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THE RESPONSE OF SIMPLE STRUCTURES TO DYNAMIC LOADS

I. INTRODUCTION

A. INTRODUCTORY STATEMENT

The response of an engineering structure to a dynamic disturbance de-
pends upon the characteristics of the impulsive excitation and upon the physical
properties of the structure itself. If the accuracy of the results is to be in
keeping with the accuracy of the analytical procedure, the use of rigorous
methods of analysis in calculating responses requires precise data describing
the load and the structure involved. However, there are always certain in-
accuracies present in estimating the load on a structure. Additional uncertainty
exists in determining the magnitude and distribution of the mass of a structure
and the load-deformation characteristics of the material from which the structure
is made. No matter how "exact" is the analytic procedure for determining re-
sponse, these inaccuracies in the .parameters lead to an unreliable prediction
of the behavior of the structure.

In order to interpret the significance of calculated responses, it
1s necessary to ascertain to what extent variations in these factors affect
the response of the system. A broad understanding of the response of & struc-
ture to various patterns of impulsive load is required before one can investi-
gate the effect on the response of deviations in the forcing function parameters
and in the properties of the structure. The obJjectlves of this investigation

are to study the response of a simple structure to dynamic disturbances and to
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determine the effect on that response of variations in the parameters of load
and in the characteristics of the structure.

For this fundamental study the force functions and the structure con-
sidered are ones which can be defined by simple mathematical expressions. The
impulsive load pattems include those blast and impact disturbances described
by a step-pulse function or a triangular-pulse function. The structure under
study is one which can be represented by an undamped, single-degree-of-freedom
system with elasto-plastic resistance to motion.

The descriptions of the load and the structure involve a number of
parameters. For a specific impulse pattern the average applied force and the
duration of the load are the force parameters considered. The mass of the
structure, the rigidity, and the elasto-plastic properties of the material from
which the structure is made comprise the characteristics of the structure. Com-
plete investigation of the problem requires consideration of the entire range
of these parameters. To this end, the results of the analysis used are pre-
sented in dimensionless form.

The problem described lends itself to classical methods of analysis.
To avoid errors introduced by numerical procedures, an analytic procedure is
employed for determining the response of the system, its maximum response, and

the influence of the problem parameters on that maximum response.

B. NOTATION

The terms used are defined when they first appear in the text. They
are assembled here for convenience in reference.

K spring stiffness

I

M mass



X = displacement of mass

X, = maximum displacement of mass

Xy = "static" displacement of mass = P/K
X, = P /K

Xy = yileld displacement of spring = QY/K

X = velocity of mass = dX/dt
X = acceleration of mass = d2X/dt2
Q(X) = spring force-displacement function
Qy = yield strength of spring
T = period of system = EﬁWEZE
@ = circular freguency of system = |K/M = 2x/T
P(t) = force-time function
Pl = average applied load
Py = maximum applied load
t = time
t] = duration of applied load
Qty; = time of peak load
ty = time of maximum displacement
t. = time of first yielding
B = ratio of yield strength to average applied load = Qy/Pl

AX@/Xm = relative change in maximum displacement

AK/K = relative change in spring stiffness
AM/M = relative change in mass
At1/t] = relative change in duration of load

APl/Pl = relative change in average applied load



A Qy/Qy = relative change in yield strength

CK, Cm» Cts Cpo CQ = influence factors

II. RESPONSE OF THE STRUCTURE

A. DEFINITION OF PROBLEM

i. Governing equation of motion.

Physically, the undamped, single-degree-of-freedom system represents
a mass supported by a spring which has no mass as shown in Fig. 1. When sub-
Jected to a dynamic disturbance, the structure behaves according the equation
of motion:

MK + Q(x) = P(t), (1)
where M.is the mass; %, the acceleration of the mass; X, the displacement of
the mass; Q(X), the resisting force in the spring; and P(t), the impulsive
load function. In this study the mass is consildered to be at rest with no
initial displacement when the load is applied:

at t=0,X=%X=0, (2)

where t denotes time and i is the velocity of the mass.

