp [128]. To be precise, the image is divided into

a N ×N uniformly spaced rectangular grid, and the following vertical displacement is applied

on each row separately to drive the temporally varying warp ∆n,t = −C(t) sin(3πn/N), n ∈
{0, . . . , N − 1}, where C(t) is a linearly increasing function of t and C(0) = 0.

Table 2.2 shows the reconstruction PSNR (in dB), SSIM and mean absolute error (MAE)

values. Using π-symmetry for P views between [0, π) allows larger N and K for stable

recovery and thus improves the accuracy significantly for each P . GMLR, ProSep, and

ProSep-Symm, are compared in Fig. 2.2. Both error figures and quantitative metrics show

competitive performance of ProSep relative to GMLR, and better performance of ProSep-

Symm. Furthermore, the ProSep and ProSep-Symm reconstructions of the arc-shaped feature

in the zoom-in images are sharper.

(a) (b) (c)

Figure 2.1: The object undergoing pointwise affine transform at time instances (a) t = 0, (b)
t = P/2 and (c) t = P .
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Figure 2.2: Row 1: reconstructions of the object in Fig. 2.1 at t = 990/1024 for different
methods; Row 2: absolute deviations from “True Recon”; Row 3: zoom-in of the yellow box
region.
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Table 2.2: Average reconstruction accuracies for the complete 3D time-varying phantom in
Fig. 2.1 for different P . “ProSep symm” employs the π-opposite projection symmetry.

P Method K N d PSNR (dB) SSIM MAE

256 GMLR - - - 27.3 0.783 0.027
ProSep 3 24 4 26.9 0.894 0.022
ProSep symm. 5 30 6 30.4 0.928 0.015

512 GMLR - - - 31.1 0.876 0.017
ProSep 5 28 6 30.5 0.944 0.014
ProSep symm 7 48 8 35.1 0.959 0.010

1024 GMLR - - - 36.7 0.925 0.009
ProSep 7 48 8 36.8 0.979 0.007
ProSep symm. 9 56 10 39.5 0.980 0.006

2.7 Analysis of Partially-Separable Model for Affine

Motion

Throughout this section, we consider a nominal object f0(x) ∈ L2, with x = (x1, x2) ∈ R2,

vanishing outside a disk of radius L, and essentially bandlimited to spatial bandwith B

radians, that is

f0(x) = 0 for ∥x∥2 > L (2.22)∫
∥ω∥>B

|F0(ω)|2dω ≤ ϵf (2.23)

where F0 is the 2D Fourier transform of f0, and ϵf ≪ ∥f0∥22. We consider motions of the

nominal object resulting in a time-varying object f(x, t), which we assume remains bounded

in the disk of radius L, that is, f(x, t) = 0 ∀t for ∥x∥2 > L.

Time-Varying Translation

Consider the nominal object translating in time along trajectory c(t) = (c1(t), c2(t)) of

bounded extent, ∥c(t)∥2 ≤ cmax ∀t, resulting in the time-varying object

f(x, t) = f0(x− c(t)) (2.24)

F (ω, t) = F0(ω)e−j(ω
T c(t)). (2.25)

Using the assumptions and the Cauchy-Schwartz inequality, it follows that |ωTc(t)| ≤ Bcmax,

suggesting the use of a K-th order Taylor series expansion of the complex exponential in
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(2.25). To bound the remainder term, we use the integral form of the remainder in Taylor’s

theorem,

ejx =
K∑
k=0

(jx)k

k!
+
jK+1

K!

∫ x

0

(x− s)Kejsds (2.26)

which yields ∣∣∣∣∣ejx −
K∑
k=0

(jx)k

k!

∣∣∣∣∣ ≤ |x|K+1

(K + 1)!

≈
√

2π(K + 1)

(
e|x|
K + 1

)K+1

, (2.27)

where the approximate form follows by Striling’s approximation of the factorial. It follows

that the remainder is exponentially decaying for K > e|x|−1. Applying (2.27) to the complex

exponential in (2.25) we obtain that the remainder in its K+1 term expansion is bounded by∣∣∣∣∣e−jωT c(t) −
K∑
k=0

(−jωTc(t))k

k!

∣∣∣∣∣ ≤ |Bcmax|K+1

(K + 1)!
(2.28)

≈
√

2π(K + 1)

(
Bcmax

K + 1

)K+1

.

This remainder is exponentially decaying for K > Bcmax − 1. Because it holds pointwise for

each ω, it implies that the corresponding K-th order expansion for F (ω, t) has relative rms

error bounded by the same remainder bound.

The resulting expansion leads to the following approximation in the spatial domain

f(x, t) ≈
∑

(α1+α2)≤K
α1,α2≥0

(−1)(α1+α2)c(t)α
(

Dα

α1!α2!
f0(x)

)
(2.29)

where we use the index notation

cα ≜ cα1
1 c

α2
2

Dα ≜
∂(α1+α2)

∂xα1
1 ∂x

α2
2

(2.30)

By Parseval’s identity, the relative rms truncation error of the expansion in (2.29) is bounded

by the right-hand side of (2.28). Hence, f admits a partially separable expansion with

(K + 1)(K + 2)/2 terms, with possibly moderate K.

The number of significant terms in the expansion depends on the spatial bandwidth B of
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f0 and the magnitude cmax of the motion.

Time-Varying Scaling

Consider the nominal object f0(x) undergoing scaling by diagonal matrixC(t) = diag (c1(t), c2(t))

to f(x, t) = f0(C(t)x). This case, too, can be represented using the partially-separable model.

To see this, we use the 2D Mellin transform [129]

f̂(s, τ) ≜
∫ ∞

0

∫ ∞

0

xs−1
1 xτ−1

2 f(x)dx1dx2 (2.31)

which is well-defined and has an inverse if the integral∫ ∞

0

∫ ∞

0

|f(x)|xs−1
1 xτ−1

2 dx1dx2 (2.32)

converges for all s s.t α1 < ℜ(s) < β1 and all τ s.t α2 < ℜ(τ) < β2 for some α1 < β1 and

α2 < β2.

Since f(x, t) is defined on a centered disk, we cannot apply the Mellin transform, which is

only defined for non-negative arguments, to it directly. Instead, we consider the part of f(x, t)

supported in the first quadrant, and to simplify the notation we still denote it by f(x, t) and

f0(x). The extension to include the other parts is discussed later. For our setting, since f is

supported on a disk of radius L and f ∈ L2, this condition holds for 0.5 < ℜ(s) < ∞ and

0.5 < ℜ(τ) <∞ .

The Mellin transform f̂ of the object is given by

f̂(s, τ, t) = c1(t)
−sc2(t)

−τ f̂0(s, τ) (2.33)

Again, using a truncated series expansion for the exponential term, we obtain

f̂(s, τ, t) ≈
K∑
k=0

(−1)k

k!
(s ln c1(t) + τ ln c2(t))

k f̂0(s, τ)

=
∑

(α1+α2)≤k
α1,α2≥0

(−1)α1+α2

α1!α2!
(s ln c1(t))

α1 (τ ln c2(t))
α2 f̂0(s, τ)

Using the differentiation property for the 2D Mellin transform(
x1

d

dx1

)α1
(
x2

d

dx2

)α2

f(x) ↔ (−1)α1+α2sα1τα2 f̂(s, τ), (2.34)
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yields

f(x, t) ≈
∑

(α1+α2)≤k
α1,α2≥0

lnαC(t)

(
1

α1!α2!
(xD)αf0(x)

)
(2.35)

using the notation in (2.30) with

lnαC = lnα1 c1(t) ln
α2 c2(t). (2.36)

In addition to the spatial bandwidth of f0 and the log-magnitude of the motion components

c1(t) and c2(t), the number of significant terms in the expansion depends also on the radius

L of the support of the object f0. Time-varying scaling factors c1(t) and c2(t) being closer to

1, lower spatial bandwidth, and a smaller radius L would result in fewer significant terms in

the expansion.

To incorporate the parts of the object in the remaining quadrants to the analysis, we use the

following steps. The object f0 is decomposed into the sum of 4 pieces as f0(x) =
∑1

m,n=0 fmn(x)

where fmn is supported in the mn-th quadrant in binary notation. Then, we represent the

versions of these decomposed parts of the object after reflection into the first quadrant as

f̃mn(x) = fmn((−1)mx1, (−1)nx2) and apply (2.35) on each f̃mn. The object is finally recon-

stituted from its subparts as f(x, t) =
∑1

m,n=0 f̃mn((−1)mx1, (−1)nx2, t) by incorporating

the necessary sign changes in the term (xD)α as
(
(−1)mx1

d
dx1

)α1
(
(−1)nx2

d
dx2

)α2

.

Although this partition creates discontinuities at x1 = 0 and x2 = 0, since the derivatives

are multiplied with x1 and x2 at these points, these discontinuities do not constitute a problem.

Furthermore, the composition of the object from the four quadrants does not increase the

number of terms in the expansion (2.35), because the expansions for all four quadrants share

the same temporal functions lnαC(t).

Time-Varying Rotation

Consider the nominal object f0(x) rotated by angle θ(t). Using the polar representation of

f(x, t)

fpol(r, ϕ, t) = f0,pol(r, ϕ− θ(t)) (2.37)

the rotation angle θ(t) acts as a translation in the angular coordinate. Therefore, we adopt

the same approach used for a time-varying translation in Section 2.7 1). Computing the
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Fourier transform of fpol which is 2π-periodic in ϕ, w.r.t. ϕ, yields

Fpol(r, ωϕ, t) = F0,pol(r, ωϕ, t)e
−jωϕθ(t). (2.38)

Expanding the complex exponential using a k-th order Taylor series as in Section 2.7 1), we

obtain a similar bound on the remainder term∣∣∣∣∣ejωϕθ(t) −
K∑
k=0

1

k!
(jωϕθ(t))

k

∣∣∣∣∣ ≤ |ωϕθ(t)|K+1

(K + 1)!
(2.39)

≤ |Bϕθmax|K+1

(K + 1)!
(2.40)

where |θ(t)| ≤ θmax ∀t and Bϕ = BL is the angular bandlimit of the object f0,pol.

Finally, the resulting expansion in the spatial domain is given by

fpol(r, ϕ, t) ≈
K∑
k=0

(−1)kθk(t)

(
1

k!

dk

dϕk
f0,pol(r, ϕ)

)
. (2.41)

It follows that in the case of rotation, fpol admits a partially separable representation

with K + 1 significant terms, whose number depends on the bandwidth of the object, its

radius L, and the magnitude of the rotation. Again, the bound on the truncation error decays

exponentially with decreasing values of these parameters.

2.8 Proofs

In this section, we establish some of the proofs of the theorems and derivations that are used

in this chapter.

2.8.1 Proof of Theorem 1

Before proving the result we state the following lemma.

Lemma 4. ([9], Proposition 6.6.1.) Suppose that object f ∈ L2(R2) vanishes outside a disk

of radius L. Then, for each θ, we have the estimate∫ ∞

−∞
|(Rf)(s, θ)|2ds ≤ 2L||f ||22.
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Denote the first term in (2.3) by f̃(x, t). Then its Radon transform is given by

(Rf̃)(s, θ, t) =
K−1∑
k=0

qk(s, θ)ψk(t) (2.42)

where qk ≜ Rfk. Next, expanding qk in a Fourier series yields

qk(s, θ) =
∑
n

βn,k(s)e
jnθ. (2.43)

Substituting (2.43) into (2.42) and switching the order of summation yields

(Rf̃)(s, θ, t) =
∑
n

hn(s, t)e
jnθ (2.44)

where hn(s, t) is given by (2.5).

Next, we define the Radon transform of the second term in (2.3) as γg(s, θ, t) = (Rγf )(s, θ, t).
Then, applying Lemma 4 to γf (., t) for fixed t yields∫ ∞

−∞
|γg(s, θ, t)|2ds ≤ 2L

∫ ∞

−∞
|γf (x, t)|2dx

and integrating both sides over θ and t

||γg||22 ≤ 2πL||γf ||22 ≤ 2πLϵf . (2.45)

Combining (2.44) and (2.45) shows that the projections admit the representation (2.4)

with an error term bounded as ||γg||22 ≤ 2πLϵf and hn(s, t) represented by the special partially

separable model (2.5). ⊠

2.8.2 Derivation of L2(β)

To formulate the model linear in Z of Sec. 2.4.4 we manipulate the expression for the i-th

element of ĝ(s),

ĝ(s)i = ĝ(s)Ti = β(s)TLT1i:(Z)

= β(s)T (ATi ⊗ Ûi:)z

= β(s)TATi (IK+1 ⊗ Ûi:)z.

(2.46)

where Ai is defined in (2.13).

Define ĝ(i) ∈ RJ by ĝ
(i)
s ≜ ĝ(s)i, that is, ĝ

(i) is a vector containing the i-th elements of all
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ĝ(s). This vector can be obtained as

ĝ(i) = L2(β)
(i)z i = 1, . . . , P (2.47)

where matrix β ∈ R(2N+1)(K+1)×J contains β(sj), j ∈ {1, . . . , J} as columns and L2(β)
(i) ∈

RJ×d(K+1) is the stacking in s of row vectors

L2(β(s))
(i) ≜ β(s)TATi (IK+1 ⊗ Ûi:). (2.48)

Then, stacking the vectors ĝ(i) and operators L2(β)
(i) for i ∈ {1, . . . , 2P}, we obtain the

problem (2.14) linear in Z where ĝ and L2(β) are defined as

ĝ =


ĝ(1)

...

ĝ(2P )

 L2(β) =


L2(β(s1))

(1)

...

L2(β(sJ))
(2P )

 . (2.49)

2.8.3 Proof of Theorem 2

We first state and prove some preliminary results. We use the property of Kruskal rank of

matrix M , or krank(M), defined as the maximal number k such that any subset of k columns

of M are linearly independent.

Theorem 5. Suppose V ∈ C2P×n and V T has Kruskal rank krank(V T ) = n, and Ψ ∈ RP×L

has elements independently and identically distributed as N(0, 1). Let matrix Ψ̂ ≜ [ΨT ,ΨT ]T

have columns ψ̂i. Then, if 2P ≥ nL, the matrix M =
[
diag(ψ̂1)V . . . diag(ψ̂L)V

]
has full

column rank w.p.1.

Proof. Throughout the proof we assume 2P = nL, so that M is a square nL× nL matrix,

and note that because adding rows to a matrix does not decrease column rank, the obtained

results hold for 2P ≥ nL. We also assume that n is even, and consider the odd n case at the

end.

We denote the set of integers [1, 2, . . . , N ] by [N ]. To show the desired result, we follow

an approach similar to the proof of Theorem 5.2 in [130].

Partition [P ] into L disjoint sets {Jl ⊂ [P ]}Ll=1 of equal size |Jl| = n/2, and divide the

matrix V into two parts V T = [V (1)T , V (2)T ]T where V (1), V (2) ∈ CP×n. Denote the matrices

containing the rows of V (1) and V (2) indexed by elements of Jl by V
(1)
Jl,:
, V

(2)
Jl,:

∈ C(n/2)×n. Then
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the condition krank(V T ) = n yields

rank

([
V

(1)
Jl,:

V
(2)
Jl,:

])
= rank

[V (1)
Jl,:

V
(2)
Jl,:

]T = n. (2.50)

Now, rank(M) = nL ⇐⇒ detM ̸= 0. Since detM is a multivariate polynomial in the

PL = nL2/2 entries of Ψ with coefficients dependent only on the entries of V , it is either

identically zero or its zero set is an affine algebraic set and thus a nowhere dense set of

measure zero in CnL2/2. Thus, it suffices to show detM ̸= 0 for a single choice of Ψ [131]–[133],

demonstrating that the polynomial detM does not vanish identically.

Permuting the rows of M produces the following matrix

D
(1)
J1
V

(1)
J1,:

. . . D
(L)
J1
V

(1)
J1,:

D
(1)
J1
V

(2)
J1,:

. . . D
(L)
J1
V

(2)
J1,:

...
. . .

...

D
(1)
JL
V

(1)
JL,:

. . . D
(L)
JL
V

(1)
JL,:

D
(1)
JL
V

(2)
JL,:

. . . D
(L)
JL
V

(2)
JL,:


(2.51)

where D
(l)
Jk

≜ diag(ΨJk,l). Setting ΨJl,l = 1n/2 and thus D
(l)
Jl

= In/2, and ΨJk,l = 0n/2 and

thus D
(l)
Jk

= 0 for l ̸= k yields 

V
(1)
J1,:

. . . 0

V
(2)
J1,:

. . . 0
...

. . .
...

0 . . . V
(1)
JL,:

0 . . . V
(2)
JL,:


(2.52)

which is a block diagonal matrix with each n× n block along the diagonal being full rank by

the assumption krank(V T ) = n. Thus, M is full rank for this choice of Ψ, and hence has full

rank for almost all Ψ (i.e., generically) and w.p. 1 for the random Ψ.

For the odd n case, if L is even, we choose 2P = nL. Then, consider two different

complementary partitions of [P ] into L subsets, [P ] =
⋃L
k=1 J

(i)
k , i = 1, 2 such that for each

k, |J (1)
k |+ |J (2)

k | = n. We apply the i = 1 partition to the top P rows of matrix M and to

V (1) and the i = 2 partition to the bottom P rows of matrix M and to V (2). Repeating the

previous argument involving permutation of the rows of M , the resulting matrix analogous
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to (2.51) will have k − l block given byD
(l)

J
(1)
k

V
(1)
Jk,:

D
(l)

J
(2)
k

V
(2)
Jk,:

 = block.diag

(
D

(l)

J
(1)
k

, D
(l)

J
(2)
k

)[
V

(1)
Jk,:

V
(2)
Jk,:

]
(2.53)

whereD
(l)

J
(i)
k

≜ diag(Ψ
J
(i)
k ,l

). Setting [ΨT

J
(1)
k ,l

,ΨT

J
(2)
k ,l

]T = δ[k−l]1n and thus block.diag(D
(l)

J
(1)
k

, D
(l)

J
(2)
k

) =

δ[k − l]In, yields again a full-rank block diagonal matrix for the permuted M as in (2.52),

establishing the result for n odd and L even.

When both n and L are odd, we choose 2P = nL+ 1 (which is the smallest integer value

satisfying 2P ≥ nL), and the additional row is discarded before partitioning [P ] and [P − 1]

into L sets for V (1) and V (2) as in the even nL case since the extra row does not affect the

full rankness of matrix M . ⊠

Corollary 1. Theorem 5 also holds if instead of being a random normal matrix, Ψ is drawn

at random from an absolutely continuous probability distribution on the Stiefel manifold

V(L)
(
RP
)
.

Proof. There exists a column permutation matrix ΠM such that

MΠM =
[
diag(v1)Ψ̂ . . . diag(v2N+1)Ψ̂

]
. (2.54)

Consider the SVD Ψ = UΣΞ∗, and let S ∈ RL×L be the block-diagonal matrix with ΞΣ−1

repeated n times on its diagonal, i.e.

