o2 65
CIVIL ENGINEERING STUDIES

y») OQIBUCTURAL RESEARCH SERIES NO. 263

1.06 C. E. 11111013
B X £ 1 :ﬁ

DEFLECTIONS OF
REINFORCED CONCRETE FLOOR SLABS

By
M. D. VANDERBILT
M. A. SOZEN
C. P. SIESS

A Report to
THE REINFORCED CONCRETE RESEARCH COUNCIL
OFFICE OF THE CHIEF OF ENGINEERS, U. S. ARMY
GENERAL SERVICES ADMINISTRATION
PUBLIC BUILDINGS SERVICE
HEADQUARTERS, U. S. AIR FORCE
DIRECTORATE OF CIVIL ENGINEERING
_and
U. S. NAVY, ENGINEERING DIVISION
BUREAU OF YARDS AND DOCKS

UNIVERSITY OF ILLINOIS
URBANA, ILLINOIS
APRIL 1963







DEFLECTIONS OF

REINFORCED CONCRETE FLOOR SLABS

by
M. D. Vanderbilt

M. A. Sozen
C. P. Siess

A Report on a Research Project
Conducted by the

CIVIL ENGINEERING DEPARTMENT
UNIVERSITY OF ILLINOIS

in cooperation with the
REINFORCED CONCRETE RESEARCH COUNCIL
OFFICE QOF THE CHIEF OF ENGINEERS, U. S. ARMY

GENERAL SERVICES ADMINISTRATION, PUBLIC BUILDINGS SERVICE

HEADQUARTERS, U. S. AIR FORCE
and
U. S. NAVY, ENGINEERING DIVISION, BUREAU OF YARDS AND DOCKS
NBy 37633
UNIVERSITY OF ILLINOIS
URBANA, ILLINOIS

April 1963



iy W Whead L Bad Wl | ) Gl wead W el B beid Lo ol el ) ol



TABLE OF CONTENTS

Page

List OFf TableS « v v v v v o v vt e e e e e e e e e e e e e e e e v
List of Figures. . o v o v v v v v v vt e e e e e e e e e e vi
1. INTRODUCTION & v v v v & v v v v e e e e e e e e e e e e e 1
1.1 Object and Scope of Investigation 1

1.2 O0Object and Scope of Report . Y

1.3 Acknowledgments. e 6

1.4 DNotation . . 7

2. CURRENT BUILDING CODE PROVISIONS ON DEFLECTIONS . . . . . ... . 10
2.1 Introductory Remarks . . . . 10

2.2 Current Building Code Spec1flcatlons Governlng Deflectlons 10

2.3 Comparison of Thickness Requirements . . . . e 19

2.4 Philosophy Underlying Code Provisions on Deflectlons e 20

3. THEORETICAL AND APPROXIMATE ANALYSES FOR DEFLECTIONS . . . . . 23
3.1 Theoretical Methods of Analysis for Deflections. . . . . . 23

3.2 Factors Affecting Deflections of Elastic Structures. . . . 29

3.3 Approximate Methods of Analyses for Deflections. . . . . . 37

4., FRAME ANALYSIS . + « v v v v v e e v e e d e e e e e e e e 39
L.,1 Introductory Remarks . . . .. 39

4.2 Approximate Solution for the Mld Panel Deflectlon of a
Clamped Plate on Rigid Supports. . . . ... 41
4.3 Effects of Stiffness Parameters and Aspect Ratlo on

Frame Loading . . e e e e e e e e e e e e e L3

4.4 Details of Frame Analy51s .. .. L7

4.5 Application of the Frame Analy51s to Elastlc Structures. . 56

5. DEFLECTIONS OF REINFORCED CONCRETE STRUCTURES . . . . . . . . . 60
5.1 Introductory Remarks . . . . .. . 60

5.2 Description of University of IllanlS Test Structu;es .. 61

5.% Comparisons of Computed with Measured Deflections. . . . . 66

5.4 Time-Dependent Deflections . . . N 4]

5.5 Further Applications of Frame Analy81s e e e e e e e e 86

6. DESIGN CONSIDERATIONS . . « + v v v v v v e v v e e e o e 90
6.1 Introductory Remarks . . . . « « +« + v « v v v v v v v . . 9O

6.2 Nonsymmetrical Layouts . . + « « + « v v 4 v v v v . . . . O

-iii-



-iv-

TABLE OF CONTENTS (continued)

7. SUMMARY AND CONCLUSIONS .

T.1 SUmMary. . « « o ¢ o o o e s e e e e e e e e e
7.2 Conclusions. .

