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THE SHEAR STRENGTH OF REINFORCED CONCRETE BEAMS

I. INTRODUCTION

1, Introduction

Reinforced concrete, like other structufal materials, has
baeen the subject of extensive experimental and analytical ressarch. The
past sixty years have witnessed & steady advance in our knowledge of the
behavior of reinforced conerete members under statie loads. With the
gid of ﬁumeroas tests, a rather complets understanding hass been obtained
sbout the ultimste strength of such members in pure flexurs and under
pure sxial compression. In addition, there have been developed thsoriss
for members subjected to eombined flexure and axigl compression. However,.
710 such extensive information is available about members subjected to
sombinations of flexure and shear, or flexure, compression and shear.

In previocus research, major emphasis has been placed on the
evgluation of the contribution of web resinforcement and the shear strength
of 'a reinforeced comncrete member has been interpreted in the light of s
truss analogy. BExperimentgl evidence, however, has foreced certain modifi-
cations on the original truss anslogy equation. The comtribution of the
beam itself, without the bemnefit of web reinfcorcement, has been taken
into comsideration. Furthermcrs, it has been found that the moment-shear
ratio affects the ultimate strength in shear. These modifications,
suggested by different authors, have retained essentially the truss anal-

ogy relation but have added new terms to account for effects gther tham



that of web reinforcement. All the new equatiocns, however, have been
derived experimentally fﬁr each given series of test specimens and have
Priled tc give good correlation with other test data; outside the range
of test warimbles for which the squations were derived.

The current design specifications have bsen based apparently
on certain minimum v&lues obtainsd from tests. While these specifiea-
tions yield satisfactory or even econservative values in most practical
#ases, there have been reported test specimens which fgiled in shear st
& lower load than that given by the *saie working stresses®. ‘This
indicates 8 definite need for & bstisr understasnding of the phenomenon

of shear failurses amd for a more relisble set of deazign rules.

2. Qbject and Scope of Investigation
| The abjecf of this investigation wes t6¢ review and correlate
the results of previcus research in the field af shear and diagonal
tonsion, t¢ detesrmine the modes and characteristiecs af'sheaf failurs
of reinforced cencrete beams, and to establish a general expression for
;tha shear strength of reinforced comerete beams under differenmt loading
conditions. The investigation was limitad to members subjected to |
combinatiens ef shear and flexurs only.

Mere than one thousand tests of beams with a wide range of
physical propertiss énd undar‘éifferent types of loading were studied.
A bagically nsw-empirical equaﬁion was derived for ths shear strength of
simp}easpan ractangular beams without web reinforecement and under one or
twe Bymmetrical concentrated loads. It is shewn herein that ths basic

gquation can be interpreted with the aid of the conventional theory ef



compression failures of reinforced concrete beams. This equation was
Pirst presented in & previcus technigal report (1)*,

The basiﬁ empirical equation was extended tc include beams
.1ith st reinforcement and the amount of web reinforcement required to
prevent shear failures was determined. Furthermore, the same equation
waé maodified to apply;to simple-span T-beams and restrainsd beams under
symmeirical comcentrated loads. It was fouﬁd alsc that the basic
squation could be used tc determine the shsar.strength cf a resinforced
goncrete beam under uniform load and, possibly, under any type cf distri-

buted loading.
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The following notation is used in this report:

g8

distance from end support to concentrated load
in simple-span beams

- angle of inclination of web reinforcement with

respaect to axis of beam
given by Eg. (44)

compressive area of conerete as determinsd by
"straight line™ theory

area of web reinforcement

width of rectangular beam or width of flange
of T-beam

width of web of T-bsam
internal compressive forece in concrete; (also
various numerical coefficients as defined in

toxt)

distance from centroid of tension reinforcement
to compression facse of beam

total depth of besam
thickness of flange of T-beam

ultimate compressive strain in concrete, taken
as 0,004

strain in steel at yield point
modulus of elasticity of concrete
modulus of elasticity of reinforcing steel

compressiye striess in extreme fiber of comcrste,
given by straight line theory



cr

compressive strength of 6 by 12-in. concrete
gylinders : :

zompressive strength of concrete cubes
medulus of rupture

stress in tensian.reinforcament

stress in ecompressionr reinforcement

yield stress of temsion reinforcement

yield stress of compression reinforcement
stress in web reinforcement

yield stress in web reinforcement

total forse in web rsinforcement, see Fig. 3
shépe factor of T-beams, given by Eg. (34)
seé Fig. 12

moment of Inertia of ®straight line" cracked
transformed section, either rectangular or
T-section

meoment of inertis of uncracksd rectangular
section

moment of inertia of uncracked T-ssction
internal moment arm

depth of compression zone of concrete as deter-
mined by "straight 1line™ theory

depth of compression zcome of conerete at shear
failurs

C s @ parameter which determinses the magni-

kﬁf;ksbd

tude of the compressive force C. It is the ratio
of the average compressive stress to ths maximum
compressive stress in tconcrete

fraction of the depth of compression zone which
determines the position of the compressive fores
C in eoncrete



er

ratio of maximum compressive strength of
concrete in beam to compressive strength of
standard test cylinders '

(sin® + cos@) simx

span lergth of test beam

total length of test beam

bending momsnt

shear-compressiocn moment of bsam without web
reinforcement; given by Egs. (18), (35), (43)

= shear-compression moment of bsam with web

reinforcement, given by Eq. (28)

B
?ﬂi = glastic modular ratic, taken as 5 + 29_?%92
;! C o
i
z;% =.plastic modulsr ratio
¢
A,
Bd ’ where As = ares of tension reinforcement
Ar.
3.%’ where AL = area of compression reinforcement

given by Eq. (k2)

given by Bq. (46)

total lcad on beam

load which corrssponds to MS

load which ecrresponds to M
sw

= reinforcing index

H»L»d
O = H

value of g which determines the boundary betwsen
initial flexural failure by crushing of concrete
and by yielding of reinforcement, given by Eqg. (52)



td

_ w
b s sink

A

for rectangular beams

A

W

m for T-beams

spacing of web reinforcement along axis of beam

- distance between centroids of tension and

compression reinforcement

nominsal shearing stress in concrete, E%E .

—jL—;, or<z— as defined in text
bksd bD

nomingl shearing stress at ultimate load

nominal shearing stress at ultimate load for
shear-proper, given by Eq. (47)

shearing force

clear distance bsetween two load blocks
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IT. SIMPLE-SPAN RECTANGULAR BEAMS WITHOUT WEB REINFORCEMENT
AND UNDER ONE OR TWO SYMMETRICAL CONCENTRATED LOADS

5. Review of Earlier Research

Shear failures have besn treated conventionally as failures
in disgonal tension. Since the real value of diagonal tension stress

was generally difficult to determine, the unit shearing stress

g
v (1)

was considered as a measure of diagonal tension. The effect of web rein-
forcement was taken into account by considering a beam acting as a truss,
in which the top chord was formed by the compression zons of the
conerete, the bottom chord by the longitudinal reinforcement, the temsion
web members by the wseb reinforcement, and the compression web members by
the concrete in the web of the bsam. From these assumptions the follow-

ing equation was derived to represent stress in the web reinforcement:

£ (2)

=
w rK
where the value of X depended on the angle of inclination of web rein-
forcemsnt.

It was realized that the above equations were approximate

in nature and empirical data were used to correlate the real bshavior
of test beams with the above theoretical considerations. It was
observed that the measured stresses in the web reinforcement werse, in
general, considerably less than predicted by Hg. (2); this discrepancy
was attributed to the fact that a portion of the total shear was carried

by the concrete. In 1927 Richart (2) modified the truss analogy



‘equation (2) in the following form: .

v=0C+Krf_ (3)

where the constant C was found to vary from 90 to 200 psi and it was
sfated thét g”ﬁ;obably depended "upon the percentage of web reinforcement
used éﬁa also oh,the quality df.the concrete”.

o More complete oonclusions about the contribution of the
concrete tovresist shear had been reached by Talbot some twenty years
ggrlier. In 1909 Talbot (5) reported that for beams without web reinforce-
ment the ulfimate‘nominal shearing stress v increases as the quality of
concrete increases, as the amount of longitudinal reinforcement increases,
and as the span length L decreases. These conclusions, however, were
 apparsntly disregarded in favor of the unmodified concept of truss

analogy by most later investigators. Only in relatively recent ysars

new attempts were made to evaluate in quantitative terms the contribution
of the various elements of a beam to its strength in shear. In 1945
Moretto (4) presented the following equation for the shearing strength

of a simply supported beam:
= ¥
v K:rfyw + 0,10 fc + 5000 p (L)

which was essentially an improvement of Bq. (3) suggested by Richart.

In 1951 Clark (5) reported the following formula:

v = 2500 \[T'+ 0.12 £! (d/a) + 7000 p (5)



100

which was the first to account quantitatively for all of the variables
1isted by Talbot in 1909 as influencing the shearing strength of reinforc-
ed concrete beams.

In a previous report (l) attempts were made to correlate the
results of previous research and to investigate the validity of the

above and some additiocnal empirical equations in the following form:
= 1
v KrfW + G £f + O p (d/a) (6)

v=Rrf o+ [Glfé + Cgp] (d/a) (7

A1l these attempts to relate the nominal shearing strength of simple-
span reinforced concrete beams to & functlion consisting of the truss
analogy term Krfyw aﬁd linear terms of f; and p failed to give good
correlation with test results. Thus, all empirical equaticns which
wers derived for a certain range of test variables were not applicable
outside that particular range.

Since the introduction of the concept of truss analogy some
50 years ago, major emphasis has been placed, in general, on the svalu-
ation of the contribution of web reinforcement to shear strength. The
contribution of the beam itself, without the benefit of any web rein-
forcement, has remained a relatively ﬁnknoﬁn quantity. Furthermore, any
uncertainties with regard to the contribution of web reinforcement have
reflected directly on the contribution of the beam itself, thus rendering

both questionable.
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Our first problem, therefore, should be the svaluation of
shear strength of a beam without web reinforcement. In the following

section a gemeral expression for the shearing strength of such beams is

derived.

6. Derivation of Basic Empiricel Equation

After the formation of a diagonal tension crack, a rein-
forced concrete beam which does not fail in temsion, will fail either
in the compréssion zone cof the concretes or in bond. Althcough the cause
of these two types of failure is different, their appearance is often
very nearly the sams. When a beam fails by the destructicn of the
gompression zone, the shear force which was previously carried by the
concrete is transferred to the level of the longitudinal reinforcement.
This leads to splitting of the concrete along the reinforcing bars.
When a beam fails in bond, however, slipping of the longitudinal
reinforcement produces cracking of the concrete along the bars and
reduces effectively the bending resistance of the section. This causes
a concentrated angle change at the end of the diagonal crack and 1gads
to a premature destruction of the compression zone of the concrets.
Since the above phenomena take place simultaneously, it has often been
difficult to determine the real cause of failure. HEspecially in the
early tests when plain bars without any end anchorage were used as
tension reinforcement, bond faillures were frequently considered as
dimgonal tension failures. In many of fhe recent experimental investi-
gations, howsver, the possibility of bond failure has been eliminated

by the use of some speciml type of end anehcorage in addition to deformed
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pars of good bond characteristics. Splitting along the longitudinal
reinforcement has still been observed and sometimes even considered as
a primﬁry'mode of failure. This phencmenon, however, is secondary to
the failure of the beam by destruction of the compression zons.

Failure by destruction of the compression zone takes place
under a concentrated load, at the section of maximum moment and maximum
shear. The real cause of failure has not been generally understood.

It.has been suggested that this failure is the result of the principal

_stresses, compressive. or tensile, or of the maximum shearing stress.

As was seen before, the conventional theory, treating shear failures as
diagonal tension failures, considered the nominal shearing stress v as

a measure of diagonal tension. Previous research has indicated that

v is a function of the following variables:

\i d
= eroweme o o X —
V=35 F(p, £%, 5 s Krfy) (8)

K11 empirical equations suggested by different investigdtors, however,
have failed to give good correlation with all of the available test
results. Furthermore, the conventional theory pictures the nominal
shearing stress v distributed over the entire cross-section of a beam,
uriform from the level of tension reinforcement to the neutral axis.
The formation of a diagonal erack, however, radically changes the state
of stress in & reinforced concrete beam. .There cannot be any transfer
of stress across a crack. Thus, the nominal shearing stress cannot

possibly be the criterion of shear failure and the .state of .stress in
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+he uncracked compression Zone should be investigated in order to
determine the real cause of failure.

A basic equation for the shear strength of a simple-span
rectangular beam without any form of web reinforcement and under one or
two symmetrieal concentrated loads was derived by considering the state
of stress in the compression zone of the concrete. It’was first assumed
that the total shearing force C is resisted sclely by the compression
area of the comcrete. For beams without compressive reinforcement the
area of the compression zons is given by ksdb7 where the quantity ksd
refers toc the depth of the compression zone at shear failure. Thus the
average shearing streés is given by v =-EEEE . Lt was further assumed
that the ultimate shearing unit stress, vi, was a function of fé, Test
results have shown that the shear capacity of the compression zone
dscreases as the moment-shear ratio, M/V, increases. This effect has
usually been taken into consideration by the-~%4ratio, and there seems
t0 be & linear relationship bstween this ratio‘éﬁd the shear capacity
of the beam. Since both the horizontal compressive stresses and the
vertical shearing stresses are assumed to be resisted by the same

Icompressive area, it seéms more reasonable to oonsider the shear-

* compressive force ratio, V/C, rather than the M/V-ratio as influencing
the ultimate load in shear. For the type of besam under consideration

it can be written that V/C = jd/a. Thus the ultimete shearing stress v,

can be expressed as follows:

-V __Jd
a Tk @ e P, (£7) (9)



1k

Tt is noticed that this expression can be rewritten in a different way:

V; - = k_JF(£!) or g
ba“£* pa“f!

- k(e (10)

These equations are in a form whiech suggest that the criterion
for shear failure is a limiting moment rather than an ultimate shearing
stress: There is some supporting svidence for this observation in
- proevious test results. Beams with no web rsinforcement tested by
¢lark (5) had the d/a-ratio as the only variable; all these beams failed
gt & nearly constant moment, although the total shear force at failurse
depended upon the loecation of the locads on the beams. Turneaure and
Maurer (6) reported a series of tests on small mortar beams with the
d/a-ratio as the only variable, and their results again show that the
ultimate moment was nearly the sams for all positions of loads. Thus the
_fsoecalled shear fallures seem tc be failures in compression; the criterion
of failure being a limiting average compressivskstress or a limiting
total compreséive force in the compression zone of the concrete. This
type of failure differs from flexural compression failures only becauss
the compressive area is rsduced because of diagonal tension cracking.

In BEq. (10) thers ére two main unknowns: the depth of the
cémpression zone, ksd, and the limiting average compressive stress,
related to F(f;)u The quantity j can be comsidsred as a constant since
it dess mot vary over a great range.

The depth of the compression zone can be determined accurate-

1y for flexural failures, both in tension and in compression, by
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gonsidering statical eqﬁilib;ium.and the strain relations involved. For
shear failures, however, no theoretical relationship relating the extent
of diagonal temsion cracking and the ph&sical propertiss of the beam has
been found. Consequently, the depth of the compression zone must be
determined empirically. From previous investigations it can be shown
qualitatively that k.S is a function of f; and p. Furthermore, this
function must be a complex one since different empirical equations
considering v as a linear function of fé and p have failed to agree with
tpst results. In order to facilitate the empirical evaluation of ks, it
was deemed advantagecus to consider the ratio ks/k rather than ks alone.
The value of k as determined by the straight line theory is alsc a
function of fé and p. It was felt that there might be some similarity
between the functions representing ks and k, so that the ratio ks/k‘might
be easier to evaluate than kS alone. It was considered that if the ﬁatiov

ks/k is either & constant or a function of f£!, Eq. (10) can be written as

M

bdgf’
c

= k F(£}) (11)

and the unknown function F(f;) can be evaluated dirsctly from available
test data. If this cannot be done, the ratio ks/k must alsc dépend on p

and Eq. (11) must be rewritten as

M

bdef’
c

= k F(£!,p) (11a)
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HEquation (11)'was}derived for beams without compression rein-
foresment. For beams with bath tension and compression reinforcement,
Eq. (11) must be modified toc take into account the added effect of the
gompression z;si‘nforcemsn‘b° If it is assumed that a beam fails before the
compression reinforcement yields, an expression for the limiting moment
of shear f&iiure can be derived by considering that the presence of
goppression reinforcement increases the compression area of the trans-
formed section by an amount of np*bd, the steel area transformed to

gonerste:

A = bkd + np’bd = bd {(kx + np*) (12)

This modified compreséion area leads to the following equation which

corresponds to Eq. (11) for beams without compression reinforcement:

M
bdef‘
c

= (x + np') B(22) (13)

The quantity k refers to the actual depth of the compression
zZoney &as determined from an equivalent seetion transformed to concrete.
For beams with only tension reinforcement the numerical value of k is

obtained from the well-known equation

' k =\l(pn)2 + 2pn - pn (1k)

For beams with both tension and compression reinforeement the following

equation can be derived to determine‘gzv

|
k = Q[h (p + p’)] Zion(p+p -p*t) -n(p+p) (15)




17

where td is the distance betwsen the centers of the tension and compres-
sion reinforcement.
In all subsequent calculations the value of the mcdular ratic

n used in the above equations was determined by Jensen's fcrmula (7)

n=5+ leOOO (16)
which has besn found to give reliasble results.

T. Test Data
In order to determine the unknown funetion F(fg) in Eqs. {(11)
and (13)9 experimental results of previous research wers analyzedov
Attention was dirscted first only to simple-span rectangular beams with-
out web reinforcement and subjected to one or two symmetrical concentrated
loads. All known tests of such beams were included in the anslysis
except some of the very early beams for whieh there was scme doubt about
the compressive strength of concrete used.
A total of 125 beams from 15 different investigations wers
considersed in the anmlysis. These beams were tested cver a period of
43 years and had a wide variation in their physical propertiss. Tabls 1
names the different investigations and gives their entry in the Biblio-
graphy and the number of the table in which they are analyzed. This
table summarizes galsc the range of test variables for the different
groups of beams.
One hundred and eleven of these bsams failed in shear; seven

of them, however, yielding before failurs. The remsining fourtsen beams
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failed in bond, slthough their mode of failure was reported as disgomal
tension. These beams are discussed later in this section. Thirty beams
wore provided with both tension and compression reinforcement; all other
peams were reinforced in temsion only.

The test results for the different groups of beams are analyz-
ed in Tables 2 through 15. Both physical properties as reported by the
investigators and calculated quantities are given for each individual
beam. All dimemnsions are given in inches and the GOmpressife strength
of concrete in pounds per square inch. In most cases, concrete strength
was determined from tests on 6 by 12-in. standard cylinders. In a few
cases, tests either on cubes or on modulus of rupture beams were employed;
these cases ars marked in the tables and the concrete strength is reduced

4o that of a standard cylinder by the formulas

It

4 T
fo 0.75 fcu for cubses

o and
€ P!
L ¢

6.7 £, for modulus of rupture beams.

In order to evaluate the functicn F(fg), the guantity
M/bdgf; (kx + np') was calculated forAeach beam. For beams without compres-
sion reinforcement the term (k + np') reduces to k. In Fig. la the above
quantity is plotted against féa It is seen that the econcrets sirength
varies from about 1000 to 600C psi. Within these limits the function

F(fé) can be approximated by a linmear equation:

k.5 fé
5

F(£l) = 0.57 - (17}

10

where fé is the compressive strength of a standard cylinder in pounds per
square inch. Substitution of Eq. (17) into Eq. (13) yields an equation
for moment, subsequently called the shear-moment, at which a simple-span
reinforced concrete bsam without web reinforcement and under cme or two

symmetrical concentrated loads fails in shear:

K
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M : b5 £
=— = (kx + np*) (0.57 - ——~€r—) (18)
bd fé 10

The agreement between test results and Eg. (18) is satisfac-
tory. The average ratioc of M/Ms for the 111 beams which failed in shear
is 0.99%; the standard deviation 0.120. The group of beams which werse
loaded through a column stub at midspan (1) failed at a somewhat higher
lcad than that given by Eq. (18)° It is possible that the column stub
had a strengthening effect against shear fallure. $ix beams from four
different investigations failed at a comsiderably lower lcad than
predicted by Eq. (18). However, all these beams had companion specimens
which failed in close agreement with the predicted values.

In this connection, it must be pointed out that all compres-
sion failures are sensitive tc the compressive stremngth of the concrete
at the section of failure. The compressive strength reported for a test
beam is the average strength obtained from conitrol cylinders. Since
even control cylinders can have wide differences in their strength, it
is not expected that a test specimen is of uniform strength. If the
concfete strength at the section of failure happemns to be different from
the average strength of the comtrol cylinders, the test beam may fail at
a load different from the predicted locad. It is believed that most of
the scatter in test results canm be attributed to the variation of ihe
concrete strength from the average value. This is especially éo since iz
some cases only the average concrete strength was reported for the whole
test series or for a group of companion specimens. Furthermore, it is
recalled that the beams wers tested over a pericd of almost a half of a
century, and that the beams were both made and cured under greatly

different conditicns.
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No systematic difference can bs detepted between beams rein-
forced in tension only aﬁd beams reinforced bofh in temsion and compres-
sion. If the last group of beams is considered separately, the average
ratio of M/Ms for thirty such beams is 0.940 and the standard deviation
0.1%. It is interesting to note, however, that five of the six beams
which fell counsiderably lower than the predicted values were provided
with compression reinforcement. This explains alsc why the average
ratio for this type of beams is scmewhat lower than that for all beams
combined; if these beams are excluded,/the averagé ratioc iz 0.986 and the
standard deviation 0.084.

Equation (18) was based on assumptions made in deriving
Eq. (11); that is, the ratio ks/k is & function of £ alone and does not
depend on p. In order to check this assumption and tc investigate
whether Eg. (lla) might not represent better the moment at shear fail-
ure, the ratios M/Ms ars plotted against(g in Fig. 1b. Although the
steel percentages used in the test beams vary over a large range of
valﬁes, no consistent relationship can be detectséd for the ratio M/MS
and p. Consequently, the ratio ks/k does not seem to be influenced by
P and Eq. (18) is thereby applicable for beams with any amount of longi-
tudinal reinforcement. | | . .

Series 1917 of the beems tested by Richart (Table 5) is
very illuminating for a study of the mechenism of shear failure. These
beams were provided with a 4-in. thick layer of high-strength concrste
at the top of each beam "as a precaution against premature failure of

the beam by crushing of the concrete”™. Table 5 gives an analysis of
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these bsams using both the actual concrete strength inm the comprsssion
zone and the concrete stremgth used in the lower porticns of the beams.
It is seen that the use of the actual cvouncreite strength gives very

good agresement with Eq. (18) whereas ths use of the concreie strsngth
not in the compression zons gives up to 59 percent differsnces from
the predicted values. Thus is it clearly evident that the load at
failure is controlled solely by the strength of the compression zome of
the concrete. The remaining part of the conecrete section doss not
greatly influence the shear strength of a beam.

Fourteen beams, although reported aé diegonal tensicn fail-
ures, failed in bond. Those were beams tested by Richart; thres from
Series 1910 (Table 2), ten from Series 1911 (Table 3), and cme from
Series 1913 (Table 4). A total of 18 beams of Series 1911 were without
web reinforcement. These beams were very nearly the same in every
respect except for the end anchorage of the temsion reinforcement. All
besams with well-anchored longitudinal stesl, sither by conventional

hooks, by overhang, or by an end plate tightemsd against the end of the

beams, failed in shear at a lcad in good agresment with Eq. (18). A1l

other beams, however, either with unanchored straight bars or with end

plates not tightened, failed at a much lower load, suggesting bond fail-

SRR RN

ures. oSome typical beams of this group were chescked as to their bond
strength by a procedure suggested by Mylrea (13)° Mylrea gives an

empirical releticnship between the length of embedment of a plain round

bar in a simple-span beam and the cumulative bond stress the bar can
develop before bond failure. By using as the length of embedment the

distance from the end of the bar to the 45-degree diagonal crack, the
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these besams using both the actual concrete strength in the compression
zone and the comcrets stremgth used in the lower porticns of the beams.
It is seen that the use of the actual concrete strengbth gives very
good agreement with Eq. (18) whereas the use of the concrete strength
not in the ccmpression zons gi&es up to 59 percent differsnces from
the predicted walues. Thus is it clearly evident that the lcad at
failure is controlled soclely by the strength of the compression zome of
the concrete., The remaining part of the ccnerete section doss not
greatly influence the shear strength of a beam.

Fourtesn beams, although reported as diagonal tension fall-

I, ures, failed in bond. Those were beams tested by Richart; thres from

e,

., Series 1910 (Table 2), ten from Series 1911 (Table 3), and cne from
Series 1913 (Table 4). A total of 18 beams of Series 1911 were without
-web reinforcement. These beams were very nearly the same in every
~respect except for the end anchorage of the temsion reinforcement. All
beams with well-anchored lomgitudinal stesl, either by conventicnal
hooks, by overhang, or by an end plate tightensd against the end of the
beams, failed in shesar at a locad in good agreement with Eq. (18)0 A1l
gther beams, however, either with unanchored straight bars or with end
plates not tightened, failed at a much lower load, suggesting bond fail-
ures. Some typical beams of this group were checked as to their bond
strength by a procedure suggested by Mylrea (13). Mylrea gives an
:lﬁ-empirical relationship between the length of embedment of a plain round
bar in a simple-span beam and the cumulative bond stress the bar can
'A? ﬁevelop before bond failure. By usipg as the length of embedment the

?% distance from the end of the bar to the 45-degree diagomal crack, the
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curmulative bond stress as given by Mylrea agresed clossly with the stesl
stress calculated from the load at failure. This indicates that the
ultimate bond resistance was reached apd that the beams failed irn bond
before developing their ultimate shear capacity. The three beams of
Series 1910 with unanchored siraight bars failed in bond alsc. The
only beam of Series 1913 for which concrete strength was reported was
reinforced with hocked plain bars. However, it failed at a low load

and a photograph at failure indicated a possible bond failurs.

8. Theorstical Interpretation of Basic Empirical Hquation

(a) Beams Reinforced in Tensicn Only. HEquation (18) wherse

the quantity np’ reduces tc zerc for beams without compression reinforce=-
ment, can be interpreted in the light of ths conventional theorqy@f com-
pression failures of reinforced concrete beams. The only modification

is in the depth of the compression zone. The following stress block is

assumed:
5%
r C=T
\ kk d M = cd(1 - kgks)
M = klkaékadg 1 - EQ’-S)
= ¥
k_d — C klkacksbd
X = K igk (1 - k) (19)
bd°e >'s 2's
X S - c
d d(1 kgks)

T = pbdfS
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The parameters kik5>and k2 at flexural failure conditions have been
determined experimentally by previous investigators. In Fig. 2 the
values of kik3 as obtained by Gaston (11) and Billet (14) have been
plotted against féo There is considerable sogaiter in the measured
yglues as would be expscted in an investigation of this kind. A reas-
sonable approximation, however; can be obtained by a linear relation-

ship between k1k3 and,fg; When fé is within the limits of 1000 and

6000 psi, klk3 can be approximated as follows:

_ 10.8 f; L ( k.5 fé (20)
X, = 1,37 = ———e—— = 2.4 (0.57 - ) 20
EE > el

Substitution of this function into Eq. (19) gives:

L > b ( -2 fg) ( ) (21)
= 2, 0.57 = =—e—m—) k 1-kk o1
bdgfé 10° s 2's

It is noticed that this equation is in the same form as Hq. (18)
previcusly derived for the shear-moment. Equating the two yields a

relationship between ks and k:

X k

s TEHI - Bk ) (22)

2

from which, using k, as 0.15:

k= 1,11 - Q1°25 - 0.926 k (23)



Since k remains usually within 0.2 and 0.5, Egs. (22) and (23) show
that ks is practically a constant fraction of k, the depth of the
compression zone computed by the "straight 1ine™ theory. This finding
is based on the assumption that the value of k1k5 is the same for both
flexural and shear failures. If there should be any difference, it is
still likely that ks remains practically proporticmnal to k; althcugh
it might be a smaller fraction of k than Hg. (22) indicates.

Test observaticns have shown that a beam fails in flexure
when the concrete crushes at a limiting strain of about 0.004 and that
the strain distribution over the depth of the beam remains practically
linear up to the final failure. With the aid of this information, the
parameter klk3 which is the ratic between the average strength of the
concrete in flexure and the cylinder strength has been svaluated from
tost results. This quantity was approximated by Eq. (20) for ths
purposes of this investigation.

The use of Eq. (20) yislded an empirical expression for the
depth of the compression zone at shear failure, ksd° Equation (22)
shows that the neutral axis is considerably higher for shear failures
than for flexural failures. This fact has also been observed in tests.
Since the load for a shear failure is smaller than the flexural capacity
of the beam, the steel stress must be smaller at shear fallures than
that at flexural failures. Assuming a linear strain distribution, the
magnitude of the steel strain and the location of the nesutral axis
speeify & very smell concrete strain at shear failures, much smaller

than the ultimate strain at flexural failures. However, this is
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incompatible with the assumed value of the parameter k1k5° Test
observations have shown that for small values of strain thers is a
linear stress-strain relationship in concrets. This gives a itriangular
stress block and the parameter klk5 equal to 0.5 for all values of the
soncrete strength. Since Eg. (20) gives valqes of klkB in the neighbor-
hood of 1.0, ths mew value of k1k3 would approximately double the depth
of the compression zone as given by Eg. (22). Furthermcre, this depth
would be equal to or greater thgﬁ that at flexural failures.

Sincs ks must be comsiderably smaller at shear failures than
at flexural failures, the above assumption of linear strain distributicn
cannot be applicable in this case. This agrees with the observed
‘behavior of beams failing in shear. The formation of & diagonal crack
&isrupts the normal distribution of the steel strain alcmg the tensiom
reinforcement. Since there can be no transfer of stress mcross the
diagonal crack, consideration of moment shows that the steel stress must
be the same both at a vertical seection through ths upper end of’the
grack and at the intersection of the reinforcing bars and the craek.
Thus, the steel strain must be practically uniform over this distance.
Eurthermore, in order to preserve the continuity of the beam, the total
elongation of stesl between these two sections must have a correspond-
ing total shortening of the top concrete fiber at the location of the
diagonal crack. This requires a concentration of the concrete strain
in that region. Consegquently, the strain distribution over the depth of
‘the beam cannot be linear at the section of failure. This hypothesis is
compatible with the previocus findings. Because cof a nonlinear sirain

distribution, the parameter klk5 can remain essentially the same both
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for shear and flexural failures, although the magnituds of steel stress
and the location of ths neutral axis are different. Since the valus of
k1k3 at flexural failures was determined from the condition of a limit-
ing concrete strain, the use of the same value for shear fallures implies
that the eriterion for this type of failure is alsc a limiting strain in
the concrete. Zwoyer has verified this cbservation for prssitressed
concrsete beams by actual tests (29),' He observed high concentration of
the concrete strain in the region of the diagonal crack and an average
ultimate strair of 0.00385. This is in good-agreement with the previocus-
1ly found values for flexural failures. Likewise, the observed losation
of the neutral axis was higher for shear failures than that for flszural
-Pailures.

However, sinece the actual distribution of strain cannot be
determined, no theoretical relationship can be writtem for the depth of
the compression zone and the ultimate concrete strain at shear failures.
In order tc interpret the test results and to determine a general expres-
‘sion for shear-compression failures, either the valus of ks’ or the‘
magnitude of stesl sitress, or some relationship between the average
strains in the reinforcement and in the concrete must be determined
empirically. In this investigation it was chosen to evaluate‘ks empiri-
‘cally, Using the parasmeter k’lk3 as determined from flexural failures,
it was shown that there existed a simple relation between ké and k.

This shows why the previous atfempt to use k as a measure of ks gave
satisfactory results. However, since the relationship betwesen ths two

was determined empirically, it can be only speculated why these two
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'quantities are related. Zwoyer used in his investigation (29) an
empirical rél&tionship‘between the average values of the concrete strain
on the top surface of the beam and at the level of the reinforcing stesl.