S ≜ block.diag(ΞΣ−1, . . . ,ΞΣ−1). (2.55)

Then,

MΠMS =

[
diag(v1)

[
U

U

]
. . . diag(v2N+1)

[
U

U

]]
. (2.56)

Applying another column permutation matrix ΠS yields

MΠMSΠS =
[
diag(û1)V . . . diag(ûK+1)V

]
, (2.57)

where ûl ≜ [uTl , u
T
l ]
T . Now, because S is an invertible matrix, and column permutations do

not change the rank, we have

rank(MΠMSΠS) = rank(MΠMS) = rank(M). (2.58)
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By Theorem 5 M has full column rank w.p. 1 when Ψ has elements i.i.d. distributed as

N(0, 1). Now, for the SVD of Ψ = UΣΞ∗, it is well-known that the left singular vectors U

are distributed uniformly on the Stiefel manifold, because the distribution of an iid Gaussian

matrix is invariant to rotations (on both left and right). Then, using the second identity

in (2.58), matrix MΠMS has also full rank w.p. 1 for U drawn uniformly at random from

the Stiefel manifold V(L)
(
RP
)
. Thus, selecting Ψ = U , and using the first identity in (2.58)

establishes the corollary for the uniform distribution on the Stiefel manifold. However,

this implies the same for any distribution that is absolutely continuous with respect to the

latter. ⊠

Now, having stated the preliminary results of Theorem 5 and Corollary 1, we can prove

the Theorem 2.

Recall that L1 = Θ̂ • Ψ̂, where Θ̂ ∈ C2P×(2N+1), and Ψ̂ ∈ R2P×(K+1). Hence L1 ∈
C2P×(2N+1)(K+1), and the stated condition 2P ≥ (2N + 1)(K + 1) is necessary for L1 to

have full column rank. Because rank(L1L
T
1 ) = rank(L1), we consider L1L

T
1 , which is more

convenient to analyze.

L1L
T
1 = (Θ̂ • Ψ̂)(Θ̂ • Ψ̂)T

= (Θ̂ • Ψ̂)(Θ̂T ⋆ Ψ̂T )
(2.59)

Using the mixed product property (A •B)(C ⋆ D) = (AC)⊙ (BD) [134],

L1L
T
1 = Θ̂Θ̂T ⊙ Ψ̂Ψ̂T

= R⊙ R̃
(2.60)

where R = Θ̂Θ̂T and R̃ = Ψ̂Ψ̂T .

Thanks to the assumption that the P view angles θi ∈ [0, π], i = 1, . . . , P are distinct, it

follows that the 2P view angles θi, θi+π, i = 1, . . . , P are all distinct modulo 2π, and thus the

2P exponentials ejθi , ej(θi+π), i = 1, . . . , P defining the rows of Θ̂T = [ΘT , Θ̄T ] are all distinct.

Now, up to scaling by a full-rank diagonal matrix, matrix Θ̂T is a Vandermonde matrix with

distinct bases, and therefore has full Kruskal rank [135]. Thus, krank(Θ̂) = 2N + 1.

This implies Θ̂ has full column rank, hence rank(R) = rank(Θ̂) = 2N + 1. Let the

eigendecomposition of R ≽ 0 be

R = V ΛV T =
2N+1∑
k=1

λkvkv
T
k (2.61)

Note that under the assumption on Ψ in Theorem 2 we have (1/
√
2)Ψ̂T (1/

√
2)Ψ̂ = I. It
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therefore follows that the eigendecomposition of R̃ ≽ 0 is

R̃ = Ψ̂(0.5I)Ψ̂T (2.62)

Then, using the eigendecomposition property of the Hadamard product yields

L1L
T
1 = R⊙ R̃ = 0.5

2N+1∑
k=1

K+1∑
l=1

λk(vk ⊙ ψ̂l)(vk ⊙ ψ̂l)
T (2.63)

which implies that rank(L1) is equal to the number of vk ⊙ ψ̂l that are linearly independent,

upper bounded by (2N + 1)(K + 1). Therefore, we have the following

rank(L1) = rank
[
diag(ψ̂1)V . . . diag(ψ̂K+1)V

]
≤ (2N + 1)(K + 1),

(2.64)

where the matrix on the right hand side has dimensions 2P × (2N + 1)(K + 1).

To apply Corollary 1 to (2.64), we require krank(V T ). Recall that V contains the left

singular vectors of Θ̂. Consider the SVD Θ̂T = UΣV T . Because U and Σ are invertible, we

have krank(V T ) = krank(Θ̂T ) = 2N + 1. Then, since Ψ is drawn randomly from the Stiefel

manifold V(K+1)

(
RP
)
we may apply Corollary 1 with n = 2N + 1 and L = K + 1 to (2.64),

to conclude that rank(L1) = (2N + 1)(K + 1) is satisfied w.p. 1, completing the proof of

Theorem 2. ⊠

2.8.4 Proof of Theorem 3

To study the rank and condition number of L2(β) we consider the Gram matrix Y ≜

L2(β)
TL2(β) and then use the facts that rank(A) = rank(ATA), ∀A ∈ Cm×n, and κ(ATA) =

κ2(A).

Using 2.15, we can write L2(β)
(i)TL2(β)

(i) as

L2(β)
(i)TL2(β)

(i) = JŨT
i AiΓA

T
i Ũi. (2.65)

where Ũi = IK+1 ⊗ Ûi: and Ai is defined in (2.13).

Let λ1 ≥ . . . ≥ λd(K+1) be the eigenvalues of Γ. Since λ1I ≽ Γ ≽ λd(K+1)I, we have

λd(K+1)Ũ
T
i Ũi ≼

L2(β)
(i)TL2(β)

(i)

J(2N + 1)
≼ λ1Ũ

T
i Ũi, (2.66)

where AiA
T
i = ||Θ̂i:||22IK+1 using the mixed product identity, i.e. (A ⊗ B)(C ⊗ D) =
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(AC)⊗ (BD), and for all i, ||Θ̂i:||22 = 2N + 1.

Then, using the mixed product identity again,

2P∑
i=1

ŨT
i Ũi =

2P∑
i=1

IK+1 ⊗ ÛT
i: Ûi:.

= IK+1 ⊗ (ÛT Û)

= IK+1 ⊗ Id = Id(K+1).

(2.67)

and combining (2.66) and (2.67) yields

λd(K+1)Id(K+1) ≼
Y

J(2N + 1)
≼ λ1Id(K+1). (2.68)

This result indicates that the condition number of Y is bounded by λ1/λd(K+1), i.e.

κ(Y) ≤ κ(Γ) = λ1/λd(K+1). (2.69)

It follows that

κ(L2(β)) ≤
√
κ(Γ), (2.70)

establishing the upper bound on the condition number of L2(β).

Next we state that based on the assumption Γ ≻ 0, we have λd(K+1) > 0, and Y and

L2(β) are full column rank. Since Γ ∈ R(2N+1)(K+1)×(2N+1)(K+1), a necessary condition for

Γ ≻ 0 is J ≥ (2N +1)(K+1). A sufficient condition is that there are at least (2N +1)(K+1)

linearly independent vectors in the set {β(sj), j = 1, . . . , J}. ⊠
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Chapter 3

Factorized Projection-domain

Spatio-temporal Regularization for

Dynamic Tomography

3.1 Introduction

As covered in Chapter 2.1, previous work on dynamic tomography [77], [78] provided an

optimal sampling pattern, recovery algorithm, and theoretical guarantees for unique and

stable reconstruction, however, was restricted to objects localized in space and in the spatio-

temporal spectrum. Several methods [136], [137] recover the underlying motion field by

incorporating Radon transform properties, but require a priori knowledge of the initial static

object information. Other algorithms [79] alternate iteratively between recovering the motion

field and the object. None of these iterative algorithms come with performance analysis, let

alone uniqueness guarantees.

In dynamic MRI, there are several object-domain deep learning-based techniques [67],

[138] that use a partially-separable model (PSM) for the dynamic object, and a deep image

prior (DIP)-based algorithm [66]. Other methods for dynamic MRI [32], [114], [115] utilize

low-rank matrix recovery algorithms. However, these methods were not directly tailored for

dynamic tomography, and the solution is constrained by the PSM model.

Recent unsupervised dynamic tomography reconstruction algorithm with uniqueness and

stability analysis [95] in Chapter 2 uses a special projection-domain bilinear PSM for dynamic

Material of this chapter has previously appeared in [97] and is adapted here with permission.
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tomography reconstruction. In this work we use this algorithm as a component, extending

the formulation to include spatial regularization, relax the PSM assumption, and obtain

substantially improved accuracy of the recovery.

3.1.1 Contributions:

1. A novel method for dynamic tomography which, instead of costly initial temporal function

estimates, incorporates an accurate temporal initialization from a fast projection-domain

partially separable model. This leads to accelerated and improved convergence of the

algorithm.

2. Provide additional flexibility to the reconstruction by not directly representing the

object by a partially separable model, but using it for regularization instead.

3. The use of the spatio-temporal PSM and its relation to the projection domain PSM

provide quantitative interpretability of recovery conditions and criteria for the selection of

the time-sequential acquisition scheme for the projections.

4. The proposed method achieves better results with a simple spatial regularization, and

we anticipate that the use of better spatial priors will further improve the method.

3.2 Object Domain Recovery Algorithm

Considering the same problem statement in Chapter 2.2, we propose the following variational

formulation

min
f

min
{Λk},{zk}

∑
t

(
||Rθ(t)ft − gt||22 + λD(ft)

)
+ γ||f −

∑
k

Λkψ
T
k ||2F (3.1)

where the spatio-temporal object f is estimated by solving the optimization problem. The

first term in (3.1), where Rθ(t) denotes the Radon transform operator at view angle θ(t),

gt = g(·, ·, t), and ft = f(·, t), equals to the squared error between the acquired projections

and the projections of the estimated object, and is a standard data fidelity term. The second

term in (3.1) is a conventional regularizer, which we choose in the experiments in this paper

to be a simple spatial total-variation regularizer applied on each image frame. The last

term in (3.1) represents the PSM spatio-temporal prior, which is key to the interpretability

and performance improvements of the proposed algorithm. Here {Λk} represent the set of

K + 1 spatial basis functions, and ψk = Uzk with the interpolation operator U ∈ RP×d

are temporal basis functions. The second term then expresses the prior that the object can

be approximated by a PSM. Furthermore, to the extent that this approximation is good,
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the analysis in Chapter 2.4.4 provides necessary conditions for unique recovery (without a

regularizer D) and a quantitative tool to analyze the effect of the angular sampling pattern.

Finally, constants γ and λ are used to adjust the weight of each term in the objective.

Note that for given {ψk} the optimum {Λk} can be determined in close-form. The

last term then reduces to ||PR({ψk})⊥f ||22 where PR({ψk})⊥ is the orthogonal projector onto

the orthocomplement of the range space R({ψk}). This term then encapsulates the same

temporal evolution functions of the object f that are used in the projection-domain PSM,

and eliminates the need for additional regularization to constrain the solution to a temporally

smooth manifold as in other methods. Given K + 1 latent temporal representations zk

obtained using the ProSep-Symm algorithm [95], as described in Chapter 2.5; these are used

to initialize the optimization in (3.1) and speed up convergence.

3.3 Experiments

The proposed method is compared with the projection-domain partially separable model

ProSep [95] in Chapter 2, and a generic deep prior method for video GMLR [112] which

was also covered in Chapter 2.6. While optimizing the latent codes ξt to learn images of

the object ft from undersampled measurements, GMLR achieves temporal smoothness by

constraining the set of ξt to be low-rank. When applied to dynamic tomography problem in

our case, GLMR solves

min
ζ1,...,ζT ;γ

L(ζ, γ) s.t. rank(ζ) = r where L(ζ, γ) =

λ
P∑
t=1

∥∥gt −Rθ(t)Gγ (ζt)
∥∥2
2
+ (1− λ)

P−1∑
t=1

∥ζt+1 − ζt∥22

where gt = Rθ(t)ft, Gγ is the generator with parameters γ, ζ = [ζ1 ζ2 . . . ζP ], and λ controls

the similarity of consecutive latent codes.

3.3.1 Algorithm Settings

The Adam [126] optimization algorithm is used for all methods in the comparison. For

GMLR the learning rates were selected as posted in the available implementation [125]. As

in the comparison for [95], for each P , the GMLR model was optimized for 6(10)4 steps with

λ = 0.5 and the low-rank constraint of r = 4.

Both GMLR and the proposed method produce a reconstructed object as output. In the

case of ProSep, since it produces instead an estimate of the complete set of projections for
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each t, we show, for each experimental setting, the respective FBP reconstruction.

In ProSep, the interpolation of the low-dimensional representations of the temporal

functions is done using a cubic spline interpolator. The ProSep Symm algorithm leverages the

π-symmetry of flipped projections in parallel beam CT to improve its estimates. Thus, we

use it to provide the estimates of the temporal functions ψk used in the proposed algorithm.

The spatial regularizer for the proposed method was selected as the ℓ1-norm of the discrete

2D total variation computed on the estimated object at each time instant, D(ft) = TV(f(., t)).

Also, the object f is initialized as the FBP reconstruction of the estimated projections of

the ProSep-Symm algorithm. For walnut experiments, λ = 0.05 and γ = 103 for P = 256

and γ = 104 for P = 512 were used. For the compressed object, λ = 10 and γ = 5(104) for

P = 256 and γ = 5(105) for P = 512 were used.

3.3.2 Tomographic Acquisition Scheme

All methods use the bit-reversed angular sampling scheme, over the range [0, π] for ProSep,

and over the range [0, 2π) for all other methods.

3.3.3 Test Data

We used two different data sets, collected on a Carl Zeiss Xradia 520 Versa.

Walnut dataset: As in Chapter 2, the first is the slice of a CT reconstruction of walnut

from the dataset [127], which is synthetically warped using a piecewise-affine time-varying

warp [128] defined in Chapter 2.6 to produce a simulated ground-truth dynamic sequence of

images at P time instants.

Compressed object dataset: The compressed object data set is obtained from a

materials science experiment [139] with a sequence of nine increasing compression (loading)

steps applied to an object, with a full set of radiographic projections collected (using Carl

Zeiss Xradia 520 Versa) and reconstructed by the instrument’s software at each step. To

create a 2D+time test phantom using this quasi-static data set, a fixed axial slice is extracted

from each of the nine reconstructions. These nine extracted slices corresponding to nine

time points are interpolated to P time frames using a recent deep learning-based video

interpolation algorithm [140]. This serves as the ground truth for our second phantom.

Three slices of this dynamically compressed object and the warped walnut at different

t are shown in Figure 3.1. Note that during the materials science experiment, the object

structure first distorts and then collapses, creating a significant and rapid change.

We note that both the warping algorithm used to create the walnut dynamic phantom

and the interpolation algorithm used to generate the compressed object ground-truth data
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are black box methods for all the dynamic tomography algorithms that we compare - that is,

the algorithms are agnostic to these particular methods of generating the test data.

Time-sequential projection data for each experimental setting was simulated by numerical

parallel-beam reprojection of the dynamic phantoms with a single 128-pixel projection at each

of the P time instants, using the bit-reversed angular sampling scheme. The measurements

were then corrupted by additive white noise with standard deviation σ = 5(10−3)max (g).

At this noise level, an FBP reconstruction (with a RAM-LAK filter) using a full set of P

projections at each time instant has a PSNR of about 46 dB.

3.3.4 Run Time Comparison

All methods were run on a workstation with an Intel(R) Xeon(R) Gold 5320 CPU and

NVIDIA RTX A6000 GPU. For P=512 the proposed method with K=7 is approximately

three times faster per iteration than GMLR. Because GMLR with randomly initialized

network typically requires 5 - 10× more iterations than the proposed method for convergence,

the latter is about 15 - 30× faster than the GMLR.

3.3.5 Results

Figure 3.2 compares reconstructions for various methods for different objects and time

instants. Despite providing sharper features, GMLR suffers from speckle-like artifacts and

dark streaks. This may be due to lacking accurate spatial prior for the specific problem.

However, it is difficult to detect the exact reason due to the complex structure and large

number of hyperparameters of the algorithm. On the other hand, the proposed method further

suppresses the spatial artifacts caused by the harmonic expansion in ProSep Symm. Table

3.1 reports PSNR (in dB), SSIM and mean absolute error (MAE) values for the estimated

objects for the various methods. The results show consistent improvement by the proposed

method over the other compared algorithms. To further explore GMLR, we use an ad-hoc

method to suppress its high-frequency artifacts: we reproject the image frames created by

it to a full set of P projections, and reconstruct them using FBP. This is abbreviated as

GMLR-FBP in Table 3.1, showing improved metrics, but still below the proposed method,

which also has the advantages of speed, interpretability, and theoretical analysis. Also, since

metrics over the time interval may hide worst-case performances at individual t, we report

worst per frame PSNR in Table 3.2. This again highlights the improvement introduced by

the proposed algorithm.
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(a) (b) (c)

(d) (e) (f)

Figure 3.1: The synthetically warped walnut undergoing pointwise affine transform (a)-(c)
and the compressed object (d)-(f) at time instances (a), (d) t = 0, (b), (e) t = P/2 and (c),
(f) t = P .
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Figure 3.2: Comparison of reconstructions of the object in Fig. 3.1 at different time instances
for different methods.

Table 3.1: Average accuracies for the complete 3D time-varying objects in Fig. 3.1 for
different P .

P Method K N d PSNR(dB) SSIM MAE

256 GMLR - - - 23.1 0.76 0.039
GMLR FBP - - - 25.2 0.79 0.019
ProSep symm. 5 30 6 26.5 0.88 0.022
Proposed 5 - - 29.1 0.97 0.013

512 GMLR - - - 24.2 0.80 0.035
GMLR FBP - - - 27.1 0.86 0.015
ProSep symm. 7 48 8 28.6 0.89 0.018
Proposed 7 - - 32.3 0.97 0.011

(a) Walnut

256 GMLR - - - 26.7 0.78 0.026
GMLR FBP - - - 29.6 0.84 0.017
ProSep symm. 5 30 6 28.4 0.84 0.020
Proposed 5 - - 31.8 0.96 0.010

512 GMLR - - - 28.9 0.80 0.020
GMLR FBP - - - 32.0 0.89 0.012
ProSep symm. 7 48 8 30.1 0.85 0.017
Proposed 7 - - 33.6 0.97 0.008

(b) Compressed object
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Table 3.2: Worst per frame PSNR values over the middle 80% of P = 512 frames. The
first and the last 10% of the time interval are not included, to avoid the effect of algorithm
transients.

Object GMLR ProSep Symm Proposed

Walnut 23.7 27.6 31.0
Compressed 25.8 27.5 29.9
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Chapter 4

RED-PSM: Regularization by

Denoising of Partially Separable

Models for Dynamic Imaging

4.1 Introduction

Time-varying or dynamic tomography involves the reconstruction of a dynamic object using

its projections acquired sequentially in time.

The problem is a challenging ill-posed inverse problem: since the measurements are

inconsistent due to the evolving object, traditional reconstruction algorithms lead to significant

artifacts. As discussed in Chapter 1.4, although numerous methods have been proposed to

address this problem, they suffer from various limitations, or provide less than satisfactory

reconstruction quality, especially in the scenario of main interest in this chapter, when at

each time instant only one projection is available.