BIBLIOGRAPHY.
TABLES

FIGURES

APPENDIX A. EXTRACT FROM FRENCH BUILDING CODE ON DEFLECTIONS .

A.1 Introductory Remarks
A.2 Extract on Deflections

APPENDTX B. DESCRIPTION OF COMPUTER PROGRAM.

Introductory Remarks

Input Data . . .o

Finite Difference Operator .

Flow Diagrams. ..
Output Data and Estlmatlon of Runnlng Tlme .
Validity of Program.

Availability .

U wwww
-~ Oy =W o

APPENDIX C. ILLUSTRATIVE EXAMPLE .

Introductory Remarks

Selection of Frames.

Computations of Stiffness and Carry-Over Factors
Determination of Loading . .

Computations of Moments, Slopes, and Deflectlons for
Uncracked Sections

sNeNoReNe!
O Ul W

Q

Cracked Sections

Computations of Slopes and Deflectlons Based on Fully

Page
93

93"
95

971
101

124

25T

257
257

263

26%
264
264
266
269
269
270

277
277
277
278
281

281

284

=

pm
feals

e B

[

e

»ay

F_s‘ﬁi

ey
H

(A

ti: J.s.fgf'.;!.



Number

10

11

12

13
1k

15

16

17

18

LIST OF TABLES

i

3 Page
Building Code Limitations on,zéégggfii Ratios. . . . . . . . . 101
Building Code Minimum Thickness Limitations. . . . . . . . . . 102
Comparison of Thicknesses Required for U. of I.
Test Slabs by Various Building Codes . . . . . . . . . . « . . 103
Deflections of Uniformly Loaded Rectangular
Plates on Nondeflecting Supports . . . . . . . . . « . .+ « . . 104
Deflections of Plates Continuous over Flexible Beams . . . . . 107
Deflections of a Nine-Panel Slab . . . . . . . . . . . . . . . 109
Deflection doefficients for Interior Panels, IS = IL e e e e 1310
Bending Moments in Long Direction at Various
Points. in Interior Panels, Is = IL e e e e e e e e e e e e 111
Bending Moments in Short Direction at Various
Points in Interior Panels, IS = IL e e e e e e e e e e e 112
Deflection Coefficients for Interior Panels, Ig = (S/L)IL. .. 113
Bending Maoments in Long Direction at Various Points in
Interior Panels, Ig = (s/L)IL e e e e e e e e e 11k
Bending Moments 1n Short Direction at Various Points in
Interior Panels, I_ = (S/L)I e e e e e e e 115
Deflection Coefficients for Interior Panels, Ig = (S/L)2IL . 116
Bending Moments in Long Direction at Variocus Points in
Interior Panels, I, = (S/L)EIL e e e 117
Bending Moments in Short Dlrectlon at Various Points in
Interior Panels, I, = (§/L)% L 118
Deflection Coefficients for Nine-Panel Slabs,
All Panels Loaded. . . . « .+ « « v 4 v v v e e e e e e e 119
Deflection Coefficients for Nine-Panel Slabs,
Corner and Interior Panels Loaded. . . . . . . . . . . . . .« . 122
Deflections and End Moments for a Symmetrlcally Loaded
Prismatic Beam . . . . . . . . . . e e e e e e e e e 123



Figure No.