Tn sddition, the paramster klkB was determined from the measured values

for prestressed concrete beams and the same valus of klk3 was used

later for ordinary reinforced concrete beams. Moody used the parsmeter

k1k5 as cobtained from flexural failures and evaluated the magnitude
of steel stress from test results (‘12)° Two different expressions were

gbtained for the stesl stress; ome for simple-span and another for

restrained rectangular reinforced concrete beams under symmetrical
concentrated loads.

(v) Beams Reinforced Both in Tension and Compressicn.

Equetion (19) was derived for beams without compressive reinforcement.
For beams reinforced both in temsion and ir compressicon it can be modi-

fied as follows:
M= £k bd” (1 - k.Xk )+ £* p“bdgt (2k4)
k1k3 c s 2°s s

whers Eg'is the distance between the csnters of the tension and compres-
sicn reinforcements, f; is the stress in the compression reinforcement,
and p* is the ratio of compressicn reinforcement.

Since the ultimate strain in the concrete is approximately
0.0040 and the yield strain for reinforcing bars around 0.0017, yield-
ing of the compression reinforcement precedss crushing of the concrete
in most flexural compression failures. For shear compression failures,

however, diagonal cracks extend: higher than the vertical cracks caused
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by flexural temsion. It is conceivable that a beam can fall in shéar
either before or after the compression reinforcement yields. Expres-
sions for_the ultimate shear moment for both of these two cases ars
derived in the following paragraphs and the validity of these equations
are determined by the help of experimental data.

If it is Pirst assumed that the compression reinforcement
has reached its yield stress f; at shear failurss and that ks is still

. _ k .
given by ké = 3T - kgks) » Eq. (2&) for maximum shear moment can be

written as:

;:';‘ = k(0.57 - = %) + ntp*t (25)
bd“f} 10

Since this equaticn assumss that compression reinforcement has yilelded
while the temsion reinforcement is still elastic, the elastic modular
ratio n is to be used for the tension reinforcement and the plastic

£

modular ratic, n' = - for the compression reinforcement while
b4 £5 0
c

computing the quantity k.
An expression for the maximum shear moment for the second
case, a beam falling in shear before the compression reinforcement

yields, was derived previocusly:

M L5 £3
5— = (& + m*) (0.57 - —%=) (18)

bdef; 10
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In this expression the elastic medular ratio n is used for both tensiocn
and compression reinforcement in computing the quantity k.

Equations (25) and (18), based on different assumptions,
are greatly different. Bquation (25) gives a much higher ultimate
moment than Eq. (18)n In the analysis of previcus ftest data, thirty of
the 111 beams under consideration wers provided with compression rein-
forcement. If these beams are considered as having failed after their
compression reinforcement had yielded, the internal resisting moment
given by the compression reinfcorcement acting at its yileld stress is
slmost as large and in several cases even larger than the total sxtern-
al moment. Thus it must be concluded that these beams failed in shear
before their compression reinforcement yielded. Furthermore, since the
thirty beams with compression reinforcement gave good agresment with
Eq. (18), this equation can be used toc take the effect of compression
reinforcement into consideration. According to Eq. (18) the shear
strength of a beam with compression reinforcement is but 1ittle greater
than that of the same beam without; p® decreases the valus of kX while
addingvths term np*, so that the quantity ( k + np*) is but little

greater than the value of_g for a beam without compression reinforcement.

9. Properties and Limitations of Basic Empirical Hquation:

The basic empirical equation was derived for simple-span
rectangular beams without web reinforcement and under one or two symmet-
rical concentrated loads. Different varlables have the following effect

on Eq. (18):
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{a) Ratio of a/d. Equation (18) considers shear failurss as

compression failurss. The load at failure is detsrmined by a limiting
shear-moment. In that sense, the ratioc a/d loses its usual meanings;
that is, as affecting the shearing strength of & beam. The quantity a
relates the magnitude of the applied load to the moment at failurs,

M = Va, and the effective depth d affects both the lever arm cof the
internal moment and the area of the compression zZone. For thse beams
anslyzed, the ratio a/d varied from ia17 to 4.80. This variation did
not seem to have any effect on the agreement between the test ressults
snd the predicted values. It is conceivable, however, that as the
ratio a/d increases and the relative magnitude of thse shearing stresses
decreases, & beam will fail either in shear at a higher load than given
by Eq. (18) or, for still higher values of a/d, in flexzure. This
phénomsnon is discussed further in Section 18. Conversely, as the ratic
a/d decreases to a very smamll value, it is expected thﬁt the mode of
failure changes from that in shear-ccompression t¢ shear-proper. This
question is discussed in more detail in Sectiom 19.

(b) Tensile Reinforcement. The amount of tensile reinforce-

ment affects the size of the comprsssion area of the concrets. It was
found empirically that the moment at failure could be related to k and

that the actual depth of the compression area was practically a comstant

k ,
2.4 (1 - keks)

preportion of k; or ks This procedure implies that

the parameter klk3 which is a measure of the total compressivse forece in
conerste remains essentimlly the same both for flexural and shear com-
pression failures and that the failure criterion is still a limiting

gompressive sStrain in the concrete.
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(c) Concrete Strength. The shear strength of a beam is

dirsctly proportional to the following functicmn of fé:

fg(0,57 - 4.5 fg-/105)k° It is seen that as fé increases, both the
quantity (0.57 - k.5 fg/105) which represents the effect of klkB’ and
the value of k decrease. Thus the shear strength is not a limear
functién of fé, As an example, for a beam with cne percent tension
reinforcememt, an increase of fg'from 2500 to 5000 psi increases the
shear strength 36 percent.

(d) Compressive Reinforcement. The contribution of compreg-

sion reinforcement to the shear strength is rather small and zcan be
included in the analysis by considering p’ in computing botk the elastic
k and the transformed concrete area. This precedure led to Eq. (18).
(e) Column Stub. Beams which had & column stub cast
integrally with the beam at midspan failed comsistently at a slightly
higher load *than beams withOuﬁ 8 column stub. This increass in
strength was somewhat larger for lower values of concrete strength than

for higher wvalues of concrete strength.
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III. SIMPLE-SPAN RECTANGULAR BEAMS WITH WEB
RETINFORCEMENT AND UNDER ONE OR TWO SYMMETRICAL
CONCENTRATED LOADS

10. General Considerations

In the previocus chapter a rather simple expression was derived
for the shear strength of a simple-span beam without web reinforcement.
Hers an attemptvis made to extend the above procedure to beams which are
provided with web reinforcement.

The contribution of web reinforcement to the shear strength
can be pictured in different ways. As was seen before, the conventional
theory originslly assumed that all shear was carried by the web rein-
forcement. Later modifications of the concept of truss analogy, prompted
by experimental evidence, allccated a certain proportion of the shear to
be resisted by the cencrete. Essentially, even the modified expressiocns
for the shear strength impiied that ths contribution of web reinforcement
was determined by the properties of fhe web reinforcement alone, as
expressed by the term;Krfy, and not influenced by the shear strength of
the beam without web reinforcement.

Another approach to the effect of web reinforcement is to
consider that its comtribution is determined by both the properties of
the web reinforcement énd the shear strength of the beam itsslf. The
two alternatives are examined in more detail in the following p\aragrag:hs°

Test observations show that, in general, web rsinforcement
which crosses the main diagonal crack yields befors the beam fails in

shear. Figure 3a shows a simple-span beam shortly befors shear failure.
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 For convenience, cnly the main diagonal crack is shown while in reality

pumercus cracks appear as the beam is-being loaded. Figure 3b shows
the portion of the beam to the left of the crack as a free-body diagram
snd Fig. 3¢ shows the appfoximate locations of the internal forces at
the assumed 45«degreq diagonal crack. The force F is the resultant of
gll stirrup forces cfossing the crack. It has been projected down to

the level of the temsion reinforcement and divided intc horizontal and

i _vertical components. The other symbols have their usual mesnings.

If it is first assumed that the contribution of web reinforce-

ment is independent of the shear stremgth of the same beam without web

i~ reinforcement, then it must be possible to determine the imcrease of

the shear capacity of the beam solely from the amount and physical
properties of the web reinforcement. This can bs calculated as follows:
(1/s) (sot @ + 1) jd = numbéer of stirrups crossed by crack
(1/3) (eot @ + 1) jd Avfyw = F = total tension force in stirrups

(1/2) cos 2a (jd)2 brf = moment given by stirrups acting at
) " J%  “their yield stress, about point A

. The moment due to all forces about point A is then:

Va = Cjd - (1/2) b(jd)g cos 2 rfw

It is seen from this equation that the total internal resist-
ing momsnt 1s made up of two parts: +the web reinforcement resisis
dirsctly & part of the applied moment, the remainder being resisted by

the eomprsssive force C. The direct contribution of the web reinforce-

ment is influenced by the angle of inclinmtion of the stirrups. For

¥srtical stirrupsy cos 20 = -1, and the moment of the stirrup forces is

added to Cjd. As the angle @ decreases, the direct contribution of the
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web reinforcement decreases alsc., At o = 45 degress, this contribution
is zero. For & less than 45 degress cos 2a reverses its sign; this
indiecates that the direot contribution is detrimental to the shear
strength of the beam since the moment of the stirrup forces is subtract-
ed from Cjd. The remaining part of the internal resisting moment 1is
given by Cjd. For vertical stirrups the horizontal component of the
stirrup foree F reduces to zero. Consequently, the term Cjd is equal
to that of the beam without web reinforcement, given by Eg. (18).
As the value of @ decreases, the horizontal component of ¥ increases and,
consequently, the value of C increases. This increases the part of the
internal resisting moment given by Cjd.

The above assumptions about the effect of web reinforcement
can be easiiy checked for vertical stirrups where the magnituds of C is

determined by Eg. (18). For this case the above equation can be

rewritten as follows: '

Va = (1/2)b(3d)2 rf ¥ bdgfé k (0.57 - 4.5 fg/105)
or |

M=M + (1/2)b((jd)2rfyw

In this esquation all quentities can be determined and the
validity of the equation can be checked against test results. This was
done for Clark®s and Mcretto's beams with vertical stirrups. It was
found, however, that the inecrease of the shear capacity of the beams was
much greatsr than fhe direct gontribution of the web reinforcement as
given by the above equation. Furthermorey, the difference between the

two was consistently larger than could be accounted for by inaceuracies
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in the aséumed logations of the intermal forces, s.g. as given by the
45.-degree crack in Fig. 3c. Consequently, it was concluded that the
sbove assumptions of the effect of web reinforcement were mot valid.

The above reasoning had ons useful purposs. It showed not
only that the shear strength is affected by the internal forces in the
stirrups but also that the pressénce of web reinforcement changes the
location of the nmeutral axis. Web reinforcement hinders the development
of diagonal cracks; thus a larger compression area is available to
resist the compressive stresses in the concrete. The combined effects
of web reinforcement on the shear-compression capacity are (1) to contri-
bute directly a portion of the intermal résisting moment which can be
either beneficial or detrimental, depending on the angle of inclination
of the web bars,. (2) to provide a larger ultimate compressicn foree
through & larger compressiom area in the concrete, and (3) to decrsase
the moment arm of the larger eompression force through lowsring the
neutral‘axis of the beam. It is alsc conceivable that the presence of
web reinforcement restricts the cqnceﬁtration of the c@mpressi&e concrete -
strain in the region of the main dimgonal crack.

In estimating the total effect of web reinforcement, only the
direct‘contribution of stirrup forces can be determined ratiocnally.
Howsver, sven this contribution depends on the assumed angle of inclina-
tion between the main diagonal crack and the axis of beam. As this
angle of iInelination decreases, both the total force in the stirrups and
its moment arm increass. This casts a doubt on the relimbility of
assuming a definite value for the angle between the diagonal crack and

the axis of beam. The other two effects of web reinforcement cannot be



determined raticnally. Morsover, there is nobthe@retical basis for
sstimating the effect of stirrups on restricting the concentration of
pgoncrete strain in the region of the diagonal crack. For thsss reasons

it was deemed desirable to express the total eoffect of web reinforce-
ment eﬁpirically rather than to attempt to separate the different effects.
This is done in the following section by assuming that the shear strength
of & beam with web reinforcement is greatsr than that of the same beam
without web reinforcement by an amount that is a function of the sirength
of the unreinforced beam and the amount and yield strength of web rein-

farcement provided.

11. Stirrups as Wsb Reinforcament

The findings of the previocus sectlion suggest that the shear
strength of a beam with = réinforced web is affected by both the amount
and propertiss of web reinfqrcemsnt and the shear strength of the beam
itself. Since the most important furiction of web reinforcement appears
to be its‘resiatanoe to the extension and widening of diagonal ecracks,
it is logiecal éo assume that a gilven amount of web reinforcement will
increase the sgear strength of a be&m‘ip proportion to that of the

samme beam without web reinfcrcement; furthermore, test results show that
in most cases web reinforcement yislds before the beém fails in shsar
wmhich indicata% that both the amount of web resinforcement and its yield
strength influ%nze the load at failurs.

A1l svailable test data on simple-span beams with stirrups as

web reinforcement were amalyzed in the light of the above assumptions.

A total of 179 beams from 11 different investigations were included,
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87 of them failed actually in shear; 91 in flexure, and cne additiocnal
peam failed because of insufficient anchorage of stirrups. Different
groups of beams are amnalyzed in Tables 17 through 27; Table 16 summarizes
the range of test variables. In addition to shear failurses, it was
found advantagecus to consider beams which failed in flsxure alsc.
. Several empirical expressions for the shear strerng*n c¢f such
beams were investigated. The most consistent results were cbtained by
plotting the ratic P/Ps’ where P is the measured load and PS the load
corresponding to the shear capacity of the same beam without web rein-
forcement, Eq. (18), against the quantity rfywa Figure 4 shows such a
plet for the 87 beams which failed in shear. Satisfactory agreement
with test results was obtained with the following linear eguation:

2rf

P /P =1+ —;;%E (26)

‘where PSw is the shear strength of a beam with stirrups,'PS, that of the
same beam without web reimforcement, and fyw is expressed in pounds per
square inch.

It is seen that most beamé fall within }15 pergent of the valus
'predicted by BEq. (26). Only 7 beams failed at a considerably lower load.
" A1l these beams had a very small a/d—ratio, and for two of them, tested
by Moody, it was reported that the stress in stirrups was but 83 and 67
percent of their yield strength. It is likely that these beams did not
fail in shear-compression but in shear-proper. This mode of failure is

discussed in more detail in Section 19.
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The average ratic between the load at failure and that given

by Eq. (26) is 1.012 for the 80 beams which failed in shear-compression;
the standard deviation 0.085. vThis agresment is somewhat better than
that obtainmed previcusly for beams ﬁithdut web reinforcement.

As a further chsck on Eq. (26), the ratio P/Ps is plotted
against rfyw in Fig. 5 for beams which failed in flexure, either in

tension or in compression. It is well known that beams which have been

tested to obtain information about their shear strength have freguently
failed in tensiom. Some of these beams, however, were rather close to
their shear capacity at failure, ms was indicated by well-developed
disgonal cracks. Furthermors, some beams testsd to yield data om their
flexural strength can also be utilized to obtain information about their
shear capacity. Figurs 5 is used with the following crifterion in mind:
a beam will fail either in flexurs or in shear, whichever capacity is
reached first. Beams which failed in shear were used tc derive Eq. (26)
for their shear strength. Beams which failed in flexure, however, must.
fall below the line representing their strength in shear in Fig. 5. If
they fall above, Eg. {26) cannot be true: if it was true, the beams
should have failed in shear rather than in flexure since their shear
capacity was smaller than their flexural capacity.

Figure 5 proves the genmeral validity of Eg. (26): all beams
with a few exceptions fall below the line representing this equatiom.
The flexural capacity of the beams was reached at different ratios of
P/PS, Eg. (26) being the limit. Only four of the 91 beams fall substan-~
tially above this limit. Two of these beams were tested by Johnston

and Cox and had only the average concrete strength reported for 20 beams;
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it is likely that the actual value of f; for the individual beams had
increased Ps sufficiently to bring the ratioc P/PS in agresment with other
test results. Two cther besms in this category were tested by Slater and
Lyse. One of the beams had one companion specimen which failed in shear
-and another whieh failed at a much lower load. Both companion spescimens
of the other beam failed at a considerably lower load.

Figures 4 and 5 can alsc be used to determine the relative
effectivensess of different angles of inclination and the yield strength
of web stirrups. Most of the beams considered in the analysis had verti-
cal stirrups; the%e wers, however, beams with stirrups inclined at 6755,
45 and 20 degreesd The effect of different angles of inclination was
taken into consideration in plotting Figs. 4 and 5 by computing the ratio

of web rsinforcement from the conventicnal expression:

A
ro= W
bs sinQ

(27)

The conventional theory considers that the parameter,Krfyw is the measure
of shear strength. Since the concept of truss analogy is disregarded by
the present anamlysis, there is no justification for employing the
qusntity K. Furthermore, while the variation im K is rather small for O
between 45 and 90 degrees, for smaller values of @ the coefficient K
decreases rapidly. For beams of Slater and Lyse which had stirrups
inclined at 20 degrses, K is equal to 0.4k, The use of this low value

of K would shift these beams considerably to the left in Fig. 5. Conse-
quently, the beams would lies above the shear strength line. Since the

beams feiled in flexure, the use of Krfyw rather than rfyw is not justified.
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The yield stfength of the web reinforcement varied from about
EA,OOO tc 73,400 psi for beams which failed in shear and from about
40,000 to 93,300 psi for beams which failed in flexure. Ths majority
of the beams, however, had their yield strength betwsen 45,000 and
55,000 psi. This variation is perhaps not large enough to bring out
the effect of yield sirength. However, beams of Slater and Lyse wers
reinforced with stirrups of relatively high yield strength,
fyw = 73,400 psi. If the ratio P/Ps was plotted against r aloms, these
beams would again fall above the shear strength line determined from
other %est results. This shows that the quantity rfyw is a more correct
measure of shear strength than the ratio;g alone. It seems reasconable
to believe that stirrups with higher yield strength offer greater
resistance to the extension and widening of the diagomal cracks than

stirrups of low yield strength.

12. Benit-Up Bars as Web Reinforcement

Relatively few simple-span beams with bent-up bars as web
reinforcement have been tested to determine their strength in shear.

The only source of experimental data are beams tested by Richart (2);
practically all these beams falled in tensiom, however.

Series 1917 included 32 beams with hocked bent-up bars. The
variables were the amount, angle of inclination, and spacing of the web
bars. The main body of the beams was made of concrete from 2450 to
3770 psi; at the top center of each-beam, however, thers was a boin,
deep zone of higher sirength concreie, fé = U770 psi. The beams wers

tested twice: they were first loaded to yielding with lcads placed at
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48 in. from the end supports, and then they were retested with loads at
36 in. from the supports. All beams failed in tension.

In order to obtain some indirect information about the shear
strength of these beams, soms of the beams with the smallest ratio cf
web reinforcement ars analyzsd in Table 28. Thsir P/Ps—ratios are
plotted against rfyw in Fig. 6. This figure shows that four beams with
Pfyw equal to 210 psi were very close to shear failures, provided that
EBq. {(26) holds trus for beams reinforced with bent-up bars. Photo-
graphs *aken of these beams after failure show well-developed diagonal
cracks. In all probability the beams were very close to their shear
capacity.

Two beams of Series 1922 were also provided with bent-up bars
as webt reinforcement. These beams are analyzed in Table 19 and shown
in Fig. 6. Both beams failed in tensicn and; as seen‘in the figure, lie
bolow their strength in shear as given by Bq. (26).

Three beams of Series 1911 had one longitudinal bar bent up at
a rather small angle so as to reinforce the entire shear span, 2k in.
long. These beams are repcried to have failed in diagomal tension.
Table 29 anslyzes the beams by using s = & in Eq. {(27) in order to cal-
culate their ratio of web reinforcement. Undoubtedly, this procedure is
rather approximate and these beams fall soméwhat low in Fig. 6. However,
a sketch of one of the beams after failure shows extensive cracking at
the end hooks of the reinforcement and indicates a possible failure in
aunchorage.

With the help of Fig. 6 and more numerocus tests on T-beams

which are analyzed later, it was comcluded that the contribution of
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bent-up bars to the shear strength of a beam is the same as that of

stirrups. Consequently, Eg. (EE)IGan be used in both cases:

2rf
v .
Psw/Ps =1+ 105 (26)

Scme additional information about the effectiveness of bent-
up bars is available from tests of Series 1917. One of the variables
investigated was the distance from the lcad point to the first bent-up
bar. This distance varied from 9.6 to 16.8 in., or up tc 1.68 times
the effective depth of the beams. The analysis of some of these bsams
was included in Table 28. It is seen that even thése beams failed in
tension, although & considerable part of the shear span just in ths
rogion of maximum moment was without any direct web reinforcement. The
highsst P/Ps-ratiO'at failure was 1.51. Consequently, well-anchorsd
bent-up bars, although not covering the entire shear span, appear to be
beneficial with respect to resisting ‘the development of diagonal cracks.
This phencmenon was also observed for beams of Series 1910 which had
vertical and diagonal stirrups supplemented by some bent-up bars. It is
seon in Table 17 that the addition of only one layer of bent-up bars,
not covering ths entire shear span, increased the shear strength of ths

beams sufficiently %o permit a tension failure.

13. Maximum Useful Amount of Web Reinforcement

Excluding bond, a reinforced concrete beam can fail either in
flexure or in shear. Flexural failures can be initiated either by

- yielding of teunsion reinforcement or by crushing of concrete on the top
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of the beam, depending on the physical propertiss of the beam. Since

the flexural capacity of a beam can be determined accurately, the

purpose of this analysis is to find the amount of web reinforcement

necessary to force a beam to fail in flexure rather than in shear.
Expressicns for the shear capacity of a simple-span rsctangular

beam under one or two symmetrical concentrated lcads were derived previ-

ously. Equation (26) can be rewritten as:

Msw 2rf - (
= 1 4 ——i2 28)
-Ms lO3
where
5 h,5fé
= ¢ —
M_ = bd"f! k(0.57 5 ) (18)

Expressions for the flexural capacity of a beam are taken from
a previous technical report (11)° The ultimate flexural mcoment is given

as:

—B%».—-vi-f—s(l-'——z— ;—s) | (29)
bd f; c kik3 c

When a beam fails in tension, the yield stress fy is substituted for fs
in Eq. (29). For compression failures, the steel stress £ is below

its yield strength; it can be determined from the following equaticn:

1
-5 €fB (30)
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Whether the stress in the tension reinforcement at failure is below or
at 1ts yield stress is determined by the following criterion. The
reinforcing index g is defined as:

pfy
q = o (51)
c

The critical value of g is given by

It Q>qcr’ the steel stress at failure is below i1ts yield stress and the
beam fails in compression. If q = Ayps the beam fails by crushing of
goncrete as soon as the tension reinforcement yields. If q<qcr, the
steel stress at failure is either at or above its yield siress and the
beam fails initially by yilelding of the tension reinforcement. Another
critical value of g can be utilized to determine whether or not the
steel stress reaches work hardening at failure; this, however, is an
unnecessary refinement in the present analysis.

The following numerical values are used in the above equations:

k, = 0.45

L5 ¢
Kk, = 2.4 (057 - —=2) ¥
10
' (20)

e = 0.00k

u

E = 30,000,000 psi
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The behavior of beams with different values of the reinforcing
index is shown by Fig. 7. To facilitate the presentation of expressions
for shear strength, the quantity M/bdefé for the ultimate moment is
plotted against the parameter p/fé rather than g. The curves are drawn
for £ = 45,000 psi, £% = 3000 psi, and £ oa ™ 45,000 psie If the beams
have sufficient web reinforcement to fail in flexure, the ultimate moment
is determined by Curves 1 and 2. For p/f; < (p/f;)cr the beams fail in
tension according to Curve 1, obtained from Eq. (29) by substituting

>

f = fy° At (p/fé)c = 1.69 x 10~ ing/lb, computed from Eq. (32), the

s r
mode of failure changes from that in tensiom tc compression. For
p/fé > (p/fé)er, the ultimate moment is given by Curve 2, computed by
Eq. (29) with stesl stresses obtained from Eq. (30).

If, however, no web reinforcement is provided, the maximum

load is governed by Curves 1 and 3. Curve 3 represents the shear strength

of & beam without web reinforcement, given by Bg. (18). The intersection

betwesn these iwo curves determines the transition between tensicn and
shear failures. When soms web reinforcement is provided, the shear
strength increases according to Eq. (28) and the transition between the
two types of failures takes plsce at a larger value of p/fé° Curve 4
shows this for r = 0.005.

If it is desired that the beams fail in flexure for any value
of p/fé, the shear strength must be larger than the flexural strength
for the entire range of ultimate moment, Curve 1 for temsion and Curve 2
for compression failures. It is seen that a shear strength Curve 5
passing through the intersection between CgrveS'l and 2 satisfies this

condition.. Computations based on the valus of Py obtained from Eq. (32)
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show that the corresponding ratio of web reinforcement is 0.011 for the
variableé under comsideraticn. Thus r = 0.0l1l corresponds to the maximum
useful amount of web reinforcement for the wvalues of fé, fy, and fyw used
in the above example. This 1limit was calculated for other combinations
of ¢, fy’ and fyw and is shown in Fig. 8 graphically.

The maximum useful amount of web reinforcement doss not depsnd
on the percentage of tension reinforcement. It forces a beam of any
amount of tension reinforcement to fail in flexure, either in tension or
in compression. However, for any valué of P except that at the transi-
tion between tension and compression failures, this maximum useful
smount is more than sufficient to insurs flexural fallures, see Curve 5
of Fig. 7. In practice, most bsams ars designed to fail in tensiom if
loaded to destruction. These beams would fall considerably to the left
of the transition point and, comseguently, would requirs much less web
reinforcement tq prevent shear failures. Table 30 shows an analysis of
beams designed according to the present ACI Code balanced design require-
ments. This analysis considers rectangular beams reinforced iﬁ tension
only with the stesl percentages taken for fs = 20,000 psi and
£, = 0.45 £2.

The amount of web reinforcement nscessary to prevent shear
failures is calculated with the aid of Bg. (28) for several valuss of fy
and fyw° It is seen that as fy increases and fyw decreasses, the amount
of web reinforcement nscessary to ensure flexural failures increases.

For fy squal to 50,000 psi and fyw equal to hOyOOO psi, about C.35 per-
cent web reinforcemsnt is required'while fbr both fy and fyw egual to

45,000 psi, about 0.20 percent will be sufficient.
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Iv. SIMPIE-~SPAN T-BEAMS UNDER ONE OR TWO
SYMMETRICAL CONCENTRATED LOADS

14, T-Beams Without Web Reinforcement

The basic empirical equation (18) was derived for simple-span
rectangular beams. It was ssen that this equation could be interpreted
by means of the conventiomal theory of compression failures, as modified
by diageonal tension cracking, and that the failure criteriom was ths
ultimate compressive strain in the concrete.

The above concept of shear failures as shear-compression
failures was extended to include T-beams. Since the momernt-rotation
~relationship of a T-beam differs from that of a rectangular beam, a
correction must be méde to take into comsideration the effect of the
shape of the beam on the compressive strain in the concrete. But sinece
the distribution of the concrete strain was not determined previously,
the exact form of the shaps factor gannct be established. If a linear

strain distribution is assumed, strain in any fiber is given by

4]

]
El=

e

where y is the distance from the neutral axis toc the fiber under comsid-
eration. Comparing a T-section with a rectangular sectiom of the éame
width as the flange in the T-section, the following relationship can be
written if the ultimate strain in the concrete is the same in both these

two cases:

I
ity = 72 (3)

oRyT
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where the transdripts R and T refer tc rectangular and T-sectioms,
respectively, Ic refers to the moment of inertia of a section transformed
to concrete;, and y refers to the distance from the neutral axis to ﬁhe
top fiber in the concrete, all quantities taksn at the instant of failure.
If the straih distributicon were linear and &ll quantities cculd be deter-
mined, the above expression would give the relationship betwseen shear
moments of a T-section and a rectangular section of the same width. How-
sver, the formation of a diagonal crack producss & non-linear strain
distribution. The stress in the tension reinforcement is approximately
uniform from the lower end of the crack to a vertical sectiom through
the upper snd of the crack. This affects also the distribution of
concrets strain at the top of the beam, causing & esrtain concentration
of strain at the end of the diagonal crack. Furthermore, since the
section cracks progressively as load is applied, the exact values of I
ana y cannot be determined. Cohéequently, Eg. (33) camnot be applicabls.
An spproximate shape factor was derived by assuming that the
‘effect of shape of a beam is determined primarily by its moment of inertia.
In an unoracked state, the moment of inertia of a T-beam is considerably
smaller tham that of a similer regtangular beam. After extensive crack-
ing, the value of I of a section transformed to concrete is very nearly
the same in both cases. At the instant of failure, ths relaticnship
between the two is unknown; it was approximatsed by the ratio of the
average values of I of the uncracked and the fully cracked state. Thus,
the shape factor takes the following form:

IT.+ 1cr

Py =T 7T (34)
R er
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. refer to the uncracked rectangular and T-sections,

where IR and IT

respectively, and Ior refers to the "straight line" cracked transformed
section of either a rectangular or a T-section since both have very
nearly ths same moment of inertia.

The above shape factor makes it possible to modify Eg. (18)
for rectangular beams so that it applies to T-beams. _The compressive
ares Ac of a T-section as determined by the conventional ®straight line"®

theory is substituted for bkd and the equation is rewritten as follows:

M k.5 fg (
e = 0.57 - : 35)
A df’F, 5

' 10

The validity of Egs. (34) and (35) must be determined with the
help of test results. All available data on T-beams under cne or two
symmgtrical concentrated loads was anelyzed; the range of test wvariables
is summarized in Table 31 and.the physical properties and calculated
quantities of individual beams are given in Tables 32 through 38. All
units are given in inches and pounds. The width of the flange is marked
by b, that of the web by b', and the thickness of the flange by e, Other
symbols have their usual measning. Some bsams were'feinforced with
straight unanchored bars and failed in bond; these beams are not inciuded
in the analysis.

Beams without web reinforcement are considered first. Ferguscn
and Thompson (20 and 21) have reported tests on beams of a number of

different shapes. Some of the beams were provided with.shoulders; that

is, the width of the upper part of the web was larger than that of the
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lower part. These beams are analyzed in Tables 35 and 36 and the quantity
M/Acdngt is plotted against fé in Fig. 9. It is seon that in most
cases HEqg. (55) gives reasonable agreement with the test results. However,
two series with the largest number of beams, Series A and B, indieate
consistently lower shear strengths than those given by Eq. (35). This
discrepancy could mean either that the shape factor given by Eq. (34)

is fundamentally incorrect or that there ars some other comsiderations
besides the effect of the moment of inertia which determine the compres-
sive strain in the concrete. It is noticed that beams reported by
Ferguson and Thompson have, in general, very wide and thin flanges. It
is known that in such beams parts of the flanges at some distance from
the web do not resist their full share of the bending moment. This
phenomenon is discussed in some detail for an elastic medium by
Timoshenko (24). It can be seen in Fig. 9 and Tables 35 and 36 thét
beams which fall the greatest percentage below the predicted wvalues have
very large d/e and b/b’-ratios;: that is, the depth of the beam is large
relative to the thickness of the flange and the width of the flange is
large relative tc that of the web. The beams of Series A; B, C, and

D had the same d/e-ratic, 5.5, while the b/b*-ratioc was squal to 4.25

for Seriss A and 2.43 for Series D. The two beams of Series D failed

at & load rather close to the predicted values, 85 and 93 percent,
respectively, while the beams of Series A reached only about 70 percent
fof their predicted capacity at failure. The beams of Series B and C were
provided with shoulders of the same width as the web width of the beams
of Series D. The depth of the shoulder, ", was 4 in. for Series B and

T in. for Series C. The addition of shoulders reduces the unsupported
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width of the flange; in that sense, it should have the same affect as a
decrease in the b/b'-ratio. However, the beams of Series B failed but

at a slightly higher lcad than those of Series A. Ths twc beams of
Series C were benefited more, they reached 75 and 8ix rercent, respectively,
of their predicted strength at failure. Thsese results shcw -hat for the
same value of d/e, the agreement betwedﬁ the measured ani calc:lated
loads improves as the ratio b/b* decreases. The additic- =f shnculders
has partially the same effect as that of decrsasing the b/t’-ratic.
Furthermore, deeper shoulders have a-lérger effsct on the incrsase of

t he shear strength than shallower shoulders. This is apparszn:ly related
t 0 the formation and propagation of cracks in the tenslon zozme of the
concrete. Howsever, since the shape factor of Eg. (34) was primarily
intended for ordinary T-beams without shoulders, it is =not sxpected it
would apply egually well for more complex shapes of T-besams. The remain-
ing beams had rather large b/b’-ratiocs, varying from 4.47 tc 5.18, while
the d/e-ratic varied from 2.11 to 4.67.  All these beams except those

of Series N failed at a load in good agreement with Eq. (35). The beams
of Series N had the largest d/e-ratic, L4.67, and failed at a somevwhat
lower lcad than that predicted. In comclusion, the above findings suggest
that the shapé factor of Eq. (34) is applicable whenever besams with
abnormelly high d/e and b/b*-ratios are excluded.