4.1.1 Proposed Approach

We propose an approach, RED-PSM [97], [141], [142], which combines for the first time two

powerful techniques to address this challenging imaging problem. The first technique, are non-

parametric factorized low-rank object models, popularized under the name partially separable

models (PSMs) [26]. PSM was combined with low-rank matrix recovery in [32]–[34], and

Material of this chapter has previously appeared in [141]–[144] and is adapted here with permission.
Code is available at https://github.com/berkiskender/RED-PSM.
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used since then to represent or motivate a low-rank object prior in tens of works on dynamic

imaging. The second technique is the recent Regularization by Denoising (RED) [145], which

provides a flexible framework to exploit the impressive performance of state-of-the-art image

denoising algorithms, for various inverse problems.

We propose a non-convex partially separable objective with RED for learning-regularized

low-rank spatio-temporal object recovery and a computationally efficient and scalable opti-

mization scheme with bi-convex ADMM.

Theoretical analysis proves the convergence of our objective to a value corresponding to a

stationary point satisfying the first-order optimality conditions. Convergence is accelerated

by a particular projection-domain-based initialization.

We demonstrate the performance and computational improvements of our proposed RED-

PSM with a learned image denoiser by comparing it to a recent deep-prior-based method

known as TD-DIP [66], and to spatial and spatiotemporal total variation (TV) regularized

versions of PSM with a bi-convex objective.

Although the main focus is on dynamic tomography, we also show performance advantages

of RED-PSM in a cardiac dynamic MRI setting.

RED was originally inspired by the Plug-and-Play (PnP) approach [146], which was the

first to exploit powerful denoisers to represent the prior on the object in inverse problems but

without explicitly defining the regularizer. Instead, in PnP the denoiser is incorporated by

replacing a proximal mapping. Both PnP and RED have shown strong empirical performance

in various applications. A recent survey [147] provides a detailed discussion of the main results

and different applications of PnP and the relation to RED. For the algorithmic variations

PnP-ADMM and PnP-ISTA, there are convergence results to unique fixed points. Moreover,

for PnP-ISTA, similar to our result, convergence is shown to a stationary point of a possibly

non-convex objective when the denoiser is an MMSE estimator [148]. This result requires the

prior to be non-degenerate, i.e., not lie on a lower dimensional manifold, which, unfortunately,

would be violated by the low-rank bilinear representation in our PSM. We believe that a

PnP-based method similar to RED-PSM can be formulated for our problem, but a proof

of convergence to a stationary point may not directly follow, and a different approach and

analysis may be needed.

Our motivation for using the original RED formulation in RED-PSM rather than more

recent formulations and analyses (e.g., as in [149] and the references therein) are its simple

gradient expression, and explicit regularizer expression facilitating implementation and

theoretical analysis. The objective is to demonstrate the large improvement in performance

that this simple learned regularizer can bring to the PSM scheme, and the improvement over

much more complex and slower state-of-the-art methods. Recent variations on RED such as
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in [149], and PnP methods (as covered in [147]) have improved over the original methods in

reconstruction quality in various static imaging problems and/or in theoretical guarantees.

However, theoretical guarantees for the case of a non-convex data fidelity term have been

provided recently for only one such non-convex scenario - phase-retrieval [150]. As this is the

first work to extend RED to spatio-temporal imaging with a PSM model, and to provide a

convergence guarantee for the method in the non-convex bilinear scenario, we chose to limit

our attention in this chapter to the original RED version [145], [151].

4.1.2 Contributions

1. To the best of our knowledge, RED-PSM is the first PSM-based approach to dynamic

imaging that incorporates a particular (RED-based [145]) spatial prior that is learned

and pre-trained.

2. We are not aware of any prior work that uses RED with an explicit low-rankness

constraint. In RED-PSM, we achieve parsimonious representation for the dynamic

object using PSM, and reduce the data requirements further by incorporating the RED

prior.

3. Unlike supervised learning-based methods for spatio-temporal imaging [52]–[65], [152]–

[154] that learn a spatio-temporal model from training data, RED-PSM does not require

ground-truth spatio-temporal training data, which is often not available or expensive to

acquire. Thus RED-PSM offers the best of both worlds: a learned spatial model using

readily available static training data, and unsupervised single-instance adaptation to

the spatio-temporal measurement.

4. A novel and effective ADMM algorithm for the resulting new minimization problem

enforces PSM as a hard constraint and incorporates the learned RED spatial regularizer.

5. The method is supported by theoretical analysis: we show convergence of the proposed

PSM-based objective to a stationary point, and do so for a highly non-trivial learned

regularizer. To date, the convergence of RED has been analyzed in the nonlinear

measurement setting only for the phase retrieval problem [150]. Our analysis of RED-

PSM is the first convergence result of RED in the bilinear (bi-convex), non-convex

scenario. This convergence guarantee is of practical importance. First, it provides a

mathematical justification to terminate the algorithm after sufficiently many iterations.

Second, it eliminates concerns about the solution degrading after too many iterations

as in the case of DIP-based methods.
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6. Compared to a recent DIP-based [66] algorithm, RED-PSM achieves better reconstruc-

tion accuracy with orders of magnitude faster run times.

7. To improve and speed up the empirical convergence of RED-PSM, we use a particular

fast projection-domain PSM initialization scheme [95], [96] for the spatial and temporal

basis functions. The accelerated and reliable convergence with this initialization scheme

is important for applications that require fast turn-around between acquisition and

reconstruction.

8. A version of the approach with a patch-based regularizer is shown to provide almost

equivalent reconstruction accuracy. This makes the proposed method conveniently

scalable to high-resolution 3D or 4D settings.

9. We also show that RED-PSM is robust to a decrease in the number of available distinct

projection angles, which is important for settings in which projections can be acquired

nearly simultaneously and repeatedly by a few sources at a small set of fixed view

angles.

4.2 Proposed Method: RED-PSM

The proposed approach mainly tackles the ill-posed dynamic tomography problem with

time-sequential projections covered in Chapter 2.2. In this approach, we also extend our

experiments to a dMRI scenario and a dCT scenario where multiple projections at a time are

obtained.

The overall RED-PSM framework for recovering dynamic objects explained in this Chapter

is illustrated in Figure 4.1.

4.2.1 Variational Formulation

We use a discretized version of the PSM (2.1) for the dynamic object, with the object f(·, t)
at each time instant t = 0, 1, . . . , P − 1, represented by a N ×N -pixel image (a “time frame”,

or “snapshot”). Vectorizing these images to vectors ft ∈ RN2
, the entire dynamic object is

the N2 × P matrix f = [f0 . . . fP−1]. It will also be useful to extract individual time frames

from f . Denoting the t-th column of the P × P identity matrix by et, we have fet = ft, i.e.,

et extracts the t-th column of f . Applying the PSM model, we assume f = ΛΨT ∈ RN2×P ,

where the columns Λk and Ψk of Λ ∈ RN2×K and Ψ ∈ RP×K are the discretized spatial and

temporal basis functions for the PSM representation, respectively.
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Noisy static images Clean static images

RED-PSM

Time-sequential
measurements

Recovered dynamic object

Training

Inference

Figure 4.1: The RED-PSM framework. The deep denoiser Dϕ is trained on slices of static
objects similar to the object of interest, and the learned spatial prior is used at inference
time.

Assuming that the x-ray detector has N bins, the projection of the object at time t is

gt = g(·, θt, t) = Rθtft ∈ RN , where the measurement matrix Rθt ∈ RN×N2
computes the

projection at view angle θt.

We formulate the recovery of f as the solution f̂ = Λ̂Ψ̂T to the following variational

problem

(Λ̂, Ψ̂) = argmin
Λ,Ψ

P−1∑
t=0

(∥∥RθtΛΨ
T et − gt

∥∥2
2
+ λρ(ΛΨT et)

)
+ ξ∥Ψ∥2F + ξ∥Λ∥2F where Ψ = UZ. (4.1)

The first term is the data fidelity term measuring the fit between available undersampled

measurements gt of the true object and the measurements obtained from the estimated object

f = ΛΨT ∈ RN2×P . The second term with weight λ > 0 is a spatial regularizer injecting

relevant spatial prior to the problem. It is applied to the PSM ΛΨT column by column, that

is, to individual temporal image frames. The last two terms with weight ξ > 0 prevent the

bilinear factors from growing without limit. 1

1Inclusion of these Frobenius norm terms also happens to lead to connections with nuclear norm, but, as
discussed in detail in Section 4.3, our problem formulation (even if the RED regularizer is disregarded) is
not equivalent to a formulation encouraging a low-rank solution by a nuclear norm or other Schatten norm
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Finally, the identity Ψ = UZ is an implicit temporal regularizer that restricts the temporal

basis functions Ψ to a d-dimensional subspace of RP spanned by a fixed basis U ∈ RP×d

where d ≥ K. The action of U on columns of Z may be interpreted as interpolation from d

samples to the P -sample temporal basis functions. In practice, we incorporate this identity

by explicit substitution (reparametrization of Ψ in terms of the free variable Z ∈ Zd×K) into
the objective, and the minimization in (4.1) over Ψ is thus replaced by minimization over Z.

This reduces the number of degrees of freedom in Ψ to a fixed number dK, independent of

the number P of temporal sampling instants. For notational conciseness, we do not display

this constraint/reparametrization in the sequel, but it is used throughout.

4.2.2 Incorporating Regularization by Denoising

For the spatial regularizer ρ(·) we consider “Regularization by Denoising (RED)” [145].

RED proposes a recovery method using a denoising operator D : RN2 → RN2
in an explicit

regularizer of the form

ρ(ft) =
1

2
fTt (ft −D(ft)). (4.2)

Recent studies using this regularizer provide impressive performances for various static image

reconstruction tasks including high-dimensional cases [155] and phase retrieval [156]. This

regularizer was also combined with a DIP-based fidelity term in [157]. However, we avoid

this due to disadvantages related to speed, overfitting, and convergence guarantees.

While it provides significant flexibility for the type of denoisers that can be used, RED

still requires D to be differentiable and locally homogeneous, and to satisfy the passivity

condition ∥D(ft)∥ ≤ ∥ft∥, for the theoretical analysis of RED to apply. 2

Next, we consider the optimization in (4.1). For the conventional variational formulation

f̂t = argmin
ft

∥Rθtft − gt∥22 + λρ(ft),

an efficient choice are iterative algorithms [145] that use the standard “early termination”

approach [158], and only require a single use of the denoiser per iteration. However, the

regularized PSM objective in (4.1) does not allow to propagate the RED updates on f to

the respective basis functions efficiently. To overcome this difficulty, we perform a bilinear

penalty such as used in [37], [39], [40]. Instead, the factorized form f = ΛΨT (as in other PSM-based matrix
recovery works such as [32], [33]) introduces this rank constraint explicitly.

2While many powerful denoisers have been demonstrated to satisfy these conditions in [145], recent work
[151] provides another framework to explain the good performance of RED with denoisers not satisfying
them.
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variable splitting f = ΛΨT and obtain our final formulation

min
f,Λ,Ψ

H(f,Λ,Ψ) s.t. f = ΛΨT (4.3)

where H(f,Λ,Ψ) =
P−1∑
t=0

(∥∥∥RθtΛΨ
T et − gt

∥∥∥2
2
+ λρ(fet)

)
+ ξ∥Λ∥2F + ξ∥Ψ∥2F . (4.4)

Since the PSM is enforced as a hard constraint, the estimated object f is constrained to

have rank(f) ≤ K. Problem (4.3) is non-convex even if ρ is convex, because of the product

between unknowns Λ and Ψ.

We propose an algorithm based on ADMM to solve (4.3). To this end, we form the

augmented Lagrangian in the scaled form, [159], [160]

Lβ[Λ,Ψ, f ; γ] =
∑
t

(∥∥∥RθtΛΨ
T et − gt

∥∥∥2
2
+ λρ(fet)

)
+ξ∥Ψ∥2F + ξ∥Λ∥2F − β

2
∥γ∥2F +

β

2
∥ΛΨT − f + γ∥2F , (4.5)

where γ ∈ RP×N2
represents the scaled dual variable associated with the constraint f = ΛΨT

and β > 0 is the penalty parameter.

Then, ADMM can be used to solve (4.5) as in Algorithm 1.

Algorithm 1 RED-PSM

input: Λ(0), Ψ(0), γ(0), f (0) = Λ(0)Ψ(0)T , β > 0, λ > 0, ξ > 0

1: for i ∈ {1, . . . , I} do

2: Λ(i) = argminΛ{
∑

t ∥RθtΛΨ
(i−1)T et− gt∥22 +

β
2
∥ΛΨ(i−1)T − f (i−1) + γ(i−1)∥2F + ξ∥Λ∥2F}

3: Ψ(i) = argminΨ{
∑

t ∥RθtΛ
(i)ΨT et − gt∥22 +

β
2
∥Λ(i)ΨT + γ(i−1) − f (i−1)∥2F + ξ∥Ψ∥2F}

4: ∀t : f (i)
t = argminft{λρ(ft) + β

2
∥(Λ(i)Ψ(i)T + γ(i−1))et − ft∥22}

5: γ(i) = γ(i−1) + Λ(i)Ψ(i)T − f (i)

6: end for

Line 4 in Algorithm 1 then corresponds to the variational denoising for all t of the “pseudo

image frame” (Λ(i)Ψ(i)T +γ(i−1))et with regularization λρ(ft). Instead of solving this denoising

problem by running an iterative algorithm to convergence, we follow the RED approach [145],

[151], and for each t replace the ft update in Step 4 by a single fixed-point iteration step
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using the approach of early stopping [158] (Sec. 4.3.2), taking advantage of the gradient rule

∇ρ(ft) = ft −Dϕ(ft) (4.6)

where Dϕ is the denoiser. This results in Algorithm 2, which requires only single use of the

denoiser per iteration of ADMM. Furthermore, as in Algorithm 1, the modified Line 4 in

Algorithm 2 can be performed in parallel for all t.

Algorithm 2 RED-PSM with efficient f step

Notes: Inputs, and Lines 1-3 and 5-6 are the same as Algorithm 1. The f step is applied ∀t.

4: ∀t : f (i)
t = λ

λ+β
Dϕ(f

(i−1)
t ) + β

λ+β

(
Λ(i)Ψ(i)T + γ(i−1)

)
et

4.2.3 Regularization Denoiser

The regularization denoiser Dϕ has a deep neural network CNN (DnCNN) [161] architecture

and is trained in a supervised manner on a training set of 2D slices fi ∈ RN2
, i = 1, . . . N of

one or more static objects similar to the object of interest, assuming that such data will be

available in the settings of interest. Thus, the RED steps are agnostic to the specific motion

type. The training objective for the denoiser is

min
ϕ

∑
i

∥fi −Dϕ(f̃i)∥2F s.t. f̃i = fi + ηi, ∀i, (4.7)

where the injected noise ηi ∼ N (0, σ2
i I) has noise level σi ∼ U [0, σmax] spanning a range of

values, so that the denoiser learns to denoise data with various noise levels.

4.2.4 Computational Cost

Space (memory requirements) and time (operation count) complexities for two variants of the

RED-PSM bilinear ADMM Algorithm are shown in Table 4.1. The operation counts are for

a single outer iteration. As the number of outer iterations typically has a weak dependence

on the size of the problem, the scaling shown tends to determine the run time. Furthermore,

thanks to its structure, the algorithm also offers many opportunities for easy parallelization,

so that actual runtime can be proportionally reduced by allocating greater computational

resources. See Section 4.6.2 for the detailed analysis of computational requirements.

The complexities for the proposed Algorithm 2 are given in the first column of Table 4.1.

Space complexity is dominated by the storage of Λ, and scales proportionally to image cross-
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section size in pixels N2, and the order K of the PSM. The time complexity is dominated

by the computations of the gradient with respect to Λ, and scales proportionally to the size

N2P of the spatio-temporal object, PSM order K, and the number Mi of inner iterations

used to solve optimization subproblems (Lines 2 and 3 in Algorithm 2).

Finally, in the second column of Table 4.1, we investigate the patch-based version of the

proposed algorithm described in Section 4.4.4. Given a patch size NB ≪ N and stride s ≤ NB,

this alternative increases the operation count by (NB

s
)2 since it operates on overlapping patches.

For example, for the settings in our experiments, s = NB

2
, increasing the operation count

by a factor of 4. This is a modest price to pay, because this alternative also reduces the

space complexity by a factor of (NB

N
)2. For example, for NB=8 and N=128 as used in our

experiments, this corresponds to a reduction by a factor of 144 in space complexity. Thus,

this variant of RED-PSM enables scaling for high-dimensional and high-resolution settings.

Table 4.1: Time and space complexities for two variants of the RED-PSM algorithm for a
single outer iteration of the bilinear ADMM. Mi is the number of inner iterations for each
iteratively solved subproblem, and NB ≪ N , s ≤ NB.

Complexity PSM-fidelity Patch-based

Space O(KN2) O(KN2
B)

Time O(KN2PMi) O(KN2PMi(
NB

s
)2)

4.3 Convergence Analysis

In this section, we follow an approach similar to recent work on ADMM for a bilinear model

[162] to analyze convergence. We show that under mild technical conditions, the objective

in Algorithm 1 is guaranteed to converge (with increasing number I of iterations) to a

value corresponding to a stationary point of the Lagrangian, that is, satisfying the necessary

conditions for first order optimality.

In practice, Algorithm 2 with the efficient f -step version, which we implemented and

used in the experiments reported in Section 4.4, has better run times, and rapid empirical

convergence. However, its analysis requires additional steps, which are not particularly

illuminating. Therefore we focus on the analysis of the nominal Algorithm 1.

In spite of the similarity, at a high level, to the problem and analysis in [162], our problem

formulation and algorithm differ in several aspects, which require modifications in the analysis

and proof. In particular, different to [162], where the bilinear form only appears in the

constraint, the bilinear form appears both in our objective function and constraint. To satisfy
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strong convexity for the respective subproblems, our objective also uses the Frobenius norm

terms for the PSM factors, instead of the interim proximal terms in [162]. Moreover, to

allow the efficient f -step in Algorithm 2, we use a different order of updates than [162].

Importantly, we account for the explicit RED regularization and its required properties in

the proof of convergence. Our analysis includes a proof (similar to [163]) of the boundedness

of the iterates to justify the existence of points of accumulation of the iterate sequence, which

appears to have been inadvertently left out in [162]. However, different from [163], which has

objectives with linear constraints, our objective (4.1) has a bilinear constraint.

To simplify the notation, we replace the separate computation of the projections of

time t-frames in the data fidelity term by using the operator R̄ : RN2×P → RN×P that

computes the entire set of P projections at view angles θt of the image frames at times

t, t = 1, . . . , P of dynamic image f , i.e, of each of its columns indexed by t, producing

g = R̄f ∈ RN×P . When applied to the PSM, R̄ performs RθtΛΨ
T et for each t. We also

aggregate the contribution of the RED regularizer into ρ̄(f) ≜
∑P−1

t=0 ρ(ft) : RN2×P → R, and
the denoiser into D̄ : RN2×P → RN2×P , which performs D for each column of f indexed by t.

Then, the Lagrangian function with dual variable γ can be rewritten as

L[Λ,Ψ,f ; γ] = ∥R̄ΛΨT − g∥2F + λρ̄(f) + ξ∥Λ∥2F + ξ∥Ψ∥2F + β⟨γ, (ΛΨT − f)⟩, (4.8)

where the inner product is defined as ⟨A,B⟩ = Tr(ATB).