2. Resistance of structure to motion.

The spring of the structure has "ideal" elasto-plastic characteristics:
an initial linear resistance to motion before yielding, followed by a constant
resistance until maximum displacement is reached. (Fig. 2). The elastic re-
sisting force of the spring is directly proportional to the displacement:

(X) = KX for X £X (3-a)

y}
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where K is a constant spring stiffness and Xy is the yield displacement of the
spring. When the response is greater than the yield deflection, the spring
resistance 1is constant:

a(x) = K Xy = Q, , for X2 Xy (3-p)

3. Forcing functions.

The response of the system to several patterns of impulsive loads is
investigated. In order to compare the response of a particular structure to

different types of exciting forces, the total impulse 1s held constant:

P(t) dt = Pyty (%)
(e}

P, being the average applied load and tl, the duration of the applied load.

1

First, study 1s made of the response due to a step-pulse function:

P(t)

Pl 5 for o S'tétl 3 (5—a)

P(t)

It

0 5 for t7 St . (5-b)
(Fig. 3-a). Next, consideration is given to the response of the system to

a triangular forcing function with an initial peak force:

P(t) = 2Py (1 - t/tq) for o <t <t (6-a)

17

0 , for t, £ t. (6-1)

P(t) 1

(Fig. 3-b). In addition to these two impulse patterns, the triangular forc-
ing functions with a terminal and an intermediate maximum force are considered.

(Figs. 3-c and 3-d). The terminal-peak exciting force is defined:

P(t) 2Py (t/t7) ) for o £t St (7-a)

P(t)

I

0 5 for t; & t. (7-b)



The intermediate-peak impulsive load represents the general triangular forc-

ing function:

P(t) = 2Py (t/aty) , for oSt<aty ; (8-a)
P(t) =2P) (t; - t) /(L - )ty , for at) £t£ty; (8-p)
P(t) =0 , for t1£%; (8=c)

where at; defines the time at which the maximum load occurs (0O£a=<l). The
patterns of force described above are considered to represent simplified

blast and impact disturbances normally encountered.

B. SOLUTION FOR RESPONSE

1. General response.

With the analytic procedure the general solution to the governing

differential equation of motion (equation 1) is found:

X/Xy = Acoswt + Bsinwt + P(t)/BPy, for X=Xy and P(t) linear; (9-a)

we  /t A - 2.0 < , \

X/Xy = _B_} j P(t)/Py dt -1/20°t° + Cwot + D, for X, €X ; (9-b)
o /O

where A, B, C, and D denote constants of integration determined from the
initial conditions of velocity and displacement, w represents the circular
frequency of the system, and B 1s the ratio of the yield strength to the
average applied load:

o= \K/M ; (10)

)

Qy/Py - (11)

The solution appears in dimensionless form. The guantities w, t1, and B
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together with the pattern of the forcing function are sufficient to determine

the behavior of a range of structures with respect to the yield deflection.

2. Maximum response.

By setting the velocity of the mass equal to zero, the time, T at
which the response is a maximum is found. Substitution of tm in the response
equation yields an expression for maximum deflection in terms of the yield
displacement. These analytic formulae of maximum deflection for each type
of load considered appear in the appendix.

The graphs (Figs. 4-7 inclusive) which represent the maximum re-
sponse furnish a better picture of the system's behavior. For various ratios
of yield strength to average applied load, B, the maximum response with re-
spect to the yield deflection, Xm Xy’ is given in terms of the duration of
load and the period of the structure, tl/T° These charts show the relations
between the duration of the load, t1, the time to attain yielding, ty’ and
the time of maximum deflection, tm, An accurate estimate of the maximum re-
sponse of a simple structure to specific types of load 1s directly obtain-
able from these response graphs provided the forcing function and the
characteristics of the structure are known.

The type of impulsive excitation may, or may not, affect the maximum
response of the structure. In the so-called impulse region when the duration
of load is short in comparison with the period of the structure, it is of
interest to note that the pattern of load does not significantly affect the
meximum response, other things being equal. (Fig. 8). In contrast to this,
the impulse pattern may greatly influence the maximum deflection when the

load is applied very slowly relative to the system's period. (Fig. 9).