In the above comparison, the beams of Series H-B and K-B werse
of composite tile-concrete vonstruction. One 5/8-in. thickness of tile
was included in the overall dimensions of the beams in calculating the
shear strength of the beams. These bsams were built with B-typs tile

which had but slightly higher compressivs strength than that of the
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concrete used. It was seen that the beams failed at about ths predicted
load. Beams built with tiles of higher concrste strength ars not includ-
ad in the analyses. These beams failed at a somewhat higher load; ths
high strength tiles seemed to have acted as a form of web reinforcement
in increasing the lcad at failurs.

-Figure 10 shows the above besams, except Series A and B, together
with results from other investigations. The beams of Series A and B
were excluded because of the simultaneous high ratios of d/e and b/b?,
and as was discussed before; the shoulders of the beams of Series B were
not deep enough to increase their shear strength. It is seen that when
beams with abnormally large d/e and b/b-ratics are excluded, Eq. (55)
gives satisfactory agreement with test results. In some beams of Bach
and Graf, thers is some doubt about the primary mode of failure, heavy
ecracking at the end hocks of the tension reinforcement indicated possible
anchorage failure. This might explain why one of these beams is somewhat
low. Beams of Richart and of Braune and Myers show good agreement with
Eq. (35). Although the besams of Braune and Myers had a very high b/b'-
ratio, 7.0; the d/e-ratic was rather small, 2.56, and the beams failed
according to Eqg. (35).

It is concluded that the sShear strength of simple-span T-beams-
without wsb reinforcement as normslly used in éonstruction can be predict-
ed by BEq. (35) where the shape factor is computed by Bq. (34). Beams
with abnormally high d/e and b/b*-ratios are outside the scope of
Eq. (35), their shear strength is lower because the effective width of
such flanges is reduoedoy No attempt was made, howsver, toc determine an

expression for the effective flamge width. Moresovery; T-bsams of such
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dimensions are not psrmitted by the presert ACI Code requirements for
isclated beamso* In the following section, it is shown that the uss of
transverse reinforcement in the flange effectively counteracts the
reduction in the effective width of the flange and thereby incrsases
the scope of Eg. (35). This phencmenon was also cbssrved for beams of

Braune and Myers in the present comparison.

15. T-Beams With Web Reinforcement

T~be;ms considered in this section are analyzed in Tables 32,
33, 34, 37 and 38. A summary of the test variables was included in
Table 31. The ratio P/PS, where P_ was obtained from Eq. (35), was
galculated for each beam. This ratio is plotted against the parameter
rfyw in Fig. 11 for beams which failed in shear. Ths ratioc of web rein-
forcement was computed with respeét to the widih of the web.

Heft 10 by Bach and Graf reports tests on 81 beams. The beams
were tesied in 28 groups, 25 groups of three and three groups of two

companion specimens. All beams were reinforced with two tension bars.

One group of thres beams had 2.82 sq. in. of temsion reinforcement and

failed in tension. The remaining beams were provided with about 3.9 s5g9.
in. of tension steel and faeiled either in shear or in bond. Beams with
straight unhocked bars failed at & lower load than similar beams with
hooked bars, apparently in bond. Beams with hooked bars failed mostly
in shear, thess beams are analyzed in Table 52. Figure 11 shows that
most of the beams give good correlation with Bq. (26), originally derived
for rectangular bsams. Only two groups of beams failed at a somewhat

lower load than that prsdicted. However, photographs of beams after

# ACI 318-51, Sec. T05-f.
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failure shdw rather extensive cracking at the end hooks of the tension
reinforcement. Beams with larger amount of web resinforcement resisted

g higher load at failure and showsd more marked cracking. It is possible
that the two groups with the highest amount of web reinforcement failed
in bond through excessive bending of the anchorage hooks.

Heft €7 by Graf reports tests on 8 T-beams under two symmetri-
cal concentratsd loads. These beams were provided with transverse rein-
Poreement in the flanges and although the flanges were rather thin and
wide, no reducticn was noticed in the effective flange width. All beams
were reinforced with the same amount of web reinforcement; the only

- yariable was the arrangement of bent-up bars. Four different groups of
two beams were investigated, the tsst results are given in Table 38.
Beams of Group 6 were rsinforced with regular bsnt-up bars, the horizont~
al part of the bends being carried over the transverse reinforcement

in the flanges. This arrangement of web reinforcemernt was the most
effective one; the beams failed in tension, and as seen in Fig. 11, the
load at failurs was about 20 percent higher than that predicted for shear.
Beams of Group 8 wers reinforced with-”broughtuback" bent-up bars: =all

- longitudinal bars wers first taken to the end of the bsam, bent up there
and then benf down at the desired spacing to serve as web reinforoemgnt,
The beams failed in shear at a load slightly higher than the predicted
load; some crushing of concrete was observed at the end hcoks of the
*brought-back! barsf Beams of Group 9 were provided with conventicnal
bent-up bars except that the bends had no horizontal extemnsion at the

top of the beam. This type of web reinforcement was about as effective

as that of Group 8. Beams of Group 7 were reinforced with looss,
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“floating®™ type of inclined bars, heoked on both ends. These beams
failed at a somewhat lower load than that predicted, indicating that this
type of web reinforcement was not fully effective.

T-beams tested by Richart were provided with vertical stirrups.
A1l these beams failed in tension. Beams tested by Braune and Myesrs had
both vertical stirrups.and bent-up bars as ‘ web reinforcement. These beams
failed in tension alsa. Héwever, the web reinforvement was suffieiently
affective to permit high ratios of P/Ps at failure, the highest ratioc
being 3.19.

Beams reported by Bach and Graf in Heft 12 were reinforced
with bent-up bars. A total of 87 beams weres tested: the tension rein-
forcement consisted of from 4 to 7 bars of the same total area, and no
t ransverse reinforcement was used in thse fla.ngeso All beams with
unhooksd longitudinal bars failed at & lower load than similar beams with
hocked barsy; evidently in bond. Beams with hocked longitudinal and bent-
up bars are amnalyzed in Tablse BT, It is ssen that despite the large
ratios of web reinforcement only a few beams failed in tension. Some
other beams might have had yielding of the lower layer of the tensiom
reinforecement at failure. In most beams, failure was initiated b&
excessive crackiﬁg and crushing of the concrete at the hooks. The most
e Pfective arrangements of bent-up bars can be found from Table 37.

It was concluded that the shear strength of simple-span
T-beams with web reinforcement can be determined by the same expression

as that for rectangular beams:

(26)
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where Ps is determined from Eq. (35) and r from the following equation:

A
W

r =,m (27&)
For bent-up bars, there is some danger of a prematurs faiiure becauss
of cracking and crushing of concrets at the hooks. This can be protected
against by using suffieiently large hooks and, especially, by using

transverse reinforcement in the flanges of the bsam.
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V. RESTRAINED BEAMS UNDER SYMMETRICAL CONCENTRATED LOADS

16. Modes of Failure

Simple-span beams under concentrated loads fail at the location
of an applied load, at the ssction of maximum shear and maximum momsnt.
Shear stresses combined with flexural stresses are instrumental in produc-
ing a main diagonal crack; after this crack has formed, the beam fails '
in compressieon.

In restrained beams, shear and moment conditions are such as
to permit, in gemeral, the formation of three main diagonal cracks as
shown in Fig. 12. The beam can fail at any of these threse cracks,
depending on the magnitude of shear and moment at the section under
consideration and on the arrangement of both longitudinal and web rein-
forcement.

ﬁhile the static moment is the same at both sides of ssction A,
the magnitude of shear can be different in spans f and g. The crack at
the.section of greater shear forms first, for small shear ratios it is
sven conceivable that the beam fails at that section bafore the other
crack has formed. Although span g has constant shear, the moments can
be different at sections A and B. Dspending mainly on the rslativs
magnitudes of moment, either ons or two cracks form. The crack at the
larger moment develops first and the beam fails, in general, at that
crack.

Various modes of failure with special emphasis on the arrange-

ment of reinforcement are discussed below. It is assumed that span f

has sufficient reinforcement so that the beam fails in span g.
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{(a) Continuous Top and Bottom Reinforcement. A4 free-body

diagram for this arrangement of longitudinal reinforcement is shown in
Fig. 13. It is assumed first that only one diagonal crack forms before
failure. Figurse lBishows crack 2 and assumes that shear 1s resisted
exclusively by the compression area of the conerete. The top longitu-
dinal reinforcement is in tension at vrack 2 and in compressiocn at
‘section B. If there is no possibility for bond failure betwsen these two
sections, e.g. if the span g is long relative to the effective depth of
the beam and bars of good bond characteristics ars used, a shear failurs
similar to that in simpls-spén beams is sxpected to take place. Thus,
Eq. (18) can bes employed directly to determine the shear strength of

such beams without web reinforcement and Eqs. (18) and (28) that of

such beams with web reinforcement. If two cracks are present, and bond
failure does not occur between them, the mode of failure is unchanged

end the shear capacity of the béam can be determined by the same equations
at the section of maximum moment.

If, however; bond is destroyed between the reinforcing bars
and the concrets in the middle portion of the span g, the above equations
no longer represent the shear strength of the beam. Bond failures are
likely to take place when the span g is relatively short. Then only a
small distance separates the diagonal crack from either section A or B,
and a change in stress from tension to compression in the reinforcement
must take place over this length. If a bond failure results from the
high bond stresses in this resgion, both the top and bottom reinforcing
bars are in tension as shown in Fig. 14 for one crack and in Fig. 15

5 for two cracks at failure. For simplicity, it is assumed that the whole
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tensils force, TA or TB’ is carried through the middle portion of the
bsam. This redistribution of intermal forces is very unfavorable tc
the shear capacity, and the beam fails at a much lower load than it
would if no "compressive" reinforcement was providsd.

An approximate expression for the shear strength of a beam

with both top and bottom keinforcement in tension can be derived as

follows:
£t
i Kk d
I_ / 27s
)( s T _ 1 | "
\ A C ﬂ,kll%ksd‘t‘:fé
C C =T, + TB' (%6)
d |k d
/ M= cd(1 - kgks) - T,td (37)
- 1 sa d(1 - xk)
Y s

Equation (36) determines the moment at shear failure. However,
there are two unknowns, ks and TA’ vhich must be evaluated before the
shear moment, Ms’ can be sxpressed quantitatively. If the tensile force
T, is detsrmined by assuming that the moment arm is the same for both

A

sections A and B, the following relationship can be written:

Ty /Ty = M, /My (38)
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(39)

It is further assumed that the factor ks as derived fcor simpls-span

besams remsins valid for restrained beams:

= k
s 2.4{1 - k2k§)

(22)

The quantity k is determined again by the "straight line" theory. This

can be done as follows:

£
c

. Ty
///// kd ;E;ZEQ: C

From Egs. (56)9 (58)7 (39)5 and (l;.o)»

2
k= (pn)” +2pn-pmn

where
M
A
)

p_=p (1 +-Eg

(e]

(1/2) bkd £ (29)
pbdn 1£k fc (k0)
(41)
(Aé)

The shear moment as given by Eq. (37) can now be rewritten as:

M 4.5 £
5— = ax(0.57= g

' bagf; 10 :

5"

(43)
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where

=1t (bk)

(;f +1) (i - k;i;s

k is given by Eq. (41)
k, is taken as 0.45
k_ is given by Eq. (23)

Equation (43) determines the shear strength of a restrained
beam which fails at section B after bond has been destroyed frcﬁ this
section to crack 2 so that both the top and bottem reinforeing bars are
in tension. This equation can be used for any section provided that the
subscript B refers to the section under cOnsidsration and the subscript 4

to. the adjacent section from which the tensile forse T, is carried

A
through to the section B. It was derived by assuming that the longitu-
dinal reinforcement was continuous throughout the entire length of the
besm and that the whole tensile force at one section was carrisd through
to‘thsrother»section. This 1s @ conservative estimate since it is likely
that in some cases a part of the tensile force is resisted by frictional
bond, although #hﬂ reinforcing bar might be slipping in the entire region;
from section A to B. If the actual ratio betwsen the top and bottom
tensile forces can bs determined for the section at fallurs, the actual
ratio.TB/TA should be substituted for'MB/MA in Eqs. (43) and (L4).

The first crack in span g will form at the section of maximum
moment. If a beam fails in shear after only this crack has férmed as

shown in Fig. 14, redistribution of ths internal forces has taken placs

8t section B whereas the bottom longitudinal reinforcement is still in
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comprgssion at section A. Although both the top and bottom reinforeing
bars are in tension at section B, diasgonal cracking has not reduced the
compression area and the bsam cannot fail in shear at that ssction.
Conssquently, ssction A is the critical section and the shear strength
of the beam is determined by Bq. (18) at the ssction of maximum moment.
If two cracks arse present at failures and fuLi redistribution of the
internal forces has taken place as shown iﬁ Fig. 15, Eq. (43) is appli~
cabls at sectién A as well as section‘B. The shear strength of the beam
is detsrmined by Eq. (43) at the section of maximum moment. Under certain
conditions it is concsivable that despite the formation of two cracks
only partiasl redistribution of the internal foreces has taken place. This
may be the cass 1f for example ths moment at section A is much greater
then the moment at section B. Thén the bond stresses are much higher in
ths top reinforesment than those in the bottom reinforcement snd local
bond failure may take placse only in the top longitudinal bars. The
shear capacity of the beam is given by Bq. (43) at section B and by
Eq. (18) at section A, the section of maximum moment. The beam fails at
the section of the smallest shear strength. However, since the conditions
for partial redistribution of the internsl forces cannot be determined in
.adyancs, it is mors conservativs to éssums full redistribution whenevsr
two cracks arse present at failurs.

The validity of Eq. (43) is checked against test results in

Section 17.

(b) Straight Bars Cutr Off Bsyond the Theoretical Pcint of

Contraflexure. A diagram for this arrangement of longitudinal reinforce-

ment is shown in Fig. 16a. When the length of embedment, both x and jy,
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is sufficient to prevent & bond failurs, it is expected that the shear
strength of a restrained beam can be determined by Egs. (18) and (28).
However, when the length of anchoragevis smgll or reinforeing bars of
poor bond characteristics are used, the failure may be a sudden strip-
ping ocut of the reinforcement and & complete destruction of the beam.
Failures of this type have been reported by Richart and Larson (25) and
by Moody (12). Figure 16b shows a sketch of a beam in this category

after failure.

(c),Be&ms With All Bars Bent Up. Figure 17 shows.this arrange-
ment of longitudinal reinforcement.  This arrangement appears to be an
sffective one; it prevents any possibility of bond failures and uses the
bent-up bars as web reinforcement. When the bars are bent st some
distance from the support, it seems advisable to use & few stirrups
between the first bend and the lodd point. The shear strength of such
beams is determined by Egqs. (18) and (28). While such an arrangement of
reinforcement is very effective, care must be taken with the design and
febrication of bends. Richart and Larson {25) observed frequent crushing
of the concrete at the bends aftsr yislding of reinforcement.

(d) Beams With Both Beént-Up and Straight Longitudinal Bars. A

diagram of such a beam is shown in Fig. 18. This tyﬁe is similar to
that discussed under (e¢). When bond failurses are prevented, shsar capa-
city is given by Egs. (18) and (28). When, however, numercus bars are
left straight, a premature bond failure similar to that discussed under

(v) is possible.
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17. Test Data on Restrained Beams -

The only tests on restrained beams reported in the literaturs
are those by Richart and Larson (25) and by Moody (12). These tests are
analyzed and the validity of previously derived squations checked in the
following paragraphs.

(a) Tests Reported by Richart and Larson. Richart and Larson

reported tests on 59 beams, 17 in Series 1911 and L2 in Series 1917.
Beams of Series 1911 failed either in tension or in bond and the conerete
. strength was not recorded for all beams. Thus, very little information
is available msbout the shear strength of these beams and they are not
included in the present analysis.

Beams of Series 1917 were désipned to investigate the effect
of various arrangements of bent-up bars in span g (Fig° 19). The
type of beam is shown in Fig. 19, and Table 39 gives the arrangement
of reinforcement for each individual beam. All beams had eight 5/8-in.
round plain bars over the support A, The overhanging portions of the
beam, span f, were heavily reinforced so as to produce failures in
span g. Most beams of Series 1917 failed in tensicn. There are, however,
a fow beams which throw some light on the modes of shear failure as
discussed under (b), (c), and (d) in the previcus section.

Beams 380 represent beams with straight longitudinal bars cut
off beyond the point of contraflexurs. From the description and photo~
graphs of failure it appears that these beams failed in bond by strip-
ping off the concrete above the bars at failure as shown in Fig. 16.

This premature bond failure cannot be predicted by any of the shear
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strength equaticmns of this report; it is a matter of bond characteris-
tics of the reinforcing bars.

The rest of the beams were of the types discussed in
sections 16(c) and (d), with some or all of the longitudinal bars bent
down in span g. Beams which had four of the eight bars at the suppeort A
bent down in one layer, Beams 388, 389, and 40O, appear tc have failed
in bond after yielding of the rseinforcement. They corrsespcnd tc a bond
failure of the type discussed in section 16 (b). Beams which had four
or mcre bars bent down in two or three layers failed in *ansicn without
gny tendency for stripping of the concrete at the straight bars. How-
ever, crushing of the concrete inside the bends was frequsntly the cause
of fingl failure. Furthermore, diagonal cracks were cobserved to inter-
sect the reinforcement at the bends. These two phencmena were often
responsible for a sudden shear-type final collapse of the beams. This
occurred, however, well after the yielding of reinforcement. The
ratios P/Pf in Table 39 were computed by Eq. (29), using £ = fy and

k2/k1k5 = 0.5 in the calculation of the flexural capacity P Since

£
these ratics are greater than one, the reinforcement was stiressed in the
work-hardening region at final failure.

The main variables intended to be investigated were the angle
of inclination and the number and spacing of bends. BEven the largest
spacing of bent-up bars gave a value of r which was sufficient to prevent
shear failures. A few shear failures were cbtained, however, when the
first bar was located so fer from support A that a diagonal crack could

form without intersecting any inclined bars. Such failure was obserwved

in Beam 381.2 where the first bend was removed 24 in. from the support.
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As seen in Table 39, this beam failed befcre yislding and at a ratio
P/Pé equal to 0.92. Thus, the load at failure was governed by Eq; (18).
The companicn specimen failed in temsion at a highser load, however. )
Beams 398, 397, and 396 were similar to Beams 381 except that they were
provided with vertical4stirrups as additional web reinforcement. All

of these beams failed in tension, althéﬁgh the final failure of

Beam %98.1 was & sudden break, called diagconal temnsion by Richart énd
Larson.

In conclusion, it can be said that the behavicr and strength
of the restrained beams with bent-up bars in these tests is not inconsis-
tent with the behavior of simple-span beams as predicted by Egs. (18)
and (28). Bond failures are outside the scope of these equations; beams
must be designed so that the danger for the destruction of bond is
eliminated. Care must be taken in the design of bends to aveoid crushing
of the conmcrete inside the bends in the reinforcing bars.

(b) Tests Reported by Mcody. Moody reports tests on 96

restrained beams, tested in five series (12). The dimensions of the
beams and the arrangement of reinforcement and loads are shown in

Fig. 20. All beams were provided with equal amounts of top and bottom
longitudinal reinforcement, four bars placed in two layers. In all but
three beams the four top bars and the two lower bottom bars were conti-
nuous throughout the total length of‘the beam, the other two bottom
bars were cut off 4 in. from the sﬁpports° In the remaining three beams
the longitudinal reinforcement was cut off at the supports and the

inner load pcoints in accordance with the present ACI Code. The test

variables included the percentage of longitudinal reiunforcement, the
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As Seen.in Table 39, this beam failed befors yielding and at a ratio
P/Pé equal to 0.92. Thus, the load at failure was governed by Eg. (18).
The companion specimen failed in tension at a higher 1oad, howsver. A
Beams 398, 397, and 396 were similar to Beams 381 except that they wers
provided with vertical#stirrups &8s additional web rsinforcement. A1l

of these beams failed in tension, althéﬁgh the final failure cof

Beam 398.1 was & sudden break, called diagcmal tension by Richart énd
Larson.

In conclusion, it can be sald that the behavior and strength
of the restrained beams with bent-up bars in these tests is not incomsis-
tent with the behavior of simple-span beams as predicted by HEgs. (18)
and (28)° Bond failures are ocutside the scope of these equations: beams
must be designed so that the danger for the destruction of bond is
gliminated. Care must bs taken in the design of bends to avoid crushing
of the concrete inside the bends in the reinforcing bars.

(b) Tests Reported by Mcody. Moody reports tests on 96

restrained beams, tested in five series (12). The dimensions of the
beams and the arrangement of reinfcrcement and loads are shown in

Fig. 20. All beams were provided with equal amounts of top and bottom
longitudinal reinforcement, four bars placed in two layers. In all but
three beams the four top bars and the twoc lawer bottom bars were conti-
nuous throughout the total length of~the beam, the other two bottom
bars were cut off 4 in. from the sﬁpports° In the remaining three beams
the longitudinal reinforcement was cut off at the sﬁppcrts and the

inner lcad points in accordance with the present ACI Code. The test

varisbles included the percentage of longitudinal reinforcement, the
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‘concrete strength, the dimensions of the beams, and the magnitude of
moments and shear as reflected by differsnt arrangements of loads.
Sixty-one beams were tested without web reinforcement, 29 with vertical
stirrups, and 6 with 45-degree stirrups.

Beams with no'web reinforcement are analyzed in Tables hOa,
4Ob, and 40c. The beams of Series I, II, and IV had continuous longi-
tudinal reinforcement and equal moments at sections A and B. From crack
patterns and strain measurements recorded for Beam I-2c it was observed
that bond was destroyed in span g sd that both the top and bottom rein-
forcing bars werse stressed in temsion. The beams fgiled after develop-
ing, in general, twc main diagonal cracks between sections A and B.
Consequently, Bq. (43) should apply at both these secticms. In order to
apply Bq. (43), the weakest critical section must be determined first.
Everything else remaining the same, the shear capacity of a section is
determined by the square of its effective depth. This distance was
always 0.25 in. larger at section B than that at section A, indicating
that A was the critical section. However, it is recalled that there were
some differences in the arrangement of the longitudinal reinforcement
at these sectioms. This might have a larger effect om Eg. (43) than the
small difference in the values of d. From the condition of equal
moments and entirely continuous top reinforcement it can be concluded
that TA = TB at section B. This assumes that the total tensile forcs is
carried through from section A to section B so that Eq. (43) can be used
with,TA/TB = 1 at section B. At section A, however, only half of the
bottom reinforcement is continuous. After bond is destroyed, it is

likely that the stress in the comtinuocus bars is increased relative to
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its magnitude before bond failure. In order to itransmit the total force
TA to section B, the cut-off bars must be completely inactive and the
continuous bars must resist twice their former stress. However, stress
measurements in Beam I-2c show that although the stress increased in the
continucus bars, it never reached more than about 120 percent of its
former value. This indicates, using the proper subscripts, tﬁat the

ratio TA/TB is less than cne at section A. The smaller is this ratio,

the larger is the factor A in Eg. (43) and, consequently, the shear

‘strength of the beam. Thusy section B must be comnsidered as the critical

section for Eq. (hB), using MA/MB = TA/TB =1,

Beams of Series I, II, and IV are analyzed in Tables 40s and
4Ob and the quantity M/bde;kA is plotted against fé in Fig. 2la. It is
sesn that, in general, test resulis give satisfactory agreement with
Eg. (43). Thus it appears that the assumptions made in deriving this
squation are essentially correct and that this equation can be used to
determine ths Shear'strehgth of restrained beams with continuous rein-
forcement whenever the shear failure takes place subsequent to destruc-
tion of bond. This type of failure is still a primary shear failure
Ssince the destruction of bond in the high bond stress region does not
produce in itself & failure of the beam. It causes only & redistribution
of the infernal forces so that the new combination of the tensile forces
&t a certain section requires a larger compressive force than before.

For Mocdy's beams the new compressive force is about two times larger
than that before the destruction of bond. The greatly increased compfes-

sive force leads to a lower shear strength since the capacity of the
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compressive zone of the beam is but 1ittle greater than that for simple-
span beams. Thus the faetor A of Eq. (43) can be comsidered as a reduc-
tion factor for restfained Eeams which fail after lccal bond failurse.

In deriving Bg. (43) it was assumed that the whole tensile
force at cne section is transmitted to the adjacent secticn. This
assumption is, in gensral, a conservative estimate since some of the
tensile force is resisted by frictional bond. Tables 40a and LOb show
that the ratio Mtest/Ms increases as the g/d-ratic increases or as
smaller reinforcing bars are used as longitudinal reinforcement. In
beth cases the relative importance of partial bond is more proncunced
and, consequently, not all of the tensile force is transmitted from ome
section to the adjacent section. This gives a smaller actual ratioc
TA/TB than that cbtained from the bending moments and increases the
shear strength of the beams. However, as seen in Tables 40a and hOB;
the increase in the shear capacity was rather small sven for the largest
value‘of g/d and the smallest size of reinforcing bars used in the tesis.
Furthermors, beams of Series II which had the smallest value of g/d fall
even somewhat low in Fig. 2la.

The limits of the applicability of Eq. (43) cannct be deter-
mined from Moody*s tests. For beams shown in Fig. 2la the g/d-ratio
varied from 1.52 to 4,0, All of these beams failed after redistribution
of the internal forces. Thus, it appears that local bond failures are
possible with g/d-ratios larger than four.

Beams of Series V are analyzed in Table 40c. These beams had
their longitudinal reinforcement cut off at the supports and the imner

load points. Failure took place by a sudden stripping out of the
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longitudinal reinforcement as discussed in Section 16(b). The beams
were analyzed by Eq- (18) with the support as the critical section and
the load at final bond failure was found to be about ocme-half the
theoretical shear capacity.

Beams of Series VI had unequal bending moments, MA being two
times larger than MBq The beams failed, in general, after developing
only one main diagonal crack at section A. Thus it is likely that local
bond failﬁre had taken place only in the top reinforcement, sco that both
the top and bottom bars wers in tensiom at section B whereas the bottom
bars were still in compression at section A. This possibility was shown
in Fig. 1h4. ansequently, the shear strength of these bsams should be
governed by Egq. (18) at section A and the beams are analyzed in
Table 40c¢ accordingly. The quantity M/bdgfg(k % np') is plotted against
fé in Fig. 21b and it is sseen that thére is gocd agreoment between the
measured and salculated moments.

Beams with web reinfcorcement are analyzed in Tables 4la and

"41b. For beams of Series I and IV the quantity M/Ms is plotted against

rfyw in Fig. 22. Both these test series had equal moments at sections A

" and B and the shear moment M_ was calculated by Eq. (43). Figure 22

i
i
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©  shows that the beams of Series I which had 45_degres stirrups give very

‘gocd agresment with Eq. (28), derived for simple-span beams. Beams

with vertical stirrups were tested in two different groups, 6 beams in

! 1950 and 10 beams in 1952. Beams of 1950 had the closed ends of the

stirrups placed toward the lower face of the beam whereas the beams of

© 1952 had the closed ends always in the compression zone. Beams of 1950

:ﬁ give good agreement with Bq. (28) except for the two beams with the
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largest amount of web reinforcement. These beams were observed to split
longitudinally along the reinforcement and the stifrups did not reach
‘yielding &t failure. It is possible that longitudinal splitting destroy-
ed the anchoraée of stirrups so that they were unable to develop their
full effectiveness. In the besms of 1952 longitudinal splitting tock
place in a more restricted scale, and then only in the region whers the
stirrups were open-endsd. It appears that longitudinal splitting will
not cccur if the reinforcing bars are tied together'in *he transverse
d irection. Beams of 1952 give good agfeément‘with Eq. {28) except for
two beams with very high values of rfyéu It is noticed, howevar, that
at the value of rfyw at which the beams of 1950 fell below ths predicted
wltimate moment, the bemms of 1952 still agres with Eg. (28). Thus,
the anchorage of stirrups was mors effective in Spriés 1952 than in
Series 1950; only with very high values of rfyw did the vertical stirrups
not develop their full strength at failurs.

Among the beams of Series I two beams were provided with =
23 by U-in. flange. Since the flange area increases the compression
area of the conerete at section B, the beams are analyzed for sectiomn A
&s the critical sectiom in Tablé Lla. In line with the previcus discus-
sion about the effect of cutting off cne half of the bottom bars at the
supports, the ratioc TA/TB must be less than one at that sectiom. The
beams were analyzed with TA/TB equal to 0.5, or only one half of the
tensile force &t the inmer load point transmitted to the section at the
support. The use of this ratic gave satisfactory agreement with Bg. (28),
the loads at failurs being 7 and 18 percent morse than the predicted loads.

If the ratic TA/TB had been taken larger than C.5, the calculated ultimate



moment would have been still smaller. Three beams of Series IV werse
provided with vertical stirrups. These beams were included in Table L1b
and Fig. 22. The test moments were found tc be from 11 to 28 percent
larger than the calculated moments. Beams of Series IV had the largest
-g/d—ratio used in these tests, g/d = 4. Since the beams without web
reinforgement in this series had only slightly larger shear capacitiss
than given by Eq. (143), the addition of web reinforcement appears to
hevs restricted the develcopment of diagomal cracks so that the relative
importance of partial bond was increased. The shear capacity of the
beams was thereby increased alsc.
Beams of Series II had the Smallest g/ﬁ ratic of all beams,
g/d = 1.52, It is seen in Table 41b that the besms failed at a consid-
erably lower load than that given by Eq, (43). Since the beams failed
at about %0 pergent greater loads than similar beams without web rein-
forcement, an inc‘reaéé in the amount of web reinforcement spparsntly
did not produce m corresponding inerease in shear strength. These beams
abpear to have failed'in sheaf-proper and they are énalyzed accordingly

. _in sectiom 19.
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VI. BEAMS UNDER OTHER TYPE OF LOADING

18, Limitations of Shear-Compréssion Failures

Equation (18), the basic equation of shear strength, was
dsrived for simple-span rsctengular beams without web rsinforcement and
ﬁnder one or two symmetrical concentrated loads. This equation considers
shear fallures as compression failures. Shearing stresses togsther with
flexural temsion stresses arse combined in the principal tension strssses
and produce a diagonal crack which extends higher than the flexural
tension cracks. After this crack has formed, compression failure takes
place in the reduced concrete arsa of the concrete. From thecretical
interpretation of the basic empirical-équation, it was conclhided that
the criterion of failure was the ultimate compressive strain in the
conerets.

' In deriving Eq. (18), the unknewn function F(fé) was deter-
:mined empirically. All available'test=dat&, a2 total of 111 beams werse
ysed in the anmlysis. The ratio a/d which corresponds to the compressive
- force-shear ratio in simple-span beams, C/V = a/jd, varied from 1.17 to
: ,L,BO for the beams considered. This variation did not appsar to have
any sffect on the agreement betwesen test results and the values predicted
by Eq. (18). Within these limits, consequently, the shear strength of a
beam is determined entirely by the physical propertiss of the beam and
is not a function of either the magnitide of shear or the moment-shear
ratioc at the section of failure.