3.1
3.2

= = += +=

LIST OF FIGURES

Aifteety

Variation of Mid-Panel Deflection with EL’ S/L =

Variation of Mid-Beam Deflection with ﬂL, S/L = 1.0

Veriation of Mid-Panel Deflection with H , S/L = 0.8,
Ig = (S/LYI. v v v v v e e e e e
Veriation of Mid-Panel Deflection with Hp, s/L = 0.6,
Ig = (S/L)I. « v v v e e e e
Variation of Mid-Panel Deflection with H, S/L = 0.h,

Ig = (S/L)IL .

Direction and Designation of Bending Mbments in a
Typical Interior Panel .

Variation of Deflection with c/L Raxio,AS/ﬁ

= 1.0
Variation of Deflection with c/L Ratlo, S/L = 0.8,
Ig = (s/L)I. . . . . .. .
Variation of Deflection with c¢/L Ratio, S/L = 0.6,
Ig = (S/L)T. - v v v o e e e e e e

Variation of Deflection with ¢/L Ratio, S/L-

= (S/L)IL e e e e e e e e e
Variation of Mid-Panel Deflection with Aspect Ratio,
Ig = (S/L)IL e e e e e e e e e e e

0.k,

Deflected Shape of a Portion of a Continuous Structure
Typical Layout of a Nine-Panel Floor Slab.
Rotation of Beam Under Applied Unit Twisting Moment.

Constant for Torsional Rotation of a Rectangular
Cross Section

Comparisons of Theoretical and Frame Analyses
Solutions, J = 0.25, K = 10, All Panels Loaded .

Comparisons of Theoretical and Frame Analyses
Solutions, J = 0.25, K = 30, All Panels Loaded .

Comparisons of Theoretical and Frame Analy§és
Solutions, J = 0.25, K = 90, All Panels Loaded .

-vi-

Page
124

125

126

127

128

129

130

131

132

155

134

135
136
137

138

139

140

141



Figure No.

L.8

-vii-

LIST OF FIGURES (continued)

Comparisons of
Solutions, J =

Comparisons of
Solutions, J =

Comparisons of
Solutions, J =

Comparisons of
Solutions, J =

Comparisons of
Solutions, J =

Comparisons of
Solutions, J =

Comparisons. of.!

Solutions, H =
Loaded

Comparisons of
Solutiocns, H =
Loaded

Theoretical and Frame Analyses

1.0, K = 10, All Panels Loaded .

Theoretical and Frame Analyses

1.0, K = 30, All Panels Loaded .

Theoretical and Frame Analyses

1.0, K = 90, All Panels Loaded .

Theoretical and Frame Analyses

2.5, K = 10, All Panels Loaded .

Theoretical and Frame Analyses

2.5, K = 30, All Panels Loaded .

Theoretical and Frame Analyses

2.5, K = 90, All Panels Loaded .

Theoretical and Frame Analyses
Jd = 0.25, Corner and Interior Panels

-

Theoretical and Frame Analyses

J = 2.5, Corner and Interior Panels

View of Flat Slab (F2)

View of Two-Way Slab with Deep Beams (T1)

View of Flat Slab (Fk)

Layout of Flat

Plate Test Structure (F1l)

Bottom Steel in the Flat Plate Test Structure (Fl).
Top Steel in the Flat Plate Test Structure (Fl)

Arrangement of Reinforcement in Beams in the Flat
Plate Test Structure (Fl)

Arrangement of Column Reinforcement in Flat Plate
Test Structure (Fl)

Layout of Flat Slab Test Structures (F2, F3)

Page

1h2

143

1hk

145

146

147

148

1khg
150
151
152
153
154
155

156

157
158



Figure No.

5.10

5.11

5.12

5-13

5.14

~viii-
LIST OF FIGURES (continued)

&

Bottom Steel in the Flat Slab Test Structure Reinforcéd
with 1/8-in. Square Bars (F2) C e e e e

Top Steel in the Flat Slab Test Structure Reinforced
with 1/8-in. Square Bars (F2) C e e

Arrangement of Reinforcement in Beams in the Flat Slab
Test Structures (F2, F3). . . . .

Arrangement of Column Reinforcement in Flat Slab Test

 Structures (F2, F3)

Comparison of Cross Sectional Areas of Slab Positive
Reinforcement Provided in Test Structures Vo 2 and
No. 5 .