8.
Of the forcing functions studied, the triangular pulse with an initial peak
force produces the most critical response in the long-duration region; the
response to a step-pulse function is the smallest in magnitude.

The maximum displacement curves pictured in the graphs also illustrate
to what extent a change in one parameter, the duration of load tl for instance,
affects the maximum response. In Fig. 5-a, which represents the response of
the structure to an initial peak force, for B equal to 1.0 a twenty percent
change in tq from 0.5T to 0.6T produces a thirty percent change in maximum
response from 3.85 Xy to 5.00 Xy. It is not unreasonable to expect an error
in certain parameters to result in an error three or more times as large in

the maximum response.

3. Approximate maximum response.

In addition to the "exact" expressions for response it is desirable
to obtain approximate solutions for the behavior of the system. Generally,
there are two cases of particular interest: one in which the duration of the
applied load is less than the time at which the maximum response occurs; the
other in which the load terminates long after the maximum response is attained.

The spring in the first case responds inelastically early in the
history of the system's behavior before the velocity of the mass is appre-
ciable. Hence, 1t is reasonable to assume that the elastic response of the
structure is negligible; that is, the spring has an initial displacement
equal to the yield deflection, and the mass 1s at rest when the load is applied:

at t =0 AX) = KXy = Qy 3 (3-p)

X =X (2-a)

vy 3
X =0 . (2)
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The general solution to this problem is of the form of equation (9-b), where,
as before, the constants C and D are determined from the initial conditiomns
for velocity and displacement. The maximum response is found in the same
manner as previously described for the more rigorous solution. These ex-
pressions for maximum response are included in the appendix. How closely
this approximate response agrees with the actual response in the impulse
region is 1llustrated in Fig. 10, for the case of the step-pulse function.
Similarly, for the various triangular forcing functions the agreement be-
tween approximate and exact maximum responses is quite good.

When the maximum deflection occurs long before the load ceases, the
time at which the response is a maximum may not significantly exceed the
time at which the spring Tirst yields. For this reason, neglecting the elastic
response 5% the system 1s not an accurate assumption for this case. A better
approach to determining the approximate response is to take the limit of the
"exact" solutions for maximum displacement allowing the duration of the load,
tl, to go to infinity. The expressions which result define the maximum re-
sponse for a duration of load which is long in comparison with the period of
the structure. The approximate solutions thus obtained are exact for the
step-pulse function but, at best, are only indicative of the magnitude of

the maximum response for the triangular pulse functions as shown in Fig. 11.

ITI. SENSITIVITY OF THE RESPONSE OF THE STRUCTURE

A. DETERMINATION OF SENSITIVITY

The analytic expressions for maximum response are used to determine

the influence of the problem parameters on that response. This influence
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may be defined as the change in maximum response due to a change in the para-
meter considered. If the deviation in that parameter is reduced to an
infinitesimal, the partial derivative of the maximum displacement with respect
to that parameter represents the influence factor sought. Then the summed
effect of changes in every parameter on the maximum response is the total

differential of the maximum displacement:

AXm=§—§§-—lAPl+%$ AQy+§%—§" Aty + g—}é‘EAK-{-gﬁg AM . (12)

Dividing this expression by the maximum displacement, X, gives the dimen-

sionless relation:

A%y, APL A Aw  AK | _ aw
Xy —CP P1 +CQ Qy +CJC_1C—1_+CK K +CM i (12-2)

where CP, CQ, Ct’ CK, and Cy are a measure of the sensitivity of the response

of the structure:

OXm P1
C,L=— - = 5 (13)
P 0P, Xy

and similarly for the other parameters. These influence factors are charted
in Figs. 12-15 for the step-pulse function and the initial-peak triangular
forcing function. For each type of impulse pattern studied the analytic
expressions for the influence factors are included in the appendix. Because of
the dimensionless form of the formulae for maximum response, certain relations

exist between the influence factors:

4

(14-a)

CP=1-CQ,'
Cy = 1/2 C, -1 (14-b)
Cy = - 1/2 C, - (14-c)

This allows the influence factors CP’ Cg, and Cy to be defined in terms of

CQ and Ct'
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B. USE OF INFLUENCE FACTORS

The influence factors represented in the graphs and in the analytic
expressions given in the appendix may be used to find the change in maximum
response, Z;Xm/Xm, due to a change in each parameter. For a particular
structure and a specified forcing function the magnitudes of the maximum
response and the corresponding influence factors are obtained either from
the graphs or from the analytic expressions. When substituted into equation
(12-a), these gquantities and the magnitudes of the relative changes whose
effect is to be examined yield the change in the maximum response.