Thefe is practically no experimental data for beams with

larger values of a/d. As the compressive force-shear ratio increases,



4.

however, the trajectories of the principal ténsiOn stresses become mors
and more'horizontal in the region of maximum moment. They must still
intersect the neutral axis at 45 degregs, but sinece the shear force is
relatively small,.the magnitude of the'principal tension stresses at
that loeation is relatively small also: It is coneeivable that the
cracks ars but slightly inclined and that the beam fails in flexure
rather than in shaar—dampression.

Figure 23 shows the‘magnitﬁﬂe of shear at fallurs as a func-
ticn of the ratic a/d for s simple-span rectangular beam under ons or
two symmetrical concentrated loads. The magnitude of the total shear is
obtained by Eq. (18) for shear-compression failures and by Eq. (29) for
flsxural failure. For a <‘a/d < b it is assumed that the beam fails in
shear-compression, for a/d > ¢ that the diagonal cracks have not suffi-
viently developed and that the beam fails in flexure. For b < a/d < Gy
however, fhere’seems 10 be tfansition‘fegion between shear-compression
and flexural failures. The behavior of a beam in the transition region
éan be pictursed in several ways. It is possible that at the load given
by Eq. (18) the shearing stresses are too small to produce sufficiently
iﬁclined tension cracks for shear-compressicn failure. As the load
increases, the cracks both extend higher and become more inclinsed.
Finally the beam fails in shear-compression at a highsr load than that
given by Eq. (18). If a beam is hedvily reinforced in tension so that
a Plexural failure would take place in compression f;kher than in tension,
it is conceivable that no cracks develop before s load higher than that
given by Eq. (18). With increasing load it is possible that as scon as

a diagonal crack forms, the beam fails suddenly in shear-compressiocn.
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Ome such failure was observed in tests of Slater and Lyse (16). Beam 8B
failed in what was called diagonal tension without previcus waraning.

The two companion specimens of this beam failed in compression *with no
diagonal cracks or other indication of being near failure in diagomal
tension™. Howevsr, these beams were moist cured until testing and failed
in compression, generaslly without any tension cracks befors failure.
Moist curing.has been observed to increase the modulus of rupture of a
beam.

In the absence of experimental data the true relationship
between the shear capacity and the a/d-ratio of a beam cammot be deter-
mined for the tramnsition region. Since Eq. (18) will always give ths
lower limit of the shear strength for that reglon, an exact relatiomship
is perhaps not important for beams under concentrated locads. For beams
under distributed lcads, howsvery where the magnitude of both shear and
moment change from section to section, knowledge of the relationship
between the shear capacity and the compressive force-shear ratic is more
important.

For very low values of a/d it is not expected that a beam
fails through besam-action. The mode of failure seems to change from
shear-compression to what can be called shear-proper; that is, actual
shearing off of the concret§i” This type of failure is discussed in the

f 0llowing section.

15, Shear-Proper

In the range of shear-compression failures a bsam fails,

after the formation of dilagonal cracks, in compression. However, as the
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ratio a/d decreases, thﬁ'mode of failure seems toc changs. With a concen-
trated load close to a support, the cracks open up near the load block
in the tensicn zone cf the concrete and progress towafds thevoiﬁér lcad
blosk in the vompression zone. Since the load blocks are but a short
distance apart, the cracks are mlmost vertical. The ﬁltimate failuré
spems to take place by the actusl shearing off of the remaining conerete
in_eampressiqnv

It is rather difficult to determine what is the trus criteriom
of failure. Cracking of comcrete is produced by ths principal tension
stresses. As load on a besm is increamsed, mors cracks fe;m and the
existing cracks both widen and extend higher. Consequently, less and
less concrete remains‘effective'to resist the complicated staté of Stressb'
S8ince the shear span is short, the magnitude of the principsal tensiwn
stresses is also affected by the presence of the compressive strssses in
the vicinity of the end reaction and the concentrated locad. These
compressive stresses will reduce the magnitude of the principal tension
stresses and will mske them less inclined with the mxis of the beam.
The c¢loser is a load tc a support, the larger is the relative importancé
of the local sompréssive stresses. Coﬁsequently, the tensile stresses
are smaller and it is expected that the cracks will form and the beam
will fail at a higher load than it would if the load wers farther from
. the support.

Some quantitative information or this type of shear failurse
gcan be obtained from tests reported by Graf in Heft 80 (QB)Q A total
of 26 beams were tested, 21 small rectangular beams with the outside

dimensions and loading arrangement shown in Fig. 24a and 5 largs T-beams
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as shown in Fig. 24b. The variables for the beams included the size of
the bearing block for the concentrated load, the smount of longitudinal
reinforcement, ths amount and angle of ineclination of bent-up bars, and
+¢ a minor extent the compressive strength of concrete. In all tests
the distance x between the bearing blocks, Fig. 2hay; was either zero or
g very small fraction of the depth of thse beams.

An snalysis of the test results shows that everything elss
remaining equal, the size of the bearing block had no effect on the ulti-
mate load. This is despite the fact than an increase in y produced a
larger moment, the load at failure being the same. It was concluded,
therefore, that the ultimate load depends on the magnitude of the shear
force V and the clear shear span x rather than on the a/d-ratic. It also
appears that the size of ths bearing area was sufficiently large in all
cases to produce shear-type failures; it is conesivable that local
crushing of concrete can take plamce under the bearing block when the
bearing area is too small.

Scme of the small beams were without any reinforcement. The
addition of longitudinal steel increased the ultimate load. Furthermore,
it appears that the use of longitudinsl steel was equally effective at
any depth in the beam: in the bottom half, at mid-depth, or in the top
half of the beam. The use of bent-up bars was moreveffective than the
gddition of longitudinal stesl. The sffectiveness increased as the
angle of inclination increased. Judging from the load at failurs, it
seems that the sffectiveness of the ificlined reinforcement increases in
proportion to the quantity (1 + sin@), at least to the largest angle of

inelination used in these tests, o = 62.7 degrees. Since the cracks
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Qere almost vertical, the use of vertical stirrups, however, did not
increase the ultimate lomd. Thus, thers seems to be a maximm valus of
a which limits the usefulness of the bent-up reinforcement.

The ultimmte load increased as thes conersete strength
increased. However, the range of fg‘varied genersglly ocnly fram 1500 to
2000 psi with but one bsam of about 3000 psi concrete strength.

The above observations suggested that the ultimate lcad could

be expressed in terms of a nominal shearing stress in the follcwing form:

_Y : |
V=1p =6y +C0yf, + Cxpy (45)

whers
,As(l + sing)

Py = bD

(46)

and the quantiiy As(l + sin@) refers to the total steel ares crossing
section A-A, Fig. 24, When both horizontal and inclined reinforcement
is used, the reinforcement ra‘tio'pt mst be evaluated for each part
separately and the total value used in the calculations.

This type of equation was checked against test results.

Reasonable agreement was found with the following squation:

v, =200 + 0.188 £* + 21,300 p, (k1)

where both the value of v and fé is expressed in pounds per square inch.
Since plain beams were included im the-analysis, the nominal unit shear-
ing stress was determined for the gross section of the beams. For the

T-beams of Heft 80 the value of v was calculated by neglecting the flange
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area oubside the web since the load was applied at a section in the end
of the bsam where the flange was being tapered off to the width of the
web.

The physical properties of the beams and the ratios v/tvc are
shown in Table 42 and in Fig. 25 the quantity V/vc is plotted against
x/D, the ratic of the clear distance betwsen the load blocks to the
total depth of the beams. It is seen that Eq. (h?)‘gives satisfactory
égreemant with the test results; only two plain concresie beams with the
largest bearing area fall mors than 15 percent belcw the predicted load
aﬁd three beams are slightly more than 15 percent abovs. Tﬁe five large
T-besms agree quite well with Bg. (47):

Among previously mnalyzed test data there were a few beams
which failed at & lower load than predicted by the shear-compression
equations. Those were the beams tested by €lark (5) which had the short-
95t shear-span and two simple-spén bésms and eight restrained beams of
Series II by Moody (12); all these beams had a very small a/d-ratio, and
were reinforced with vertical stirrups: The beams for which sfrain read-
ings were reported, failed in general before yielding of the web rein-
forcement. These beams are reanalyzed’ in terms of shear-proper in
Table 43.

The nominal shearing wmit stress v, as given by Eq. (47) was
computed for each beam and ihs ratio v/vG is plotted against the parameter
%/P in Fig. 25. Some of Clark®s beams failed in tension and ars not
ineluded in this comparison. Figure 25 shows that the ratio v/vc decreases
as x/D increases. Because Eq. (47) was entirely empirical by naturs and

the number of tests is rather limited, e.g. there are no beams in the
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renge of x/D from 0.1 to 0.8, no attempt was’made to write an expression
for the relaticnship batween v/vG and x/D° One possibility is shown bf
the dashed line in Fig. 25,

Beams of Heft 80 with the load very close to the supports
showed no evidence that vertical stirrups increased their shear strength.
This is understandable sines the locstion of thé load forced the forma-
tion of almost vertical cracks. However, as x/D increases in the reg;oﬁ
of shear-propers, cracks follow the sdges of the bearing blosks and

vertical stirrups crossing the craecks produce a slight increase in the

wltimete load. This is seen in Table 43 where for any value of x/D the

ratio v/vG inecreases somewhat as the ratic of web reinforcemsnt
increases. The beams fail, however, before the vertical web reinforce-
ment yiplds, When the load is removed sufficiently far from a support,
a regulﬁr shear-compression failure takes place.

The transition between shear-compression and shear-proper,
point @ in Fig. 23, seems to depend both on the ratic x/D and the amcunt
of web reinforcement used. All beams of Table 43 had corresponding
test specimens without web reinforcement and these beams failed in shear-
compression in agreement with Eq. (185° Furthermore, Clark's beams with
Shein. shear spanm having x/D equal to 1.1k and reinforeed with vertical
stirrups failed in shear-compression.- Thus the transition region between
the two types of failures seems tc lie approximately between x/D equal to

0.8 and 1.1, increasing as the amount of vertical web reinforcement

- increases. The use of inclined web reinforcement, howsver, increasses tihe

ultimate loamd in shear-proper according to Eq. (47). Consequently; when-
ever the clear shear span X approaches the total depth of the beam,

inclined web reinforcement should be used instead of vertical stirrups.



81.

For restrained beams the distance x was considered in fhe
same way &s for simple-~span beams; the clear distance between two load
blocks. For Series IT of Moodj’s restrained bsams this procedure gave
good results. It is seen in Fig. 25 that both simple-span and restrained
beams with the same x/D-ratio failed at about the same nominal shearing
stress. However, if the ratio x/D is comsidered as a measure of princip-
al tension stresses and the extent éf cracking, the use of x as defined
sbove is not strictly correct since the magnitude of flexural bending
stresses for simple-span beams is geﬁerally different from that for

rostrained besms.

20. One Unsymmetrical Load or Several Concentrated Loads

Graf tested some simple-span T-beams under one unsymmetrieally
pleced concentrated load. These beams are reported as Series II in
Heft 67 (23). Four such beams were tested; the two beams of Group 1 were
reinforced with bent-up bars along the éntire length of the beams, the
two beams of Group 2 had bent-up bars only in the short segment whereas
the long segment was reinforced with a smgll amount of vertieal stirrups.
The beams are analyzed in Table Lk4.-

The ratio a/d was 2.09 for the short segment and 8.18 for the
long segment. The last value is much iarger than the range of a/d for
which Egs. (18), (35), and (26) were derived. It is likely that thié
ratio correspornds either. to-the transition:region’ betwesn: fiezural:and
shear failures or to the region of flexural failures, Fig. 23. This
cbservation is verified by the test results. Thse two beams of Group 1

failed in temsion at a load 2.18 times larger than the shear strength of
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the long segment as given by Eg. (26). The two beams of Group 2 failed
in shear and the load at failure was up to 2.44 times lmrger than that
given by Eq. (26) for the long segment. It is interesting to ncte,
however, that the beamms did not fail under the cancentrated load at the
section of maximum moment but between the load point and the end reaction
in the long segment. The final break tack place about 68 in. from the
support for Beam 1026 and about 116 in. for Beam 1024, The magnitude of
the moment at the actusl section of failure was 1.03 and 1.50 times,
'respectively, the shear-comprsssicn moment for the besms. In both
eases, it was reported that the failure was sudden. Thus it appears that
the ultimate load was governed primarily by shear. Becauss of the long
shear span, the shearing stresses were relatively small at the load which
aofrespdnded to the shear-compression moment; M frem Egs. (35) and (28),
at the section of maximumm moment in the more lightly reinforced long seg-
msnt. This load was less than half the ultimate load. Photographs of
the bemems show that at that load 81l cracks were practically vertical.
As the load increased, the magnitude of the shearing stresses increased
also and the cracks started to incline. At a certain magnitude of shear
force, cracks were sufficiently inclined to lead to a shear failure.
Sinpe at that load the moment was larger than the c¢omputed ultimate shear
moment over most of the beaxbbany random oveurrence of a diagomal crack
could producs a shear failure. This might be the reason as to why the
two beams failed at different sections.

Beams of Series I in Heft 67 were tested under three equal and
synmbtrical concentrated loads. Six T-beams were tested in three groups:

beams of Group 1 had bent-up bars along the entire length of the beam,
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Groups. 2 and 3 only between the end supports amnd the first load. All
tension re:’mforceﬁent was carried through the two middle segments of
Group 2 whereas in Group 5 some of the bars were cut off beyond fhe~
moment requirement and hooked in the ‘hensicﬁ zone of the concrets. The )
beams are analyzed in Table L45.

The quantity a./d has beem tused as a convenlent expressicm for
the compressive force-shear ratio, C/V, of simple-spen beams. An equiva-
lent expression is given by a/d = M/Vd for other types of loading. This
ratic is 8.52 for the bemms of Serises I, thus only a little greater than
thet for Series II. As a comsequence, these beams failsed in a memner
similar to thoss of Series IL. Beams of Group 1 failed in tension, beams
of Group 2 in temsicn with a shear-type finsl collapse, and those of
Group 3 in shear at the section of the center load before yielding of the
tension reinforcement. The failure of the last group of beams appears to
have been hastened by diagonal cracks which were initiated at the hocks
on the cut-off tensiom bars. The ratios of the ultimate lcads to the
leads given by Eq. (26) amrs comparable to. those of Series II since the
M/Vd-retics are mearly the same in both cases.

From the results of these tests it is evident that for high
y&lusz of a/d = M/V4 & beam may fail either in shemr at a greater load
then that given by Bq. (28) or in flexiire before developing any marked
diggonal cracking. It =mppears that the strength gnd the behavior of =
bezm in fhis region of M/Vd is govermed by both the actual valus of M/Va
. and the smount of web reinforcement provided. The paramster M/Vd
expresses the ratic between the compressive force and the correspond-

Ing shear foree at the section of maximum moment. It was seen befors
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+that in the shear-compressicn region of M/Vd, from 8 to b in Fig. 23,

ths strength of & beam in shear did not depend on either the ratio M/Vd
or the magnitude of the shear forcs V at fallure. The shear strength
was determined by & limiting moment, Mé for beams without wsdb reinforce-
ment and MSW for besms with web reinforcement. This limiting moment was
reached by different combinations of V and a and the contribution of the
shearing stresses was always large eriongh to permit sufficient diagonal
crackiné'vhich was & prerequisite for this type of failure. Howe;erj as
the ratio»M/Vd increases beyond the limit of shear-compression, thé shsar
stresses apparently become too small-in proportiomn to the flexural
stresses in the concrete to producée sufficient diagonal cracking. Comse-
quently, the cracks are but 1ittle ineclined at the load which corresponds
to the shear moment Msw at the section of maximum moment and the beam
gannot fail in shear at that load. In order to produce a shear failure,
the shearing stresﬁes must be large emndugh to develop full diamgonal
sracking and the spplied moment at the section of failure must be equal
40 or larger than the shear~compression moment Msw’ It is possible that
the velues of moment snd shear satisfy both these conditions at soms
eritical value of M/Vd, at & section other than that of the maximum
momsnt. This implies that as soon as the shear_campfessian moment Msw

is remchsd amt the section of the critical value of M/Vd, the contribution
of the shearing stresses is sufficient for the development of full 1*~‘
diagonal cracking. Howsver, since the applied moment is larger than Msw
gnywhere between the section of the critical M/Vd and the section of the
maximum moment, the location of fzilure may be anywhere between thess

two sections, depending on the occcurreance of the main diagonal erack.
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Consequently, only the lcad at fasilure is controlled by the shesr momsnt
at the section of the critical M/Vd whereas the losation of failure may
be different in different beams.

If the above hypothesis mbout the bshavior cf beams in the
regicn of high values of M/Vd is true, both the mods of failure and the
ultimate lomd can be predicted in advdnce. This would invclve only the
ealculation of both the flexural capacity, M, from Eq. (29), and ths
shear-compression capacity, M__ from Eq. (28). Both these quantities
ars determined sclely by the physical properties of the beam. The
gpplied moment &t the section of maximum moment is compared with Mf and
that at the section of the eritical M/Vd with Msw, The mode cof failure
and the ultimate load is determined by whichever theoretical moment capa-
gity is reached first. '
| The results of the above tests give the critical value of M/Vd
equal to 3°k*5,7, However, the tests are toc limited both in number and
in seope to check the validity of the above hypothesis. Furthermors,
¢énly T-beams made of rather low concrete strength, sbout 1000 psi, were
tested. This combination leads to very high P f/PS = Mf/MS ratics, up to
2.79 as notised in Tables 44 and 45, For rectangular beams without web
reinforcement the flesxural capacity rafely exceeds that in shear by more
than 50-60 percent. This difference-betwesn the two types of beams could
Blsoc influence the mode of failure -which renders it impassible to draw

ahy definite conclusions from these few test results.
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21. Beams Under Uniform Losad

It was seen previously thaet within certain limits of a/d = M/vd
the shear strength of & beam under concentrated loads could be determined
by Egs. {18) and (28) for rectangular beams and by Eqs. (35) and (28) for
T—beaméa Under this type of locading, the beams tested failed at the
section of meximum moment and maximum shear and the load at failure was
detsrmined by the Magﬁituae of moment. As the valus of M/Vd increased
beyond these limits, however, the actual shear sirength was found to be
larger than that given by the above equations. Furthermorse, the logation
of failure was not necessarily the section of maximum mcoment. The upper
1imit of M/Vd for the applicability of shear-compressicn equations and
the shear sirength of a beam in the transition regicn betwesen shear amnd
Plexural failures could not be determined gquantitatively because of
insufficient experimental data for beams with high values of M/Vd.

For simple-span beams under uniform load the valus of M/Vd

ranges from zero &t the section of no moment to infinity at the secticnm
of m@ximum moment. The beam cannot fail in shear at the section of maxi-
mum;mdmenm because there are no diagomal cracks at that section. Conse-
quently, if a shear failure is %0 take place, it must occur at a sectiomn
where the value of M/Vd is such as to-permit dimgonal cracking and the
mement itself is sufficient %o produce & shear-compressiom failurs. Im
- what follows, the available test data is analyzed in an attempt to find
more‘quantitative information about the shear strength of beams under
uniform loading.

‘No tests could be found of beams under actual uniform load.

Howsver, there are reports cn tests where uniform loading was simulated
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by a large number of equal and equally‘spaced»concentrated loads. These
beams were tested by Bach and Graf in two series, cne series under 16
squal loads as reported in Heft 48 (27), and the other series under 8
equal loads as reported in Heft 20 (28).

Beams of Heft 48 were five simple-span T-beams loaded with
sixteen equml concentrated loads. The arrangement of loads and rein-
f@rcemsntkis shown in Figs. 26 through 29, and Table 46 gives the physical
properties and test results for these beams. Beam 1024 had no web rein-
forcement. It failed at a very low lcad, the maximum momént at midspan
being only 68 percent of the shear-compression moment as given by Egq. (35).
A diagonal crack formed &t about the third-point of the span shortly
before failure. Numerous longitudinal cracks rem from that crack
towards the end support. It appears that this beam failed in bond. Beams

1026, 1025, snd 1031 had mimost identical arrangements of bent-up bars
arcept that the size of the bars was different, the area varying as
1.00:0.53:0.36. Beamms 1026 and 1025 failed in tension and Beam 1031 in
shear. However, Beam 1025 was rather close tc its shear strength at
failure as indicated by marked diagomal cracking 11 slong the bsam.
Beam 1032 had only twe bent-up bars in the ends and fsiled in shear.

Figurses 26 through 29 show the arrangement of loads and rein-
forcement and the main cracks at failure. Furthermorse, the actual ratio
H/MS at failure, where M_ was computed by Eg. {35), and the correspond-
ing predicted ratio, 1 + Erfyw/lo5 from Eqg. (28) are plotted along the
beam for each individusl beam. The shear-compression moment was calculat-
od for the section at midspan, the reduction of the longitudinal steel

ares through bending up bars at other sections was not taken into
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consideration. The variastion in 1 + 2rfyw/105 was calculated using
values of r at mid-height of the beams. If the relatiocmship betwesn
the actua% and the prediéted moment ratics is observed in these figures,
it is seen that the beams failed in shear only when the ratio M/MS
approached the quantity 1 + Erfyw/lo5 at about the fifth lcad point from
the end of the besam. It is recalled that a beam under concentrated
lgads &nd in the shear-compression region of M/Vd would have failed in
shear as soon as the value of M/MS had exceeded that of 1 + Erfyw/lO5
at the section of maximum moment, Eq. {28). This difference betwesn
the two types of beams suggests that it might be possible tc determine

gmpirieally the value of M/Vd which limits the regiom of critical diagonal
eracking capable of ﬁroducing shear-compression failures.

| Figure 30 shows the ratio between the actual moment at failure
and the ultimste shear-compression moment of Bg. (28) plotted along the
beams. The values of M/Vd st each side of the lcad points are also
marked in the figurs. This figure shows the effect of the M/Vd-ratio
more clearly. Beam 1026 which failed in tension has the ratio M, _. /M __
less than one at the Fifth load point. Beam 1025 which failed in tension
while being very close to a shear faillure, has the ratioc just above.cme°
Bsam 10%1 which fgiled in shear sesms t0 have failed just as thes ratic
exveedsd cne. The ultimate flexural capacity of this beam is shown in
the figure alse. It is seen that'this lead, if reached; would have
inereased the ratio tc comsiderably higher than one. Finglly, Beam 1032
which failed in shear has the ratic somewhat more than one, 1.16. How-
ever, Fig. 29 shows that in the vase of this beam there is scme doubt in

whet to consider as the valus of 1 + Erfyw/lo5 at the fifth: 'load. -~ The-



89.

bent-up bars do not cover that particular section; their presence in
+he vicinity undoubtedly offers some resistance to the formation of
diagonal crﬁﬁkso This, in a sense, would mean an increase in the value
of rfyw which would bring the ratic closer tc one in Fig. 30.

Thus, 1t appears that the shear-compression equations are
applicable for the beams undsr consideratiomn. However, the sectiom at
which the shear moment is calculated is not at the maximum moment but at
the value of M/Vd equal to about 4.5 which correspomds to ths fifth
load point of the beams of Heft 48.

Heft 20 reports tests on 51 simple-span T-beams, tested in
groups of three companicn spscimens. Sixteen groups of beams were
loﬁded with eight squal econcentrated loads as shown in Figs. 31 and 32,
cne additional group had four lcads omitted on one half of the span.

The physical properties of the beams and the test results are given in
Table L7,

The first four groups of beams were reinforced with two
1.57=in. plain round bars. The test variables included the sffect of
i; anchoring of the lomgitudinal bars, either straight or hocksd, and the
effect of wseb reinforcement which was vertical stirrups placed in
gecordance with the shear diagfam slong the entire length of beam. All
these beams fmiled in bond as indicated by excessive end slip of the
longitudinal bars which was measured in most beams. Bond failure led to .
longitudinal cracking alomg the reinforcing bars and to a final opening

;, of & disgonal crack, genmerslly between the first and the second lcad

L points.
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Groups 55 and 56 were reinforced with four 1.10-in. plain
round bars, two of which were bent up at 13 degrees. The ends of the
bars wers anchorsd with small 90-degrse hocks. Besms of Group 55 had
no additional web reinforcement and failed in bomnd, by excessive slipping
of the bars. Beams of Group 56 had additional vertical stirrups placed
- gocording to the shear diagrem and failed in tensiom.

The remaining beams were reinforced with 6 or 7 round bars of
different sizes. Two bars were carried straight to ths supports; the
" rest of the bars were bemt up at different locations. The middle
poftion of the beams, not covered with bent-up bars, was reinforced with
vertical stirrups. The beams were tested in companion groups; in cne the
two straight bars were left unhooked, in the cther they were hooked. All
bent-up bars were sufficiently hooksd in all beams. All beams with the
? 'sﬁraight bars not hoekgd failed in bond by sxcessive end slip. This led
ta the opening of s diagonal crack at different locations in different
beems. All beams with hooksd straight bars failed in temsion with a
;- secondary crushing of the concrete at midspan.

Thus, nc beams failed actually in shear. Some indication of
2 the shear strength of the beams can be obtained, however, by analyzing
}}thekbeams vwhich had the smallest amount of bent-up bars. Figures 31 and
32 show beams of Groups 60 and 62 in this category. The arrangemsnt of
‘; web reinforcement is shown together with the quantity 1 + 2rfyw/105 and
ﬁ? the ratio M/Ms~along the beams. The compressive force-shear conditioms
are represented by the ratic of M/Vd, given at both sides of each load
2 point. It is seen that the M/Ms-curve intersects the web reinforcement

i turve near the third load point, at about M/Vd equal tc 5. Since the
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beams failed in tension, the amount of web reinfortemsnt was sufficient:
~to-prevent a failure in shear. Consequently, ths critical value of

¥/Vé for shear failures must be less than 5, which agrees with the
‘previous”finding of ‘about 4.5 for beams of Heft 48.

From the results of the above two series of tests it appesars
that“the“shvar‘sfréngth’of“beams under unifeorm load ¢an be represented
“py-theshear-compression equations (18) and (28) for rectangular beams
and by Bus: (35) and (28) for T-beams. Sinee thers are no diagonal cracks
in the regiun‘of maximmm moment and the inclination of cracks is very
small for high walues of M/Vd, the beam cammot fail in shear unless the
bending moment is higher than the shear strength as given by Bq. (28)

i at a critical value of M/Vd. From the above results, the criti-
cal value of M/Vd is set tentatively &t asbout 4%.5. ‘It is recalled,

- however, that the tests were far from being conclusive and that only:
simple-gpan T-beams were tested. The validity of the above conecspt of
shear failures of beams under uniform load and a mors reliabls valus of
the eritical M/Vd must be established by a mors compreshensive test
program.

It appears, however, that the conventiomal method of reinfore-
ing simple-span beams under uniferm load against shear-type failures is
ineorrect. Web reinforcement is placed to conform with the shear diagram.
This means that the amount of web reinforcement at the: critical region of
M/Vd is smaller than that for lower values of M/Vd. The above findings
suggsst, however, that the web reinforcement should be placed at'a uni-
form spacing betwesn the end rsaction and the critical regiem of M vd,
say 4.5. Only beyond that region it could be tapered off and reduced

to zero at midspan. If it is desired to prevent shsar failurss altogsther,
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the ultimate flexural and shear moﬁents mist be calculated from the
properties of the beam by Eqs. (29) and (18) or (35). Then the ratioc
between the ultimate flexural moment at the section of ths critical
value of M/Vd and the shear moment of Eq. (18) or (35) must bs substitu-
ted info Eq. {28) in order to find the necessary amount of wet reinforce-
ment which would force the beam to fail in tension at the sscticn of the

maximum mcment rather than in shear at the section of ths critical M/Vd.
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VII. SUMMARY AND CONCLUSIONS

29, General Summary and Diseussion

B general expression for the shear strength of reinforced
concrete beams was derived by considering simpls-span beams without web
reinforcement. It was first assumed that the total shear force was
resisted solsly by the compressicn area of the concrete and that ths
eritericn of failure was sn ultimate shearing unit stress, related to
the compressive strength of the conecrete. These assumptions yielded an
expression in a form which suggested that the real criterion for shear
failures was & limiting moment rather than an ultimmste shearing stress.
This observation was supported by some test results reported in thé
literature (5,6). It was concluded that shear failures were smctually &
cdmpressien phencmenon. Shear-compressiocn failures differ from flexu-
ral compression failures‘only’because the compressive area of the
cancrete is reduced as the result of diagonal cracking. Disgonal cracks
have been observed to extend higher than the flexural tensiocn cracks at
failure.

Treating shear failures as compression failures and assuming
that the depth of_thé compression zone was related to‘E as deterﬁined
Ey the elastic "straight line™ theory, the follqwing empirical squation
was found to represent with good accuracy the shear strength of rectangu~
lar simple-span beams without web reinforcement and under one cr two

symmetrical dbncentrated loads:

MsL )-1-55 fé ‘
7— = (k +np*) (0.57 - —==) (18)

bd fé 10
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-where the value of k¥ is determined for beams reinforced in tension only by

x =\[(z)%+ 25n -pn (14)

- gnd-for: besms reinforead both in tension and in compressien by

X ='\J[n(p - p"):l2 +2n(p + p* - p*t) - n(p + p') (15)

and where the modular ratio n is determined by

n=_5+.:_l'9;L.o_09.. (16)

Equation (18) was based on the test results from 15 different
investigations involving 111 beams which failed in shear. These beams
were tested aver a period of 43 years and had a wide variation in their
physical properties as summarized in Table 1. The average ratic of
measursd” to ccmputed~mamsnts was 0.993 and the standard deviation 0.120.
The agreement between the measursd and computed moments is alsc shown
graphically in Fig. la.

Equation (18) was interpreted theorstically in the light of
the conventional theory of compression failures of reinforced concrets

beams. From previcus test results at the University of Illinois

(11,14) the value of klkS was approximated as follows:

k.5er

= 2.4(0.57 - g 20
k ks (0 5 ) (20)

The use of this equation permitted the establishment of a relationship
between ks and k, where ks refers 10 the depth of the compression zome

at shoar failures:

X k

s T 2.H1 - kK ) (22)
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Sincs k remains usually within the values of 0.2 and 0.5, Eq. {22) shows
that k.s is practically a constant frgctidn‘of g, ThiS'finding"sxplains
why the previcus sttempt to use the valué of k as a measure of ks gave
satisfactory agreement with test resulis and implies that the failurs
griterion is still a liﬁiting compressive strain ip the concrete.
Bquation (22) is based on the assumption that the value of k1k3 is the
same for both flexural and shear failures. If there should be any
difference between the two, it is still likely that kS remains praetic-
ally propoerticnal to k, although ii might be a smaller fraction of k than
Eq. (22) indicates. | |

The effect of web reinforsement was investigated next. It was
Pound that the use of web reinforcemsnt iméreased the shear strength of &
beam morse than would bs ascounted for by the intermal forces in the
; siirrups; The total comtribution of web reinforcement was determined
"empirically; the following equations were found to give good correlation

with test results:

orf
Psw/Ps =1 + — (26)
Qr
opf '
MSW/MS =1 + = (28}

where Msw is the shear-compression moment of a beam with web reinforce-
ment, M_ that of the same beam without web reinforcement, Eq. (18),

Psw and Ps are the lcads corresponding to Msw and Ms, respeectively,
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and r 1s given by

A
v

= bs sin (27)

r

These equations wers based on the test results for 80 beams.
The average ratio between the measured and calculated mcments was 1.012
and the standard deviation 0.085. The range of the physical properties
of the beams is suﬁmarized in Table 16 and the ratiocs of P/PS are shown
graphically in Fig. 4. The equations wers further checked by the help
of beams which had failed in flexure. It is seen in Fig. 5 that
although the flexural capacity of these beams was reached at different
ratios of P/Ps, they always failed at a load lower than their strength
in shear, givem by Eq. (26).