The corresponding augmented Lagrangian is

Lβ[Λ,Ψ, f ; γ] = ∥R̄ΛΨT − g∥2F + λρ̄(f) (4.9)

+ ξ∥Λ∥2F + ξ∥Ψ∥2F + β⟨γ, (ΛΨT − f)⟩+ β

2
∥ΛΨT − f∥2F .

Then, we can state the subproblems with respect to each primal variable in Algorithm 1

as

SΛ = ∥R̄ΛΨ(i−1)T − g∥2F + ξ∥Λ∥2F

+
β

2
∥ΛΨ(i−1)T − f (i−1) + γ(i−1)∥2F (4.10)

SΨ = ∥R̄Λ(i)ΨT − g∥2F + ξ∥Ψ∥2F

+
β

2
∥Λ(i)ΨT − f (i−1) + γ(i−1)∥2F , and (4.11)

Sf = λρ̄(f) +
β

2
∥Λ(i)Ψ(i)T − f + γ(i−1)∥2F . (4.12)

Algorithm 1 will be shown in Theorem 6 to converge to a stationary point of Problem
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(4.3), which is defined below.

Definition 1 (Stationary solution for Problem (4.3)). The pointW ∗ = (Λ∗,Ψ∗, f ∗, γ∗)

is a stationary solution of the problem (4.3) if it satisfies the stationarity and primal feasibility

conditions for the variables of the Lagrangian in (4.8):

∇fL(Λ∗,Ψ∗, f ∗; γ∗) = λ∇ρ̄(f ∗)− βγ∗ = 0; (4.13a)

∇ΛL(Λ∗,Ψ∗, f ∗; γ∗) = (2R̄T (R̄Λ∗Ψ∗T − g) + βγ∗)Ψ∗

+ 2ξΛ∗ = 0; (4.13b)

∇ΨL(Λ∗,Ψ∗, f ∗; γ∗) = (2R̄T (R̄Λ∗Ψ∗T − g) + βγ∗)TΛ∗

+ 2ξΨ∗ = 0; (4.13c)

f ∗ = (ΛΨT )(∗). (4.13d)

By its definition, a stationary solution of (4.3) satisfies the necessary first-order conditions

for optimality.

To state Theorem 6, we need to introduce some additional definitions pertaining to the

denoiser D used in RED.

Definition 2 (Strong Passivity [145]). A function D is strongly passive if ∥D(f)∥ ≤
∥f∥.

Moreover, we assume the gradient rule of RED (4.6). This is shown to hold true when the

denoiser D is assumed locally homogeneous (LH) [145] and Jacobian symmetric (JS) [151].

It was shown [145] that several popular denoisers are practically LH, and that for (4.6) to

hold for the explicit regularizer ρ in (4.2), JS is necessary [151].

In our analysis, we only require the gradient rule (4.6) to hold, rather than the explicit

form (4.2) of the regularizer. Even for denoisers without LH and JS, the gradient rule can

be used to define the fixed point iteration in the algorithm [151], and, more recent works

on using denoisers for regularization [164]–[168] (in particular [166]) shows how to learn a

denoiser jointly with the gradient so that the gradient rule is satisfied.

Finally, we will also assume Lipschitz continuity of the denoiser with some Lipschitz

constant LD, i,e., ∥Dϕ(f1)−Dϕ(f2)∥2 ≤ LD∥f1−f2∥2 for all images f1, f2 ∈ RN2
. This means

that the denoiser has some finite gain LD, which is satisfied by any reasonable denoiser.

Our main convergence result is the following.

Theorem 6. Suppose that the denoiser Dϕ satisfies the gradient rule in (4.6), and is

Lipschitz continuous with some Lipschitz constant LD, and strongly passive.

Then, if β > 2L where L ≜ λ(1 + LD), Algorithm 1 converges globally (i.e., regardless of

initialization) to a stationary solution (f ∗,Λ∗,Ψ∗) of (4.3) in the following sense:
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(i) The sequence of values of the objective H converges to a limit H∗ = H(f ∗,Λ∗,Ψ∗); and

(ii) The iterates generated by Algorithm 1 converge subsequentially to a stationary solution

(f ∗,Λ∗,Ψ∗, γ∗) of (4.3), that is, any accumulation point (of which there is at least one) of

the sequence (f (i),Λ(i),Ψ(i), γ(i)) is a stationary solution of (4.3).

The proof of Theorem 6 is provided in Section 4.6.4.

Regarding convergence to the globally optimal solution, more can be said. Problem

(4.1) is non-convex even if ρ̄ is convex, because of the product between unknowns Λ and Ψ.

However, similar to Theorem 7.1 of [169] (which generalizes arguments in [170],[171]), thanks

to the inclusion of the Frobenius norms of the factors Λ and Ψ in the bilinear form, when ρ̄ is

convex (i.e., when the gradient rule (4.6) is assumed to hold), the global minimum f̂ = Λ̂Ψ̂T

of (4.1) can be shown to coincide with the global minimum in

f̂ = argmin
f

P−1∑
t=0

∥Rθtft − gt∥22 + λρ̄(f) + 2ξ∥f∥∗

s.t. rank(f) ≤ K, (4.14)

where the penalty weight ξ > 0 is identical to the Frobenius norm penalty in our RED-PSM

objective (4.3).

Importantly, Problem (4.14) is non-convex too, because of the rank constraint. In other

words, it is not equivalent to a conventional nuclear norm penalized problem. Hence, although

the Frobenius norm penalties on the PSM factors in our problem formulation (4.1) lead to a

connection to nuclear norm, Problem (4.1) is not equivalent to a formulation encouraging a

low-rank solution by a nuclear norm penalty.

However, returning to the question of determining global optimality of a candidate solution

to (4.14), consider the convex version of Problem (4.14), without the rank constraint, and

denote its solution by f̂Convex. If it so happens that rank(f̂Convex) ≤ K, then the low-rank

constraint in Problem (4.14) is not active, and f̂Convex = f̂ . It then follows [169] that the

optimality conditions of the convex problem (without the rank constraint) can be used to

assess the global optimality of a candidate solution f̂ = Λ̂Ψ̂T produced by the algorithm

solving (4.1).

4.4 Experiments

4.4.1 Datasets

Three categories of data sets are used in this work.
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Walnut Dataset: We use the CT reconstructions of two different (static) walnut objects

from the publicly available 3D walnut CT dataset [127]. As defined in Chapter 2.6, we create

a dynamic test object by synthetically warping the central axial slice of one of the walnut

objects using a sinusoidal piecewise-affine time-varying warp [128]. Static axial, coronal, and

sagittal slices of the other walnut object are used to train the denoiser Dϕ.

Compressed Object Dataset: As in Chapter 3.3, we use the same fixed axial slice of the

quasi-static compressed material dataset [139] with 9 loading steps interpolated to P time

frames using the deep learning-based method [140]. The denoiser Dϕ for our experiments

on this data set was trained using the axial slices of the static pre-compression and post-

compression versions of the object, which would be available in actual dynamic loading

experiments of this type.

MPM-based Deformation Dataset: We test the proposed method on dynamic CT data

[172] synthesized using an accurate numerical method, known as the Material Point Method

(MPM)-based deformation [173], [174]. The dataset includes 10 different 3D time-varying

object shapes of size 80× 80× 80, each deforming under various mechanical loading settings,

resulting in a total of 157 different scenarios. For each scenario, the data set contains only 10

ground-truth temporal frames, uniformly spaced in time. For our experiments, we used data

for two such scenarios of two different dynamic objects with distinct shapes and mechanical

loadings. For each scenario, we extracted a single 80× 80 fixed-position coronal slice from

each of the T = 10 time instants. The ground-truth slices for five (every other) of these

instances are shown in Figure 4.3. We note that the setup considered in our experiments

is much more challenging than the one in [104], which uses for each scenario 90 projections

uniformly spaced in time: our setup is temporally undersampled (by a factor of 9) and

contains sharper transitions. Having just a handful (10) of ground-truth instants for each

object, instead of a time-sequential acquisition, for each object we obtain, by the numerical

projection of the ground-truth frames, multiple projections at a given time instant. We use

the bit-reversed angular scheme for the projections (See Figure 4.4 for details).

We note that all algorithms compared in this work are agnostic to both the synthetic

warp applied on the static walnut slice and to the data-driven interpolation method used for

the compressed object.

Spatio-temporal projection data for each dataset is simulated by a parallel-beam projection

with N=128 detector bins of the dynamic phantoms, a single projection at each of the P time

instants. The sequence of projection angles {θt}P−1
t=0 (a free experimental design parameter)

was chosen to follow the bit-reversed view angle sampling scheme, which has been shown

[95] to provide an especially favorable conditioning of the recovery problem. The simulated

measurements are corrupted using AWGN with standard deviation σ = 5 · 10−3. This noise

52



level leads to the FBP (with Ram-Lak filter) of the full set of P=512 projections at each

time instant having a PSNR of approximately 46 dB. When, in the actual experiments with

sequentially sampled data, only 1/P of this data is used, the PSNR of the reconstruction

may be expected to be lower.

Ground-truth frames for P = 4 are shown in Figure 4.2.

Cardiac dMRI Dataset: For a more direct comparison with the setting and data used

in dMRI works, we also test RED-PSM on the “retrospective” cardiac dMRI data in [66].

The data includes 23 distinct time frames for one cardiac cycle. Details of the data and

experiments are in Section 4.4.4.

t = 0 t = P 1

t = 0 t = P 1

Figure 4.2: Ground-truth frames uniformly sampled in time for P = 4, for the time-varying
walnut (top) and compressed object (bottom).

4.4.2 Comparison Benchmarks

PSM-TV: Similar to the proposed approach, this algorithm also uses a PSM to represent

the object, but instead of the RED regularizer, the regularization penalizes the discrete 2D

total variation of the temporal frames of f at each time instant. To this end, the constraint

f = ΛΨT is implemented by substitution into the objective in (4.3), and the definition of ρ is

changed to ρ(·) = TV(·), and the rest of the objective is kept the same. We consider spatial

(PSM-TV-S) and spatiotemporal (PSM-TV-ST) alternatives of TV. The former computes TV

only spatially in a single frame at each t, whereas the latter also computes differences between

temporally adjacent pixels at t − 1 and t + 1. The unconstrained problem is then solved
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t = 0 t = T 1

t = 0 t = T 1

Figure 4.3: Ground-truth frames from the MPM-based deformation dataset uniformly sampled
in time for T = 5, for Object #1 (top) and Object #2 (bottom).

for {Λ̂, Ψ̂} (using Adam optimizer in Pytorch). Finally, the estimated object is obtained as

f̂ = Λ̂Ψ̂T .

TD-DIP [66]: TD-DIP is a recent method based on the Deep Image Prior (DIP)

approach.3 It uses a mapping network Mα and a generative model Nβ in cascade to obtain

the estimated object at each time instant ft from fixed and handcrafted latent representations

χt. Because TD-DIP was originally proposed for dynamic MRI, we modified the objective

minimally for dynamic tomography as

min
α,β

∑
t

∥∥gt −Rθ(t)((Nβ ◦Mα)(χt))
∥∥2. (4.15)

For the comparisons in this work, the mapping network and generator architectures, latent

representation dimensionality, optimizer, learning rate, and decay schemes are are identical to

those in the available implementation [175]. The original work focuses on the beating heart

problem and thus proposes a helix-shaped manifold for χt with number of cycles equal to the

number of heartbeats during measurement acquisition. Since we do not have a repetition

assumption for the motions of the walnut and compressed object, we use a linear manifold

as explained in the original paper [66]. Thus, for clarity, in Section 4.4.4 the method is

sometimes denoted as “TD-DIP (L)”.
3It would be interesting to include yet another comparison benchmark (also developed for dMRI) – the

DIP-based PSM approach [68]. However, as an implementation of this method was unavailable, and due to
potential issues with replicating its performance and adapting to our CT problem (specific initialization and
framework that use other MRI algorithms), we were unable to do so.
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4.4.3 Experimental Settings

All methods are run on a workstation with an Intel(R) Xeon(R) Gold 5320 CPU and

NVIDIA RTX A6000 GPU. In practice, we used a minor variation of Algorithm 2, where we

combined the subproblems for Λ and Ψ, and minimized with respect to both basis functions

simultaneously using gradient descent with Adam [126] optimizer.

Denoiser and training. Each convolutional layer in the denoiser network is followed by

a ReLU nonlinearity except for the final single-channel output layer. We tested both direct

and residual DnCNN denoisers, where the former predicts the denoised image and the latter

estimates the noise from the input. We use the denoiser type that performs better for each

object, but the differences are minor. Further architectural details for the denoisers in our

experiments are in Table 4.8 in Section 4.6.1. We use three pre-trained denoisers, one for

each of the three object types. In each case, the same pre-trained denoiser was used for all

values of P .

The upper limit for noise level used in training the denoiser was set to σmax = 5 · 10−2.

For the dynamic walnut object, the denoiser Dϕ is trained on the central 200 axial, 200

sagittal, and 200 coronal slices of another static walnut CT reconstruction downsampled to

size 128×128. For the compressed object, axial slices of pre-compression and post-compression

static versions of the object, containing 462 slices in total, are used to train Dϕ. For the

cardiac MRI setting, the denoiser was trained on the static MRI training slices of the ACDC

dataset [176]. For all datasets, Dϕ is trained for 500 epochs using the Adam optimizer with a

learning rate of 5 · 10−3. As mentioned above, we evaluate both direct and residual DnCNN

denoisers.

Temporal Basis. In compressed material and cardiac dMRI data experiments, we

use the parametrization Ψ = UZ with a fixed basis U that corresponds to a cubic spline

interpolator, and for the warped walnut we use DCT-II, to interpolate the low-dimensional

temporal representation Z to Ψ.

Initialization. Unless stated otherwise, the spatial and temporal basis functions are

initialized using the SVD truncated to the rank of the dynamic object estimate produced by

a recent projection-domain PSM-based method, “ProSep” [96]. If the ProSep estimate has

rank smaller than K, the remaining basis functions are initialized as 0. Otherwise, all spatial

basis functions are initialized as 0 and the temporal latent representations zk are initialized

randomly as zk ∼ N (0, I).

Tomographic Acquisition Scheme. All methods mentioned in this paper use the bit-

reversed angular sampling scheme, over the range [0, π]. For time-sequential acquisition, the

bit-reversed scheme was shown [95], [96] to provide favorable results via better conditioning

of the forward model in comparison to alternatives. In a standard CT scanner, the speed of
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rotation might have to be significantly increased to implement this scheme, possibly leading

to greater motion blur. However, for several scenarios this would not be much of an issue.

These include radial acquisition in MRI; a CT scanner with electronic beam deflection [177];

and settings where the acquisition time is dominated by the time to acquire each view rather

than the rotation time, e.g., micro-CT, or imaging of dense materials.

To help address the challenge in implementing the bit-reversed scheme in other, more

physically constrained settings, the number of distinct view angles P̂ can be reduced and

these views can be repeated periodically without a performance drop as also shown in Figure

4.14. With a reduced P̂ , the bit-reversed scheme can be implemented more conveniently, e.g.,

by multiple source-detector pairs, or by carbon nanotube sources [178], [179].

To apply the scheme to the multiple simultaneous projections per time frame considered for

the MPM-based deformation dataset [172], we first consider the time-sequential bit-reversed

scheme for P , and partition it into T = 10 subsets, each corresponding to a different time

frame of the object. The number of simultaneous projections per time frame is 4 and 7 for

P = 32 and P = 64, respectively. This number varies for the first and last time instants.

The naive uniformly spaced progressive scheme is compared with the bit-reversed scheme

(P̂ = 64) in Figure 4.4. The comparison also includes a periodic version of the bit-reversed

scheme with P̂ distinct view angles (the period) that are repeated P/P̂ times.

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
t, sec

0.0

0.5

1.0

1.5

2.0

2.5

3.0

(t)
, r

ad

P = 64
P = 8
Progressive

Figure 4.4: Progressive and bit-reversed acquisition schemes with different periods (the
number of distinct view angles) P̂ for P = 64. To facilitate comparison, for the three schemes
sampling points are plotted for the time-sequential acquisition in t ∈ [0, 1]. Regions between
dashed vertical lines show the T = 10 subsets of view angles used simultaneously for each
time frame of the MPM-based deformation object in Figure 4.3.
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Run Times. For P = 256 and using the specified computational resources and parameter

settings, to reach the peak PSNR during optimization, RED-PSM with ProSep initialization

requires 50 < iterations < 150 taking about 2 to 6 minutes, whereas TD-DIP with batch size

P typically requires > 30k steps, taking about 3.5 hours to complete. Hence, RED-PSM

provides a speedup over TD-DIP by a factor of 35 to 105. Depending on the parameter

configuration, the speedup factor may vary. However, the proposed method provides a

significant run time reduction in all cases.

Evaluation Metrics. Four quantitative metrics were implemented for comparing different

method performances: (i) the peak signal-to-noise ratio (PSNR) in dB; (ii) the structural

similarity index (SSIM) [180]; (iii) the mean absolute error (MAE); and (iv) the high-frequency

error norm (HFEN) [181]. The latter is defined as HFEN(f, fr) = ∥LoG(f)− LoG(fr)∥2
where LoG is a rotationally symmetric Laplacian of Gaussian filter with a standard deviation

of 1.5 pixels.

4.4.4 Results

Reconstruction accuracies for different P
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Figure 4.5: Reconstruction metrics for the time-varying walnut and compressed material vs.
P using different methods. For TD-DIP, the metrics reported are assuming a “stopping oracle”
that stops the iterations at the best PSNR reconstruction. The minimum and maximum
values over three different runs with different random initial values are shown with bars, and
the mean values are connected by dashed lines

RED-PSM is compared in Figure 4.5 and Table 4.2 with PSM-TV-S, PSM-TV-ST

and TD-DIP (using, for both a-periodic objects, a linear latent representation). Parameter

configurations for the experiments are provided in Table 4.6 in Section 4.6.1. While Figure

4.5 facilitates the assessment and comparison of trends in the metrics for different P for the
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various methods, Table 4.2 provides the detail for a more precise quantitative comparison.

In fact, since the plotted range of metrics such as PSNR in Figure 4.5 is very large due to

varying P , Table 4.2 emphasizes important differences between methods for the same P .

Remarks:

1) The scale differences in the MAE and HFEN between the two objects are due to

working with un-normalized densities.

2) In all TD-DIP experiments, optimization is stopped early to achieve the best PSNR

reconstructions, assuming such a “stopping oracle” is available. In a more realistic setting,

in the absence of this oracle, TD-DIP optimization with continued iterations suffers from

overfitting, and produces in these experiments degraded results. For instance, for the warped

walnut slice with 40k iterations, PSNR, SSIM, and MAE degrade significantly to 19.5 dB,

0.822, and 3.1 · 10−3 for P = 32, and 24.1 dB, 0.824, and 2.1 · 10−3 for P = 64. Thanks to the

accurate spatial prior and the convergence properties, we do not encounter such a problem

for RED-PSM.

3) Because the performance of TD-DIP varies with initialization, in each experiment we

ran it three times, with different random initialization, each time using a “stopping oracle”

to obtain the best PSNR for the given initialization. Table 4.2 reports the average of the best

PSNR reconstruction accuracies for TD-DIP in these three runs. Figure 4.5, complements

this information, by showing in addition to the average results, also the best and worst of

these runs (still using the stopping oracle to get the best PSNR per run).