Although this procedure is exact for only infinitesimal changes in
the parameters, equation (12-a) may be used with a certain degree of accuracy
for finite changes in the parameters. It can be shown that the error in-
volved by considering finite variations is of a higher order than those
variations. A discussion on the limitations of the magnitude of the change
taken in the parameters is reserved to the appendix. Generally speaking, the
error involved is not significant provided the relative variations in the
parameters are kept in the neighborhood of ten percent absolute. Larger
changes than these can be made step-wise without introducing apprecisble
error; that is, by considering the variations in ten percent steps, or less,
and replacing the old structure by the new at each step, the change in wmaxi-

mum response due to large changes in the parameters is found.

C. SIGNIFICANCE OF RESULTS

The graphs for the influence factors illustrate the order of impor-
tance of the changes in the various parameters. 1In the impulse region the

average applied load is generally the most critical in its effect on the
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maximum response with the duration of load second in importance. The average
applied load again has the greatest influence on the maximum response in the
long-duration region; there the yield strength is second in importance.

That an error in a parameter may result in an error in the meximum
response several times as large is demonstrated by the graphs representing
the influence factors. 1In the long-duration region the influence factor for
average load, for instance, may be as high as 8 or more. Then too, a varia-
tion in a parameter may have little or no effect on the maximum response.
The duration of load, for example, has little effect in the long-duration
regions for B greater than 3.0. The range over which the influence factors

may vary accounts for some of the discrepancles observed in practice.

IV. GSUMMARY OF RESULTS

To justify using rigorous methods of analysis for elasto-plastic
structures subjected to dynamic loads, it 1s necessary to determine accurately
the magnitudes of the characteristics of the structure and the forcing
function parameters. If thesz quantities are not precisely known, the effect
of an error in a parameter on the maximum response may be determined by the
method previously described.

Presented in graphical form, the results of the solution for the
maximum response of a simple structure to dynamic loads may be used in
practice for predicting the behavior of structures. The approximate ex-
pressions for maximum response given in the appendix are accurate for
estimating purpose in the impulse region only. In certain cases the re-

sponse in the first mode of a multi-degree-of-freedom system can be estimated
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from the results here presented. It must be kept in mind, however, that while
these exact and approximate results are accurate for a single-degree-of-freedom
system, the extension of their use to application to other structural systems
is, at best, approximate.

In design and analysis the magnitude of some of the parameters is .
often a matter of arbitrary selection. When this condition exists, the use
of a rigorous method of analysis in predicting the behavior of the structure
is meaningless. The results of this investigation give support to the belief
that in such a case it is more appropriate to employ numerical or other approxi-

mate procedures which are in keeping with the quality of the data available.
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ANALYTIC EXPRESSIONS FOR MAXIMUM RESPONSE AND INFLUENCE FACTORS

A.
1.

(A).

®).

©).

(D).

Step pulse.
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(2‘ (‘Jtm= wt(t" slna)t(’

7
@) Km/Xys L
Z((b"l)
@). CQ = {b
/5
(5). C:f = O.
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2. Initial-peak triangular pulse.
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(A).

(8).

©).

18.

(2). cotpy= wfq* 2 \hlwt -wtq) + eof, Smw‘r +eoswt, -l}
pes -
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2

Terminal-peak triangular pulse.
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(R). XM/X‘l = 4nir
peed

(). Cq = ©.

(4) Cf = -l.
(B). ot b, <t <t,.