Equations (26) and (28) were found to be applicable for all
angles of inclinatienvand for different values of yield strength of web
reinforcement. It was also found that thers was no noticeable differ-
ence between the effectiveness of bent-up bars and stirrups serving as
web reinforcement.

| Equations (26) and (28) show that a given amount of web rein-
forcement will incresase the shear strength of a beam in proportion to
its sirength withocut web reinforcement rathe; than by an amount deter-
mined solely by the physical properties of the web reinforcement. It
appears that by resisting the extension and widening of diagonal cracks,
the presence of web reinforcement increases the compressive aresa of the
concrete and, conceivably, restricts the comcentration of the compressive

strain of concrete in the regicn of the main diagonal crack.
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The relationship between shear-compression and flexural fail-
ures was discussed in Section 13. It was found that the amcunt of web
reinforcement necess;ry to prevent shear failures could be determined
for any beam by Eqs. (29), (18), and {28). Rectangular beams reinforced
in tension only and designed according toc the present ACI Cods bélanced
design regquirements were found to require about 0.35 percent web rein-
forcement ftc ensurs tension failures. This assumed that the yield
strength of the tension reinforcement was 50,000 psi and that of wseb
reinforcement 540,000 psi and that the beams were loaded under one or two
symmetrical concentrated loads.

Since the moment-rotation relationship of a T-beam differs
from that of a rectangular beam, Eq. (18) must be modified tc apply for
T-beams. This was done by the use of a semi~rational shape-factor in
the following form:

IT + Icr

Ft :m (514')

Substituting the compressive arsa AO cf a T-section as determined by the
”straight—line" theory for bkd and using the shape factor of Eq. (24},

'Eq. (18) was rewritten as:

M_ L5 £
— = =057 - = ' (35)
Acdngt . 105

As seen in Fig. 10, Eq. (35) was found to give satisfactory
agreement with test results when beams with abnormally large values of

d/e and b/b' were excluded. These beams had a lower shear strength
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because the effective width of their flanges was reduced. However; no
attempt was made to determine an expression for the effective flangeg
width. Furthermore, it was found that the use of tramsverse reinforce-
ment in the flangs sffectively counteracted the reduction in thé effeé; 
tive width and thereby increased the scope of Eq. (35).

The shear strength of simple-span T-beams with web rsinf@rce;
ment could be determined by the same expression as that for rectangular
beams:

2rf

M /M =1+
sw s 105

(28)

where MS is determined by Bg. (35) and r from the following equation:

J:\

W i)
T % s st (e

As seen in Fig. 11, the agreement between the measured and calculated
guantitiss is satisfactory.

Simple-span beams under ons or two symmetrical concentrated
loads develop just one main diagonal crack under an applied load and fail
at that section. In restrained beams, shear and moment conditions are
such as to permit the formation of several diagonal cr’é.cksu - The beam
may faill at any of these cracks, depending on the magnitudes of moment
and shear and the arrangement of both longitudinal and web reinforcement.

It was found that whenever the possibility of bond failurss

was precluded, the shear stremgth of a restraired beam was determined by
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the same squatioms as that of a simple-span beam, Egs. (18} and (28).
The eritical section was the section of maximum moment.

When the longitudinal reinforcement was cut off at some
section, a sudden and complste bond fallure was possibls by stripping
out of the cut-off reinforcemsnt. This type of failure was citside
the scope of this investigation and was not examinsd in mcrs de=aill.
Evidently, this is a gquestion of bord characteristics cf <ths reizfcro-
ing bars and the length of embedment from a diagomal crack <c ~he exd
of the bar.

Restrained beams with continucus top and vottom rsi-forcsment
may have another mcds of failurqo Under certasin conditicns, e.g., when
the distance bstween a support and a load is short rslative to the offec-
tive depth of the beam, a local tond failure may take placs in the high
bond-stress regicn between the secticns of positive and negative moments.
As a result of local destructiom of bord, both the top and bottom longi-
tudiral reinforcement is in tension at a certain section. This redistri-
bution of the imterﬁal forees results in a reduced shear sﬁfengﬁh of the
beam. Assuming that the whoule temsils force was transmittsd frog one
section to the adjacent sectiom and that ks was given by Eg. (22), ths
following equation was derived to represent the shear strength for this

type of failure:

s L5 pv
. C ;
= 0,57 - 5 \\'Lz>

bd f;kA 107

whers

=1 - L i)
A=l -om (k)
AR V] 5,
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f 1
2
=\|{p n n - p o i
k 4 kp@.) + EpOﬂ P (41)
¥,
p.=pll +=7) ' (L2}
Q
3
k = 1.11 - \11023 - 0.926k, and (23}
1{2 = 0,45

im these egustions the subscript B reofsrs to the section undsr

gonsidsration and the subscript A to the adjacent section from which the
tonsile force TA was transmitted 4o section B. The sguations wers

i derived for the assumption that the following relatiomship was valid:
- T, /Ty = My /A {38)

If this expression is not correct, 9.g., tecause of partial bond, and
the mctual ratio TA/TP can te detesrmined, this aciuml ratio should be

Y} and

N

substituted for M, /M. in Bgs. (42 Ridy,
A ia. N ”

The validity of Bg. (43) was checksed against %sst results
and satisfactory agresment was ohbtainsd. Figure 2la shows the measursd
‘and casloulated moments graphicalily for all beams which failed after a
local bond failurs. Most of ths test specimerms show good agresment

with Bg. (43): for soms beams & small incrsase in the shear strength was

sct of partial bond. This was discusssd in

Hy

[

noticed because ¢f ths ef
more dstsil in ssgctiom 17b.
All beams shown in Fig. 21a had ecual positive and nsgative

mements and developed, in gensersl, two main diagormal cracks bsfore
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failure. This resulted in a full redistribution of the internal foress
and the shear strength of the beams was govermed by Eg. (43). For
unegual positive and megative moments, howsver, either cme or %wo cracks
may be present at failure. Two cracks will producs, in gereral, & full
redistribution ¢f the Interual forces and the shear strength of a beam
will be given by Eqg, (#5) at the seciilon of maximum momsnt. One crack

will lead to a partial redistribution of ths intermal forces so that ths
shear strongth will be goverusd by Eg. (18) at the ssction of maximum
momsnt. Beams of Sseriss VI by Moody had urequal momernts at ssctioms

A and B and failed ai ssction A after developing only oOne crack in

)

Fig. 12). The beams wers analyzed according to Bg. (18) at

F

span g

o

that sscti n oand Fig. 21t shows that good agrssment was obiainsd betwesn

Ry

the m@&S”“bd ard the calculated moments,

From ths svallable test data, it was not poscible to dstermine
¢

ths 1imits of Ey. (43}, Ths largsst g/d ratic for which *est results
wers avallable was 4.0. Sincs this ratio permitted a redistribution

of the intermal foress, the limiting g/d ratio must be largsr than Pour.

d charactsristics of th

Furtherxors, it is
bars have an etffsct om ths g valus of g/d. Ths abuve resulis
wEre wep sd for beams rsinforeced with modern deformed bars, plain bars

undoubtedly are mors susceptible bo loeal

failures. Likewise, it

%8s not possible to determirne ths cu

comsaguently, a full redistribution of ths internal fureces will ocour

established, ths more counssrvative comdltion of full redistribution

should be assumed i ined beam.
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VIt was found that the contribution of web reinforcement could

be determined in restrained beams, as in simple-span rectangular and

T-beams, by Eq. (28}, Beams reinforced with 45-degres stirrups gave
very good agreemgnt with Eq. (28); beams provided with vertical stirrups
alsc ggreed‘with this equation except for two beams with the largest
Valﬁss of'r‘fywc It éppears that in beams with relatively short shear
span inclined stirrups are, in general, mors reliable than wvertical
stirrups. It is‘conceivable that inclined stirrups have baitter anchor-
age conditions whenever diagonal cracks ars forced to form in a restrict-
ed space and théreby can develop their full effectivemsss. Conversely,
the anchorage of vertical stirrups might be destroyed before their full
effectiveness is reached.

A1l the above shear-compressicn eguatioms wsre derived and
cshecked for beams for which the a/duratio varied between 1.17 and 4.80.

The a/d-ratio represents the compressive force-shear ratio for simple-

span beams under ons or two concentrated loads; for any other type of

floading this ratic can be represented by the equivalent ratic M/Vd.

Within these limits of M/Vd, the shear strength of a beam was found to
be determined solely by the physical propertiss of the beam. It was
not a function of either the magnitude of shear or the momsnt-shear
ratio at failurs.

‘However, as the M/Vd-ratic increases, the relativq imporiance
of shear in conmection wiﬁh the diagonal temsiom stresges decreases.
Consequently, the extent of diagonal cracking is less proncunced and 1t
was found that the shear stremgth of such beams was largsr than that

given by EBq. (28). It was alsc noticed that the location of shear



103.

aslure was not necessarily the section of maximum moment. For suffi-

? ontly large values of M/Vd the beams failed irn flexurs rather than in

Conversely, for very small valuss of a/d the beams did not

lo5i1 in shear-compression. The mode of failure appearsd to be an actual

fure was tentatively called shear-propsr. It was also found thet ths

shear strength of such beams depended on the x/D-ratic rather than
i;/d;ratio, where x denotes the clear distance between the load-bearing
?Glocks and D the total depth of beam. For x/D egual t¢ zero, the shear

%ﬁtrength of a beam could be related to a nominal shearing stress. The

<3

R ] r8 )4 " -
v, =< = 200 + 0.188 £3 + 21,300 p_ | (47)

As(l + sing)

- 73
Py = tD (46)

t As the ratic x/D increased, the ratio betwesen the test and calculated
Tfshsaring stresses decreased as seen in Fig. 25. Simce the number of
l tests was limited, no expression could be determined for the relation-

j'Ship betwesn v/vG and x/D.

1
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For small values of x/D the location of the load-bearing
bléoks forced the formation of almost vertical cracks and, comsequsntly,
vertical stirrups were not found to comiribute to the shear strength of
the beam. Thus thers is a limiting valus of g for which Eq. (46) is
applicable. However, as x/D increased in the region of shearnpropef,
ecracks followed the sdges of the bearing blocks and vertical stirrups
erossing the crask produced a slight incresase in the shsar strength.

The transiticn regionm between shear-propsr and shear-compression was
estimatéd to lie approximately bestween X/D squal to 0.8 and 1.1,
increasing as the amcunt of vertical stirrups increased. Sirnce ths
contribution of vertical stirrups is very small, inelinsd stirrups should
be used whenever the x/D ratio approaches unity.

For simple-span beams under wmiform loading, the value of
M/Vd ranges from zerc at the sectiom of no moment to infinity at the
section of maximum moment. It is believed that with certain modifica-
tions the shear-compression equations (18), (35), and (28) could be used
to determine the shear strength of such beams. Sincs there ars no
diagonal cracks in the region of maximuym moment and the imclination of
wacks is very small for high valuss of M/Vd7 the beam cannot fail in
shear unless the bending moment is higher than the shear sitrength given
by Eq. (28) at a critical value of M/Vd. kFrom test results studied,
this critical value of M/Vd was set temtatively at about 4.5. Howsver,
since only a few T-beams have been tested umder comditions which
simulated uniform loading, the wvalidity of the above comcept of shear
failures and a more roliabls valus of the critical M/Vd must be sstablish-

8d by a more comprehsansive test program.
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It is conceivable that the same procedure can be used for ary
type of beam under either uniform cor distributed loading to determine
its strength in shear. It involves only the determimation of ceritical
sections for shear failures. Provided that the valus of M/Vd is in
the region of shear-compression, Bgs. (18) and (28) can be used directly
st sectioms whers maximum shear and maximum moment coincide. Inm regioms
of maximum moment and no shear the eritical section at which the shear-
compression equatioms should be uéed is given by the critical value of
M/Vd.

Sincs shear-type failures result in & sudden and complete
dstruction of a structure, they should be avoided im actual comnstruction.
In order to determine the amount of wseb reinforcement mecessary to ensure
flexural failurssy, the flexural capacity of the beam should be determined
first and the corresponding lcoading comsidered as applied lcading. Then,
both the applied moment and shear moment of Eq. (18) or (35) should be
detsrmined for critical sectioms of shear failurs. The ratic betwsen the
two gubstituted‘f@r Msw/Ms in Bg. (28) will determine the amount of web
reinforcement required.

One additiomal problem is comfronted in statically indetermin-
ate structures whenever redistribution of moments néar the ultimate load
is considered. In order to utilize ths full load-carrying capacity of
the structure, its members must bs s¢ designsd as to permit sufficient
rotation at ﬁhe plastic hingesgb Comsequently, net only primary but also
secondary shear failures after yleldimg of the reinforcement must be
prevented. This is a phase of the phenomenon of shear in reinforced

concrete which has rsceived very little attemtion in the pasth.
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23. Conclusicas

Shear-Proper. For x/D = O the shear strength of a beam is

determined by the following exprsssicn:

v, = «%— = 200 + 0,188 £! + 21,300 p_ (57}

where

AS(1 + sing)

- ‘
Py = oD (L6)

as x/D increases, the ratio v/vc decreases. The relaticnship botwsen

x/D and v/vC could not be determined although some informaticz is avail-
able from Fig. 25. The transition region beiween shear-proper and shear-
sompression was estimated to 1lis between x/D équal to 0.8 and 1.1,
deponding on the asmount of veriical stirrups. Otherwiss, the effect of
yertical web reinforcement is mneglocted in Eg. (46).

Shear-Comprassion. In the shear-compression range ths shear

strength of a beam without web reinforcement and under comcenirated
loads is givem by the following squaticms for the maximum shear moment,
M

s

For rsctangular beams:

(18)

wherelg is given for beams reinforced in tension only by

K = \{(pm)g + 2pn - pn (14)
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and for beams reinforced in both temsion and compression by

i
k=\“}a(p + p“')]g + 2n{p + p* - p*t) - nlp + p*)

and where n is given by

=5 + 1@§200
c
For T-beams:
] A
Ms 0.5 4.5 fc
- Ank — o -
Acdfc Ft 105
where
F o= T + Icr
4 IR + -LGI“

For restrained beams: the shear strength is given by

Hqg. (18), whenever bond failures are preveunted, and by the following

107-

(15)

(16)

(34)

squation whenever redistribution of internal forces has taken place as

& result of local bond failurs in the high bond-stress region:

< L.5 s
= 057 - ==
bdgfgkA 165h
where
"

(ﬁ; +1) (1 - kk )

|

' 2
{(p n)° + n-pn
\J (2, ) 2p. - B

o
i

(43)

(1)

(41)
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M . :
p(1 +<2) (2)

° i

o]
]

k =1.11 -\ 1.23 - 0.926k (23)
k, = 0.45

The contribution of web reinforcement is determined in all
eases by the following expressiom for the ratic of the mazximum moment
capacity Msw of the beam with web reinforcement ¢ ths moment capacity

Hs of the sams bteasm without web reinforcement:

Msw 2rf
) 1—&-—- = 1 + gw (28)
- 10
wherse
Aw )
r=c—t— for rectangular beams (27)
and
Aw
T = m for T-bsams (.278'>

The uppsr limit of a/d = M/Vd for shear-compression failures
gould not be determined; the highest value used in tests was 4.8. For
high values of M/Vd the shear strength is larger than that given by the
Bbove equations.

Distributed Loading. At a section where maximum moment and

3kmaximum shear coincide, the shear sirength of a beam under distributed

‘' loading can be determined directly by the above shear-compression



o A SR e

o s e

109 °

equations, provided that the value of M/Vd is in the range of applica-
pility of these egquations. However, in regions of maximum moment and no
shear, the above equations should be used at a section given by M/vd

equal to about 4.5.
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NOTATIONS USEP IN TABLES

band

womprassion

crushing at hooks

reported diagonal tension failures; most bsams
feiled in shear; a few in bond as marked in
the tables

shesr

tension

tension with shear-type final collapse

.Caloulsted Quantitiss

Ms =

B
i

shesr-compression moment of a beam without wedb
reinforcement, given by Eq. (18) for rectangular
beams, by Hq. (35)for T-besams, and by Eq. (43)
for restrained beams with local bond fallure in
high bond stress region

shear-compression ﬁomant of a beam with web
reinforeement, given by Eq. (28)

ultimate flsxursal mcmsnt of a beam; given by
Eq. (29)

load corresponding to Ms

load corresponding to M__

load corrssponding to Mf

ultimate nominal shearing stress for shear-proper
typa of Pailurss, given by Eg., (47) for z/P = O,

whers X is the c¢clear distance between twa load
blocks and D the total depth of beam
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RANGE OF TEST VARTABLES FOR SIMPLE-SPAN RECTANGULAR BEAMS WITHOUT
WEB REINFORCEMENT AND UNDER ONE OR TWO SYMMETRICAL CONCENTRATED LOADS

Test Entry Table No. No. i p . pv b d a a/d L . No.

Series in No, of of © of
Bibl. Beams S,T-3 ' Loads
Fail. psi  ofo o/o  in. in.  in. in. ‘
Richart (2) : :
Series 1910 2 3 - 20%30-2670 1.2%-1.92 - 8 10 2 2.4 T2 2
Series 1911 3 18 8 14902350 1.65-1.94 - 8 10 oL 2.4 -T2 2
Series 1913 L 1 - 2180 1.h7 - 8 15 ko 2,67 120 2
Series 1917 5 6 6 k770 2.7h-3.71 - 8.1 10 L8 4.8 114 2
Series 1922 6 b b 3696-4522 2,33 - 8 21 36 1.71 08 2
Richart and (8) T 6 6 2230-4760 2.80 - 8 21 32 1.52 96 2
Jensen
Thompson,  (9) 8 5 5 2570 2,00 - 8 12 20 1.67 60 2
Hubbard, and : '
Fehrer
Moretto () 9 L L 3550-4640 3.98 | 0.50 5.5 18.25 32 1.75 96 2
Clark (5) 10 12 12 3120-3800 0.98 - 8 15.37 18.36 1.17-2.3% T2 o
M.I.T. (10) 11 1k 3130-4880 1.40-3,1%  p'sp 4-6.25 7 30 4,28 60 1
Gaston (11) 12 3 3 L020-4750 1.38-1.90 - 6 10.58 36 3.40 108 2
Laupa (1) 13 9 9 21k0-4690 0.93-k.11 - 6 10.5 48-51 L.W8-h.79 108 1
Moody (12) .
Series A lha 12 12 880-4570 0.80-2.37 — T 10.5 31.5 3 63 1
Series B 1hb 16 16 1770-5970 1.90 — 6 10.56 36 3.41 108 2
Series IIT 15 12 12 2500-3620 2.72<k.25  p'=0.5p 7 21 32 1.52 96 2
Total 125 111 880-5970 0.80=4.11 o ' . 1.17-4.8

“HTT



Dimensions: b = 8; d = 10; a = 24; a/d = 2.4; L = 72; L' = 78
Loading: 2 equal loads at 1/3-points

Reinforcement:

CLABLAE 2

TESTS BY RICHART, SERIES 1910 (2)*

STMPLE-~SPAN RECTANGULAR BEAMS WITHOUT WEB REINFORCEMENT

Plain round bars; fy = 38,500 psi for Beam 280.3%; not given for others

Concrete Strength: Tests on 6-in. cubes; Reduced to oyl. strength by fé = 0.75 féu

Age at Test:

Around 60 days

Reported

Calculated

Beam fg p Reinf. Anch. Ptest Mode k Mtest Ratio Mode
Bars of 5 Mtest of
psi o/o . No., Size kips Fail. bd"f!k EThan Fail,
' s
280.1 2670 1.23 5-1/2 None 23.8 DT 0.380 0.352 0.78
280.2 2320 " " " 18.8 DT 0.378 0.322 0,69
280.3 2030 1,92 5-5/8 n 21.0 0.456  0.340 0.71 B

pT

¥  Numbers in parentheses refer to corresponding entries in Bibliography.

*CIT



TESTS BY RICHART, SERIES 1911 (2)
SIMPLE-SPAN RECTANGULAR BEAMS WITHOUT WEB REINFORCEMENT

Diménsions: b =8; d =103 D= 12; a = 24; L = 72; L' = 78

Loading: 2 equal lomds at 1/3-points ‘

Reinforcement: Plaln round bars; fy = 34,200 psi for Beam 29%.3, not given for others

Concrete Strength: Tests on 6by8by40O-in. control beams; Reduced to oyl. strength by fg = 6.7 £
Ags a8t Test: Arcund 60 days

v , ‘ » Reported v o o N Caleulated
Beam i p. Reinf. Anch, P , Mode k M, Ratio Mode
© . Bars test i~ g _%_s_,}a My oot . of
psi o/a No., Size kips Fail. pd“fk =ﬁ3§~ Fail.

291.1 1690 1.65 3.3/4 Hooks 25,3 DT 0,446 0,503 1.02 S
291.2 " " n " 22.5 DT n 0.448 0.91 S
291.3 " " " " 27.7 DT " 0.551 1.12 S
29k, 1 1490 w " 15~in. 25,0 DT 0. 457 0,551 1.10 S
204.,2 " " n over- 20.2 DT " 0.445 0.89 S
2943 " " " hang 2h.7 DT " 0.54k 1.08 S
293 .4 2350 "* " Nuts¥ 274 DT 0.h21 0.415 0.89 S
293.5 " " » and 34.5 DT, T 1 0.52% 1.13 S
29%.6 " " n Plates 19.3 DT " 0.29% 0.63 B
29%.1 2040 " h Nuts¥* 20.0 DT 0.431 0.3k41 0.7TL ‘B
29%,2 " " " and 21.k4 DT " 0.365 0.76 B
293 .3 " " » Plates 24 .8 DT n 0.423 0.88 B
286.1 1660 " " None 18.0 DT 0.448 0.363% 0.73 B
286.2 " » n oo 17.6 DT " 0.355 0.72 B
286.3 " " " " 22.5 DT » 0,454 0.92 B
286.5 2160 1.94  5-5/8 " 17.4 DT 0. 452 0.267 0,56 B
286 .6 " " h o 18.5 DT " 0.284 0.60 B
286.7 " L " 22.1 .bTr " 0.340 0.72 B

% = Nuts tightened
%% = Nuts not tightened

‘911
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TABLE 4

TESTS BY RICHART, SERIES 1913 (2)
. SIMPLE-SPAN RECTANGULAR BEAMS WITHOUT WEB REINFORCEMENT

Dimensions: b # 8; d =15; D = 17; a = 40; a/d = 2.67; L = 120; L' = 126

Loading: 2 equ§1 loads at 1/3-points

Reinforcement : ‘3/1&-5.110 plain round bars, fy = 365,300 psi

Concrete Strength: Tests on 6-in. cubeg; Reduced to oyl. strength by fé = 0.75 féu
Age at Test: 225 days

e _Reported e , Calculated .
2 ~ ‘ s , . ' ‘ .
Beam fc D SZ:«EL Anoh PtBﬁJc Mgge k Mtest szatio Mgtii)e
+ - 2 .,
psi o/o  No., Size kips  Fail. bd“f 1k ~§2§3 Fail.
B8
301.1 2180 1.h7 I yn Haoks 24,9 DT 0.%09 0.311 0.66 B

°LTT



TESTS BY RICHART, SERIES 1917 (2)
SIMPLE-SPAN RECTANGULAR BEAMS WITHOUT WEB REINFORCEMENT

Dimensions: b = 8.1; d = 10; D = 12; a = 48; a/d = 4.8; L = 114; L+ = 120

Loading: 2 equal loads

Reinforcement: Plain round bars; fy = 45,700 psi for 7/8-in. bars, fy = 40,600 psi for 3/4-in. bars
Age at Test: About 60 days

_ Reported _ v ot " Caloulated _
- f ) K
Beam ‘fc p Raeinf. Anch. Ptest Mode k Mtest Ratio Mode
Bars of -§~x~v Mtest of
psi o/o No., Size kips Fail. bd“f !k TERS Fail.
: 8
Analyzed With Actusl Comorete Stremgth in Compression Zone
16B20.1 L4770 3. 71 5-7/8 None 31,0 DT 0.52% 0.368 1.0k S
16B20.2 " " u # 29,6 DT 0.523 0.352 0.99 S
16B1.1 " 3,69 u Hooks 32.0 DT 0.522  0.381 1.07 8
16B1.2 oo ” u " 28,8 DT 0.522 0.343 0.97 S
16B2.1 " 2.7h 5.3/l » 26.6 DT 0.472 0.350 0.99 S
16B2.2 " " " " 29.5 DT 0. k72 0.388 1.09 S
Analyzed With Concrete Strength Used in Lower Portions of Beams
16820.1 3210 - ! 0.5351  0.540 1.28
16B20.2 3210 0,531 0.516 1.21
16B1.1 2450 0.550  0.701 1.52
16B1.2 2670 0.543% 0.586 1.30
1682.1 2450 0.499 0.660 1.43
1682.2 2450 _ _ 0.499  0.732 1.59

*Q1IT
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TESTS BY RICHART, SERIES 1922 (2)
SIMPLE-SPAN RECTANGULAR BEAMS WITHOUT WEB REINFORCEMENT

Dimensions: b =8; d = 21; D = 24;: a = 36; a/d = 1.71; L = 108; L* = 120

Loading: 2 equal loads at 1/3 points

Reinforcement: 1 1/8 in. corrugated round bars; fy = 52,400 psi

About 60 days

[y

Ago at Test:

. _ Reported , . v Caloulated
Boam £ 'y Reinf,  Anch., P Mode K u Ratio  Mode
¢ ' Bars tent . of ‘tZSt Mtest of
psi o/o No., Size kips Fail. bd“f 'k — Fail.
. s
221.1 o6 2.3% bl 1/8 None 149.%  B,DT 0. 441 0. k4ol 1.09 S
221.2° 3696 " " n 48,0 B,DT 0.446 0.458 1.13 S
20p,1 L5020 " " Hooks 165.5  B,DT 0,435 0.429 1.17 3
222.2 4337 " " n 126.0  B,DT 8

0.437

0.339 0.91

*61T
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TESTS BY RICHART AND JHENSEN, 1931 (8)
SIMPLE~SPAN RECTANGULAR BEAMS WITHOUT WEB REINFORCEMENT

Includes only thoSe beams which were made of conorets with unatursl sand eni gravel aggregates.

Dimensions: b =8; d =21; D=2h; a = 32; a/d = 1.52; L = 965 Lf = 108

Loading: 2 equal loads at 1/3-points

Reinforcement: 1l-in. plain round bars; :fi'y = 37,600 pei

Age at Test: 28 days (moist cured 28 days) ’

]

o _ Reported | » i o Calculated
< o . . : - — - . - -

Beam fc p Egeinf . Anch. Ptest Mcde k M,tast Ratio Mode
) ars of ' - Mtsst of
psi o/s  No., Size kips ~ Fail. bd“f¥k -  Fail.

8

1 4760 2.8 6-1 Hooks k2.9 DT 0.463% 0.294 0,83 S

2 4620 ", " " 159.7 DT 0.463 0.339 . 0,94 S

% 4290 " 1 " 151.8 DT 0.467 0. 34k 0.91 s

i 3860 " " » 134,1 DT 0.473 0.3%3 0.8k s

5 2230 n " " 105.8 DT 0.510 0.422 0.90 S

6 2630 L n n 116.5 DT 0.498 0.403 0.89 S

i i - — e

AN



TABLH 8

TESTS BY THOMPSON, HUBBARD, AND FEHRER, 1938 (9)
STMPLE~SPAN RECTANGULAR BEAMS WITHOUT WEB RETNFORCEMENT

Dimensions: b = 8; d = 12; a = 203 a/d = 1.67; L = 60; L* = T4 for Series I, L* = 86 for Series II

Loading: 2 equal loads of 1/3-points

Reinforcement: U4-7/8 in. round bars; deformed (?); structural grade

Concrete Strength: The average valus of fé reported for all beams

Age at Test: 28 days

| o | Reported » Caloulated .
o ’ £ Re: s neh., y : : g e y :
Beam . fo p Be}nf Anch Ptest Mode k ntest Ratio Mode
ars of 5 M st of
psi o/c  No., Size kips Fail. bd“£ Xk ~é%1*=~ Fail.
: . . ] 8 )
T B-1 2570 2.0. 4-7/8 Hooks 8k.0 DT 0. 15 0.510 1.12 s
1 B-2 L " " e 88.0 DT " 0.534 1,18 S
I B-3% " " » " 86.0 DT " 0.522 1.15 S
II K-1 " n n 1%3-in.  88.0 DT " 0,534 1,18 S
IT X-2 n n " over- 84,0 DT " 0,510 1.12 S

hang.

*Tet



TABLE 9

TESTS BY MORETTO, 1945 (1)
STMPLE-SPAN RECTANGULAR BEAMS WITHOUT WEB RETNFORGHMENT

Dimensions: b = 5.5; d = 18.25; D = 215 a = 32; a/d = 1.75; L = 96; L* = 120
2 squal loads of 1/3-points
Tensicn Reinforcement: Four l-in. sg. deformed bars: fy = 48,000 psi

Loading:

Compression Reinforcement:

Two 1/2-1n. sq. deformed bars

End Anohorage: Hooks
Age at Test: 28 days
o Raéartad _ Caidulatéd o

i s ' e : ) - _
Boam E@ P pf 1 Ptest Mgge k Ktnp . Mtest, ;atio Mzge

psi o/a ofw kips Fail. bdgf;(k»npﬂ) ﬁﬁgﬁi' Fail.

. , ‘ 8

1IN 3550 3.98 0.50 0.932 70,0 DT 0.516 0.556 0.310 0,76 S
1N2 3620 " . n 88.0 DT 0.51k4 0.553 0.383 0.94 S
2N1 4340 " " e 78.5 DT 0.502 0.538 0.293 0.78 3
oN2 4640 n " " 90.5 DT 0.537 0.318 0.88 S

0.502

AR



TESTS BY CLARK, 1951 (5)
SIMPLE-SPAN RECTANGULAR BEAMS WITHOUT WEB REINFORCEMENT

Dimensions: b = 8; d = 15.37; D = 18; L = T2

Loading: 2 asqual loads at various positions

Reinforcement: 2«No. 7 deformed barsj fy = 53,710 psi

End anchorage: 1/2 by 8-in. steel plates 1/4 in. thick welded to the end of bars
Age at Test: 28 to 30 days; beams kept moist until the day prior to testing

. ~ Reporved ~ Caloulated
Beam f; p & a/d Ptest" Mgge | x Mtast Satio Mgge
psi o/o Cin. kips Fail. bdgfgk w{%g_g‘_g Fail,
8

A0-1 3120 0.98 36 2,34 4o.0 DT 0.329 0.370 0.86 S

2 3770 " " " 48.5 DT 0.320 0.382 0.96 S

3 3435 n " " 53,5 T 0.32k 0,457 1,10 T-S
BO-1 3420 0.98 30 1.95 54, 4 DT 0,32k 0.388 0.93 S

2 3468 " u w ho b DT 0,323 0.299 0.72 S

3 3410 ' " " 57.6 DT 0,324 0.412 0.99 S
COo-1 3580 0.98 24 1.56 78.4 DT 0.322 0.430 1.05 T-8

2 3405 " " " 79.9 T 0.32k4 0.458 1.10 T-8

3 3400 " », T 75,1 DT 0.3%2k4 0.428 1.0% S
DO-1 _ 3750 0.98 18 - 1.17 99.6 DT 0.%20 0,394 0,98 S

P2 3800 W " n 116.9 T 0.320 0.457 1.15 T-3

3 5765 ¥ 8 " 100. 4

DT 0-320 0.3295 0.99 S

A



Dimensions:

Loading:

Reinforcement

End Anchorage:
Age at Test: 8 days

= variable; d =

One load at midspan

s e

Type of bars not given; fy = 52,220 psi fér 3/8-in.,

THSTS AT M. I. T., 1951 (10)
SIMPLE-SPAN RECTANGULAR BEAMS WITHOUT WEB REINFORCEMENT

73 D=8; a=30; a/d = 1&4‘,28; L = 603 LY = 65

fy = 48,370 psi for 1/2-in., fy = 46,240 psi for 5/8-in. bavs

Not given

“Caloulabed

. N Reported e ,
Beam g P p¥ Reinf. k+np? ‘Ratio
(¢}
Bars 5 A M tost
psi o/o o/e No., Size bd f(’;(k*rnp“) -~
. : 8

T~2b 3580 l.bo0  1.,h0 2-1/2 10.0 8 0.436 0.96 S
c 1" " " (n 10.0 S " 0. 96 S
T-3a 3470 3.1k 3,14k 2-5/k 10.5 8 0.652 0.86 S
‘b 1 " u 1§ 7 R O S 1] O o 57 S
G 13 ] ] 1] 8 . 5 8 " 0. 70 S
T-5a 3460 2.18 2.18 2-5/8 9.5 S 0,54l 0.94 8
'b " 11 " " 10 R 1 s 1] 1 " OO S
G b " " " 10, 3 s M 1,01 [
T-6b 3130 1.40 1.40 2-1/2 7.6 S 0.446 0.97 S
c " " " " 8.2 5 " 1.05 8
T-11b 4190 1.0 1.40 2-5/8 12.0 S 0.425 0.87 S
T-1%a 4880 2.18 2.18 2-3/k 15.8 S 0.51k 0,95 s
b " u I 1w 15.0 S " 0.91 S
" " " n 14,3 S " 0.87 S

° 178.1:



TESTS BY GASTON, 1952 (11)
SIMPLE-SPAN RECTANGULAR BEAMS WITHOUT WEB REINFORCEMENT

Dimensions: b = 63 d = 10,583 D = 12; a = 365 a/d = 3.40; L = 108; L' = 120
Toading: 2 equal loads at 1/3-points

Reinforcement: Defcrmed bars

Age at Test: Around 30 days

!