Comparison of Cross-Sectional Areas of Slab Negative
Reinforcement Provided in Test Structures No. 2 and
Ne. 5

Layout of Two-Way Slab Test Structures (T1, T2)

Arrangement of Bottom Relnforcement in Typical Two-Way
Slab (T1)

Arrangement of Top Reinforcement in Typical Two-Way
Slab (T1) e e e e e e e e e

Arrangement of Reinforcement in Beams in Typical Two-Way
Slab Test Structure (T1)

Arrangement of Bottom Relnforcement 1n Two-Way Slab
with Shallow Beams

Arrangement of Top Reinforcement in Two-Way Slab with
Shallow Beams (T2).

Arrangement of Reinforcement in Beams of Two-Way Slab
with Shallow Beams (T2)

Arrangement of Column Reinforcement in Two-Way
Slabs (T1, T2)

Arrangement of Bottom Reinforcement in the Flat Slab
(F5). e e e e e e .

Arrangement of Top Reinforcement in the Flat Slab (F5).

Page

159

160

161

162

163

6L

165

166

167

168

169

170

171

172

173
174

e [ov

Mok ih eyt Y sl P e

hhenide it

I

el i o

st arey



v u

| S

P R

)

(.

Gl Bed et bed

Wd  Solal

Lot

Figure No.

5.26

5.27

5.28

.29

5.30

5-31

~iX-

LIST OF FIGURES (continued)

Arrangement of Beam Reinforcement Flat Slab Test
Structure (F5)

Arrangement of Column Reinforcement in the Flat Slab

(F5)

Location and Designation of Deflection Dial Gages for
all Test Structures

vDeflections and Deflection Coefficients for the Flat

Plate (F1) Based on Uncracked Sections

Deflections and Deflection Coefficients for the Flat
Plate (Fl) Based on Fully Cracked Sections . . . . .

Deflections and Deflection Coefficients for the Flat
Slab (F2) Based on Uncracked Sections .

Deflections and Deflection Coefficients for the Flat
Slab (F2) Based on Fully Cracked Sections Co

Deflections and Deflection Coefficients for the Flat
Slab (F3) Based on Fully Cracked Sections Ce

Deflections and Deflection Coefficients for the Flat
Slab (F5) Based on Fully Cracked Sections

Deflections and Deflection Coefficients for the Two-
Way Slab with Deep Beams (T1) Based on Uncracked
Sectlons e e e e e e e .

Deflections and Deflection Coefficients for the Two-
Way Slab with Deep Beams (Tl) Based on Fully Cracked
Sections . .« « v . . o i e e e e e e e e e e e e

Deflections and Deflection Coefficients for the Two-
Way Slab with Shallow Beams (T2) Based on Uncracked
Sections + v v v e e e e e e e e e e e e e e e e

Deflections and Deflection Coefficients for the Two-
Way Slab with Shallow Beams (T2) Based on Fully
Cracked Sections . . e e e e e e e e e,

Load-Deflection Curve, Flat Plate (Fl), Point AO

Load-Deflection Curves, Flat Plate (Fl), Points A

aa, .
and A,

Page

175

176

17T

178

179

180

181

182

183

184

185

186

187
188

189



Figure No.

5!&1
5.42
5.43

5. 4k

5.45
5.46
5.47
5.48
5.49
5-50

.51
.52
-3
.54

\n N 1 A IR |

-55

5.56
5.57

5.58.

5.59
5.60

5.61 .

_-X e

LIST OF FIGURES (continued)

Load-Deflection
Load-Deflection

Load-Deflection
and Dl .

Load-Deflection
and G&

Load-Deflection
Load-Deflection
Load-Deflection
Load-Deflection
Load-Deflection

Load-Deflection
and Hh .

Load-Deflection
Load-Deflection
Load;Deflection
Load-Deflection

Load-Deflection
and A2 .

Load-Deflection
Load-Deflection

Load-Deflection
and. Dl .