. cos wt,= « {c:o.s dwt, - (-} + 2 (- o) sm«wf,‘sm‘%«t,l

2- %+ o -2 (1-)cosest,

(2. Xm/X., = 92 {Z(t-q)vﬂsm"’/zwi,] + o((wt,-wi,,)}
Po((m()aﬁ, :
(3). C‘,,:‘2 =
@).C= ~1 + 2 {Cl )2 cosVacst, +1- D }
P(l 10 m x;' wt
Qetp = l a*cos wewt,

awt c::swtm (2-24%— at ~20i=a) eaount,) -2« (\-.,Qs.n aust, smat,
+ 2o (1- )" Sin ik, an“/w?
+ 41~ el)"‘ eos °‘/¢w£ (1~=)
~ & (I-K)% cosVaast, cos-(w‘l

(@). osat, <t, St,<t,.
Q). a)i'mz ‘tqnh‘ { cos a{w't, - o{@oscwt, - (I~«)
< Sinest, ~ sin det,

(2). X /X'i 2 {2(: -4 )1~ cosdedt, +a<cosc.:vi)}/
/Bo((« -, + 2 (o ~ cos(t—-;)w'l..) )

(3. Cq =

@) . Cf = -~ 1 %+ 4 Sin o(uri - Sinat, +sm(|~os)w£,},
: p? acot, (1~ -2y (X /x4 )
(D). o st, s»s, < b Sty

M. pd (1-4) eot, = Sm(w\‘. a(w“f,\ - Sm@:f..,-w&,) - (~&) Sin wﬂj.

®). wt,,= wé’ ¥ 2 cos(w\’: awt,) =acos (ut ~ait,) - (»--t)coSwt.,_
pa(z-.owé
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@). Coz - _1 (e pcot ).
 WRmixy
(). Ct= -2 + 1 [3 + 4 [sinawt, - sinewt, +sin(1-Qat,
Xm/th (é%((wowt,

E). og«t, g+, €, St
(). p a(-Nawt = alwt,~coty) = (1-<) sinatty + Sin (oty-dal).

@). aty,= at, (1- Aat-a) + T fot, (1= P20-0)- ety |2 h
+ ¢ (lcos (wt.‘-qwt,) - (tw\)cosw-l.,-

2 (eotmatty)® - 1 (cotpreotyfHet, {1 - Aalol-cat)

3. XM/KN‘: I+
3/30-«0‘-’* p(c--&)w*
(4). CQ = —~_1 (cu'l'm-wf.')"
le/X-,
(5. C’(z T -]+ X_‘/‘x ~ 2 (wfm-w‘t.,)"
maet + __lZ i(w'lm~w’c1)"~'.,9.(1—6-05(«01’7-4@)}
1~ek)
b +olwt e wiy)sin (hy - dust)

(F). o<«t, <t, st <1,
Q). %o{(l‘d\)wt|= ot (a0t ~coty) ~ Ci-o) smwt., + Sin (w‘t.’-d.wi')

(2). at,, = wt,' + 2 { Y. (wt - wt ) }
(},a((m\)w‘t +eo0s (wt.' 't} ~ (- eos oty ~

(2. XM/X.': | + Yo (ot~ et W - (eot, - et )3
3*/‘3(! ~a)wt,

@). g = (cotpy- coty )2 .
S 4 !
(5). Co = -1 + 1 [~'n Cotpy-aty)*
Xm /Xy
2;6 (Q)fm’a’t {/’ dw'é. -I-&lnwi;'}

'l

+ewt - wiy
+ L {Q(l- aos (ewty- .(wh)}
pl~d) - (wt, -wt.l )2 !

(@. o<ty St,=at, <4,

(] ﬁdwﬁ = a;t.'- smw't.',
2
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(2). aty,= awt .

(8). Xm/X.i: [+ 2 . (e (Kt udy)? é'fﬂ.(dw'@,“u)&?)z swaﬂ’}
poet \ + (Ewt -ty ) -cosawty)

"'_L @(w'h —w't.")z .
2 Xm 7Ky

3). Ct = oy o+ ~'In. (o(w'h-wie()" T
+ 2‘ In. (dwf.-wﬂ)
(¢ + (et -w‘t'.,).smwi.,

@. Cq

]

+ l-aos cot., J.
(H). ost, €<t st, <t
Q). éqgjﬁ,: ,a,»t{i- smw‘tﬁa
@), wity= et (1= PrG-x)) +[ [et, (-4)1-pl]* b