Reported. ' ~ Caloulated

— , _ T N __ oS |
Beam fc hs) E};emq - Anch., Mtfest Mode - k Mtest Ratio Mode
ars - af g M tort of
psi  o/e Na., Size ksi kip-in.  Fail. bd £k aﬁfi¢# Fail.
: s _
T2Mea, I320 1.38 2-No.6 .7 Nons 3%0.3% S 0.%59 0,319 0.85 8
TOMb Lo20 " n 48.3 Hooks 351.7 S 0,363 0.359 0.92
S

ToMe L0 1.90 2-Na.7 46 .8 None 450,20 S 0,405 0,377 1.02

*G2T



THESTS BY LAUPA, 1953 (1)
SIMPLE-SPAN RECTANGULAR BEAMS WITHOUT WEB REINFORCEMENT

Dimensions: b = 635 D = 12; L = 108; L* = 120; distance & given from venter of end support to edge of
column stub ' '
Loading: One lgad at center of 108-in. span, applied through 6 by 12-in. column stub, 6 in. high

Reinforcement: Deformed bars

End Anchorage: None, atraight bars

Age at Test: Around 28 days
_  Reported _ , " Caloulated |

Beam f£F* “p Reinf. f d a a/d P, . Mode M ~ Ratic Mode

¢ Bars ' Y test e mtgst My oy of

psi o/o No., Sime ksi in.  in. kips Fail. bk RS Fail,
§-2 3900 2.08 3-Na.6 1.2 10,58 48 k.54 19,1 3 0.415 0.k21 1.07 S
8-3 4690 2.52 2-Ng.8 59.4  10.44 ¢ k.60 23.9 S 0.446  0.419 1.17 S
S-L Lh70 3.21 2-No.9 4,8  10.37 n 4,63 25,0 S 0.478 0.435 1.18 3
§-5 4330 k.11 2-Ne.10 45.7 10.31 h.66 22.4 S 0.5351. 0.367 0.98 S
S-11 21k 1.90 2-No.7  47.5 10.51 » h.57 15.2 8 0.450 0.571 1.20 S
8=13 3800 4,11 2-Ne.10 44,1 10.31 * 4,66 22,4 S 0.528 0.420 1.05 S
S-1 3940 1.46 3-No.5 .6 10.65 51 L.79 16.8 T-8 0.361 0..43 1,13 T-8
8-9 2140 0.93 3-No.k . 443 10.72 48  hAW8 11,5 T-8 0.344% 0.543 1.15 T-8
§-10 2280 1,39 2-Ne.6  141.8 10.58 % 4.5k 0.396 1.30

15.% T-8

0.608

T-8

921



TESTS BY'MbODY, smaxms A 1953 (12)
SIMPLHE+SPAN RECTANGULAR BEAMS WITHOUT WHB REINFORGEMENT

Dimensions: b = T; d = 10.3-10.8; D = 12.0, =
Lgading: One load at midspan

Reinforoement: Intermediate grade deformed bars
End Anchorage: Nona, straight bars

Age at Test: About 28 d‘a:ys

Y

= 51b5; a/d =

2.92-3,063 L = 63; L* =

e Reported ; . Osloulated ,

Beam f;’ d . P . Igzlzsu’ Ptest Mzge k M,tba‘t» ﬁatia

psi in, o/o No., Size kips Fail, bdgfgk _%EEE

. . 8

Al 4h00 10.%0 2,17 1-11 27.0 ] 0,426 0.306 0.82
2 4500 10.50 2,15 2-8 30.0 " 0,423 0.322 0.88
3 4500 10.55 2,22 2-73;1-6 34,0 " 0.428 0.357 0.97
4 4570 10.63  2.37 k-6 32,0 " 0.437 0.319 0.88
Bl 3065 10.50 1.62  1-8;2-4 25,3 - " 0.401 0.420 0.97
2 3125 10.55 1.65 2-7 27.0 - n 0.k401 0.435 1.01
3 2785 10.6% 1.60 2-6;1-5 25,0 n 0. 4ok 0.2 0.99
s 2430 10.69 1.66 4.5 25,0 " 0.4%19 0.483 1.05
cl 920 10.55 0.81 1-7 9.0 n 0.395 0.501 0.95
2 880 10,70 0.85 25 11,0 " 0.40% 0.608 1.14
3 1000 10.75 0,80 3.4 11.4 " 0. 584 0.577 1.10
L 980 10.80 0.82 2-4;2-3 11.% " 0.391 0.569 1.08

*L2T



Dimensions:

TESTS BY MOODY, SERIES B, 1953 (12) .
SIMPLE~SPAN RECTANGULAR BEAMS WITHQUT WEB REINFORCEMENT

b=6;d=10.5; D =12; a = 36; a/d = 3.41; L = 108; L* = 120
Loading: 2 equal loads at 1/3-points

Reinforcement:

2<No. T intermediate grade deformed bars

End Anchorage: - None, straight bars

Age at Test: About 28 days
Reported o Calculated

fé P Ptest "~ Mode X Mtés£ Ratio Mode

Deam i / kips FZil [ gﬁigg FZ§1

psi " o/o . | o
1 5320 1.9 26.0 S 0.397 0.%3h 1.01 S
2 2ko0o i 16.0 S 0.4h1 0.408 0.89 S
3 3735 " 23.5 S 0.k1kh 0.413 1.03 S
L 2230 " 19.8 S 0.4l 0.540 1.15 S
5 R IIEs) " 23,4 S 0.395 0.3%62 0.98 S
6 2290 " 15.8 S 0.445 0.h421 0.90 S
7 4480 " 23.0 S 0.395 0.354 0.96 S
8 1770 n 14,0 S 0.465 0.462 0.94 S
9 5970 " 24,0 S 0.393 0.278 0.92 S
10 3470 n 22,0 S 0.418 0.412 1.00 S
11 5530 " 27.0 S 0.395 0.3%6 1.05 S
12 2925 " 21.2 S 0.h2h 0.464 1.06 S
13 - 5480 " 25.0 S 0.396 0.31% 0.97 S
14 3265 g 19.4 S 0.421 0.382 Q.90 S
15 5420 " 23.0 S 0.397 0.291 0.89 S
16 2370 " 17.0 S 0.446 0.437 0.9k4 S

°gctT
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TESTS BY MOODY, SERIES ITI, 1953 (12)
SIMPLE-SPAN RECTANGULAR BEAMS WITHOUT WEB REINFORCEMENT

Dimensions: b = T3 d = 213 D = 2k a = 323 a/d = 1,525 L = 96; L! = 120
Loading: 2 equal loads at 1/3-points ,
Tension Reinforcement: Four deformed bars

Compression Reinforcement: Two deformed bars; t = 0.91

Age at Test: 28 days

i .

Reported ..

| | . | ,_ ~ Caloulated |
Beam f! p pr £ " Anch. P . M:?P k kinp* M Satio; Mgge
psi  o/o  o/o  ksi kips  Fail. | bdzfé(k%np‘) ;est Fail.
) 3

Coke 2580 2,72 1.36 U5.7 Hooks 133 8  0.432  0.5%2 0. 48l 1.07 S
b 2990 " o " " 136 S o.h2k  0.538 0.439 1.01 8
2% 3530 3.46  1.73  U45.h " 120 S 0.456  0.582 0.303 0.7k S
b 2500 " " . 130 8 0.455  0.610 0.4k2 0.97 8
26a. 3140 k.25 2.13 43,8 " 189 5 0.485  0.659 0.473 1.10 8
b 2990 " " "o " 178 S 0.488 0,665 0.464 1.07 S
2Ta 3100 2.72 1,36 LU5.7 Nome 156 S 0.433  0.545 0.479 1,11 S
b 3%20 " " " " 160 S 0.%29  0.538 0. 46k 1.10 8
28a 3380 3.46 1.73 L45.4 n 136 8 0.458  0.596 0.350 0.8k 3
b 3250 " - » " 153 S 0.519 0.519 0.470 1.11 S
29e 5150 k.25 2,13 43.8 " 175 8 0.485 0.659 0. 437 1.02 8
b 3620 @ ® n " " 196 S 0.480  0.645 0,435 1.07 S

“62T



RANGE OF TEST VBRIABLES FOR BIMPEE»BPAN RECTAHGULER BEAMS

WITH STIRRUPS AND UNDER ONE OR TWO SYMMETRICAL CONCENTRATED LOADS

Test

Tabls

No.

ofa P

No. No. £2 d p¥ f
Series Ne.. of of of ° ’ v
- Beams Shesr Flex.
Fail. Fail. psi in. a/o o/a deg. o/o ksi

Richart (2)% :

Series 1910 17 6 - 6 2030~3570 10 2.4 1.40-1.56 - 45.90 0.35:0.52 54.53;93.3 .

Series 1913 18 9 1 8 1380-2180 15 2.67 1.h47 - 45 0.17-1.39 LoX

Series 1922 19 6 - 6 3689-hiok 21 1.7l 2.33% - 90 1,38-1.4%0 39.6-42.9
Slater, Lord, 20 L 1 3 3000-5960  32.75 1.7h% £.33-8.50 p’=p 90 0.23%-0.88 70
Zipprodt (15) 16.9 3.37
Slater, 21 30 1T 28 12105060 k.1-  2.9% 2.1-k.7 - 90;20  0.42-0.85 73.k4
Lyse (16) , 12,2  8.78 .
Thompsony 22 3 3 - 2570 12 1.67 2.0 - 90 0.29 y5%
Hubbard,
Fehrer(9)
Joh?stgn, 23 20 10 10 © 3190 12 3.00 0.39-0.87 -~ 90 0.10 h5%
Cox(17 :
Moretto (%) = 2k 4o 26 14 2320-5060 18.25 1,75 %.98 0.50 90;67.5; 0.28-1.12 46.0-55.0

) 19,50 1.64 1.86 0.47 45
Clark (5) 25 50 i3 T 2000-6900  15.37 1.17- 1.63-3.k2 - 90 0.34-1.22 48,0
12,37 2,54
Gaston (11) 26 9 - 9 2120-5900 9.23« 3.36- 0.62-T.22 - 90 0.28-1.83 L5*
. 10.72 3.90 .

Mondy (12) 27 2 2 - 325033680 21 1.52 L.25 2,13 90 0.52;0.95 Wh.0:47.3
Total 179 87t 91

-+

Numbers in parentheses refer to corresponding entries in Bibliography.

One additional beam failed because of insufficient anchorage of stirrups.
Assumed values.

*0¢T



g TABLEL Lf

TESTS BY RICHART, SERIES 1910 (2)
SIMPLHE-SPAN RECTANGULAR BEAMS WITH STIRRUPS

Dimensions: b = 8; d = 10; a = 24; a/d = 2.4 L= 72; L = T8

Loading:

Tension Reinforcement :

Concrete Strength: Tests on 6-in, oubes; reduced to o6yl. strength by f; = 0,75 £4
From 60 to TO days

Ago at Test:

2 equal loads at 1/3-points
Monolith,; ovoid; and eorrugatéd bars

oy

¥ Bent-up bars not included in web reinforcement.

Tension

Web o r b rf P

-

Boeam iy p f Mode s Ratio

' Reinf. B Reinf. v ywotest Tor mq, 18 P,
psi No., Size o/o ksl deg. o/o ksl psi kips Fail, kips Ptebt
. S
) Stirrups ag Web Reginforcement

282.1 2420 2-3/hn 1.40 /4% round 45 0.35 54,5 191 32,0 T 29.% 1.09

-2 . %570 monolith " 37.7 1loops u " n n 32.0 T 36,1 0.89
3 2h10 " " " n n 33,8 T 29.3% 1.15

281.1 2670 3-11/16"  1.56 40.0 3/16" round 90 0.52 93,3 485 40.0 T 30,k 1,2k
2  23%20 ovoid " loaps n " " " 36.4 T 29.8 1.22
3 2030 " " " " s 36.7 T 27.% 1.3k

Both Stirrups and Bent-up Bars Used as Web Reinforcement

281.5 2570 2-11/16" 1.48 37.6 3/16" round 90 0.34% 99.4 © 339% 41,0 T 31.0 1.32
6 2570 and 1-5/8% * ’ loops and " n " " 37.8 DT,B  30.9 1.22
7 2030 ovoid n 1-5/8n . - " " " ho.0 T 26.9 1.49

284.1 2420 h-5/8n 1.50 63.3 3/16" round U5 0.25% 63.7 159% 52.8 T 30,1 1.76
2 2560 corr. " stirr. and &nd " " n 49.3 T 31.1 1,58
3 2hkio " 2-5/8n 90 " " f 7.5 DT 30.0 1.58

284.5 2570  h-5/8» 1.50 1/b" aq. b5 0.56% 55.6 311% 54,5 T 31,1 1.75
6 2900 corr. " stirr. and and " " " 50,0 T 33,4 1.50
7 2030 " 64.8 2-5/8" 90 "o " " T 27.0  1.88

51.0

*TI¢T
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TABLE 18

i TESTS BY RICHART, SERIES 1913 (2)
1 SIMPLE-SPAN RECTANGULAR BEAMS WITH STIRRUPS

Pimemsions: b = 8; 4 =15; D = 17; a = 40; a/d = 2.67; L = 120; Lt = 126
fhgaging: 2 squal lomds at 1/3~§61nts

‘pagsion Reinforcement: Four B/AQIn, plain round bars, p = 0.0147,

i“’ £ = 36,300 psi

‘Emd Ancherage: Hoeks

'Web Reinforeement: 1/4, 3/8, amd 1/2-in. plain round bars, £f__ = 40,000 psi
- sssumed had

;aamarete Strehgth: Tests on 6-in. cubss; .reduced tgo cyl. strength by
v s'4 = - e :
£ =075 £7.

Aigs at Test: From 80 to 238 days

:3ggm féA a r rfyw Ptest M@da ‘ PS Ratig Ratie
. of . Bg. 18 Piost Ttest
3 psi deg. o/v psi kips Fail. ) =5
. | kj_p? PS PBW
%03.1 2180 4 0.17 68  38.7 BT 37.8  1.02  0.90
sok.1 1910 % 0.35 140 39.5 T 34.8 1,13

. 2 1680 ™ 0.35 140 ho,2 T 32.0 1.26

5.1 1820 ® 0.78 312  38.0 T 33.6 1,13

¢ 2 1380 n 0.78 312 0.0 T 28.6 1.%0

306.1 18k ™ 0.78 312  40.0 T 33.%  1.20

L2 1910 ™ 0.78 312  35.7 T 3.8 1.02

‘37,2 1760 % 1.39 556 hoi7 T 33,0 1.23

308.1 2030 ™ 0.82 328 Mo T 36,2 1.22

kit . ‘ , .



}imensions:
woding:

TABLE 19

TESTS BY RICHART, SERIES 1922 (2)

SIMPLE-SPAN RECTANGULAR BEAMS WITH STIRRUPS

b=28;d=21;D=2k4; g =36; a/d=1.71; L = 108; L*
2 squal leads at 1/3-points

= 120

tension Beinforcement: "Four 1 1/8-in. corrugated round bars; p = 0.0233;

ind Anchorage: Heoks

fy = 52,400 psi

igb Reinforcement: Plgin round vertical stirrups

133.

igs at Test: Around 60 days
toem £} Stirr. s r z rf,  Piegy Mode P_  Ratio
Size yw of B 8
| ) Faii, —d; 1O _test
psi in. in. o/o ksi psi kips kips P_
Stirfups s Web Rsinf@rceﬁeﬁt
$3,1  Mkiek  3/8 it 1.8 k2.9 592  212,5 T 136.6  1.56
2 3689 - " " " v 216.4 T 130.2  1.66
o1 k106  1/2 7 1.0 k0.1 561 218.5 T 136.4  1.60
L2 3790 ", u n s » 216.0 T 132.0  1.6k4
5.1 3788 5/8 11 1.39  39.6 550 227.3 T 132.2  1.72
.2 hokr ¢ * " " " e2l.2 T 135.%  1.63
f4” Bent-Up Bars As Web Reinforcement
9,1 3931 2-1 1/8% 0.96 52.h 503 223k T 134.1  1.67
. 2 k203 Bent-Up n # u 211.7 T 1.5k

137.6




THATS BY SLATER, LORD, AND ZIPPRODT, 1926 (15)

STMPLE--SPAN RECTANGULAR BEAMS WITH STIRRUPS

Dimensions: & = 57; L = 11k; L* =

Loading:

Flexural Reinforcement:

End Anchorage:

Web Reinforcement:

Hooks

One load at midspan

128; D = 36 (18 for Beam 61)

Bqual tension and compression reinforcement; 1 1/4-in. round plain
bars; fy =

lower yield strength

Age at Test: About 60 days

¥

1/2 and 3/8-in. plain round vertical bars: fyw

about 55,000 psi; some bars, not known which, had much

= gbout 70,000 psi

Stirr. =

P Mode

Beam f°! b d a/d  p=p* t r rf tost P Ratio Ratio
¢ Size yw s of B s 8 P P
Fail. q. 1 test test
P P
psi  in.  ium, o/o in. in. o/o psi kips ‘ kips 5 sw
43 4880 12.0 32.75 1.74 2.50 0.901 1/2 2 0.82 574 L4o6.2 T k15.6 1.19
48 3000 12.1 " " 2.48 " 1/2 2 0.81 567 k496.2 T 347.6 1.43
50 5960 12.1 " " 2,48 " 3/8 1 0.88 616 540.0 T 4k29.6 1.26
61 3600 11.8 16.9 3.37 2.33 0.867 3/8 L 0.25 161 121.35 DT 99.2 1.22  0.92

“HeT



TABIE 21 133.
TESTS BY SLATER AND LYSE, 1930 (16)
SIMPLE-SPAN RECTANGULAR BEAMS WITH STIRRUPS

jimensions: & = 36; L = 114; L* = 132; a&/d = 2.95 to 8.78
tading: Tvwo equal loads
rengion Reinfarcement: Rail-steel bars, fy = from 59,300 to 63,000 psi
ind Anchorage: Hooks
eb Reinforcement: 3/8-in. stirrups, fyw = 73,400 psi
ga at Test: 28 days
eam £1 b d P« r rf o, Kef o Py Moge Py ?atio
P , F:il Eq. 18 ~test
i psi in. .in o/c deg. @/o  psi psi kips °  kips Ps
14 1210 8.2 10.2 2.1 90 0.854 627 3%3.0 c 15.3 2.15
B 1520 * wooon » u 32.0 ¢ 17.9 1.79
g 1is0 » " T » » 36,2 C 17.3 2,09
ioA 2530 " 10.3 2.8 n " W7 ¢ 27.9  1.70
B 20ko n S "' n 4o.0 C 30.5 1.31
¢ 2910 % " « = " " 46.8 o 30.3 1.54
%28 ho2o " 3.7 & » n 58.6 o 39,1 1.50
"B keoo * » ®oom n » 64.8 C 39. 1.63
¢ bLkooo n » noom » n 66.6 c 39.0 1.71
M LB70 * 101 kb7 ¢ » » - TS C L3.0 1.73
. B~ 4660 n nooom " » 71.1 c ko.9 1.66
t¢ 5060 * " wooom n " 79.0 c 3.9 1.80
6A 2490 * 1k.2 3.0 .M ». " 92.5 DT* 53,7 1.73
"B 2600 » n o om n n 106.6 c 55.3 1,92
¢ 2670 ” " nooom n " 92.0 ¢ 56.1 1,64
74 2800 8.3 12.2 2.8 " 0.843 619 69.3 C ho,1 1.65
"B 2860 *» " n n » " 63.9 c kp,6  1.5C
.0 3200 * v L 4 n 1.3 o b5,k 1.57
B8A 3020 8.1 8.0 3.1 20 o.k21 309 135 25.8 o 19.1 1.35
i B 2650 » rooR » n n 31.7 DT 17.7 1.79
‘0 2600 * n oo » » » 33,k C 17.5 1.91
98 3120 7.9 5.9 3.2 * o.k32 317 139  15.3 ¢ 104 1.k7
B 2670 * » oo " " " 18.6 ¢ 9.5 1.96
¢ 2900 * ” no= *» oo n 16.6 C 10.0  1.66
IBA 3040 8.0 4.1 3.0 *® 0.427 315 138 6.8 ¢C b9 1.37
: B 2750 ™ n oo " " H T.7 C 4.6 1.65
-G 2660 0% » » n » 6.2 C k5  1.37
HK-A 3730 " n h,o = n n » 9.8 o 6.0 1.63
©B 3900 * " = o » n » 10.3 C 6.1 1.68
¢ 6 3800 " = n " » 9.0 c 6.0 1.49

¢ Stirrups too short.



136.

TABLE 22

TESTS BY THOMPSON, HUBBARD, AND FEHRER, 1938 (9)
SIMPLE-SPAN RECTANGULAR BEAMS WITH STIRRUPS

]

Dimensions: b =8:d=12; a = 20; a/d = 1.67; L = 60; L¥ = Tk
Loading: 2 equal loads at 1/3-points

Tension Reinforcemsnt: 4 - 7/8 in. round bars, structural grads;
deformed (?) bars

End Amnchorage: Hooks

Web Reinforcement: 1/4-in. round vertical stirrups at 3.5 in.;
r = 0.0029; fyw = 45,000 psi assumed

Ags at Test: 28 days

Beam £? D rf P Modse P Ratico Ratic
c A test of s P P
. Eq. 18 test test
' Fail. 5 B
psi o/o psi kips kips s SW
IC 1 2570 2.0 129 97.0 S 4.8 1.30 1.03
" n " 88.0 S " 1.18 0.94

3 n " n 98.0 S " 1.31 1.04
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TABLE 23

TESTS BY JOHNSTON AND COX, 1939 (1T7)
SIMPLE-SPAN RECTANGULAR BEAMS WITH STIRRUPS

Dimensions: b = 12, d = 12; D = 13.3; a = 36: a/d = 3.00; L = 108;
L' = 120

Loading: Two equal loads at 1/3-points

Tension Reinforcement: Hard grade deformed and sq. twisted bars
End Anchorage: Hooksd

Cdncrete Strength: Average concrete strength reported

Web Reinforcement: Vertical 1/4-in. deformed stirrups at 8 in.;
inter. grade, fyw = 45,000 psi assumed

Age at Test: 28 days

137.

Beam ! P - £ rf P Mode P Ratio Ratio
] y yw test of s P P
. Eq. 18 test "test
Fail., : 5

psi o/o ksi psi kips kips s sSW

A1 I 3190 0.451 62.2 47 30.6 T 30.9 0.99 0.90
IT * n " " 30.9 T n 1.00 0.91
A2 T ¢ 0.39 59.2 " 28.7 T 29.0 0.99 0.90
IT n " " " 28.4 T n 0.98 0.90
A3 T ® o.41 60.3 = 28.3 T 29.6 0.96 0.88
IT » " n " 28.2 T n 0.95 0.87
BLI " 0.78 59.2 " ¥5.2 DT 38.9 1.16 1.06
IT » » » n 45,3 T " 1.16 1,06
B2 I ® 0.82 60,3 ™ L5 T 4o.2 1.11 1.01
IT » " n " 45,2 DT » 1.12 1.02
B3I » 0.8%3 63%.2 " 52.8 T 39.9 1.32 1.21
IT = n » » 52.9 DT » 1.32 1.21
I1I ¢ 0.82 58.6 4.0 DT 39.7 1.16 1.06
IT » . n " 45.5 DT » 1.15 1.05
TLI 0.87 58.4 » S5k.2 DT ho.T7 1.33 1.22
IT *» » " n 54,3 T H 1.33 1.22
T2 I ™ 0.81 61.8 h7.1 DT 39.5 1.19 1.09
II & n n “ 45, DT " 1.16 1.06
T3 I ® 0.78 6.4 » hko.8 DT 38.9 1.10 1.01
IT = n " n 45,5 DT " 1.17 1.07




" TABLH. 24

TESTS BY MORETTO, 1945 (L)
SIMPLE~SPAN RECTANGULAR BEAMS WITH STIRRUPS

Dimensions: b = 5.5; d = 18.25; D = 213 & = 32; a/d = 1.75; L = 96; L* = 120
Loading: 2 equal loads at 1/3-poilnts.

Tension Reinforcement: Four 1l-in. square deformed bars; p = 0.0398; fy = 48,000 psi
End Anchorage: Hooks

Compression Reinforcement: Two 1/2-in. square deformed bars:; t = 0.9%2:; p* = 0,005
Web Reinforcement: 1/4-in. plain bars, 3/8 in. and 1/2-in. deformed bars; s = 6.5 in.
Age of Test: 28 days

Beam £r a r £ rf P Mode P Ratio Ratio
G , W yw- test of s P P
F Eq. 18 test tost
ail. = B
psi deg. o/o ksi kips kips 8 sSW
v 1/ 1 3880 90 0.28 55.0 15k 116. 4 DT 96. 4 1.21 0.9%
2 3040 n " " " 116.8 DT - 85.3% 1.37 1.05
2v 1/4 1 4680 " n " " 135.8 DT 103.5 1.31 1.00
o2 4930 " n " " 134 4 DT 104.9 1.28 0.98
1 1/% 1 4020 67+5 " " " 126.9 DT 97.8 1.3%0 0.99
2 3570 n " " " 115.0 DT 92.8 1.2k 0.95
oT 1/% 1 4840 " " n n 1.0 DT 10k. 1.38 1.06
‘ 2 4560 " " " " 120.0 DT 102.7 1.17 0.89
1 1/h 1 3360 45 " " n 115.3 DT 90.0 1.28 0.98
2 3590 " n n " 121.8 DT 92,9 1.31 1.00
2D 1/4 1 3570 " " " n 142.% DT 90.0 1.58 1.21
2 3540 " " n " 1%8.8 DT 92.5 1.50 1.15
1V 3/8 1 2780 90 0.615 47.9 295 142.9 DT 81.2 1.76 1.11
2 3450 n " " o 150.8 DT 91.2 1.65 1.04
2V 3/8 1 Lho6o " " " 148.3 DT 100.0 1.48 0.93%
2 3980 " " " * 139.0 DT 97.6 1.h2 0.89

e T




THSTS BY MORETTO, 1945 () |
SIMPLE-SPAN RECTANGULAR BEAMS WITH STIRRUPS

£ b4

Mode

Ratio

Beam r P _ P Ratio
c : yw yw test of s P P
ey Eq. 18 test tost
Fail. P

psi deg. o/o ksi psi kips kips 8 SW

1I 3/8 1 3780 67.5 0.615 W7.9 295 162.5 DT 95,4 1.70 1.07
2 3370 . " " " 155.5 DT 90.0 1.73 1.09

21 3/8 1 4210 n " n " 1710 DT 99.9 1.71 1,08
2 4160 " " " " 165.0 DT 99,2 1.66 1.0k

1D 3/8 1 2940 45 " " " 13%2.0 DT 83.9 1.57 0.99
2 2770 " " " " 127.5 DT 81.0 1.57 0.99

2D 3/8 1 3790 " " n " 139.9 DT 95.2 1.h7 0.92
2 3580 n n " " 174 DT 93,0 1.58 0.99

1w 1/2 1 3740 90 1.12 50,7 568 157.0 C k.8 1.66 0.78
2 3590 " " n " 157.0 C 92,9 1.69 0.79

oV 1/2 1 5060 " " " " 188.8 C 105.6 1.79 0.84
2 4570 " " " " 184.0 c 102.6- 1.'79 0.8k4"

1L 1/2 1 3070 67.5 " " " 177.5 C 85,8 2.07 0.97
2) 3110 " n " " 178.0 o 86.% 2,06 0.96

2L 1/2 1 LoB0o " n " " 196,3 . C 98.3 2,00 0.9k
2 L340 " " " " 196.1 C 100.8 1.95 0.91

1D 1/2 1 3090 L5 " " " 165.0 ¢ 86.2 1.91 0.89
2 2320 ” " " " 145.0 c 72.9 1,99 0.9%

2D 1/2 1 3330 n " J " 171.5 C 89.5 1.92 0.90
2 3660 " " " " 180.2 C 9%.8 1.92 0.90

Series la
b= 5,5 in.; d = 19.5 in.; & = 32 in.; a/d = 1.64; p = 0,0186; p' = 0,0047; t = 0.9%6

1aV 1/4 1 3650 90 0.28 46.0 129 105.2 DT 82.5 1,28 1.02
3430 " " n " 107.0 DT 80.0 1.3k 1.07

1laV 3/8 1 3385 " 0.615 52.0 320 115.6  T,DT 9.7 1.45 0.88
2 3290 " " . " 119.1  T,DT  78.6  1.52 0.93

“6¢T



TABLA 25 | | N A

TESTS BY CLARK, 1951 (5)
SIMPLE-SPAN RETANGULAR BEAMS WITH STIRRUPS

Loading: 2 squal symmetrical loads at various positions on beam

Tenslon Roinforcement: Deformed bars »

End Anchorage: 1/2 by 8-in. plates 1/4-in. thick welded to the end of bars
Web Reinforcement: 3/8-in. vertical deformed bars; fyw = 148,020 psi

Age at Test: 28 to 30 days; beams kept moist until the day prior to testing

Beam ‘f° | D a vAa/d‘ s r ~ bff V P _ Mode ) P | Rﬁtio | Ratid Ratio
c yw test of s P P p
, Bg. 18 tost tost tost
Fail. P B P
psi o/o in. in, o/o psi kips o kips s " sw f
8 by 18 in. Beems; Span = 72 in.; d = 15.37; £ = 46,500 psi

A1-1 3575 3,10 36 2.5 7.2 0.38 182 100,0 DT 75.9 1.32 0.97 0.83
o) 5)_,_30 B u il " " [T} 9)_,_ .0 DT 'ﬂt .5 1.26 0.92 0. 78
3 3295 " " " " " n 100.0 DT 4.0 1.35 0.99 0.84
L 3590 " n " n " n 110.0 DT 76.0 1.4k 1.06 0.91
Bl-1 3388 3,10 30 1.95 T.5 0.37 178 125. 4 DT 88.9 1.k41 1.0k4 0.88
2 3680 n 1 " " " " 115.4 DT 92.3 1.25 0.92 0.79
3 3475 " n " " " n 128.1 DT 89.2 1,43 1.05 0.89
4 3380 " " " " n n 120.6 DT 88.6 1.36 1.00 0.84
5 3570 " " " " " " 108.6 DT 91.0 1.19 0.88 0,75
B2-1 3370 3.10 30 1.95 3.75 0.75 351 135.4 DT 88.4 1.5% 0.90 0.95
2 3820 " " " " " n 14k.9 DT 94,0 1.54 0,90 0.98
3 3615 " " o « n " 150.6 DT 91.5 1.6k 0.96 1.03
B6-1 6110 3,10 30 1.95 7.5 0.37 178 170.6 DT 106.3 1.60 1.18 1,06
Cl-1 3720 2.07 24 1.5 8.0 0.34 163 124k.9 DT 1ooQ9 1.2k 0.94 0.95

o 3820 o " " " L " 139.9 DT 101.9  1.37 1.0% 1.05

-OHT




TABLE 25 (CONT'D)