As expected, for all methods, the estimates improve with increasing P . In terms of PSNR,

the proposed algorithm performs on par with or usually better than TD-DIP (for all but the

lowest P on the compressed material object), and consistently better than PSM-TV-S and

PSM-TV-ST. The PSNR improvement of RED-PSM over TD-DIP enhances with increasing

P , reaching 2.4 dB for the time-varying walnut with P = 256. Moreover, for the other three

metrics, SSIM, MAE, and HFEN, the improvement of RED-PSM over other algorithms is

more significant. Specifically, the reduction in MAE reaches up to and exceeds %50 for

both objects for P = 256. These observations are valid for both objects, however RED-PSM

provides slightly greater improvement over TD-DIP in the walnut case.

We would like to emphasize the significance of these reconstruction quality improvements

by comparing them to some representative examples. TD-DIP reports up to 3 dB PSNR and

0.005 SSIM improvement with respect to an older dMRI method in a single scenario. While

providing comparable PSNR improvements (2.4 dB), we are able to provide four times larger

SSIM (0.02) improvements relative to TD-DIP itself. Other recent dMRI [67] and dynamic

photo-acoustic tomography [106] methods improve 1.5 dB, and at most 1 dB and often no

improvement over their respective benchmarks, again in single imaging scenario for each
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method.

Also, based on the run-time improvement (∼3x) of [67] with respect to TD-DIP, RED-PSM

is still much (∼10x-30x) faster, than [67], and more interpretable.

Table 4.2: Reconstruction accuracies for for different P . Random (R) and ProSep (Pr)
initialization for the PSM methods. For TD-DIP, the reported accuracies are for the best
PSNR using a “stopping oracle”, averaged over three runs with random initial conditions.

(a) Walnut (b) Compressed Material

P Method
PSNR
(dB)

SSIM
MAE
(1e-3)

HFEN
PSNR
(dB)

SSIM
MAE
(1e-2)

HFEN

32 PSM-TV-S (R) 21.1 0.678 2.9 1.04 22.5 0.697 2.9 11.6
PSM-TV-ST (R) 21.3 0.731 2.6 0.99 24.1 0.702 2.5 9.3
TD-DIP (L) 22.5 0.882 2.1 0.87 25.4 0.909 1.5 8.1
RED-PSM (Pr) 22.8 0.911 1.5 0.78 23.9 0.916 1.2 9.9

64 PSM-TV-S (R) 24.0 0.879 1.9 0.94 25.6 0.845 1.8 10.7
PSM-TV-ST (R) 24.6 0.897 1.7 0.83 27.7 0.874 1.3 8.2
TD-DIP (L) 25.6 0.916 1.5 0.74 29.0 0.947 1.1 6.5
RED-PSM (Pr) 26.4 0.958 0.9 0.57 29.3 0.952 0.5 6.0

128 PSM-TV-S (R) 26.8 0.912 1.4 0.78 29.2 0.907 1.1 9.6
PSM-TV-ST (R) 27.7 0.931 1.2 0.63 31.2 0.942 0.9 7.0
TD-DIP (L) 29.0 0.953 1.0 0.50 32.4 0.953 0.8 5.1
RED-PSM (Pr) 30.3 0.979 0.6 0.40 33.1 0.972 0.4 4.7

256 PSM-TV-S (R) 30.1 0.934 1.0 0.63 31.9 0.963 0.7 8.0
PSM-TV-ST (R) 31.4 0.942 0.8 0.45 32.7 0.978 0.6 6.8
TD-DIP (L) 31.7 0.966 0.8 0.45 34.7 0.966 0.7 4.6
RED-PSM (Pr) 34.2 0.989 0.4 0.32 35.9 0.986 0.3 4.4

Figure 4.6 compares the reconstructions for both objects at two different values of t

for P = 256. As expected, PSM-TV-S performs the worst among the compared methods

and provides, for both objects, blurry reconstructions lacking finer details. The TD-DIP

reconstructions improve somewhat over PSM-TV-S and PSM-TV-ST, but contain visible

noise-like artifacts on the piecewise constant regions of the walnut object, which are alleviated

by RED-PSM. This is manifested also in the absolute difference figures, with error for TD-

DIP distributed throughout the interior regions of the walnut. Also, around the shell of the

walnut, RED-PSM is further able to preserve sharper details. For the compressed material,

in comparison to TD-DIP, RED-PSM shows reduced absolute error almost uniformly over

the object. This difference is more prominent around the highly dynamic regions of the

object, emphasizing the advantage of the proposed method. For a better understanding of
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RED-PSM results, we also display the reconstructed spatial and temporal basis Λ and Ψ for

the time-varying walnut scenario in Section 4.6.3.

Reconstructed slices Absolute reconstruction errors

W
al
n
u
t

f

t=
26

(A)

RED-PSM TD-DIP (L) PSM-TV-ST PSM-TV-S

t=
19

0

RED-PSM

t=
26

TD-DIP (L) PSM-TV-ST PSM-TV-S

t=
19

0

0.0

0.1

0.2

0.3

0.4

C
om

p
.
M
at
er
ia
l f

t=
28

(B)

RED-PSM TD-DIP (L) PSM-TV-ST PSM-TV-S

t=
22

5

RED-PSM

t=
28

TD-DIP (L) PSM-TV-ST PSM-TV-S

t=
22

5

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

Figure 4.6: Comparison of reconstructed object frames at two time instants using different
methods for P=256, and the corresponding normalized absolute reconstruction errors for (A)
the time-varying walnut, and (B) compressed object.

Reconstructed x-t “slices” through the dynamic walnut are compared in Figure 4.7.

The location of the x-t slice is highlighted on the t = 0 static x-y frame by a yellow line.

Consistent with the comparison in Figure 4.6, RED-PSM provides reduced absolute error

values throughout the respective x-t slice. Also, as more apparent on the error figures,

TD-DIP leads to higher background errors.

Finally, a zoomed-in comparison of the time-varying walnut object for another time

instant for P = 256 is provided in Figure 4.8. The comparison shows the better performance

of RED-PSM at recovering the finer details clearly.

PSNR vs. t Comparisons

To complement the cumulative metrics in Figure 4.5 and Table 4.2 and the “snapshot”

qualitative comparisons in Figure 4.6, we study how the reconstructed image frame PSNRs

vary over the reconstructed time interval. The per-frame PSNRs (in dB) of the walnut

and compressed object reconstructed with P = 256 by the different methods are shown in

Figure 4.9 as a function of t. For TD-DIP, the best PSNR obtained using a “stopping oracle”

is reported, with the red shading indicating, for each t, the interval between the highest and

lowest PSNR in three runs with different random initial conditions. For the warped walnut

object, RED-PSM provides consistently better PSNR than the best-case TD-DIP for all t.
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Figure 4.7: Comparison of reconstructed x-t slices (top) and corresponding normalized
absolute error (bottom) using different methods for P=256. The cross-section location is
indicated on the static t = 0 object with a yellow line. The x-y-t coordinates are indicated in
white text on the static object and bottom left absolute error figure.
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Figure 4.8: Zoomed-in walnut reconstruction comparison for P=256.
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For the compressed object, the same is true at about 70% of t points. Figure 4.9 also shows

transient effects at the beginning and the end for both objects and all methods. In scenarios

such as the object compression experiment, in which the initial and final state are static and

could be measured using multiple projections, such transients could be eliminated. Similarly,

in quasi-periodic scenarios such as cardiac imaging, the effect of such transients would be

minimal.
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Figure 4.9: Reconstruction PSNR vs. t for the (a) time-varying walnut, and (b) compressed
material for P=256. The red shading for TD-DIP indicates, for each t, the interval between
the best and worst PSNR with the early stopping oracle explained in Section 4.4.4 in three
runs with different random initial conditions.

Effect of Initialization

The initialization of Λ, Ψ, and f plays an important role in the performance and convergence

speed of RED-PSM. We observe significant speed-up when rather than a random initialization,

we initialize the algorithm with ProSep [95] estimated reconstruction. Figure 4.10 shows

PSNR vs. iterations comparison for different initialization techniques for the dynamic walnut

object with P = 256. The rest of the parameters were selected identical to those indicated in

Section 4.6.2 Table 4.6. This experiment highlights the advantages of initializing with ProSep

estimated basis functions: eliminating the need for multiple runs for a best-case result, and

speeding up convergence considerably.

Combined also with the convergent algorithm eliminating the need for an unrealistic

stopping oracle and the theoretical analysis, RED-PSM provides improved reliability which

is of practical significance.
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Figure 4.10: Advantage of ProSep-based vs. random initialization of RED-PSM (see Section
4.4.3). For random initialization, the area in blue between the best and the worst PSNR for
each iteration highlights the varying performances of five different runs with different random
initializations.
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Cardiac dMRI data experiments

In this setting, different to time-sequential acquisition experiments, we used 4 k-space radial

lines (“spokes”) per frame at the bit-reversed angles. We used 1.4 and 2.8 cardiac cycles,

with 23 × 4 = 92 spokes/cycle, for a total of P=128 and P=256 spokes. The problem is

still severely undersampled compared to the experiment in [66] where 13 spokes are used per

frame for 13 cycles, for a total of 13× 23× 13 = 3, 887 spokes.

Since the data is periodic, we also tested the helix latent scheme (H) for TD-DIP.

The metrics in Table 4.3 and the qualitative comparison in Figure 4.11 with zoomed-in

reconstructions and absolute error maps, show that RED-PSM performs better than both

versions of TD-DIP.

Table 4.3: Reconstruction accuracies for RED-PSM and TD-DIP for the retrospective dMRI
data [66].

P Method PSNR (dB) SSIM MAE (1e-2) HFEN

128 TD-DIP (L) 34.6 0.923 1.7 3.38
TD-DIP (H) 34.6 0.928 1.7 3.32
RED-PSM 36.6 0.939 1.4 2.73

256 TD-DIP (L) 36.2 0.948 1.4 3.47
TD-DIP (H) 36.4 0.947 1.4 3.44
RED-PSM 38.4 0.962 1.1 2.99

In [67], the authors compare their method to an older version of TD-DIP without the

improved latent representation prior scheme for cardiac dMRI and report 1.5 dB PSNR

improvement. In RED-PSM, we exceed this improvement on the latest version of TD-DIP in

multiple scenarios.

MPM-based deformation data experiments

The proposed method is compared to TD-DIP [66] and to the 2D total-variation regularized

version of the hard-constraint PSM objective, denoted as PSM-TV. The weights λ and β

were typically on the order of 10−3 to 10−2. Table 4.4 shows the reconstruction accuracies

for three different metrics: (i) the peak signal-to-noise ratio (PSNR) in dB, (ii) structural

similarity index (SSIM), and (iii) the mean absolute error (MAE). In these experiments,

projections are degraded by AWGN with standard deviation 10−2, and the order of the PSM

is chosen as 3 ≤ K ≤ 6 for PSM-TV, and 6 ≤ K ≤ 8 for RED-PSM.

It is seen that Object #2 is more challenging than Object #1 for all compared methods,

perhaps due to its greater deformation. However, for both objects and all compared methods,
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Figure 4.11: Reconstructed frames for P=256 for retrospective dMRI data [66] with zoomed-in
frames (middle row), and absolute reconstruction errors (last row).

Table 4.4: Reconstruction accuracies for different P where the number distinct view angles
P̂ = P for MPM-based deformation objects. For TD-DIP, the reported accuracies are for
the best PSNR using a “stopping oracle”, averaged over three runs with random initial
conditions.

(a) Object #1 (b) Object #2

P Method
PSNR
(dB)

SSIM
MAE
(1e-3)

PSNR
(dB)

SSIM
MAE
(1e-3)

32 PSM-TV 23.6 0.836 3.7 21.0 0.726 5.3
TD-DIP 25.0 0.853 2.8 21.2 0.822 4.4
RED-PSM 27.6 0.928 1.1 22.3 0.858 3.0

64 PSM-TV 29.2 0.868 1.7 23.5 0.806 3.6
TD-DIP 28.6 0.898 2.0 23.0 0.882 3.7
RED-PSM 30.4 0.950 0.8 24.4 0.914 2.0

65



accuracies improve consistently with an increasing total number of projections P . RED-PSM

provides improved reconstruction accuracies for each setting for each considered metric. While

PSNR improvements are more significant for the first object, SSIM and MAE enhance more

uniformly for both objects.

All our reported TD-DIP experiments use a “stopping oracle” for early termination of

the model optimization to obtain the best PSNR reconstruction. Due to overfitting, without

this oracle, the performance of TD-DIP degrades significantly. For instance, for Object #1

and P = 64, the PSNR, SSIM, and MAE degrade to 24.0 dB, 0.685, and 4.9 · 10−3 for 40k

iterations, and further to 20.0 dB, 0.633, and 8.1 · 10−3 for 80k iterations. Even greater

degradation is observed for P = 32.

The reconstructions and absolute error maps of the two objects at particular times

are compared across the different methods in Figure 4.12. For both objects RED-PSM

suppresses the reconstruction errors better than the other methods. In particular, the TD-

DIP reconstructions contain horizontal and vertical line artifacts. As expected, PSM-TV

smoothes finer details excessively, resulting in reduced resolution.

Since obtaining multiple projections from different angles simultaneously (or in a time

sufficiently short that the object can be assumed static) can be physically challenging, we

also test the performance of RED-PSM with an acquisition scheme that may be easier to

realize physically: keeping the same total number P = 64 of projections, these are taken at a

smaller number P̂ (called “period”) of distinct view angles. In this ablation study, all other

hyperparameters of RED-PSM are kept constant and were not fine-tuned for each period

P̂ . Figure 4.13 shows that both the reconstruction PSNR and MAE experience little change

down to P̂ = 8, but degrade at P̂ = 4. On the other hand, the SSIM fluctuates around

a mean value for the different P̂ . These results suggest that RED-PSM is robust to the

decrease (down to a low threshold) of distinct view angles in the acquisition scheme, and

thus it can be used in more constrained settings without a performance drop.

Acquisition with smaller number of distinct view angles

Since obtaining time-sequential projections from different angles in a sufficiently short time

period can be physically challenging, we also test the performance of RED-PSM with an

acquisition scheme that may be easier to realize physically: keeping the same total number

of P projections, but taken at a smaller number P̂ (called “period”) of distinct view angles,

which are also obtained using the bit-reversed angular sampling scheme. The comparison in

Figure 4.14 shows that it is possible to use up to 1/8-th of the distinct view angles without

performance loss for RED-PSM.

66



O
b
je
ct
#
1

f
t=

8
RED-PSM TD-DIP (L) TV-PSM

32.0 dB / 0.984 29.0 dB / 0.960 29.4 dB / 0.921

0.00
0.02
0.04
0.06
0.08
0.10
0.12

O
b
je
ct
#
2

f

t=
7

RED-PSM TD-DIP (L) TV-PSM

25.5 dB / 0.950 25.0 dB / 0.936 24.0 dB / 0.852

O
b
je
ct
#
1

RED-PSM

t=
8

TD-DIP (L) TV-PSM

0.00

0.02

0.04

0.06

0.08

0.10

0.12

O
b
je
ct
#
2

RED-PSM

t=
7

TD-DIP (L) TV-PSM

Figure 4.12: Reconstructed frames for the MPM-based deformation Object 1 (top) and
Object 2 (bottom) at different time instants for P = P̂ = 64 (left) with projection AWGN
standard deviation of 5 · 10−3, and the corresponding absolute reconstruction errors (right)
using different methods. The TD-DIP reconstructions are for the experiment with the median
PSNR value out of three runs, and use a ”stopping oracle” (see Section 4.4.4). PSNR (in
dB) and SSIM values for the complete spatio-temporal objects are reported under each
reconstructed frame.
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Figure 4.14: Reconstruction PSNR and SSIM for the time-varying walnut vs. the number of
distinct view angles P̂ using RED-PSM with different total number of views P .
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Patch-based RED denoiser

To improve the scalability of the method to higher resolution and/or 3D dynamic object,

conveniently, the objective in (4.3) can be manipulated to operate on the patches of temporal

image frames of the time-varying object. This circumvents the need to store the complete

image frame at a given time, and also enables the denoiser Dϕ to be both trained and to

operate on patches of image frames, having the potential to incorporate well-known as well

as recent techniques [182]–[185]. To showcase the potential of the suggested scheme, we

replace the full-size Dϕ with a patch-based counterpart in the RED step and compare the

performance with the originally proposed method for 2D dynamic objects.

The patch-based denoiser for RED updates is trained using

min
ϕ

∑
i

∑
l

∥Blfi −Dϕ(Blf̃i)∥2F s.t. f̃i = fi + ηi, ∀i,

where ηi, σi are set as in (4.7), and Bl, with l ∈ {0, . . . , L− 1}, is the operator to extract the

l-th patch of the image. The denoiser Dϕ operates separately on each patch.

To train the patch-based Dϕ, uniformly random rotations (multiples of π
2
), and random

horizontal/vertical flips, each with 1
2
probability, were used for data augmentation. The patch

size was chosen 8×8 with a stride of 2.

Table 4.5 compares the results for the two denoiser types for both objects, using the

same denoiser training policy as in Section 4.4.3, and experimental configurations of Table

4.7 in Section 4.6.1. The results show little difference between the patch-based denoiser

and full frame-based denoiser RED-PSM variants, thus verifying the effectiveness of the

patch-based version. The analysis of the computational requirements of the patch-based

RED-PSM variant in Section 4.2.4 shows its potential for a highly scalable implementation.

We note that in a divergent beam scenario, the contribution of a patch to a projection

will be position-dependent and this would require accurate bookkeeping. Details for doing so

can be found in tile-based methods for fan-beam [186] and cone-beam [187] tomography.

4.5 Conclusions

We proposed RED-PSM, the first PSM-based approach to dynamic imaging using a pre-trained

and learned (RED-based) spatial prior. The objective in the proposed variational formulation

is optimized using a novel and effective bi-convex ADMM algorithm, which enforces the PSM

as a hard constraint. Unlike existing PSM-based techniques, RED-PSM is supported by

theoretical analysis, with a convergence guarantee to a stationary point of the objective. The
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Table 4.5: Performance comparison for different denoiser types for RED-PSM. Patch-based
denoisers also use DnCNN and have the same configuration and training policy as the full
image denoiser.

Object P Denoiser PSNR(dB) SSIM MAE(1e-3) HFEN

Walnut 256 Full-image 33.8 0.987 0.4 0.32
Patch-based 33.7 0.989 0.4 0.35

Material 256 Full-image 35.9 0.986 2.5 4.43
Patch-based 35.6 0.981 2.7 4.56

results of the numerical experiments show better reconstruction accuracy and considerably

faster run times compared to a recent DIP-based algorithm. A patch-based regularizer version

of RED-PSM provides almost equivalent performance with massive reduction of storage

requirements, indicating the potential of our framework for dynamic high-resolution 2D or

3D settings.

Possible directions for future work include the application of RED-PSM to different imaging

scenarios other than tomography and MRI, and robust denoiser training for RED framework

since the deep denoisers encounter varying artifact distributions during optimization. This

could also improve the generalizability of the framework to different input types.

4.6 Proofs and Supplementary Material

4.6.1 Experimental configurations

The PSM-TV and PSM-RED parameter selections for the experiments listed in Table 4.2 are

provided in Table 4.6. Likewise, Table 4.7 shows the parameter configurations for the denoiser

type comparison experiments for RED in Table 4.5. Finally, the architectural information for

the DnCNN denoisers used throughout this work is in Table 4.8.