+20w) {'/9. (dest,- coty) - cosecty
= + (et -wty) sinesty +1 ]

(3). )(m/)(wz (+ 2 Cw“‘m— (I-Ph((—é))wtaa
3{9("4)“’1)

- (4-Al) {(:-g;u-ﬁwm.}’-
E)

+ (1 -pAhk) { ety ~ (1~ BR(i-2) wt,}l’
P
+ 2 {‘k (oteat, ety ? +(o¢wf,-wt.')(‘.¢,swt‘}
P dewt, Hidwt,~wt, ) Sin ,‘,t’

(4) Co = - 1 (wim-w‘é.')l'.

®). Cp= -1+ 1 {ﬂiauurwﬁﬂ' k

4—_'_ (Cl-""m"‘ dwtl )2-
pl-4)

(1). ost, sat, ¢ <4,
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(2). ewty,= «ct, + 2 ‘/Q,ot(\-d)wzt," + Yo (cia)'t,—-wf;,w'
prrety + (et~ oty) sinesty + I-
, y) Sinety + | cosaty ]|,
2
+ 2 % (awt,- cwty)® + Yo (Awt -wity)* sin aly
po(w’c, -
+ (Xt =ty )(1- coswty)
@) Co= -1 (whpecoty)>.
LAY wyatiel
(5) C_e < -} -lv-xL/x -I/ﬁ.(w{'m'w‘t;’)p
A N ) {Q.wt, (= cdedt, ) -Cl'et)af‘,z}
/6 .

B. APPROXIMATE EXPRESSIONS FOR MAXTMUM RESPONSE .

1. Step pulse.

 (A). Impulse region.

Q). aﬁ", S ﬁé"
/5
@. Kem/Xyq & 1 +{“_;.*'f" {'n. “/’/w} ‘

(B). Long-duration region.

(1). cos wé.t: x-lé.

(2-)- w*m’ ‘4){1 - "’OJ\ wiq

e

2(6-1) '

2. Initial-peak triangular pulse.

@) K (Ky =

(A). Impulse region.

). witp, & wi,.

r
@). Xnky% 1+ (c%n)z('/¢- Le) .



2k,

(B), Long-duration regior .

M), ety & et (2-4).

@) Km/Xy & 1 + G_J_ (=) wit,?,
A

3. Terminal-peak triangular pulse.

(A). Impulse region,

. wty = ot .

3
= (‘%) * (- %)

(B). Long-duration region.

W. ewt, ¥ wt, [I + (’L_“@)"}
4p
@). Xm/Ky¥ 1+ [(%g)wt,}‘ {2-,5}{ [ + ,6/4} .

k., Intermediate-peak triangular pulse.

(A). Impulse region.

(. wt, T wt, .

>

(2). Xm/Xy % 1+ {%t.l"{n/,‘ - /é'('ait:‘)}

(B), Long-duration region,

(). ety ¥ wt, gl- Al +  Gmpr)i- A

@). Xm/ Xy ¥ o1+ L (2-p)Pe?t > (1-a)

IQ/Q
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C. ERROR INTRODUCED BY FINITE CHANGES IN PARAMETERS

If the error in an influence factor due to a finite change in a

parameter is defined as:

error = .—p—____c I (15)
P
where C, = ( D >
Ap
AX )
and Cr: = lim TE(.VE_) ;_)E_m _I_J_) ’
= Ap+O LAp Noap op \Xp/
the bounds may be set on that error such that:
a £ e = b . for a S v
Cl
or a £ .C_E -1 %y ;
P
Cl
a+1 $ 2 < vl . (16)
CP

This restriction limits the magnitude of the change in the parameter under

consideration to:

b+1 , (16-a)

[\

+

(=

[l
D>
G
ch
N

>

g [d
\/

oA

1

where & and b define the desired accuracy, Cp is the value for the influence

factor in the region under study, and AXm/Xm is the allowable relative

change in maximum deflection. For example; if b = - a = 0.1, CP = 1.8, and

Axm/xm = 0.2, then:

(o
—
A
>
Le]
A

0.1222222 .
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