P

Beam £ P s r rf P Mode Ratio Ratio Ratio
G W test ? s P P
FO. Eq. 18 tesgt test teost
ail. B D P
psi o/o in. in. o/o psi kips kips s 5W £
¢1-3 3475 2.07 2k 1.56 8.0 0.34% 163 110.6 DT 97.6 1.13 0.85 0.85
L L4210 " " " " " n 128.6 DT 106.3 1.21 0.91 0.96
ce-1 3430 2.07 2k 1.56 k.0 0.69 331 1%0. 4 DT 97.0 1.34 0.81 1.00%
2 3625 " " " " " " 135. 4 DT 99.6 1.36 0.82 1.0%%
3 3500 " " r " " " 145.6 T 97.8 1.49 0.90 1.11%
L 3910 o " " " " " 129.6 DT 100.5 1.29 0,78 0.98%
¢3-1 2040 2.07 2% 1.5 8.0 0.34 163 100.6 DT 71.6 1.ko 1.06 0.87
2 2000 " " " " " wo 90.1 DT 70.9 1.27 0.96 0.78
3 2020 " " 4 " " " 84.6 DT T71.3 1.19 0.90 0.7
Ch-1 3550 3.10 2k 1.56 8.0 0.34 163 139.1 DT 113.5 1.23 0.95  0.86
c6-2 6560 3.10 24 1.6 8.0 0.34 163 190.6 DT 132.2 1.4h 1.09 0.9k
3 6480 " n " " " " 195.6 DT 132.1 1.48 1.12 0.97
4 6900 " oo " " " 192.7 DT 13%0.4 | 1.48 1.12 0.95
by 18 in. Beams; Sﬁan = 72 in.; d = 15;57 in.; £ = 48,630 psi
p1-1 3800 1.6 18 1.17 6.0 0.46 221 135, 4 DT 124,1 1.09 0.76 0.91
2 3790 " n " " " " 160.4 T 121.0 1.32 0.92 1.08%
3 3560 " " " " " » 115.4 DT 120. 4 0.96 0.67 0.78
p2-1 3480 1.63 18 1.17 k.5 0.61 293 130. 4 DT 119.0 1.10 0.69 0.89
2 - 3755 " » " " " " 140.4 DT 1234 1.1k4 0.72 0.9k
5 3595 " " " " " " 150. 4 T 120.9 1.2k 0.78 1.01%
Y 3550 " " " " n n 150.6 T 1.25 0.79 1.02%

120.3

“THT



TABLE 29 (CONL#D)

Boam £ p a a/d s r rf P, . VMdde P Ratio Ratio Ratio
G yw test 8
of P P P
Fail Eq. 18 test test test
| atte P P

psi o/o in, o in. o/o psi  kips. ~ kips s sw f

D3-1 Logo 2.44k 18 1.17 3.0 0.92 hlp 177.6 DT 148.5  1.20 0.6k 0.8%
Dk-1 3350 1.63 18 1.17 2.25 1.22 586 1ho. 4 DT 116.8 1.20 0.55 - 0.96

6.by 15 in. Beams; Span = 96 in.:; d = 12.37; fy = 46,500 psi ~

p1-6 4010 3.h2 24 1.9% 8.0 0.46 221 78.6 DT 60.% 1.30 0.90 0.81
7 L4060 " " " & " " - 80.6 DT 60.5 1.33 0.92 0.82

8 | )4_050 W n. o " W | »” 83 .6 DT 60 ol 1 .38 0. 96 0.86

6 by 15 in. Beam; Span = 115 in.; d = 12.37 in.; fy = 46,500 psi
El-2 U375 3.2 25 2.02 5.0 0.T3 351 99.7 DT 60.0  1.66 0.98 1.04
by 15 in. Beams; Span = 120 in.; d = 12.3%7 in.: fy = 16,500 psi

De-6 4280  3.k2 30 2.43 6.0 0.61 293 5.7 DT k9.5 1.53 0.96 0.96
7 4120 " " " " " n 70.7 DT 48.8 1.45 0.91 0.90

8 3790 " " M " » " 5.7 DT 46.9 1.61 1.02 0.98
D4-1 3970 3.h2 30  2.43 7.5 0.k9 235 5.7 DT 46.0 1.58 1.07 0.97
2 3720 " u " " " " ~ 70.7 DT 46.6 1.52 1,03 0.92

3 3200 " n " " " " Th,2 DT hz,2 1.72 1.17 1.02
D5-1 k020 342 30 2,43 10.0.  0.37 178 65,7 DT 48.2 1.3  1.00 0.8k
o) L4210 ] 1] " ] [ " 70. 7 DT )+9 .3 1, bl 1. 06 0.90

3 3930 " L7.8 1.48 0.91

" n " " " 70 . 7 DT

1.09

* (Considered fension failure.
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TABLE 26

. TESTS BY GASTON, 1952 (11)
SIMPLE-SPAN RECTANGULAR BEAMS WITH STIRRUPS

Dimensions: b= 63 D = 125 a = 36; a/d = 3.36 to 3.90; L = 108; L* = 120

Loading: 2 equal loads at 1/3-points

Tension Reinforcement: Deformed bars

End Anchorage: None, straight bars

Web Reinforcement: 1/4 and 3/8-in. vertical deformed stirrups, fyw = 15,000 psi assumed
Age at Test: Around 30 days

Beam fé d p £ r rf M, Mode M Ratio

y yW tost of B M
Fail Eq. 18 togt
psi in, o/o ksi o/o psi kip-ft o~ kip=f4 M

T1Lb 2520 10,72 0.62 46.0 0.28 126 20,2 T 18.7 1.08
T2La 2120 10.65 0.97 ko4 0.k2 189 2k, 2 T 20.0 1.21
T4Lb 2810 10. 44 2.52 43,3 0.92 bk h7.8 T 32,4 1,48
T5L 2500 10.37 3,22 ho,2 0.92 b1k 53,9 T 32.% 1.67
T11L 2900 9,23 7.22 45,3 1.8% 82k 67.6 C 35. 4 1.91
T1Ha 5880 10.58 1.38 b2 1.05 473 35,1 T 34,9 1.0L
T2H 5400 10. 4k 2.52 45,6 1.05 W73 5%,9 T ko3 1.27
T3H 5920 9,52 k.20 43,2 1.83 824 67.7 T 4o b 1.60
T5H 5900 9.23 7.22 ho,6 1.83% 8ol 86.% T 46.8 1.85
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TABLE 27T

TESTS BY MOODY, SERIES ITI, 1955 (12)
STMPLE~SPAN RECTANGULAR BEAMS WITH STIRRUPS

Dimensions: b= T; d = 21; D = 24; a = 32; a/d = 1.52; L = 96; L* = 120
2 equal loads at 1/5mpoints

No. 11 deformed bars, fy

Loading:

Flexural reinforcement: = 4%,800 psi, t = 0.91k

End Anchorage: Hooks
Web Reinforcement: Vertical stirrups
Age 8t Test: 28 days
Beam f°? ) p* Web ) r f rf P, Mode P Ratio Ratio
c ) . yw yw test 8
Reinf. e - of P, . P
Hq. 18 test test
Fail, - B

psi o/o o/o in. o/o ksi psi kips ‘ kips s SW
30 3680 L4.25 2,13 No. 3 6. 0.52 L7.3 246 215 S 179.5 1.20 0.80
31 3250 " » No. & » 0.95 44,0 k18 228 S 169.8 1.3k 0.73

T



TAD L 20

TESTS BY RICHART, SERIES 1917 (2)
SIMPLE-SPAN RECTANGULAR BEAMS WITH BENT~UP BARS

Dimensions: b = 8.1; d = 10; D= 12; a = 48; a/d = 4.8; L = 114; L' = 120

Loading: 2 equal loads
Tension Reinforcement:

Wob Reinforcement: Bent-Up bars, hooked

Plain round bars, hocked; fy = 37,500 to 45,700 psi

Concrete Strength: f‘ = 4770 psi for a zone 4 in., deep and B4 in. long at top center of
eaoh beam; fé = 3040 to 3770 for the remainder
Age at Test: About 60 days
Beam P xH o T rf P Mode P Ratio Ratio
yw test of 8 p P
- Hq. 18 “test test
ail. s P
o/o in. deg. o/o psi kips kips s SW
16B6.1 3,65 9.6 45 0,56 210 40,2 T 30.3 1.33% 0.94
6.2 1" " " n . 40,0 T 30:3 1,32 0.93
16B7.1 3.64 9.6 45 0.56 n ho,2 T 30.3 1.39 0.98
702 " n ] " . )+O°8 T 3005 : 1555 0.95
1688,1 3,60 9.6 L5 0.80 320 Lo.8 T 30,1 1.36 0.83
8.2 n " " n " 40.0 T 30,1 1:33 0.81
16B9,1 3,65 12.0 45 0.80 370 k1.9 T 30,3 11,38
3.2 " " " n " 1.5 T 30,3 1.37
16810.1 3.55 16.8 L5 3,28 1hk90 36,3 T 30.0 l.21
10,2 " " " " " 31.5 T %0e3 11.05
16B18.1 3.62 16 28 1.96 900 45.5 T,DT 30,2 11,51
18 -] " ”" " " i 1-#0 9 T 50 W2 1, 36
16B19.1 5.65 16 45 1.29 590 37T T 30,2 '1.25
19,2 " " " 41,1 T 30,2 1,36

¥ Distance from lo&d to fLrst bentvup bar.
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TABIE 29

TESTS BY RICHART, SERIES 1911 (2)
SIMPLE-SPAN RECTANGULAR BEAMS WITH BENT-UP BARS

Dimensions: b =8; d = 10; D = 12; a = 24; a/d = 2.4; L = 72; L¥ = 78
Loading: 2 equal loads at 1/3-points

Tension Reinfercement: Three 3/4-in. plain round bars, hooked
p = 0.0165% fy = about 38,000 psi

Web Reinforcement: One 3/4-in. round bar bent up, @ = about 27 deg.

Concrete Strength: Tests on 6 by 8 by 40-in. control besms; reduced to
cylinder strength by £! = 6.7 £,

Age at Test: Around 60 days

Beam f; r¥ rf Mode P Ratio

Ratio

ywW Ptest s
of Eq. 18 Ptest ?test
Fail. "'i;‘-» -'=I3‘=='°—
__psi o/o  psi kips kips s v
202,1 1760 0.50 190 30.7 DT 25,5 1.20 0.87
2 " " n 28.9 DT 25,5 1.14% 0,83
3 n n " 29.8 DT 25.5 1.17 0.85
A

w

* r computed &as r 2‘353*55;*573 o

“onT
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TABILE 30

AMOUNT OF WEB REINFORCEMENT REQUIRED TO
PREVENT SHEAR FATLURES
NORMAL ACI BEAMS WITHOUT COMPRESSION REINFORCEMENT

£ D p/fé n x M
pei o/o 1077 Bq. 16 Eq. 14 bdzf;
ACT* in?/lb Eq. 18
2000 0.91  0.46 10.0 0.34  0.166
2500 1.13 0.45 9.0 0.351 0.160
3000 1.%6 0.45 8.3 0.376  0.16k4
3750 1.72 0.46 77 0.398  0.160

% Steel percentages as given by ACI Code balanced design
requirements for fs = 20,000 psi and a‘.’c = 0.45 fé.

¥ . . . Sy o :

fc q Mf Ratio. 'rfyw . r(o/o)
2 Mf/Ms psi
bd fé

Eq. 31 Egq. 29° Eq. 26 4o 45 50

camputed faor f' ksi)=
pu yw( i)

£ = 40,000 psi

2000 0.182 0.169 1.02 11 0.03 0.02 0,02
2500 0.181 0.167 1.0k 22 0.06 0.05 0.0k4
3000 0.181 0.167 1.02 11 0.03 0.02 0.02
3750 0.184% 0.168 1.05 25 0.06 0.06 0.05
fy = 45,000 psi
2000 0.205 0.188 1.1k 69 0.17 0.15 0.1k
2500 0.20% 0.186 1.16 81 0.20 0.18 0.16
3000 0.204% 0.186 1.1k 69 0.17 0.15 0.1k
3750 0.207 0,187 1.17 8%  0.21 0.19 0.17
| £ = 50,000 psi
2000 0.228 0.207 1.25 126 0.32 0.28 0.25
2500 0.226 0.205 1.28 1ko 0.35 0.31 0.28
3000 0.227 0.205 1.25 126 0.%32 0.28 0.25
3750 0.229 0.205 1.28 1b1 0.35 0.31 0.28




UNDER TWO SYMMETRICAL CONCENTRATED LOADS

RANGE UF TEST VARIABLES FUR SIMPLE~SPAN T<BEAMS

A
|
\

Test No. £ A Reinf. b D! d 5 a/d WFi
Jeries of in
Beams Shear o Flange
Fail. psi in in. in. in. in.
Beams Without Web Reinforcement
Bach, Graf 5% 2510-2690 3.9 _None 19.7 7.9 13.9 3.9 2.8% 0.815
Heft 10(18)*% ;
Braune 2 1700 1.56 Yos It 6 10.9 h.25 3.30  0.55
Myers(19)
Richart 2 3570;3610 3.91 None 20 8 21 6 1.71 0.76
Ser.1922(2)
Thompsou 15 2540-3500 0.88 None 19;22 4,25 L4.5-7 1.5;2.1%3 k4.0-6.22 0.58-0.65
Ferguson(20) .
Ferguson 15  3960-6580 1.58 None 17 I 8.25 1.5 3.3%9 0.65-0.75
Thompson(21) .
‘ 397
Beams With Web Reinforcement
Bach, Graf ,
Heft 10(18) 55 509 2650 5.9 None 19.7 7.9 15.9 5.9 2.83 0.82
Heft 12(22) L8 - 2580 3.9 None 19.7 7.9 13.4 3.9 2.94 0.80
Braune 8 - 1700 2.34:3.51  Yos Lo 6 10.0-10.9 4.25 %3.3-3.6  0.5930.62
Myers(19) . .
Richart 6 - 3T799-4346 3.91 None 20 8 21 6 1.71 0.76
Ser.1922(2)
Graf 8 6  1370-154%0 6.77 Yes 53.2 9.9 21.3 3.9 2.77 0.6%
Heft 67(23) L .A,
25

56

¥  Numbers in parentheses refer to corresponding entries in the Bibliography.
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TABLE 32

TESTS BY BACH AND GRAF, HEFT 10, 1911 (18)
SIMPLE-SPAN T-BEAMS UNDER TWO SYMMETRICAL CONCENTRATED LOADS

Dimensions: b = 19.7; b* = 7.9; D = 15.7; d = 13.9; o = 3.9; a = 39.4; a/d = 2.83; L = 118.1; L* = 133.9
Loading: 2 equal loads at 1/3-points o

Tension Reinforcement: Two 1.57-in. plain round bars; A = %3.90 in ; £ = 43,600 psi

Anchorage: Hooks 8 ¥

Web Reinforcement: Plain round vertlsal stirrups
Reinforcement in Flange: None

Concrete Strength: Average féu = 3530 psi, fé = 0.75 féu = 2650 psi; variation from -8 to +12 percent

Age at Test: About 45 days .
Number of Beams: 3 companion specimens in each group; 2 in groups ¢ and d

‘r

Beams With Web Reinforcement

Group Size s r f rf P F P " Ratio Ratio Mode
W.R. . yv yw test . 7% s P P of
Hq. %5 test “test Fail
P . P
in. in. o/o ksi psi kips kips s sSwW
b 0.51 3.35 1.56 37.8 580 ok .l 0.82 60.6 1.56 0.7% B,S ?
o 0,51 5.51 0.95 38.6 370 86.0 " " 1.42 0.82 B,S ?
d 0.28 5.51 0.27 ho.2 109 7.2 " " 1.27 1.04 3
8 0.39 7.87 0.39 41.0 160 80.0 " " 1.%32 1.00 S
9 0.28 7.87 0.19 43.8 83 72.0 " n 1.19 1.03 S
10 0.20 7.87 0.10 48.2 48 65.8 n " 1.08 0.99 S
11 0.39 5.91 0.52 hi1.0 213% 82.9 " n 1.37 0.96 3
12 0.28 5.91 0.26 43.8 114 79. 4 " " 1.31 1.06 S
13 0.20 5.91 0.13 4g.2 63 2.4 " " 1.19 1.05 S
15 0.39 3.9% 0.79 k1.0 324 9k.1 " " 1.55 0.94 S
16 0,28 3.9% 0,39 43.8 171 88.2 " " 1.45 1.08 S
17 0.20 3.9% 0.20 48.2 96 80.1 " " 1.32 1.10 S
18 0.20 1.97 0.39 48.2 188 89.3 " " 147 1.07 S
14 0.39 5.91 0.52 hi.0 213 82.2 " " 1.36 0.96 S
19 0.28 5.91 0.26 43,8 114 1.9 " " 1.19 0.97 S

64T



"TABLE 32 (CONT*D) .

TESTS BY BACH AND GRAF, HEFT 10, 1911 (18)
SIMPLE-SPAN T-BEAMS UNDER TWO SYMMETRICAL CONCENTRATHD LOADS

' Beams With Web Reinforcement
Group vSqige s r fyw rfyw PtesE Ft Ps lgatio l;atio Mgge
ot Bq. 35 “teost test F
= 5 3 ail.
in, in. o/o  ksi psi kips : kips 8 8w . o
20 0.28 5.91 0.26 143.8 114 Th ol 0.82 60.6 1.2% 1.00 S
21 .79 by .08 5.91 0.55 57.5 305 87.5 " "’ 1.0k 0.90 S
22 .79 by .08 5.91 0.39 52.2 14 TT.2 " " 1.27 0.99 S
23 0,28 5.91 0.26 143.8 114 67.6 n | " 1.12 0.92 S
Beams Without Web Relnforaement
Beam fé Ptest Ac F“b | Mtest,g zatio Mgge
T
psi kips in Acdfc 1 % Fail,
S
8-330 26507 57.3 89.9 0.815 0.418 0.93 S,B
331 26507 48.5 " " 0.354 0.79 S,B
7-4h1 2570 52.9 " " 0.398 0.88 S,B
hhp 2510 52.9 4 " 0.408 0.89 S,B
Llyly 2690 57.3 " " 0.412 0.92 S,B.

"0GT



Ptest of c t test M
o '
Beam o/o in. kips Fail., in2 AcdfoFt ;est
. . . . 8
I-1 0.34 10.9 3.30 33,k S 109 0.53% 0.562 1.1k
o) u " " 28.8 . S .o " 0.484 0.98
Beams With Web Reinforcement
KK 1
p d a/d Ws? 04 r rfyw Ptest Mode Ft | PS Ratio
Beam Relinf. of Eq. 35 Ptest
o/o in. deg. o/o psi kips Fail. ° —
kips Ps
II-1  0.51 10.9 3.30 Stirr. 90 0.52 350 92.0 T 0.59 39.1 2.36
o) " " " , 1" n M 86 .0 T n n 2.20
III-1  0.51 10.9 3.30 3B-up ? ? 97k T 0.59 39.1 2.49
2 " " " Bars 95.4 T " " 2. bk
Iv-1  0.91 10.0 3.60 Stirr. 90 2.% 1580 129.6 T 0.62 k3.7 2.97
- 2 " " 1" +B—up )4_5 0t ) [ 159 R o T 1 " 5 . 19
V-1 0.91 10.0 3.60 Stirr. go 2,82 1870 139.2 T 0.62 43,7  3.19
2 113 1] " +B*'U.l) 5 " 1"t 159 o 2 T " " ) 5 N 19

e

TESTS BY BRAUNE AND MYERS, 1917 (19)
. SIMPLE-SPAN T-BEAMS UNDER TWO SYMMETRICAL CONCENTRATED LOADS

Dimensions: b = 42; b¥ = 6; D = 12; e = 4.25, a = 36; L = 108; L* = 120

Loading: Two equal. loads at 1/3-points

Tension Reinforcement: 5/8-in. square twisted bars; f_ = 40,320 and 66,350 psi for the
two bars tested ¥

Reinforcement in Flange: Four 3/8-in. round long. bars; 3/8-in. square transverse bars

at 8 in.; all beams except I

Web Reinforcement: 1/4-in. square plain bars and bent-up bars

Concrete Strength: Avarage féu = 2270 psij fé = 0.75 féu = 1700 psi

Age at Test: 90 days ’

Beams Without Web Reinforcement

p¥ d = a/d Mode A F M Ratio

*  Bars not hooked.
#% Bars hooked.
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SIMPIE-SPAN T-BEAMS UNDER TWO SYMMETRICAL CONCENTRATED LOADS

TABLE 3.4

TESTS BY RICHART, SERIES 1922 (2)

152.

Dimensions: b= 20; b* = 8; D = 24; d'=21, e = 6, a =36, a/d = 1.71
L= 108;: L' = 120
Loading: 2 equal loads at 1/3-points |
Tension Reinforecement: Four 111/8—in. corrugated round bars, p = 0.0093,
fy = 52,400 psi
Anchorage: Hooks .
Web Reinforcement: Plain round vertical stirrups
Reinforcement in Flange: None
Age at Test: About 60 days
Beams Without Web Reinforcement
— . —
Beam fc Ptest - Modse Ac. Ft Mtest Ratic Mode
= 2 EatiF, lhest 0%
psi kips Fail. in. TeTTe b o Fail.
s
2210.1 3610 180.3 DT 125.0 0.76 0.451 1.10 S -
2210.2 3570 167.2 DT 125.4 " 0.421 1.03% S
Beams With Web Reinforcement
Beam f* Size s r f rf P, . Mode F P Ratio
c W.R. yw yw test of t s
; Fail Eq.35 ~test
psi in. in. o/o  ksi psi kips ° kips Ps
226.1 Lo37 3/8 4 1.38 k2.9 592 259.5 T 0.76 172.7 1.50
2 4371 " " " m 2h5.5 T » 178.1 1.38
227.1 3799 1/2 7 1.50 Lo.1 561 258.5 T n 167.5 1.54
2 W3k v » " » " 265.8 T n 178.3 1.49
228.1 ko058 5/8 11 1.39 3%9.6 550 261i.4 T ® 173.0 1.51
" n » " u T " 17h.8 1.47

2 Lis2

257.2
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TABLE 25

TESTS BY THOMPSON AND FERGUSON, 1950 (20)
SIMPLE-SPAN T-BEAMS UNDER TWO SYMMETRICAL CONCENTRATED T.OADS

pimensions: a = 28; L = 84; L' = 96

Loading: Two equal lcads at 1/3-points

Tonsion Reinforcement: Two 3/M-in. round deformed bars, inter. grads,

A= 0.88 in2

End Anchorage: Welded anchorage plate

Web Reinforcement: Nomne

Reinforcement in Flangs: Nomne

Shoulders: Width = b®; depth from top of beam = e” = 0

Ago at Test: 28 days

Series H-B and K-B: Beams with B-tile comsidered imn aralysis; comp.
strength of B-tile = L160 psi; 5/8-in. layer of tils included imn
the overall dimensions of beams

Mode of Failure: All beams failed in shear

? i ) .
B fc Ptest Ac Ft Mtest i&tlo
oam A 42 'F tost
. . . 2 . TeTe % T B

psi kips in. Ms

b=19;b*=L.25;b"=0;d=7;D=T.5;6=1.536"=0 ;a/d=l.0;d/e=l.67; b/b' =k . k7

N-1 3000 10.68 30.67 0.65 0.357 0.82
2 2990 10.76 30.67 n 0.361 0.83
3 2540 9.66 30.97 .- 0.378 0.83
© b=22;b*=4.25;b"=0;d=L.5;D=5.55e=1.5;e"=0;a/d=6.22;d/e=3.00;b/b>=5.18
G-4 3320 6.%0 30.99 0.58 0.3%26 0.78
5 3150 7.10 31.28 n 0.38% 0.90
6 3170 7.90 31,19 n . 0.425 1.00
b=193b'=k.25:b"=T;d=6.25;D=T.5;e=1.5;8"=3.5;a/d=h. b8 ;d/e=k.1T;b/bt=k. 47
-1 3150 12,30 30.95 0.61 0.46% 1.08
2 3280 13.40 30.81 " 0.487 1.15
3 3220 12.30 30.88 " 0. 454 1.07
b=22;b%=4.25;b"=0;d=4.5;D=5.5;0=2.13;6"=0;a/d=6.22;d/6=2.11;b/b*=5.18
HB-2 3270 9.1k 31.09 0.60 0.470 1.11
5 3150 9.1k 31.19 " 0.487 1.13
8 3020 - 8.90 31.48 " 0. 489 1.12
b=19;b'=k.25;b"=8.25;d=6.25;D=7.5;0=2.13;8"=k.15;a/d=h. 18 ;d/e=2.93;b/b " =k. kT
KB-1 3340 13.78 R Ll 0.62 0.435 1.0%
b 3350 12.25 3, Ll " 0.385 0.92

T 3500 1k, 76 34.20 L 0. k7 1.08
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TABIE 36

TESTS BY FERGUSON AND THOMPSON, 195% (21)
SIMPLE-SPAN T-BEAMS UNDER TWO SYMMETRICAL CONCENTRATED LOADS

Dimensions: b = 17:; d=8.25; D = 9.5; &6 = 1.5; a = 28; a/d = 3.39;
L = 64; L'=72

Loading: Two equal loads at 1/3-points 5

Tension Reinforcement: Two No. 8 deformed bars, rail steel; A = 1.58 in

End Anchorage: Welded steel block at each end s

Web Reinforcement: Nons

Reinforcement in Flange: None

Ags at Test: Arocund 28 days

Shoulders: Width = b*, depth from top of beam = &"

Mode of .Failure: All beams failed in shear

2 b* b e dfe b/b' P A F M

Beam c test e t +pst$ Rétlo
. . . . . . 2 A df*F test
psi in. in. 1in. kips in. c. ¢t -
S
A1l 310 & -~ - 5,5 k.25 13,06 31.38 0.65 0.25% 0.68
2 3960 ™ T " » 12.12 31.54 ¢ 0.256 0.65
3 5090 " -— == " » 15.12 31.10 " 0.252 0.7k
4 5070 » _— - » n 1k.22 31.10 " 0.238 0.70C
5 6580 * — - n P 15.22 30.T7hk 0® 0.198 0.72
6 5610 " S — " n 16.00 3%0.58 ® c.246  0.78
D1 L5k 7 -~ - 5.5 2.3 21.90 35.16 0.75 0.312 0.85
2 lhpgo ¥ -— - " " 23.40 35.37 ¢ 0.350 0.93
B1 5175 4 7 L 5.5 k.25 15.94 34.81 0.65 0.231 0.69
2 4860 * n " " " 1k.20 35.02 0.218 0.62
3 5800 ™ " " " " 17.72 34,60 0.231  0.75
b 6290 ¢ n n n " 19.72 3k.39 »® 0.238 0.83
5 5950 " " n " 17.22 3L, 46 = 0.220 0.73
C1 4860 & 7 6 5.5 4.25 19.74 35.02 0.67 0.295 0.84
2 k8o . " . " 17.h4 35.02 *® 0.261 0.75




TESTS BY BACH AND GRAF, HEFT 12, 1911 (22)
SIMPLE-SPAN T-BEAMS WITH BENT-UP BARS UNDER TWO SYMMETRICAL GONCENTRATED LOADS

Dimensions: b = 19.7; b* = 7.9; D = 15.7: d = around 13.4; e = 3.9; a = 39.4; a/d = 2.94%; L = 118.1;
L = 13%.9 '
Loading: 2 equal loads at 1/3-points
Tension Reinforcement: From 4 to 7 plain round bars; A
Anchorage: Only hooked bars included S
Web Reinforcement: Bent-up bars
Reinforcement in Flange: None'
Concrete Strength: Average f%
Age at Test: Around 45 days °%
Number of Beams: Three companion specimens in each group
Calculated Quentities: F. = 0.80; P = 56.8 kips (from Eq. 35)
¥ (Cr crushing at hooks.

2

= gbout 3.9 in"; fy = about 47,000 psi

= 3440 psi; fg = 0.75 féu = 2580 psi; Variation from -8.3 to +7.0 percent

No. and Area of Spabing Between

Ptest Ratio No. of - No. and Area r rf W Mode¥*
Group Pt B-up Bent-up Bars Straight Bars Bends, From y of
est : ,

‘ —5—— Layers S o Load (in.) : Fail,

kips s deg. No-(in") No-(in“) : o/o psi
25 76,0 1.34 1 18 241,01 o .92 0 Cr
29 92.6 1.63 " 45 3-1.79 3-2.10 10.8 Cr
50 81.9 . 1.4k " " 3-1.77 3-2.00 14.8 Cr
31 83.8 1.48 2 45 2-1,78:2-1.78 - 1-0.35 2.0-25.6 1.15 540 Cr
3l 86.7 1.53 " " 2-1.78:2-1.78 1-0.35 0-27.6 1.15 540 Cr
3% 92.6 1.63 n N 2-1.78:2-1.78 - 1-0.35 2.0-25.6 1.15 540 Cr
W7 105, 1.86 " u 2-1.78;2-1.78 - 1-0.35 3.9-17.3 1.50 T10 T
45 86.9 1.53 " 30 2-1.78:2-1.78 - 1-0.35 2.0-10.8 3.52 1650 Cr
46 95.2 1.68 n " 2<1.78:2-1.78 1-0.35 2.0-21.7 1.90 890 Cr
36 101.4  1.79 3 45 1-0.89;2-0.88;2-0.88 1-1.25 0-12.8-9.8 1.2+ 580 T,Cr
38  109.1 1.92 n n 1-0.89:2-0.88:1-0.88 2-1.25 0-12.8-8.5 1.24% 580 T
48 100.7 1.77 n " 1-0.89:2-0.88:2-0.88 1-1.25 3.9-10.8-7.9 1.08 510 T,Cr
b9  107.3 1.89 n " 1-0.89:2-0.88;1-0.95 2-1.18 3.9-10.8-6.5 1.08 510 T
43 90.0 1.58 " 30 1-0.89;2-0,88;2-0.88 1-1.25 2.0-14.4-9.9 1.37 640 Cr
Y 99,9  1.76 . " 1-0.89;2-0,88;1-0.95 . 2-1.18 2.0-1%,0-10.0 1.3k 630 Cr
Lo 100.3  1.77 5 b5 Five-1-0.5k 1-1.25 1.2-8.3-8.1<5.9-8.5. .1.02 480 T,0r
h2  10hk.3 1.8k " » Five~1-0,54 2-1.25 . 1.0-8,5-8.1-5.9-8,5 1.02 480 T °
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TESTS BY GRAF, HEFT 67, 1931 (23)
SIMPLE~SPAN T-BEAMS UNDER TWO SYMMETRICAL CONCENTRATED LOADS

N A
Dimensigns: b = 53,2, b' = 9.9, D = 23,6, d = 21.3, e = 3.9, a = 59.1, a/d = 2,77, L = 177.2; L' = 205
Loading: 2 equal loads at 1/3-points ‘

Tension Reinforcement: Ten 0.866-in. plain round bars; A = 6.77 ineg fy = 46,000 psi; all bars
hooked

Reinforcement in Flange: Four 0.28~in. long plain round bars; 0.28-in. transverse bars at 4.5 in.,
under loads at 2.5 in.: fy = 48,000 psi

Web Reinforcement: Five long.bars bent up at 45 degrees, s = about 10.2 in.; 0.28-in. vert. stirrups
at T.1 in.