4.6.2 Time and space complexity analyses

In this section, we analyze the operation count and storage requirements for the proposed

algorithm and its patch-based version.

In this analysis, Mi represents the number of inner iterations for iteratively solved

subproblems, assumed common to the different subproblems, and we assume K ≪ N . Also,

Rθ(t) and R
T
θ(t) are implemented as operators, each requiring O(N2) when applied to a N ×N

image or a projection of size N .
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Table 4.6: The parameter selections for the reconstructions in Table 4.2. The latent penalty
weight was selected as ξ=10−1 for the walnut, and ξ=10−3 for the compressed object experi-
ments.

(a) Walnut (b) Comp. Material

P Method K d λ λ̃ β K d λ λ̃ β

32 PSM-TV-S (R) 3 4 5e-2 - - 3 4 10 - -
32 PSM-TV-ST (R) 4 5 5e-2 5e-2 - 3 4 1e1 1e2 -
32 PSM-RED (P) 3 7 1e-4 - 1e-4 3 9 5.12e-2 - 1.6e-2

64 PSM-TV-S (R) 3 4 5e-2 - - 5 6 10 - -
64 PSM-TV-ST (R) 4 5 5e-2 5e-2 - 5 6 1e1 1e2 -
64 PSM-RED (P) 4 7 1e-4 - 5e-4 5 9 32e-4 - 4e-3

128 PSM-TV-S (R) 5 7 5e-2 - - 8 9 5 - -
128 PSM-TV-ST (R) 6 7 5e-2 1e-1 - 8 9 5 5e1 -
128 PSM-RED (P) 6 9 2e-4 - 2e-4 8 11 4e-4 - 2e-3

256 PSM-TV-S (R) 10 11 5e-2 - - 11 13 10 - -
256 PSM-TV-ST (R) 10 11 5e-2 5e-2 - 11 13 1e1 1e2 -
256 PSM-RED (P) 10 11 5e-5 - 1e-4 11 13 1e-4 - 1e-3

Table 4.7: Parameter configurations for the denoiser type study experiments in Table 4.5.

(a) Walnut (b) Comp. Material

P Denoiser K d λ β K d λ β

256 Full-image 10 11 5e-5 1e-4 11 13 1e-4 1e-3
256 Patch-based 10 11 5e-5 1e-4 11 13 1e-4 1e-3

Table 4.8: Denoiser DnCNN configurations for different datasets.

Dataset # of layers # of channels Denoising

Walnut 6 64 Direct
Compressed material 3 32 Residual
Cardiac dMRI 6 64 Residual
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Storage requirements for the input quantities

When calculations are performed sequentially in t as in the following sections, the storage

requirements for the primal and dual variables are calculated for ft, γet, Ψ
T et and Λ. The

storage of the spatial basis functions Λ dominates the overall storage cost at O(KN2). The

space complexity analyses of different subproblems in the following sections consider terms

other than these input quantities.

RED-PSM

Expanding the Λ and Ψ subproblems in Algorithm 2 in t, we have

min
Λ

∑
t

(
∥Rθ(t)ΛΨ

T et − gt∥22 + β∥(ΛΨT − f + γ)et∥22
)
+ ξ∥Λ∥2F , (4.16)

and

min
Ψ

∑
t

∥Rθ(t)ΛΨ
T et − gt∥22 + ξ∥ΨT et∥22 + β∥(ΛΨT − f + γ)et∥22. (4.17)

We first analyze the operation counts for gradients with respect to Λ and ΨT et, respectively.

We note that in these gradient computations, the term RT
θt
gt is pre-computed and stored

before the start of the algorithm, and (γ − f)et and (RT
θ(t)gt + (γ − f)et) are computed and

stored at each bilinear ADMM outer iteration so that they do not contribute to the respective

costs in each inner iteration, i.e, their cost does not scale with Mi.

Starting with the gradient of (4.17) with respect to ΨT et, we have

2((Rθ(t)Λ)
T (Rθ(t)Λ) + ΛTΛ + ξI)ΨT et − 2(Rθ(t)Λ)

Tgt + 2ΛT (γ − f)et. (4.18)

The overall operation count for this term is O(KN2P ) due to the computation of Rθ(t)Λ
T

and ΛT (γ − f)et at each t. These terms do not need to be computed for each inner iteration.

When Ψ = UZ is used, the gradient for Z requires the multiplication of (4.18) with UT et,

adding a minor operation count O(dK).

The most efficient implementation in terms of space complexity is the sequential compu-

tation of the gradients for each t without increasing the operation count. It is also possible

to parallelize the operations along t with the trade-off between the run time and the storage

requirements.

Considering sequential computation for each t, the additional storage requirement is

O(NK) due to Rθ(t)Λ.
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Next, we consider the gradient of (4.16) with respect to Λ

2ξΛ+
∑
t

2(RT
θ(t)Rθ(t) + I)Λ(ΨT et)(e

T
t Ψ) + (RT

θ(t)gt + (γ − f)et)(e
T
t Ψ). (4.19)

The operation count for this gradient term is O(KN2PMi) due to RT
θ(t)Rθ(t)Λ(Ψ

T et)(e
T
t Ψ).

Assuming sequential computations in t, the additional storage requirement is determined

by the storage of the terms RT
θ(t)Rθ(t)Λ, R

T
θ(t)Rθ(t)Λ(Ψ

T et)(e
T
t Ψ), and (RT

θ(t)gt+(γ−f)et)(eTt Ψ),

each requiring O(KN2).

The operation count for the efficient implementation of the f -step in Line 4 of Algorithm 2

is dominated by the single forward computation of the denoiser for each t, leading to O(PCD)

where CD is the operation count of the denoiser Dϕ for a single frame. In addition to the

input variables, the only storage requirement is due to the term ΛΨT et which is O(N2).

Patch-based RED-PSM

The patch-based variant of RED-PSM uses a reduced spatial size NB for its inputs where

NB ≪ N . Compared to the originally proposed RED-PSM formulation in (4.3), the operation

count is also dependent on the stride s of the patch extraction operators and the depth

of the deep denoiser architecture. Assuming equal-depth or shallower deep convolutional

denoisers for patch-based inputs, the total operation count due to the efficient denoiser

step stays the same or decreases. Thus, the operation count is again determined by the

gradient of the data fidelity term with respect to the patch-based spatial basis functions,

and the result approximately scales by the increase in the total stored number of pixels as

O(KN2PMi(
NB

s
)2) where the stride s ≤ NB.

The gradients with respect to the data fidelity term require the computation of projections

of multiple spatial patches for a given view angle at time t. However, these projections can

be computed separately and accumulated. Thus, the space complexity reduces to O(KN2
B)

since we only need to store a single spatial patch of Λ at a given time.

A summary comparison of the two variants of RED-PSM of this section is provided in

Section 4.2.4 of the manuscript.

4.6.3 Sample reconstructed spatial and temporal basis functions

To help interpret the operation of the proposed RED-PSM algorithm, we display the recon-

structed spatial and temporal basis functions Λ and Ψ for the time-varying walnut scenario

with P = 256 and DCT-II latent temporal basis U in Figure 4.15. The energy corresponding

to each basis pair Ek = ∥ΛkΨT
k ∥2F is shown in Figure 4.16.
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Figure 4.15: Reconstructed K = 11 spatial (Λ) and temporal (Ψ) basis functions for the
time-varying walnut with P = 256 and U as DCT-II basis.
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Figure 4.16: Ek = ∥ΛkΨT
k ∥2F for each spatiotemporal basis pair for the setting described in

Section 4.6.3.
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4.6.4 Proof of Theorem 6

In this section, we provide the detailed steps for the proof of Theorem 6.

We begin by establishing some simple consequences of the assumed properties of the

denoiser. First, the objective H(f,Λ,Ψ) (4.4) is lower bounded by H ∈ R because the RED

regularizer ρ̄(f) is non-negative, as follows from the strong passivity assumption on Dϕ.

ρ̄(f) = ⟨f, (f − D̄ϕ(f))⟩ = ∥f∥2F − ⟨f, D̄ϕ(f)⟩

=
∑
t

∥ft∥22 − fTt Dϕ(ft) (4.20)

≥
∑
t

∥ft∥22 − ∥ft∥2∥Dϕ(ft)∥2 ≥ 0. (4.21)

Second, we have the following result.

Lemma 7. If the denoiser Dϕ satisfies the gradient rule in (4.6) and LD Lipschitz continuous,

then the regularizer ρ̄(f) is gradient Lipschitz continuous with gradient Lipschitz constant

L∇ρ = 1 + LD.

Proof. Let f(1) and f(2) denote two different spatio-temporal objects. By the gradient rule of

ρ, (4.6), and the assumed LD Lipschitz continuity of the denoiser Dϕ we have

∥∇ρ̄(f(1))−∇ρ̄(f(2))∥F
= ∥f(1) − f(2) − (D̄ϕ(f(1))− D̄ϕ(f(2)))∥F
≤ ∥f(1) − f(2)∥F + ∥D̄ϕ(f(1))− D̄ϕ(f(2))∥F
≤ (1 + LD)∥f(1) − f(2)∥F .

⊠

Third, we establish strong convexity of the objectives in the different subproblems in

Algorithm 2. Clearly, for any choice of positive constant ξ the objectives SΛ (4.10) and SΨ

(4.11) in the subproblems for Λ and Ψ are strongly convex with moduli αΛ ≥ ξ and αΨ ≥ ξ,

respectively.

As we show next, with the assumed β > L, the objective Sf in (4.12) is strongly convex

too with modulus αf ≥ β − L > 0.

To prove this, we rewrite Sf = ω(f) + 1
2
(β − L)∥f∥2F where

ω(f) ≜ λρ̄(f) +
L

2
∥f∥2F − β⟨f,Λ(i)Ψ(i)T + γ(i−1)⟩

+
β

2
∥Λ(i)Ψ(i)T + γ(i−1)∥2F
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and show that ω(f) is a convex function. Since 1
2
(β − L)∥f∥2F is convex quadratic for β > L,

it then follows (by one of the alternative definitions of strong convexity) that Sf is a strongly

convex function with modulus αf ≥ β − L.

All that remains, is to show that ω(f) is a convex function. This follows immediately

by recalling Lemma 7, that λρ̄(f) is gradient Lipschitz continuous with gradient Lipschitz

constant L = λ(1 + LD), and applying Lemma 8 below to the first two terms of ω(f).

Lemma 8. (Thm. 2.1 of [188]) If ρ̄(f) : Rn → R is Lipschitz continuously differentiable

on a convex set C with some Lipschitz constant L, then ϕ(f) = ρ̄(f) + 1
2
β∥f∥2F is a convex

function on C for every β ≥ L.

With these preliminaries established, our proof of Theorem 6 follows steps similar to

[162](Sec. 4.2), but for our own Algorithm 1:

1. Bounding the size of successive differences of the dual variables by those of the primal

ones.

2. Showing that Lβ[f i,Λi,Ψi; γi], the augmented Lagrangian, is a lower-bounded decreas-

ing function.

3. Combining the first two steps and showing convergence to a stationary solution.

The following result upper bounds the successive differences of the dual variable by those

of the primal.

Lemma 9. Using the update rules in Algorithm 1, the following holds:

∥γ(i) − γ(i−1)∥F ≤ L

β
∥f (i) − f (i−1)∥F , ∀i ≥ 1,

where L = λ(1 + LD).

Proof. Since f (i) is the optimal solution for Line 4 of Algorithm 1, it should satisfy the

optimality condition

λ∇ρ̄(f (i))− β(γ(i−1) − ΛΨ(i)T + f (i)) = 0

λ∇ρ̄(f (i))− βγ(i) = 0 (4.22)

where (4.22) is due to the dual variable update Step 5 in Algorithm 1. Then, using Lemma 7,

we have

∥γ(i) − γ(i−1)∥F =
λ

β
∥∇ρ̄(f (i))−∇ρ̄(f (i−1))∥F

≤ λ

β
(1 + LD)∥f (i) − f (i−1)∥F =

L

β
∥f (i) − f (i−1)∥F .
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⊠

Next, using Lemma 9, we show that the augmented Lagrangian is decreasing and bounded

below.

Lemma 10. In Algorithm 1, if β > 2L, then the following two propositions hold true.

1. Successive differences of the augmented Lagrangian function (4.9) are bounded above by

Lβ[f (i),Λ(i),Ψ(i); γ(i)]− Lβ[f (i−1),Λ(i−1),Ψ(i−1); γ(i−1)]

≤ −Cf∥f (i) − f (i−1)∥2F − CΨ∥Ψ(i) −Ψ(i−1)∥2F
− CΛ∥Λ(i) − Λ(i−1)∥2F , (4.23)

where Cf =
αf

2
− L2

β
, CΛ = αΛ

2
, and CΨ = αΨ

2
are positive constants. That is, the augmented

Lagrangian is monotone decreasing.

2. There exists an Lβ such that

Lβ[f (i),Λ(i),Ψ(i); γ(i)] ≥ Lβ.

That is, the augmented Lagrangian is lower bounded.

Proof. Part 1.

For conciseness defineW (i) = (Ψ(i),Λ(i), f (i); γ(i)). Then the successive difference of the aug-

mented Lagrangian can be expressed by adding and subtracting the term Lβ[Ψ(i),Λ(i), f (i); γ(i−1)],

Lβ[W (i)]− Lβ[W (i−1)]

= Lβ[W (i)]− Lβ[Ψ(i),Λ(i), f (i); γ(i−1)]

+ Lβ[Ψ(i),Λ(i), f (i); γ(i−1)]− Lβ[W (i−1)]. (4.24)

For the first two terms on the RHS, using Lemma 9 we have

Lβ[W (i)]− Lβ[Ψ(i),Λ(i), f (i); γ(i−1)]

= β⟨γ(i) − γ(i−1), (ΛΨT )(i) − f (i)⟩

= ∥γ(i) − γ(i−1)∥2F ≤ L2∥f (i) − f (i−1)∥2F . (4.25)

where the first equality in (4.25) follows from the dual variable update in Step (5) of Algorithm
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1. The last two terms on the RHS of (4.24) are further split into

Lβ[Ψ(i),Λ(i), f (i); γ(i−1)]− Lβ[W (i−1)]

= Lβ[Ψ(i),Λ(i), f (i); γ(i−1)]− Lβ[Ψ(i),Λ(i), f (i−1); γ(i−1)]

+ Lβ[Ψ(i),Λ(i), f (i−1); γ(i−1)]

− Lβ[Ψ(i−1),Λ(i), f (i−1); γ(i−1)]

+ Lβ[Ψ(i−1),Λ(i), f (i−1); γ(i−1)]− Lβ[W (i−1)] (4.26)

The first two terms on the RHS of (4.26) are upper bounded using the strong convexity of

Sf with modulus αf :

Lβ[Ψ(i),Λ(i), f (i); γ(i−1)]− Lβ[Ψ(i),Λ(i), f (i−1); γ(i−1)]

≤ ⟨∇fSf [Ψ
(i),Λ(i), f (i); γ(i−1)], f (i) − f (i−1)⟩

− αf
2
∥f (i−1) − f (i)∥2F = −αf

2
∥f (i−1) − f (i)∥2F , (4.27)

where the last line of (4.27) is due to the optimality condition of Line 4 of Algorithm 1 for

f (i).

The next two terms on the RHS of (4.26) are upper bounded using the strong convexity

of SΨ with modulus αΨ as

Lβ[Ψ(i),Λ(i), f (i−1); γ(i−1)]− Lβ[Ψ(i−1),Λ(i), f (i−1); γ(i−1)]

= SΨ(Λ
(i),Ψ(i), f (i−1); γ(i−1))

− SΨ(Λ
(i),Ψ(i−1), f (i−1); γ(i−1))

≤ ⟨∇ΨSΨ[Ψ
(i),Λ(i), f (i−1); γ(i−1)],Ψ(i) −Ψ(i−1)⟩

− αΨ

2
∥Ψ(i) −Ψ(i−1)∥2F = −αΨ

2
∥Ψ(i) −Ψ(i−1)∥2F .

Repeating similar steps for the last two terms on the RHS of (4.26) using the objective SΛ

leads to the upper bound of −αΛ

2
∥Λ(i) − Λ(i−1)∥2F .

Finally, we establish the positivity of the constants in (4.23). We have cΨ = αΨ ≥ ξ > 0

and cΛ = αΛ ≥ ξ > 0. Next, because αf ≥ β − L, we have Cf =
αf

2
− L2 ≥ β−L

2
− L2 > 0,

where the last inequality follows by the assumption β > 2L.

Combining these results, we achieve the inequality in (4.23), which concludes Part 1.
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Part 2. For Part 2, we need to show that the augmented Lagrangian is lower bounded.

Lβ[W
(i)] = H(f (i),Λ(i),Ψ(i))

+ β⟨γ(i), (ΛΨT )(i) − f (i)⟩+ β

2
∥(ΛΨT )(i) − f (i)∥2F (4.28)

≥ H(f (i),Λ(i),Ψ(i)) + ⟨λ∇ρ̄(f (i)), (ΛΨT )(i) − f (i)⟩

+
L

2
∥(ΛΨT )(i) − f (i)∥2F (4.29)

≥ H(f (i),Λ(i),Ψ(i)) + λρ̄((ΛΨT )(i))− λρ̄(f (i)) (4.30)

= H(Λ(i)Ψ(i)T ,Λ(i),Ψ(i)). (4.31)

where (4.29) follows by using (4.22) to replace the second term of (4.28) by that of (4.29)

and assuming β > L, and (4.30) is due to the gradient Lipschitz continuity of the regularizer

ρ̄(·),

λρ̄(ΛΨT ) ≤ λρ̄(f) + ⟨λ∇f ρ̄(f),ΛΨ
T − f⟩+ L

2
∥ΛΨT − f∥2F .

Then, since we initially showed that our minimization objective in (4.4) is lower bounded

by H, we have

H(Λ(i)Ψ(i)T ,Λ(i),Ψ(i)) ≥ H,

which leads, by combining with (4.31), to Lβ[W
(i)] ≥ Lβ = H and completes the proof of

Lemma 10. ⊠

By Lemma 10, the sequence Lβ[W
(i)] of augmented Lagrangian values converges. What

remains is to address the convergence of the objective H and the sequence of iterates

(f (i),Λ(i),Ψ(i), γ(i)) to a stationary solution of (4.3), which we do in the third and final step

of the proof of Theorem 6. We start by showing that the duality gap shrinks to zero.

Lemma 11. Consider Algorithm 1 for solving problem (4.3). If β > 2L, then the duality

gap goes to zero, i.e.

lim
i→∞

∥(ΛΨT )(i) − f (i)∥F → 0.

Proof. Lemma 10 implies that when β > 2L, the sequence of augmented Lagrangian values

is convergent. Thus, the LHS of (4.23) converges to zero. This also means that each of the

norms on the RHS converges to zero to satisfy the inequality. Hence, the following successive
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differences converge to zero,

f (i) − f (i−1) → 0; Λ(i) − Λ(i−1) → 0;Ψ(i) −Ψ(i−1) → 0.

Furthermore, applying Lemma 9, we have γ(i)−γ(i−1) → 0. Finally, using the update equation

for the dual variable γ, we obtain

(ΛΨT )(i) − f (i) → 0, (4.32)

which completes the proof of Lemma 11. ⊠

It follows from Lemma 11 that the gap Lβ[W
(i)] − H(Λ(i)Ψ(i)T ,Λ(i),Ψ(i)) between the

augmented Lagrangian and the objective converges to zero, and, therefore, thanks to the

convergence of Lβ[W
(i)], the objective H too converges. This establishes Part (i) of Theorem 6.

Turning to Part (ii) of Theorem 6, we first show that the iterates are bounded.

Lemma 12. The iterates (f (i),Λ(i),Ψ(i), γ(i)) of Algorithm 1 for solving (4.3) are bounded

for i > 0.

Proof. We use the following facts:

(F1) Lβ[W (i)] is a non-increasing function as i increases for all i > 0, as shown in Lemma 10.

(F2) The objective H(f,Λ,Ψ) is coercive with respect to the second and the third variables.

It follows from (F1) that Lβ[W (i)] ≤ Lβ[W (0)], ∀i ≥ 0. Combining this with (4.31), yields

H((ΛΨT )(i),Λ(i),Ψ(i)) ≤ Lβ[W (i)] ≤ Lβ[W (0)]. (4.33)

Now, note that by (4.3), the first variable (ΛΨT )(i) inH((ΛΨT )(i),Λ(i),Ψ(i)) only appears as

the argument of ρ̄(·), and by (4.21) ρ̄(·) ≥ 0. This implies by (F2) that H((ΛΨT )(i),Λ(i),Ψ(i))

is coercive with respect to Λ(i) and Ψ(i). Combining this with the boundedness of H in (4.33)

implies the boundedness of these iterates.

Next, the boundedness of f (i) follows from Lemma 11, since we showed that Λ(i) and Ψ(i),

thus (ΛΨT )(i) are all bounded, and the duality gap shrinks to zero as the iterates progress.

Finally, since all the primary variables are bounded, the augmented Lagrangian is bounded

both from below (by Part 2 of Lemma 10) and from above by (4.33), and the dual variable

iterates γ(i) appear only in the linear Lagrangian term, they are also bounded.

This concludes the proof of Lemma 12. ⊠
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It follows that the sequences of iterates {f (i),Λ(i),Ψ(i), γ(i))} has at least one accumulation

point (f ∗,Λ∗,Ψ∗, γ∗). Next, we establish the properties of all such accumulation points.

Taking the limit over i in (4.22) yields (4.13a).

Next, since Λ(i) is optimal for the subproblem in Line 2 of Algorithm 1, we have

∇ΛSΛ(Ψ
(i−1),Λ(i), f (i−1); γ(i−1)) = 0

2R̄T (R̄Λ(i)Ψ(i−1)TΨ(i−1) − gΨ(i−1))

+ β(Λ(i)Ψ(i−1)T − f (i−1) + γ(i−1))Ψ(i−1) + ξΛ(i) = 0

Taking the limit over i yields (4.13b). Similarly, taking the limit in the optimality condition

with respect to Ψ(i), ∇ΨSΨ(Ψ
(i),Λ(i−1), f (i−1); γ(i−1)) = 0 yields (4.13c). Finally, taking the

limit with respect to i in (4.32) verifies (4.13d). These results complete the proof of Theorem

6. ⊠
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Chapter 5

RED-NF: Neural Field Regularization

by Denoising for Dynamic Imaging

5.1 Introduction

Dynamic imaging considers the ill-posed problem of reconstructing a time-varying object from

its undersampled measurements. In the extreme case, these measurements are time-sequential,

meaning that only a single of them is available at any given time instant.

Similar to algorithms covered in Chapters 2, 3, 4, the proposed method in this chapter

also tackles the ill-posed time-sequential dynamic CT problem [77], [80], [91], [95]–[97], [99],

[100], [102], [141]–[144], described in detail in Chapter 1.3. Although the experiments in this

work mainly consider the dCT, this problem arises in many areas of science and engineering,

including dynamic MRI (dMRI) [26], [31], [32], [51], [66]–[68], photoacoustic CT (PACT)

[106], [108], and dynamic 3D scene representation [85], [105], [189]–[193].

To address this challenging problem in dMRI and dCT, different representation alternatives

with reduced degrees of freedom have been proposed for the underlying dynamic object. A

detailed overview of the proposed techniques is provided in Chapter 1.4.

5.1.1 Proposed Approach

Although the low-rank method with pre-learned spatial priors proposed in Chapter 4 was

shown to provide considerable improvements over the Deep Image Prior (DIP)-based tech-

niques [66] and to other low-rank alternatives with simpler priors, it may not provide

sufficiently accurate reconstructions when the underlying dynamic object is inherently high-

rank.

To overcome this limitation while utilizing learned spatial priors, we propose the recon-
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struction algorithm RED-NF, which uses a neural field to provide a highly expressive yet

parsimonious representation for the spatio-temporal object combined with a pre-learned

spatial prior in the form of RED [145]. RED-NF allows to exploit state-of-the-art denoiser

performance across a range of different inverse problems. To enable recovery in critically

undersampled scenarios, RED-NF uses in addition a smoothness prior for temporal regular-

ization. To solve the proposed non-convex optimization problem, we use an ADMM with

an efficient fixed-point update for the spatial regularizer. The proposed RED-NF leads to

performance advantages over the low-rank RED-PSM algorithm proposed in Chapter 4, and

another DIP-based scheme, TD-DIP [66], in dynamic CT reconstruction problem.

The method does not require ground-truth dynamic data for incorporating prior to NF

scheme as in [109]. In contrast to the NF-based algorithms such as [104], [105], [110], [111] that

recover a static template and the corresponding motion field, the proposed method does not

assume a fixed total density which may be limiting. For example, injecting a contrast agent

to the field-of-view or cross-slice motion of a compressed object while imaging a fixed slice

can violate this assumption. As also stated in [85], another issue with the motion field-based

methods is their inability to represent topological changes which require discontinuity in the

representation. Finally, as compared with the NF-based approach in [106], which uses simpler

regularizers, the proposed objective is regularized with more accurate, pre-learned spatial

priors.

5.1.2 Contributions

The main contributions of the proposed method are:

• To the best of our knowledge, RED-NF is the first method to combine NF-based object

representation with a pre-learned, RED-based [145] spatial prior.

• RED-NF does not require spatio-temporal training data.

• The proposed optimization scheme avoids costly gradient computations through the

deep denoiser for RED updates.

5.2 Background and Related Work

5.2.1 Neural Fields (NF)

Neural fields (NFs), also known as implicit neural representations (INRs), have recently

become popular as a resolution-free, coordinate-based method for representing objects and
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natural scenes using deep neural networks [194]. NFs compute the do-dimensional output

features µν ∈ Rdo (e.g. density, color, etc.), that represent a di-dimensional object f at a

given input coordinate ν ∈ Rdi as

fα(ν) = µν (5.1)

where fα : Rdi → Rdo is a deep neural network with an MLP-based architecture parametrized

by α.

Applications of NFs include, but are not limited to, solving partially differentiable

equations (PDEs) [195], 3D static [196]–[199] and dynamic scene representation and novel

view synthesis.

Current NF methods for spatio-temporal scenes can be categorized, for the most part,

into different groups as follows: (i) augmenting the temporal coordinate to the input [189],

[191]; (ii) decomposing the object into a static template and a temporal deformation field

applied to the static template by warping its input spatial coordinates as a function of time

[105], [190], [192], [193], [200], [201]; (iii) representing the object as a so-called conditional

NF, whereby a hyper network is used to represent the mapping from the time coordinate to

the spatial NF parameters [202]; (iv) lifting into a higher dimension and representing the

spatio-temporal object as level sets [85].

Neural fields are also used in various computational imaging applications such as static

CT [199], [203]–[205] and MRI reconstruction [199], dynamic CT [104], [109], [111] and

dynamic MRI [69]–[71], [73] reconstruction as covered in Chapter 1.4, dynamic photoacoustic

tomography [106], [108], cryo-EM [206], addressing measurement coordinate uncertainty [207],

and medical imaging in general [208].

As mentioned previously, MLP-based architectures are used in NFs. However, the regular

MLP with ReLU nonlinearity leads to degraded representation accuracy, missing spatial

high-frequency details in different applications due to spectral bias [75]. To avoid this issue,

positional encodings using fixed transforms to increase the input dimensionality and to

introduce high-frequency features [74], [203], [209], [210], and different nonlinearity types in

the activation functions [195], [211] were used. Such nonlinearities include sinusoidal [195] and

wavelet-based [211] alternatives. The analysis in [212] provides bounds on the expressivity of

wavelet-based nonlinearity [211] whereas in [213] specifically addresses the case of sinusoidal

positional encodings with polynomial nonlinearities, stating that sinusoidal activations can

be approximated by a low order polynomial.

Despite being resolution-free and the improved representation accuracy with reduced

degrees of freedom, standard NF implementations may suffer from slow optimization speeds
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when minimizing a standard loss function such as mean-squared error using gradient descent.

To this end, several methods were proposed to speed up the optimization process for various

applications [108], [214]–[217]. For 3D scene representation, in [215], caching is used to speed

up the rendering process significantly, [216] performs a low-rank tensor decomposition, and

[217] uses multi-resolution hash encodings. Differently, [108] proposes a proximal splitting

method separating the NF parameter optimization as an embedding task from the updates

that call the imaging operator, claiming advantages for high-resolution or high-dimensional

object reconstruction.

To incorporate additional prior information to the reconstruction tasks using NFs in

various applications, different techniques are used. These include conditioning NFs which

provides a way to express prior using a latent code. The latent codes are used as an input to

a hypernetwork to output a subset of NF parameters [218]–[221]. The algorithms differ in

the mapping type or the parameters they map.

Another alternative is the gradient-based meta-learning [222]. Assuming the availability of

observations from a particular distribution, the NF is initialized with a parameter configuration

sufficiently close to configurations that represent different objects in the same distribution.

Then, the NF is fine-tuned with test-time optimization with few gradient descent steps

[223]–[225].

In this work, different from previous approaches, we propose a pre-learned RED-based

spatial prior for the NF scheme.

5.2.2 Regularization-by-Denoising (RED)

As also covered in further detail in Chapter 4.2.2, Regularization-by-Denoising was proposed

as a regularization technique using a denoising operator D : RN → RN [145].

RED was originally inspired by the Plug-and-Play (PnP) method [147], [226] which

uses denoisers to replace a proximal mapping without explicitly defining the regularizer.

Differently, RED proposes an explicit regularizer

ρ(ft) =
1

2
fTt (ft −D(ft)), (5.2)

leading to a simple gradient expression, and an easy implementation.

Combined with different representation techniques for the object, the regularizer has been

widely used for static reconstruction tasks [155]–[157], and recently applied for the first time

to the dynamic imaging setting [141], [142].

Despite providing a very flexible framework for different types of denoisers, for the original

theoretical analysis in [145] to apply, D is required to be differentiable, locally homogeneous,
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Figure 5.1: The RED-NF framework. The deep denoiser Dϕ is trained on slices of static
objects similar to the object of interest, and the learned spatial prior is used at inference
time.

strongly passive, and as shown in [151], Jacobian symmetric. Although these conditions

are not simultaneously satisfied for many denoisers, [151] provides a score-matching-based

framework to explain the good performance of RED in such cases.

5.3 Proposed Method: RED-NF

5.3.1 Neural field representation for the object f

To represent the complete 2D dynamic object f , we use a neural field Nα : R3 → R where the

temporal coordinate is also added to the input as ν = (x, t) with all coordinates normalized

such that ν ∈ [0, 1]3, and α represents the learnable parameters. The NF has a MLP

architecture using fixed Fourier positional encodings γ(ν) ∈ RL×6 with L linearly increasing

frequencies [203], where the l-th row is defined as

γ(ν)l = (sin(πl/2ν), cos(πl/2ν)) (5.3)
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where l ∈ {1, . . . , L}, and sin and cos are applied to coordinate vectors element-wise. The

positional encodings are followed by a MLP network Mα : RL×6 → R mapping the encoded

coordinates to the estimated output densities. Thus, the overall NF model computes the

density values µν ∈ R at a given spatio-temporal coordinate ν ∈ R3 as

fα(ν) =Mα(γ(ν)) = µν . (5.4)

5.3.2 Variational Formulation

The variational objective to be optimized is

argmin
α,f̄

∑
t

∥gθ(t),t −Rθ(t)f
α
t ∥22 + λρ(f̄t) + ξρτ (f

α)

s.t. fα = f̄ (5.5)

where gθ(t),t ∈ RJ is the true time-sequential projection at time t and view angle θ(t) corrupted

with AWGN, fα ∈ RJ2×P is the spatially-vectorized neural field representation of the object

rendered on a fixed J2 × P grid aligned with the space-time coordinates, and fαt ∈ RJ2
,

t = 0, . . . P − 1 is its t-th time instant (“frame”), Rθ(t) : RJ2 → RJ is the discretized Radon

transform operator at view angle θ(t). The temporal regularizer ρτ is a finite difference

approximation to the energy in the second order derivative with respect to time ∥∂2f/∂t2∥2F ,

ρτ (f
α) =

P−1∑
t=2

∥fαt−1 − 2fαt + fαt+1∥22. (5.6)

The spatial regularizer ρ with weight λ > 0 is the RED term

ρ(f̄t) = f̄Tt (f̄t −Dϕ(f̄t)) (5.7)

where Dϕ is a denoiser that operates on a single time frame ft of the object. Note that

in (5.5) and (5.7), the spatial regularizer ρ is applied to auxiliary variable f̄ , rather than

directly to the NF output fα. Using the NF representation for the RED updates in solving

the optimization problem (5.5) would require costly gradient computations through the

deep denoiser. To avoid this, we perform the variable splitting fα = f̄ . The split variable

f̄ ∈ RJ2×P is constrained to equal the rendered NF representation fα.

To solve the resulting problem, we use an ADMM framework similar to [141], [142]. This

time the variable split is performed on the NF representation instead of on the low-rank
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bilinear PSM. The resulting augmented Lagrangian in the scaled form [159], [160] is

Lβ[fα, f̄ ; γ] =
∑
t

(∥∥∥Rθtf
αet − gt

∥∥∥2
2
+ λρ(f̄ et)

)
+ ξρτ (f

α) −β
2
∥γ∥2F +

β

2
∥fα − f̄ + γ∥2F ,

(5.8)

where γ ∈ RJ2×P is the dual variable and β > 0 is the augmented Lagrangian weight.

The proposed RED-NF algorithm minimizes the augmented Lagrangian (5.8) with respect

to the primal variables fα and f̄ and performs a dual ascent step for γ. The overall method

is described in Algorithm 3.

Algorithm 3 RED-NF

input: α(0), f̄ (0) = f
(0)
α , γ(0), β > 0, λ > 0, ξ > 0

1: for i ∈ {1, . . . , I} do

2: α(i) = argminα{
∑

t ∥g(·, θ(t), t)−Rθ(t)f
α
t ∥22 +

β
2
∥fαt + γ

(i−1)
t − f̄

(i−1)
t ∥2F + ξρτ (f

α)}

3: ∀t : f̄ (i)
t = argminf̄t{λρ(f̄t) +

β
2
∥(fα(i) + γ(i−1))et − f̄t∥22}

4: γ(i) = γ(i−1) + fα(i) − f̄ (i)

5: end for

As in Chapter 4.2.2, the third step can be replaced by a fixed-point update with early

stopping. Using the gradient rule

∇ρ(f̄t) = f̄t −Dϕ(f̄t), (5.9)

this leads to the efficient single use of the denoiser Dϕ at each outer iteration.

Algorithm 4 RED-NF with efficient f -step

Notes: Inputs, and Lines 1-2 and 4-5 are the same as Algorithm 3. The f -step is applied
∀t.
4: ∀t : f̄ (i)

t = λ
λ+β

Dϕ(f̄
(i−1)
t ) + β

λ+β

(
f
α(i)
t + γ

(i−1)
t

)

5.3.3 Regularization Denoiser

As in Chapter 4.2.3 and [155], the regularization denoiser Dϕ has a DnCNN architecture

[161]. The denoiser is pre-trained on a training set of 2D slices of similarly distributed static

objects. In the absence of such data, the training is performed using pre and post-motion

static slices of the same object. This strategy is agnostic to the specific dynamic behavior of
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the object of interest. The variational objective for the supervised pretraining of the denoiser

is

min
ϕ

∑
i

∥fi −Dϕ(f̃i)∥2F s.t. f̃i = fi + ηi, ∀i, (5.10)

where to allow the denoiser to denoise various levels of artifacts, the injected noise ni ∼
N (0, σ2

i I) has noise level σi ∼ U [0, σmax].

5.4 Experiments

5.4.1 Datasets

Compressed polymer

The dataset of a porous polymer under compression was generated at the Los Alamos National

Laboratory by physics-based numerical simulation as the evolution over time of the coordinates

of finite element nodal positions. The material is a polymer with a cellular structure under

quasi-static compression where the complete temporal evolution consists of 1001 time frames.

To obtain a voxel-based representation, we first create a 4D 128× 128× 128× 1001 spatio-

temporal grid with the object at t = 0 at the center, and map each node in all time frames to

the corresponding voxel. The mapping is binary, such that the voxel density is 1 if there are

one or more nodes that are mapped to it, and 0 otherwise. Then, we conduct our experiments

on the 128× 128× 1001 fixed 48th axial slice of the 3D dynamic object shown in Figure 5.2.

Walnut dataset

We use the test object defined in Chapter 2.6. The RED denoiser Dϕ is trained using the

static axial, coronal and sagittal slices of the other static walnut reconstruction in the dataset

[127] using the same policy in Chapter 4.4.

5.4.2 Comparison Benchmarks

RED-PSM

The method described in Chapter 4, RED-PSM [141], [142], [144], combines an object-domain

low-rank PSM with the RED [145] framework, and the resulting optimization objective is

minimized using an effective bilinear ADMM algorithm with convergence guarantees. As
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Figure 5.2: Ground-truth frames of different dynamic objects: (i)-(iii) the compressed
polymer uniformly sampled in time: (i) Complete spatio-temporal object for T=1001, (ii)
non-overlapping subinterval #2 of length T=128, (iii) non-overlapping subinterval #6 of
length T=128; (iv) warped walnut for T = 128.
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shown in Chapter 4.4.4, to accelerate and improve convergence, the method can use a fast

projection-domain PSM [95], [96] estimate for initialization.

TD-DIP

The Time-Dependent Deep Image Prior for Dynamic MRI (TD-DIP) [66] is an unsupervised

DIP-based algorithm, proposed for dynamic MRI. As in Chapter 4, for d-CT, we replace the

forward operator with the 2D Radon transform Rθ(t). TD-DIP uses fixed low-dimensional

latent representations to incorporate motion-specific prior and subsequent two-stage deep

neural network architecture to generate the estimated object at each time instant.

TV-PSM

This algorithm also uses a low-rank PSM as in the case of RED-PSM [141]–[143] but replaces

the RED spatial regularizer in the objective with spatio-temporal total variation (TV) by

computing TV spatially and temporally between adjacent frames. The resulting objective

is minimized for the spatial and temporal PSM components using the Adam optimizer in

Pytorch.