Concrete Strength: Tests on T.9-in. cubes; reduced to cyl. strength by f'c = 0.75 féu
Age at Test:; Around 30 days

£2 Type of r rf Mode F p Ratio  Ratio  Ratio

yw Ptést t 8
Beam ngi;up ‘ Fzgl Eq. 35 Ptost Piost Ptost
. | ‘p31‘ o/o o psi kips | - ’ kips Ps; PSw Pf
IIL 6-1 1540 1.33 638 231 T 0.6% 85 C2.72 1.20 1.11
2 " , C:_\\\\——— " " 220 T " 85 2.59 1.1k "
1% 7-1 1480 " " 170 - 8,Cr¥% - " 82 2.07" 0.91 0.82
o " C:—*\\\h_:n " " 165 SZCr " 82 2.01 0.88 "
IIT 8-1 1370 " " 209 S,Cr " 76 2.75 1.20 0.9k
2 " [::::lzzl_ " " 176 S,Cr " 76 2.%2 1.02 "
IIT 9-1 1410 " " 209 S,Cr " 78 2.68 1.18 0.96
Q\\\____ " " 182 S;Cr“ " 78 2.33

2 " 1.02 "

% Cr = Crushing at hooks.
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TESTS BY RICHART AND TARSEN, SERTES 1917 (25)
RESTRATNED BEAMS WITH BENT¢UP BARS
Dimensions: b = 8; d = 15
Spens: f = %2 in.; g = 48 in.; h = 48 in.; L = 216 in.
Loading: P = P/h; Py = P/h, M, = 8P in-k; MB 4P in-k;

Long. Reinforcament, Elght 5/8 in. round plain bars at suppart,_frgm,h to 8 bars at midspan
(See Fig. 19), fy,= about 37,600 psi; p = about 1.95 o/o

Web Reinforcement: 3/8-in. round plaiu vertical gtirrups, f&w = h5,160'p3i

Age at Test: 60 days ! :
£  Bent-up Bars Stirrups Piogy  Mode P Ratio  Ratio
Beam " No. ¢ ' of - P . P,
No. of B?rs a 5y s No. 54 s Fail. Bq. 18 test test
psi Total Layersk deg. in.: in. in. in. kips  kips Py Py
380.1 3060 - Cee e e e - - 102.8 DT 127.3 0.81 0.T1
2 3665 - - - - - a- - - 10k.,0 DT 139.6 0.75 0.70
“hoo.1 3158 L 1 22 8 — - - - 151.0 DT 129.5 1.17 1.0k
2 3165 " " oo " e - - 149.7 DT 129.8 1.15 1.03
382.1 3315 5 2 22 8 12 - - - 175.5 T,DT 133.2 1.32 1.19
2 278 v " " " " .- .- - 183.7 T,Cr,DT 120.0 1.53 1.27
386.1 2870 6 3 32,5 8 8 e -- - 188.2 T,Cr 123,1 1.5% 1.31
2 3525 " oo " " " - - - 188.0 T,Cr 1%6.9 1.37 1.27
391.1 2892 6 3 32,5 12 8 - T 187.8 T 123.7 1.52 1.31
2 34o5 " " " " " - .- - 172.0 T,DT 136. 4 1.26 1.17
392.1 2818 6 3 32,5 16 8 - -- -2 1464 DT 121.9 1.20 1.02
2 2795 " " " " " - - - 176.4 T,DT - 121.2 1.45 1.23
383.1 3082 6 3 32,5 8 12 - - - 183.2 T 128.0 1.43 1.26
2 2950 " " " " " - - _— 181.5 T,0r,DT 125.3 . 1.45 1.26
385.1 2985 5 2 32,5 8 12 - - - 176.3 T,Cr 125.4 1.4 1.23
2 3362 " " " " " - - == 190.0 T 133,.5 1.h2 1.31
387.1 3398 2 32.5 8 16 -- - - 182,3 T,Cr, DT  133.9 1.36 1.26
2 2965 " " r " " - - - 168. 4 T,DT 124.8 1.%5 1.12

4

°LGT



- TABLE 39 (CONT*D)

TESTS BY RICHART AND LARSEN, SERIES 1917 (25)
RESTRATNED. BEAMS WITH BENT-UP BARS.. .

f:: Bent-up Bars - Stirrups Ptes’o ‘-Moge Ps Egatio ?atio
‘Beam AT No. of Bers: G 8y s No. s s ngago Bay 18 Legt test
otal Layers , : P P
. psi- deg. in. in. in. in. kips- kips- & O f
388.1 3260 L 1 32.5 1k - -- -= - 17%.8 T,B,Cr  131.2 = 1.%32° " 1,20
2 2970 » . " " -— - - - 1h3,2 B,DT 125.0 1.15 1.04
389.1 3210 b 1 32,5 1k -2 L 7 174.0 T,DT 131.4 1.32 1.19
: 2 3102 n " » o -— ™ " 169.0 T 128.8 1.31 1.16
390.1 2905 8 L 45 8 8 - - - 181.2 T,Cr 12h.9 2.5 1.2k
2 2735 0w " " " " - - - 186.0 T,Cr 121.0 1.53 1.26
393.1 3155 6 3 L5 8 8 - - -- 16k% .0 T,Cr 129.4 1.27 1.06
2 2325 " " " " " -- -- -- 170.0  T,DT 108.5 1.56 1.23
3941 31hS 6 3 b5 12 8 - - —- 172.3 T,Cr 129.6 1.33 1.14
2 3355 " " oo " - -- - 185.4 T1,0r,DT 13k.1 1.38 1.26
395.1 3120 6 3 L5 16 8 - - - 180.6  T,Cr,DT 129.2 1.40 1.2k
2 3015 " " " " " -- - - 167.0 T,Cr,DT 126.6 1.32 1.15
384k.1 3080 6 3 L5 8 12 - - - 176.7 T,Cr,DT 128.7 1.37 1.20
2  3hhe " " " weoooo -- - - 178.6 T,Cr,DT ~136.3 1.31 1.28
399.1 3352 5 2 45 12 12 - -2 - 176.1 T,Cr,DT 134.0 1.31 1.22
2 2810 " " " " " .- - - 18L.9 T,Cr” 122.1 1.51 1.29
306.1 3410 6 2 L5 ok 3 5 8 8 182.6 T,Cr 135.3 1.35 1.2k
2 3%62 " " " 2k 0 " " " 165.0 T,Cr 134,1 1.23 1.12
397.1 3235 6 2 L5 24 3 5 12 8 192.5 T,Cr 132.1 1.46 1.20
2 2682 " " " " " " " " 179.6 T,Cr 119.2 1.50 1.27
398.1 2682 6 2 L5 ol 3 5 16 8 168.0 DT 117.9 1.h42 1.19
2 2990 " " " " " " " " 173.1 T,DT 125.6 1.38 ~ 1.19
381.1 3070 45 24 3 - - - 165.0 Cr,DT 127.7 1.29 1.1k4
2 3385 " " " " " - -e - 124.1 DT 134.3 0.92 0.88

"gaT



TABLE L40a

TESTS BY MOODY, SERIES I, 1953 (12)
RESTRAINED BEAMS WITHQUT WEB REINFORCEMENT

Critiecal Section: Inner Loadpoint
Calculation of Ultimate Moment: Eq. (L43); TA/TB = 1:p = 2p
Loading: See Fig. 20; MB = 5.33P

' Dimensions: b =; d =12; t =0.729; &/d = 2.67
£I . o P . h M, Ratio
Beam c _ tgst . X A : 232 St -Mt .
psi o/o kips bd f ! kA ’EFE‘
: . . e .S
1950 Serisg A S
‘la 2510 2.B6 T7 0.623  0.378 0.451 0.98
b 2800 " ‘87 0.615  0.579 . 462 1.04
2 a 2370 3.76 75 0.675  0.571 0.4%6 - 0.94
b 2730 n .95 0.664 0.572  0.48k4 1.08
G 3790 = ol 0.641 0.575 0.356 0.89
3 a 2290 h.76 89 0.715 0.565 0.509 1.09
b 2970 " 101 0.696 0.568 0.455 1.0k
b a 4320 2.86 100 0.587 0.582 0.359 0.95
b Loko u :89 0.591 0.581 0.340 0.88
5 a oo  3.76 120 0.631  0.577 0.b29 1.11
b Loko T 2110 0.631 0.577 0.3%96 1.02
6 a 4550 76  "115 - 0.672 0.571 0.349 0.96
b 3570 " 120 0.685  0.570 0.455 1.11
7T a 4790 2.86 115 = 0.578 0.583 0.377 1.06
b 5000 " 100 0.580 0.583 0.313 0.91
8 a k790  3.76 145 - 0.629 0.577 0.441 1.25
b 4690, " 110  0.630 0.5TT 0.341 0.95
9 & 5270 L. 76 130 0.664 0.572 0.350 1.05
b 4650 " 130 . 0.670 0.572 0.386 1.07
1952 Series .
Ig U430~ 0.95 90 0.405 0.603 0.4L0 1.18
h 3540 1,47 -89 0.486 0.591 0.k462 1.12
i 3320 2.10 99 0.550 0.587 0.488 1.16
3 41850 1.47 105 0.469 0.596 0.409 1.16
k 3860 2,10 109 - 0.541 0.588 0.469 1.18
1 5100 1.47 107 0.467 0.596 0.399 1417
m 4390 2,10 105 0.53L 0.589 0.ko2 1.08
n 52L0 1.47 118 0.466 0.596 0.429 1.28
o) 5050 2,10 128 0.527 0.590 0.431 1.26
P 5970 2.86 133 0.572 0.584%  0.353 1.17
a 4880 3,76 130 0.628 0.578 0.388 1.11
r 5930 L,76 140 0.659 0.5Tk 0.330 1.09

159.



Critical Section:

TABLE LOb

TESTS BY MOODY, SERIES II AND IV, 1953 (12)

Inner load point

RESTRATNED BEAMS WITHOUT WEB REINFORCEMENT

Calculation of Ultimate Moment: Eq. (43): TA/TB =1; p =

o}

Loading: See Fig. 20
=5 D Piost k A My oot Ratio
Beam —s M{ +
; s bd“frkA —585T
psi c/o kips ¢ Ms
Series II;b=7;d=21;t=0,845;MB=5°33P;g/d=1°52
17a 2650 2.15 . 188 0.572 0.518 o.hk 0.92
b 3000 n 170 0.561 0.519 0.337 0.78
18a 2170 2,72 220 0.626 0.510 0.523 1.11
b 2700 " 180 0.609 0.51% 0.3%64 0.77
19a 3030 3,46 241 0.642 0.508 0.ke2 0.97
b 3240 " 219 0.637 0.508 0.3%61 0.85
20a 2890 h.25 235 0.679 0.502 0.k12 0.94
b 2960 " 249 0.678 0.502 0.ko7 0.98
ITa 3820 0.54 1%0 0.322 0.547 0.324 0.81
b 3720 0.84 145 0.395 0.540 0.316 0.78
c hoko  1.20 168 C.Lu6 0.534 0.302 0.78
d 34ko 1.63 210 0.506 0.527 0.396 0.95
: . Series IV; b=7;d=12;1=0,T729 ;Mp=6.86P;g/d=k.0 -
Ivg 3390 0.95 63 0.k19 0,601 0.502 1.20
h 3750 1.47 70 0.483 0.595 0.4l2 1.10
i 3490 2.10 68 0.548 0.587 0.k12 1.00
Bi 3600 2.86 83 0.598 0.581 0.451 1.10
k 3630 3.76 88 0.6k4k 0.57T6 O.4hh 1.09
1 3920 h.76 81 0.679 0.571 0.363 0.92

160.
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TESTS BY MOODY, SERIES VI and V; 1953 (12)
RESTRAINED BEAMS WITHOUT WEB REINFORCEMENT

Critical Section: Support

Calculation of Ultimate Moment: BEg. (18)

Lioading: See Fig., 20

Boam fé ho) “Ptest k k+np! 2Mtest iatio
psi oo  kips bd fé(k+np“) _ﬁ;ﬁ

S

Series VI: b=7;d=lle75;t=00817;p“=005p;MA=6th;g/d=2a75

Via L4090 0.95 T7 0.300 0.335 0.372 0.96
b 4160 1.47 129 0.351 0.ko6 0.505 1.31

¢ 3580 2.10 110 0.4k01 0.483 0.k21 1.03

d 3900 2.86 118 0.435 0.543 0.369 0.93

e lW120 3.76 128 0.467 0.606 0.339 0.88

f 5570 2.10 140 0.383 0.455 0.365 1.1k

g 5530 2.86 130 O.k22  0.519 0.300 0.94%

h 5300 3.76 155 0.457 0.586 0.330 0.99

i 6020 k4. 76 1k6 0.483 0.6L1 0.251 0.84

Series V; b=7;d=11,75;pf:O;MA=5,33P;g/d=2e73

Vb 3770 1.hy 64.0  0.379 - 0.247 0.62
d 3600 2.86 76.5 0.484 - 0.242 0.59

f 3380 L4.76 T4+.5  0.57h - 0.212 0.51

161.



TESTS 'BY MOODY, SERIES I, 1953 (12)
RESTRAINED BEAMS WITH WEB REINFORCEMENT

Critical Section: Inner load point .

Calculation of Ultimaté Moment: Eqs. (43), (28); TA/TB =1;p = 2p
Loading: See Fig. 20; My = 5.33 P ‘ , ° '
Web Reinforoement: Stirrups of inter. grade deformed bars
Dimensions: b= 7; d = 12; t = 0.729; g/d = 2.67

i

fé p : Web Reinforcement N Ptest k A Ms "Ratio Ratio
Beam Size ] r f rf o ‘ Hq. 43 "Mtast Mtes‘t
ye W - ’

psi o/o No. ,iﬁu_ o/o ksi psi  kips ‘ | k-in, 5 , Msw
k Vertical Stifruﬁs; 1950 Series .

10 & 3070 L4.76 3 6 0.52 k47,3 246 @ 163 0.694% 0.568 527 1.65 1.10
b 2810 " " " " " " 138 0.700 0.568 500 1.7 7 70.99
11 a 3560 " Y " 0.95 44,0 1418 190 0.685 0.570 574 1.76  0.96
b 3180 " " " " " ook 0.692 0.569 539 1.72 0.94
12 a 4000 "o 5 " L7 W12 606 190 0.678 0.571 609 1.66 0.75
b 3220 " " " o " o159 0.691 0.569 542 1.57 0,71

A Vertical stirrups; 1952 Series '
Is 3470 L.76 5 5 1.72 47.6 819 220 0.686 0.570 566 2.07 0.79
t 3700 " " L 2.14  47.6 1019 240 0.682 0.570 586 2,18 - 0.72
u 3740 2.86 3 6 0.52 53.8 280 160 0.596 0.582 525 1.62 1.0k
v 3580 " 3 4.5 0.70 53.8 377 170 0.599 0.581 51k 1.76 1.00
W 4210 g L 6 0.95 u45.8 L35 180 0.589 0.582 554 1.7% 0.93
X 3830 " 5 6 1.47  W7.6 700 217 0.594 0.582 531 2,18 0.91
y Y790 L6 3 6 0.52 53.8 280 220 0.669 0.578 661 1.77 1.13
zZ 4850 " 3 4.5 0.70 53.8 377 222 0.668 0.5718 664 1.78 1.01
a 5070 " L 6 0.95 U45.8 U35 260 0.666 0.573 667 2.08 1.11
B 5130 " 5 6 2.23 0,93

1.b7 . W76 700 279 0.665 0.573 668
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TABLE 41a (CONT'D)

TESTS BY MOODY, SERIES I, 1953 (12)

RESTRAINED BEAMS WITH WEB REINFORCEMENT

Web Réinforcement

M

p P k A Ratio Ratio
c v test s M M
Beam Size s T fyw rfyw Eq. 43 - test _test
psi o/o  No. in. ofo  ksi  psi kips k-in. Ms o Mow
- U5-degree inclined stirrups B i |
1% & 3460 L.76 3 6. 0.7+ MT.3 350 185  0.687 0.570 566  1.TH  T.02
b 2860 " o " " " " 170 0.699 0.568 505 1.79 1.05
14 a 3510 " b " 1.35 Lk.0 594 250 0.686 0.570 570 2,33  1.06
b 3600 " " " " " " 2h0 0.684 0,570 57T 2,02 1.01
15 b 3710 " 5 v - 2.09 h1,2 861 y3oh; “0,683 0.570 587 }2,76. 1,01
T«Beé.ms; Vertical stirrups:b=23,b'=7,d=11.75,e=4;t=0.839
Critical Section: Support; Egs. (M}),(QB);TA/TB=O°5;pd=0°O714
168 3610 W76 5 6  1.47 k.o 606 271 0.6% 0.675 611  2.36  1.07
b 32k0 " " " " " " 282 0.643 . 0.675 576 2.61 1.18
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~ “TABLE 41b

TESTS BY MOODY, SERIES IV AND II, 1953 (12)
'RESTRAINED BEAMS WITH WEB. REINFORCEMENT

Critical Section: Inner Load Point
Caloulation of Ultimate Moment: HEqgs. (43), (28); TA/TB =1; p_ = 2p
Loading: See Fig. 20

Web Reinforcement: Vertical stirrups of inter. grade deformed bars

£ p Web Reinfgrcement , Ptest k A M Ratio Ratio
. 4 M M
Beam Size 5 r f rf : Bq. 43 test test
yw yw m o
psi o/o No. in. o/o ksi psi kips k-in. 8 'sw

Series IV; ba7;d=12;t=0.729;Mp=6.86P;g/d=k.0

IVm 2860 k.76 3 6 0.52 535.8 280 146  0.698 0}568 50k 1.99 1.28
n 3710 " L " 0.95 U45.8 h35 198 .0.682 -~ 0.570 586 2.32 1.24
o 3420 " 5 " 1.47  47.6 700 218 - 0,687 0.570 562 2.66 1.11

Series II; b=7;d=21;t=00845;MB=5,33P;g/d=io52

21 a 3560 2.72 3 6 0.52 47.3 246 310 0.590 0.516 1373 1.20 0.80
b 36ho " " " " " " 283 0.589 0.516 1387 1.09 0.73
22 a 3000 " L " 0.95 Lhk.0 418 300 0.602 0.51k 1247 1.28 0,70
b 2710 " " " n " J 290 0.608 0.513 ° 1169 1.32 0.72
2% a 3230 " 5 " 1.47 k1.2 606 300 0.596 0.515 1301 1.23 0.56
b 3160 " " " " " - 350 0.598 0.51h 1284 1.45 0.66
II e 3420 ™ . 5 1.72 3.5 78 390 0.593 0.516 134k 1.55  0.62
f 3330 " " b 2.1k " 931 340 0.595 0.515 1323 1.37 0.48
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“TABLE 42

TESTS BY GRAF, HEFT 80, 1935 (26)
SHEAR-PRQPER TYPE OF FATLIRES

(2) Small Rectangular beams

Dimensions: b = 7.9 in.; D = 11.8 in.; See Fig. 2k.

Loading: See Fig. 2k,

Reinforcement: 0.39-in. plain round bars; fy = 49,000 psi;‘scme
bars bent as indicated below

Concrete Strength: Tests on T7.9-in. cubes; f; = 0.75 féu assumed

Age at Test: 1k days

Arrangemeﬁt of Reinforcement

Tot. No. No. of Bars o A (1+sinx) 'pt‘
Group  of Reinf. at A-A ' 5, Eq. LG
Bars Hor. Bent.  deg. in.© a4
= , | : _ o/o
a v - - . —— — —— ——
b 6 6  -- - 0.73 0.79
c ik 1 - - 1.70 1.83
d 1k 7 7 16 1.94 2.09
® 14 "~ 10 b 45 2.05 2.20
£ 12 6 6 16 1.66 1.79
g 12 8 L 60 1.88 - 2.02
~ Physical Properties of Beams and Test Results
: £ y X Ry P, v, v Ratic
o] test tegst c
Beam Eq. 46 Eq. 47 Vtest
psi in. in. o/o kips psi psi v,
1la 1590 6.7 1 - 88.2 4k itels) 0.95
b " = 0.79  110.2 593 667  0.89
e " n = 1.83 . 154,3 829 889 0.93
d " R n - 2.09 54,3 829 ohl 0.88
B n = " 2.20  154.3 829 968 . 0.86
2 a 1560 9.8 -- - 88.2 W7l 482 0.98
b " LS 0.79 125.7 676 650 1.04
© H " - 1.83 167.6 900 872 1.03
d n n - 2.09 165.3 889 927 0.96
B " = 2.20  185.2 996 951 1.05
3 a 1600 9.8 1 —= 77.2 415 501 0.83
b " n " 0.79 132.3 711 669  1.06
c " " " 1.83 158.7 853 891  0.96
d " n n 2.09 165.3 889 946 0.9%
e " " n 2.20 176.4 okg 970 0.98
L g 2080 11.8 - - 88.2 Ll 591 0.80
f n # - 1.79 209.4 1126 972 1.16
g n " - 2,02 231.5 1245 1021 1.22
5 a 1930 11.8 1 — 77.2 415 56 0.7h4
f n n 1.79 - 183.0 98k gl 1.04
g n n _2.02 207.2 1114 993 1.12
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TESTS BY GRAF, HEFT 80, 1935 (26)

(b) Large T-Beams

Dimensions: b = 49.2; b' = 9.8; D = 22.8; d = 21.4; & = 3.1; L = 137.8; L'= 161.4; x = 2.0
Loading: One load 11.8 in. from end support; see Fig, 2k.
Tension Reinforcement: 0.63 and 0.71l-in. plain round bars, hooked; £ = 62,000 and 53,400 psi,
resp. y
Web Reinforcement: Bent-up bars and 0.24-in. round vert. stirrups at 7.9 in.
Reinforcement in Flange: Four 0.28-in. round horiz. bars; 0.28-in. round transverse bars at
4.9 in.
_ Concrete Strength: Tests on T7.9-in. cubes, fé = 0,75 féu agsumed
Age et Test: From 12 to 23 days '

33 Roinf. Bars o A_(T+s51n0) 'ﬁt — BV, v, v Ratlo
Beam at A-A v,
Horigzg Bent 2 Eq. 46 Eq. b7 tegt
pai e deg. in o/o kips kips psi  psi v,
1246 1560' 5;0.21 - - 1.80 0,80 172 157 699 664 1.05
2-0.63
1247 1550 3-0.71  1-0.71 45 3.01 1.3h 185 169 753 777 0.97
2-0.63 1-0.63 -
1270 1780 2-0.71 5-0.71 L5 k.99 2.2P oht 226 100k 1008 1.00
1?"0 e 65 1"0 °‘6§
1271 1640  3-0.71  3-0.71 62.7 L.59 2.0k 231 212 ghp 9h3 1.00
_ 2-0.63
1272 3040  3-0.71 3+O°gl 62.7 4,59 2.0k4 206 271 1206 1206 1.00
2"‘0! 5
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OTHER SHEAR-PROPER TYPE OF FATLURES

D

Py rfyw a/d x

‘x/D

P

f at

,.R&

tio Ratio V

Ratio

Invest. Beam fé b tost w . : tost Vtest v,

Eq. 46 Fail., “test  test : Hq. 47 Viosi
psi in. in. o/o psi in. ~kips o/o of fyW Paw P, kips psi psi -3€£~

Clark DP1-1 38008 18 1.39 460 1.17 14.5 0.81 135.4 0.76 0.91 67.7 U470 1210- 0.3%9
3 3560 * M " "o " w1154 0.67 0.78 57.7 kLol 1165 0.34

D2-1 3480 * ¢ 1.39 610 v " " 130.4 0.69 0.89 65.2 Ui53 1150 0.3%9

2 355 v ¢ " mooom " "o1hQk 0.72 0.9% 7T0.2 487 1202 0.h41

D3-1 hogo » v 2,08 920 " " 177, 0.64 0.8%  88.8 617 1412 0. Lk

DL-1 3350 ® 1.39 1220 " w140,k 0.55 0.96 T0.2 487 1126 0.43

Moody 30 3680 7 24 5.57 250 1.92 24 1.00 215 83 0.80- 0.67 107.5 640 2081 0.31
Series 31 3250 " . ® " hoo " "o 228 67 0.7% 0.72 114.0 679 2000 0.3k4

TIT ;

Moody - 2la 3560 7 2k L.76 250 24 1.00 310 100 0.82 103.3 615 1883 0.33
Series b 364o.n m " " " " 283 " 0.7k 9k.3 561 1898 0.30
II -~ 22a 3000 " o " k20 " " 300 80 0.71 100.0 595 1778 0.33
b 2710 v n " " " 290 " 0.73 96.7 576 1723 0.33

2%a 3250 " ¢ " 610 " " 300 55 0.57 100.0 595 1825 0.33

b 3160 " v " " " " 350 " '0.66 116.7 695 1808 0.38

ITe 3420 n* n n 750 " " 390 0.62 130.0 TT7hk 1857 0.k2

f 3330 " w " 930 " " 3L0 0.48 113.3 674 1840 0.37
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TESTS BY GRAF, HEFT 67, SERIES II, 1931 (23)
SIMPLE-SPAN T-BEAMS UNDER ONE UNSYMMETRICAL CONCENTRATED LOAD

Dimensions: b = 49.2; b’ = 9.8; D = 22.8; d = 20.7; e = 3.15; L = 212.6; L' = 240.2; a/d = 2.09
for short segment, 8.18 for long segment

Loading: One concentrated load 43.3 in. from support
Tension Reinforcement: Ten 0.87-in. round plain bars at load; hooked, fy = about 46,000 psi

Reinforcement in Flange: Four 0.28-in. long. bars; 0.28-in. transverse bars at 4.9 in.;
fy = about 48,000 psi

Web Reinforcement: Bent-up bars and 0.28-in. vertical stirrups
Concrete Strength: Tests on 7.9-in. cubes, fé = 0,75 féu = 1370 psi
Age at Test: 27 to 35 days

P ¥ p Ratio Ratio  Short Segment Long Segment Mode

test E s P P r rf P r rf - P of

Group Beam Eq. 35 test test yw test yw test Fail

kips kips Py Py o/o psi Psw o/o psi Psw

1 1203 165.3 0.64 51.6 3.20 1.10 1.37 650 1.39  0.50 230 2.18 T
1205 165.3 J n 3.20 1.10 " " 1.39 " n 2.18 T
2 1204  132.3 " " 2.56 0.88 u " 1.11 0.03 = 20 2.4k S
1206  121.3 n " 2.35 0.81 " " 1.02 " " 2.2k4 S

R
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“TESTS BY GRAF, HEFT 67, SERIES I, 1931 (23)
SIMPLE-SPAN T-BEAMS UNDER THREE CONCENTRATED LOADPS

Dimensions: b = 49.2; b' = 9.8; D = 23.2; d = 20.8; o = 3.54; L = 212.6; L' = 240.2;M/Vd = 8.52 at midspan
Loading: Three equal and symmetrical concentrated loads, at midspan and at 35.% in. from
, supports

Tension Reinforcement: Eleven 0.87-in. round plain bars at midspan, hooked, f_ = about 46,000 psi

Reinforcement in Flange: Four 0.28-in. long. bars; 0.28-in. transverse bars at 4.9 in.;
fy = about 48,000 psi

Web Reinforcement: Bent-up bars and 0.24-in. vertical stirrups
Concrete Strength: Tests on T.9-in. cubes; £ = 0.75 féu = 1490 psi
Age at Test: 26 to 41 days

M At'First Load . At Midspan V Mode

Pfest Ft ]
Group Beam Eq. 35 ﬁny‘ M ost My ost Pfyw .Mtest Yy ost Mtest Fo¥.
: ail.
M M M M M
kips ‘ in-k psi 5 sw psi S SwW f
1 1197 209 0.64 2118 560 1.75 0.83 230 2,92 2,00 1.07 T at
1200 218 " " " 1.8%  0.86 n 3,04 2.08 1.11 Midspan
2 1198 198 " " 560 1.66 0.78 20 2.77 2.65 1.0l T-S at
1201 209 " " " 1.75 0.83 S 2,92 2,79 1.07 Midspan
3 1199 172 " " 560 1.43 0.67 20 2,39 2.28 0.88 S at
1202 187 " " " 1.56 0.7k " 2.60 2.4b9 0.95 Midspan
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“TABLE 46

TESTS BY BACH AND GRAF, HEFT 48, 1921 (27)
STMPLE-SPAN T-BEAMS UNDER STXTEEN EQUAL CONCENTRATED LOADS

Dimensions: b = 47.2, b' = 9.8; D = 27.6; d = 25;2; e = 3,94; L = 212.6; L' = 24h.1

Loading: 16 equal and symmetrical concentrated loads. See Figs. 26-29.

Tension Reinforcement: Round plain bars, hooksd

Reinforcement in Flange: Two 0.28-in. long. bars, 0.28-in. transverse bars at 3.9 in.

Web Reinforcement: Bent-up bars and 0.28-in. round vertical stirrups

Concrete Strength: Tests on T.9-in. cubes, fg = 0.75 f;u
Age at Test: U2 to 48 days

Ratio Mode

£ A f Size of P M, T M Ratio M
Bosm c g Yy Bent-Up test test t . 2] . M £ M of
Bars a- 35 _test —test Fail.
. . 2 . M ‘ M
‘ psi in 331 in. kips ) infk R in-k s in-k f
102% 3230 5.79 50.5 None 105.8 2859 0557' 4210 0.68 7031 0.41 B?
1026 3250 5.73 50.5 0.98 262.3 6973 " k210 1.65 6987 1.00 T
1025 3050 5.78 51.2 . 0.71  26k.6 7031 " k1o  1.69 20k  0.98 T
1031 2750 5.63 49.8 0.59 211.6 5625 " 3750 1.50 6857 0.82 S
- 3793 1.4k2 7119 0.76 S

1032 2750 5.87 50.5 ‘A;0°98 202.8 5390 "

"0LT



TABIE 47

TESTS BY BACH AND GRAF, HEFT 20, 1912 (28)
SIMPLE-SPAN T-BEAMS UNDER EIGHT EQUAL CONCENTRATED LOADS

Number of Beams: Three in each group
Dimensions: b = 23.6; b* = 7.9; D = 15.7; d = 13.6; o = 3.9k;
‘ L =157.5, L* = 173.2
Loading: 8 equal and symmetrical concentrated loads. See Fig. 31.
Tension Reinforcement: Round plain bars, numsrous sizes from 0.39

to 1.57 in. in diam.; averags fy = 46,000 psi-

Reinforcement in Flange: Nons
Web Reinforcement: Bent-up bars and 0.28-in. plain round vertical
stirrups: fyw = 58,300 psi :

Concrete Stréngth: Tests on 11.8-in. cubes; £5 = 0.75 féu = 2490 psi
7.7 percent '
Age at Test: Around 45 days

Computed Quantities: F, = 0.77; M = 1259 in-k; P, = 57.5 kips,

average Mf = 2135 in-k, Pf = 97.5 kips

No. of AS Anch. No. of o Ptest Ratio Ratioc Mods
Group Rainf. 5 Long - B-Up Pﬁest Ptest of
Bars in Bars Bars deg. kips Fail.
Ps Pf ‘
51 2 3.90 None - ~= b7.0 " 0.82 0.48 B
50% - 3.90 *® - — 67.6 1.17 0.69 B
5% " 3.90 Hooks - - 51.5 0.90 0.53 B
5h% n 3.96 » - —_— 9k.0 1.63 0.96 B
55 4 3.81 = 2 13 73.5 1.28 0.75 B
56% " 3.80 ® n n 100.5 1.75 1.0% T
57 6 3.86 None 4 45 90.5 1.57 0,93 B
58 n 3.86 Hooks n n 95.5 1.66 0.98 T
59 n 3.91 None " n 8.1 1.50 - 0.88 B
60 " 3.91 Hooks n " 95.5 1.66 0.98 T
61 7 3.92 None 5 " 85.2 1.48 0.87 B
62 n 3.94 Hooks " " 99.6 1.73 ~ 1.02 T
63 n 3.90 Nome R " 90.3 1.57 0.9% B
6L* n 3.90 Hocks " " 106.4 1.85 1.09 T
65 " 3.94 n 30 100.0 1.7%+ 1.02 T
66 " 391 " " n 102.0 1.77 1.05 T

¥ YVertical stirrups alomg the entire span.
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FIG. 17 RESTRAINED BEAM WITH ALL BARS BENT UP
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