5.4.3 Experimental Settings

All of the methods are run on a workstation with an Intel(R) Xeon(R) Gold 5320 CPU

and NVIDIA RTX A6000 GPU. The optimization subproblem for the NF parameters in

Algorithm 3 was solved using SGD with the Adam [126] optimizer. For each update, the

mini-batches were of size P/8 where the projections from the entire set of P projections were

sampled at random (with replacement).

Denoiser and Pre-training

As in [141]–[143], each convolutional layer in DnCNN is followed by a ReLU nonlinearity,

except for the final single output channel layer. A single denoiser was pre-trained for each of

the objects and used in all concerning that object. The upper limit for noise level used in

training the denoiser was set to σmax = 5 · 10−2. For the dynamic walnut object, the denoiser

Dϕ is trained on the central 200 axial, 200 sagittal, and 200 coronal slices of another static

walnut CT reconstruction downsampled to size 128× 128. For the compressed polymer, a

total of 422 axial, sagittal, and coronal slices of the pre-compression and post-compression

objects were used to train the denoiser. Although we conduct experiments on the temporal

subintervals of the full dynamic object, we do not assume the availability of the beginning

and end frames of each subinterval for training.
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Tomographic Acquisition Scheme

The methods used in this paper employ the bit-reversed angular sampling scheme over the

range [0, π]. Experiments in [95], [96] have shown that for the time-sequential acquisition

scheme, the bit-reversed scheme provides better conditioning of the forward operator compared

to other alternatives.

Although the bit-reversed scheme requires increased rotation speed in practical scenarios,

in certain applications such as MRI with radial acquisition, CT scanner with electronic beam

deflection [177], or in scenarios where the acquisition time of a single projection dominates

the rotation time (e.g., because of low source photon flux or a dense material), this does

not constitute a problem. Also, in some physically constrained settings, the number of

distinct views can be reduced and these views can be repeated periodically using multiple

source-detector pairs, or by carbon nanotube sources [178], [179].

NF architecture and initialization

Unless stated otherwise, the neural field used in the experiments consists of L = 10 differ-

ent Fourier positional encodings for each of the input coordinates with linearly increasing

frequencies in the interval [π/2, Lπ/2] [203] followed by a MLP architecture with 7 hidden

layers of width 64. The final nonlinearity is a sigmoid layer. The MLP parameters α are

initialized randomly.

The number of hidden layers, considering the number of sinusoidal encodings L hence

the maximum encoding frequency Lπ/2, and the resolution J = 128 of the sampling grid, is

sufficient for achieving the maximum frequency on the grid without aliasing. This is related

to the expressivity analysis in [213] which leads to a requirement of log2(
Jπ
Lπ/2

) < 5 layers for

this condition.

Evaluation Metrics

To evaluate the performances of the compared methods, we use the peak signal-to-noise ratio

(PSNR) in dB, the structural similarity index (SSIM) [180], the mean absolute error (MAE),

and the high-frequency error norm (HFEN) [181] as HFEN(f, fr) = ∥LoG(f)− LoG(fr)∥2
where LoG is the rotationally symmetric Laplacian of Gaussian filter with a standard deviation

of 1.5 pixels.
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5.4.4 Results

Embedding experiments

In this subsection, we compare the representation accuracies of the proposed neural field

(NF) model with the partition of unity NF network (POUnet) architecture [106] and low-rank

PSM for different numbers of degrees of freedom (parameters in the NF model). We perform

this comparison on the full data (not projection measurements) for different subintervals of

the compressed polymer data set. For the PSM representation, we show the rank K Casorati

matrix accuracies obtained by truncating the SVD of the object f to include only the first K

largest singular values for different K. On the other hand, for the two NF representations,

we conduct embedding experiments for MLP architectures with different numbers of layers

and number of channels per layer. To optimize the NF parameters, we use Adam optimizer

with 125K iterations with a learning rate of 5(10−3).

Qualitative comparison of representations at different time instants using the low-rank

PSM and the proposed NF architecture are shown in Figure 5.3 for the compressed polymer

subintervals 2 and 6. In these comparisons, the NF uses 7 layers and 64 channels per layer,

and the low-rank PSM representation has a rank of 3 which leads to a similar number of

free parameters for both alternatives. As can be seen in the absolute error figures, the NF

provides substantial accuracy improvements for both objects, whereas the PSM leads to

over-smoothed representations, especially for Subinterval #6, which has faster dynamics.

We also provide PSNR (in dB) comparisons for various representations with different

number of degrees of freedom in Figure 5.4. The results verify that for similar numbers of

free parameters, NF-based representations with various widths and depths provide significant

improvements over the PSM. The NF architecture used in this work, and the POUnet

alternative of [106] provide similar representation accuracies for similar number of free

parameters. However, for Subinterval #2, when the number of degree of freedom is small,

the proposed architecture provides improvement over the POUnet.

Another aspect in the comparison of the PSM vs. NF approaches, is that for each K, the

accuracy for the Casorati matrix truncated to rank K constitutes an upper bound on the ℓ2

sense performance of the rank-k PSM. Conversely, for the NF embeddings, changes in the

optimization scheme may enable further accuracy improvements.

Dynamic CT reconstruction accuracies for different P

We compare the proposed RED-NF with three different benchmarks: (i) the previously

proposed low-rank RED-PSM method [141]–[143]; (ii) another PSM with a simpler TV-based

prior, TV-PSM; and (iii) TD-DIP [66]. This comparison is done on the warped walnut and
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Figure 5.3: Comparison of representations at three time instants for NF embedding with 7
layers and 64 channel width per layer and low-rank PSM Casorati estimate of rank K=3
where P=128, and the corresponding normalized absolute errors for the compressed polymer
object subintervals #2 and #6. The PSM rank and the NF architecture are selected such
that the number of free parameters in PSM is approximately ∼ 1.5× more than NF.
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Figure 5.4: Representation PSNR (in dB) comparisons for different number of free parameters
for NF embeddings and low-rank PSM Casorati representations of rank K.

polymer Subinterval #2, using the time-sequential projection data. The parameter configura-

tions for each of these techniques for the various methods are provided in Supplementary

Material Table 5.5. The accuracy metrics vs. number of time-sequential measurements P are

shown in Figure 5.5. Since the range of metrics for different P usually spans a large interval

in Figure 5.5, Tables 5.1 and 5.2 enable a more precise comparison of the plotted accuracies.

For both objects and for various P , the RED-NF reconstructions have substantially improved

metrics over the other three compared methods.

In Figure 5.6, we provide a qualitative comparison of reconstructions for three different

time instants P = 128 for the dynamic walnut. To facilitate comparison, we include only

the two best-performing methods in the figure, RED-NF and RED-PSM. Compared to the

low-rank RED-PSM, RED-NF suppresses the errors further considerably. Specifically, the

high-frequency features around the shell of the walnut are recovered with greater accuracy

for RED-NF, whereas the low-rank method suffers from over-smoothing. Likewise, Figure

5.7 shows a comparison of reconstructions for three different time instants P = 128 for two

subintervals of the polymer data: Subintervals #2 and #6. Again, we include only the two

methods in the figure, RED-NF and RED-PSM. As expected from the embedding accuracies

in Figure 5.4, both methods perform better for subinterval #2 than for subinterval #6,

which has more complicated dynamic behavior based on visual examination , with RED-NF

being considerably more accurate than RED-PSM for both subintervals. For Subinterval #6,
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the errors are concentrated on the edges of the object for RED-NF, whereas they are more

uniformly spread to the inner parts and with larger magnitudes for RED-PSM.

Table 5.1: Reconstruction accuracies for different P for dynamic walnut. For TD-DIP, the
reported accuracies are for the best PSNR using a “stopping oracle”, averaged over three
runs with random initial conditions.

P Method
PSNR
(dB)

SSIM
MAE
(1e-3)

HFEN

32 PSM-TV-S 21.1 0.678 2.9 1.04
PSM-TV-ST 21.3 0.731 2.6 0.99
TD-DIP (L) 22.5 0.882 2.1 0.87
RED-PSM 22.8 0.911 1.5 0.78
RED-NF 25.9 0.962 1.1 0.51

64 PSM-TV-S 24.0 0.879 1.9 0.94
PSM-TV-ST 24.6 0.897 1.7 0.83
TD-DIP (L) 25.6 0.916 1.5 0.74
RED-PSM 26.4 0.958 0.9 0.57
RED-NF 31.1 0.987 0.6 0.28

128 PSM-TV-S 26.8 0.912 1.4 0.78
PSM-TV-ST 27.7 0.931 1.2 0.63
TD-DIP (L) 29.0 0.953 1.0 0.50
RED-PSM 30.3 0.979 0.6 0.40
RED-NF 33.9 0.993 0.4 0.26

Table 5.2: Reconstruction accuracies for different P for compressed polymer subinterval
#2. For TD-DIP, the reported accuracies are for the best PSNR using a “stopping oracle”,
averaged over three runs with random initial conditions.

P Method
PSNR
(dB)

SSIM
MAE
(1e-3)

HFEN

32 TD-DIP (L) 21.1 0.850 0.0309 9.67
RED-PSM 20.2 0.865 0.0242 10.92
RED-NF 23.6 0.974 0.0099 6.32

64 TD-DIP (L) 23.5 0.915 0.0213 8.59
RED-PSM 22.7 0.917 0.0151 9.74
RED-NF 26.0 0.985 0.0061 6.22

128 TD-DIP (L) 24.3 0.849 0.0241 10.58
RED-PSM 25.3 0.940 0.0098 9.68
RED-NF 30.2 0.995 0.0021 5.22
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methods for P=128, and the corresponding normalized absolute reconstruction errors for
compressed polymer object subintervals #2 and #6.
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Effect of denoiser pre-training

The experiments in this subsection seek answers to two questions related to the proposed

semi-supervised denoiser pretraining strategy for D: Is training the denoiser on representative

data helpful, and, can a generic prior be as effective as the proposed strategy?

Thus, we compare the proposed strategy with different alternatives. These include: (i)

an unsupervised wavelet-based denoiser [227] using Daubechies 1 wavelet and applying an

adaptive soft-thresholding for each subband [228]; (ii) the DnCNN-based denoiser pre-trained

on static datasets with significantly different distributions; and (iii) the proposed pre-training

strategy in Section 5.3.3. In these experiments, all other hyperparameters of the method

were kept the same.

The reconstruction accuracies are reported in Table 5.3. The accuracy metrics for the

dynamic walnut RED-NF reconstructions with a deep denoiser highlight the importance

of the static pre-training dataset distribution. As expected, for both P = 32 and P = 128

pre-training on static slices of another walnut provides the best performance. Switching

instead to pre-training on the pre- and post-compression polymer object slices (“wrong

distribution”) leads to a substantial decline in the accuracy, especially for P = 128. Finally,

for both P = 32 and P = 128, the unsupervised generic wavelet-based denoiser alternative

ranks second-best. However, the improvement provided by the well-matched spatial prior

introduced by the static pre-training over the generic wavelet-based alternative is greater for

P = 32 than for P = 128: 1.7 dB vs. 0.8 dB in PSNR, and 0.02 vs. 0.001 in SSIM. This might

be related to the fact that at P = 32 the measurements are more severely undersampled.

In contrast to the walnut case, for the compressed polymer, although the polymer pre-

training of the RED denoiser performs the best, the improvement it provides is relatively

small, except for a considerable ∼ 20% reduction in MAE for P = 32 over the wavelet-based

denoiser. Otherwise, the reconstruction metrics for various alternatives are quite similar.

We attribute this difference between the two objects to the simplicity of the binary spatial

density distribution of the polymer, and the accurate additional prior for such distribution

induced by the final sigmoid layer of the NF.

Effect of RED spatial prior on few view static CT

How much improvement does RED spatial prior provide when it is combined with the NF

representation? To delve into this question, we conduct few view static CT reconstruction

experiments with and without the RED prior. These experiments consider the walnut object

and the compressed polymer subinterval #6 at t = 0. A total number of P projections are

obtained with uniform angular spacing in the range [0, π). Using the same NF architecture,
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Table 5.3: Reconstruction accuracies for RED-NF when P = 128 using different denoiser
types or pre-training strategies where “walnut” and “polymer” indicate the pre-training
datasets for the DnCNN denoiser, and “wavelet” is the wavelet-based unsupervised denoiser
[227], [228].

Object Denoiser Type PSNR (dB) SSIM MAE (1e-3) HFEN

Walnut P=32 Polymer pre-trained 23.1 0.934 1.5 0.76
Wavelet-based 24.2 0.941 1.3 0.68
Walnut pre-trained 25.9 0.962 1.1 0.51

Walnut P=128 Polymer pre-trained 23.3 0.953 1.3 1.48
Wavelet-based 33.1 0.992 0.5 0.28
Walnut pre-trained 33.9 0.993 0.4 0.27

Poly. #2 P=32 Walnut pre-trained 23.2 0.965 12.5 6.79
Wavelet-based 23.2 0.968 12.0 6.70
Polymer pre-trained 23.6 0.974 9.9 6.32

Poly. #2 P=128 Walnut pre-trained 29.6 0.993 2.8 5.60
Wavelet-based 29.7 0.993 2.5 5.48
Polymer pre-trained 30.2 0.995 2.1 5.23

the following variational objective is minimized with coordinate inputs ν ∈ R2

argmin
α,f̄

∑
i

∥gθi −Rθif
α∥22 + λρ(f̄) s.t. fα = f̄ , (5.11)

where i ∈ {1, . . . , P}.
The reconstruction accuracies are shown in Table 5.4 and Figure 5.8. The results show

consistent PSNR improvements of up to 5 dB for the walnut object for various P . On the

other hand, for the polymer subinterval #6, we see a threshold effect with the increasing

number of views. For P = 4, neither alternative is able to provide a reasonable reconstruction

due to measurement scarcity. For P = 8, however, the spatial prior introduced by RED leads

to a 20 dB increase in PSNR over the prior introduced by only the NF, which fails to provide

an accurate reconstruction. Finally, for P = 16, both alternatives perform well due to the

presence of sufficient number of projections, but RED-NF still improves on NF by almost 7

dB.

Effect of RED spatial prior and temporal regularization on dynamic CT

Another important question considers the individual contributions of RED spatial regularizer

ρ and temporal regularizer ρτ in the time-sequential dynamic CT framework. While keeping

all other parameters constant, we test three alternatives on the warped walnut object for
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Table 5.4: Reconstruction accuracies for the proposed neural field model for the static object
at time t with P uniformly spaced views between [0, π) for different spatial regularization
alternatives.

Object P Prior PSNR (dB) SSIM MAE (1e-3)

Walnut 4 None 14.8 0.639 4.1
RED 19.5 0.825 2.7

8 None 23.4 0.928 1.5
RED 26.1 0.958 1.0

16 None 29.9 0.978 0.7
RED 33.9 0.987 0.4

Poly. #6 4 None 11.6 0.720 82.1
RED 13.5 0.742 80.9

8 None 21.3 0.963 13.5
RED 41.8 0.987 1.8

16 None 41.4 0.999 1.1
RED 48.1 0.999 0.5
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Figure 5.8: Few view static CT reconstruction PSNR values for varying number of uniformly
spaced views P for (i) only NF representation where λ = 0, and (ii) NF representation with
RED spatial prior for (a) the walnut and (b) the compressed polymer subinterval #6 at t = 0.

varying P in this ablation study: (i) only using the NF representation with λ = ξ = 0; (ii)

NF with temporal regularization only with λ = 0; and (iii) the proposed RED-NF method.

The results in Figure 5.9 indicate that using the NF by itself exhibits a threshold-like

behavior, as it fails to reconstruct the object until the problem is sufficiently measurement-rich

with P = 128. Note though that this scenario still represents measurement undersampling

by a factor of about 128, as only a single projection is available per 128× 128 time frame.
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Hence, the NF inductive bias is quite strong by itself. Temporal regularization is crucial for

the proposed NF structure to work with smaller P . Finally, the RED spatial prior provides a

modest PSNR refinement of the results at P = 32 or P = 64 when the measurements are not

critically undersampled, but not at P = 128 when the NF alone provides very good recovery.

On the other hand, the SSIM improvement introduced by the RED spatial prior increases

monotonically with decreasing P .
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Figure 5.9: Dynamic CT reconstruction PSNR and SSIM values for the warped walnut object
for (i) RED-NF, (ii) only temporal regularization with λ = 0, and (iii) no regularization
λ = ξ = 0 cases for varying number of time-sequential projections P .

5.5 Conclusions

In this work, we proposed RED-NF, the first NF-based dynamic imaging method with

pre-learned RED-based spatial prior. The proposed ADMM algorithm for optimization avoids

costly gradient computations through the deep denoiser for RED updates. The experiments

show significantly better embedding performance for similar number of degrees of freedom

compared to a low-rank representation, and improved reconstruction accuracies compared to

a recent PSM-based alternative RED-PSM, and a DIP-based method. Ablation studies were

performed to quantify the effect of spatial and temporal regularization, and NF inductive bias

on dynamic CT, and the effect of RED prior in static CT. The dynamic CT study highlights

the necessity of temporal regularization for the method to work when the problem is severely

undersampled, and the modest improvement introduced by the RED spatial prior when it is

not critically undersampled or sufficiently measurement-rich. On the other hand, the static

CT studies demonstrate significant improvements when the RED spatial prior is combined

with the NF representation.

Future work may include exploration of different initialization schemes, comparison with
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recent NF-based methods proposed for different inverse problems adapted for dynamic

tomography , and application of RED-NF to different imaging scenarios.

Supplementary Material

5.5.1 Experimental configurations

The parameter selections for the experiments listed in Tables 5.1 and 5.2 are provided in

Table 5.5. Also, the architectural information for the DnCNN denoisers used throughout this

work is in Table 5.6.

Table 5.5: The parameter selections for the reconstructions in Tables 5.1 and 5.2. The
RED-PSM latent penalty weight was selected as 10−1 for the dynamic walnut, and 10−3 for
the compressed polymer experiments.

(a) Walnut (b) Comp. polymer

P Method K d λ λ̃ β ξ K d λ λ̃ β ξ

32 PSM-TV-S 3 4 5e-2 - - - - - - - - -
32 PSM-TV-ST 4 5 5e-2 5e-2 - - - - - - - -
32 RED-PSM 3 7 1e-4 - 1e-4 - 6 7 2e-4 - 2e-3 -
32 RED-NF - - 1e-5 - 5e-6 1e4 - - 1e-5 - 5e-6 1e2

64 PSM-TV-S 3 4 5e-2 - - - - - - - - -
64 PSM-TV-ST 4 5 5e-2 5e-2 - - - - - - - -
64 RED-PSM 4 7 1e-4 - 5e-4 - 8 9 1e-4 - 4e-3 -
64 RED-NF - - 1e-4 - 2.5e-5 1e4 - - 4e-5 - 4e-5 1e4

128 PSM-TV-S 5 7 5e-2 - - - - - - - - -
128 PSM-TV-ST 6 7 5e-2 1e-1 - - - - - - - -
128 RED-PSM 6 9 2e-4 - 2e-4 - 12 13 2e-4 - 2e-3 -
128 RED-NF - - 1e-5 - 5e-6 1e-2 - - 4e-5 - 8e-5 1e2

Table 5.6: Denoiser DnCNN configurations for different datasets.

Dataset # of layers # of channels Denoising

Walnut 6 64 Direct
Compressed polymer 6 64 Residual
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