Load-Deflection

Load-Deflection
and Gl .

Load-Deflection

Curve, Flat Plate (Fl), Point By -

Curve, Flat Plate (Fl), Point Bl .
Curves, Flat Plate (Fl1), Points B

Curves, Flat Plate (Fl),iPoi_nts'C3
Curve, Flat Plate (F1), Point E,
Curve, Flat Plate (F1), Point E .
Curve, Flat Plate (Fl), Point Fo -
Curve, Flat Plate (Fl), Point Fl .
Curve, Flat Plate (Fl), Point F, .
‘Curves, Flat Plate (Fl), Points F5
Curve, Flat Plate (F1), Point GO

Curve, Flat Plate (F1), Point 95

Curve, Flat Plate (Fl), Point J, .

Curve, Flat Slab (¥2), Point 2,

Curves, Flat Slab (F2), Points A
Curve, Flat Slab (F2), Point B,
Curve, Flat Slab (F2), Point By

Curves, Flat Slab (F2), Points B,

Curve, Flat Slab (F2), Point Cq

Curves, Flat Slab (F2), Points Cy
&

Curve, Flat Slab (F2), Point o

2

Page
190

191

192

193
194
195
196
197
198

199
200
201
202

203

204
205

206

207

208

209

210



i l

vl

[TeT

il Wi

B

R feed

Guwd WE el

iy
i g

s

Figure No.

5.64
5.65
5.66
5.67

5.68

5.72
5.73

5.80
5.81

-xi-

LIST OF FIGURES (continued)

Load-Deflection

Load-Deflection
and H2 .

Load-Deflection
Load-Deflection
Load-Deflection

Load-Deflection
and J)+

Load-Deflection

Load-Deflection

and A2‘.

Load-Deflection
and Cl .

Load-Deflection
Load-Deflection
Load-Deflection

Load-Deflection
and H2 .

Load-Deflection
and HO .

Load-Deflection

and Jl .
Load-Deflection
Load~Deflection

Load-Deflectiqn

'Load-Deflection

Load-Deflection

Curve, Flat Slab (F2), Point Ey -

Curves, Flat Slab (F2), Points E,

Curve, Flat Slab (F2), Point Fy

Curve, Flat Slab (F2), Point N

Curve, Flat Slab (F2), Point 5

Curves, Flat Slab (F2), Points J5

Curve, Flat Slab (F3), Point Ay

Curves, Flat Siab (F3), Points A

Curves, Flat Slab (F3), Points B,

Curve, Flat Slab (F3), Point CO

Curve, Flat Slab (F3), Point Dy

Curve, Flat Slab (F3), Point E,

Curves, Flat Slab (F3), Points E., F
Curves, Flat Slab (F3), Points Fy

Curves, Flat Slab (F3), Points F,

Curve, Flat Slab (F3), Point 95

Curve, Flat Slab (FL), Point Ay

Curve, Flat Slab (F4), Point B,
(

Curve, Flat Slab (F4), Point D

0

Curve, Flat Slab (FL4), Point Hy

2’ 71

Page

211

212
213
o1k

215

216

217

218

219
220
221

222

203

224

225
226
227
228
229

230



Figure No.

5.82
5.83
.84

A2 A |

.85
5.86
5.87
5.88
5.89
5.90
5.01

5.92
5.93

5.94
5.95
5.96
5.97
5.98

2-99

5.100

5.101

5.102

5.103%

-xii-

LIST OF FIGURES (continued)

Load;Deflection
Load-Deflection
Load-Deflection
Load-Deflection
Load-Deflection
Load-Deflection
Load-Deflection
Load-Deflection

Load-Deflection

' Load-Deflection

and Dl

Load-Deflection

Load-Deflection
and E

2
Load-Deflection
Load—Deflection
Load-Deflection

Load-Deflection

Load-~-Deflection
and Di

Load-Deflection

Load-Deflection

~and E:

2

S

Curve, Flat Slab (F5), Point Ay -

Curve, Flat Slab (F5), Point A

Curve, Flat Slab (F5), Point B, -

Curve, Flat Sleb (F5), Point Dy -
Curve, Flat Slab (F5), Point Gy -
Curve, Two-Way Slab (Tl), Point Ay
Curve, Two-Way Slab (Tl), Point A -

Curve, Two-Way Slab (T1l), Point By -

Curve, Two-Way Slab (T1), Point B, -
Curves, Two-Way Slab (Tl), Points B

Curve, Two-Way Slab (Tl), Point By -

Curves, Two-Way Slab (Tl), Points By

Curve, Two-Way Slab (TQ),‘Point AO.
Curve, Two-Way Slab (T2), Point A -
Curve, Two-Way Slab (@z&, ﬁoint'Bo.
Curve, Two-Way Slab (T2), Point B, .
Curves, Two-Way Slab (T2), Points B
Curve, Two-Way Slab (T2), Point E-
Curves, Two-Way Slab:(TE), Points E

Method of Construction of Parabolic Transition Curve

Strain Distribution in a Reinforced Concrete Beam .

Shrinkage Curvature in Reinforced Concrete Beams.

2

2

l.

Page
231
232
233
234
235
236
237
238
239

2Lo

241

i)
243
olk
2U5
2L6

ahT
248

249
250
251

252



\!-2‘*&‘«4

n»‘ﬂﬁr“

Lo

RWINTEY

W bl G el

e

ozl

"!‘ - I L“w

(.

) Gl Geed

Figure No.
5.104
5.105

5.106

-Xili-

LIST OF FIGURES (continued)

Load-Deflection Curves for PCA Test Slab .

Typical Interior Panel, Structure C

Deflection-Time Curves, Interior Panel, Structure C.
Schematic Layout of a Typical Nonsymmetrical Structure
Finite Difference Operator Pattern and Addresses .
General Flow Diagram .

Detailed Flow Diagram

Layout of One-Quarter of Interior Plate

C?eck on Validity of Computer Progrem, S/L = 0.8,
c/L =0 e e e e e e e e e e e e e e e e

Ersatz Frames for Two-Way Slab with Shallow Beams (T2)

Page
253
254
255
256
271
272
273
275

276
287






esrrnietd te-ra-m&

(o

K ?:‘?7}

1. INTRODUCTION

1.1 Object and Scope of Investigation

This report is one of a continuing series of reports written as
part of the investigation of multiple-panel reinforced concrete floor slabs
which is currently being conducted at the University of Illinois. The floor
slab investigation has as its over-all objective the development of a unified
design procedure for floor slabs.

A floor slab consists essentially of a continuous plate supported

on columns. If supporting beams are placed so that they span between columns

the beams act to stiffen the structure and to enhance the load-carrying

capability of the structure. Structures without beams, excepting spandrel

beams, are termed eithef flat slabs or flat plates depending upon whether the
tops of the supporting columns are flared to form column capitals. The slabs
with supporting beams are termed two;way slabs.

The current design specifications for slabs contained in the ACI
Building Code (1)¥* treat the ﬁwo types bf construction. in entirely different
approaches. <Ah extensive discussion of the design of flat slabs and plates
is given whilévthe design of two-way slabs is treated briefly in a separate
chapter.

The total moment capacities provided by the two methods of design
afe gquite different. For example, for a square interior panel of a flat slab

the total moment provided is

2
M_ = 0.09WLF {1~g~5§} o (1.1)

where W = the total load on the panel,

* Numbers in parentheses refer to entries in the bibliography.

-1-



L = the span,
c = the effective support size, and

F = 1.15-¢/L, but not less than one.

For a square interior panel of a two-way slab the total moment provided is
0.15WL which is 120 percent of the static moment of 0.125WL. For a ratio of
c/L of zero the tﬁo-way slab would provide 145 percent of the moment provided
by the flat slab. Conversely, the flat slab would provide 83 percent of the
static moment and 69 percent of the moment for the two-way slab. For ratios
of é/Iaof 0.15 and larger the flat slab is required to carry only 72 percent
of the static moﬁent. The fact that the two methods lead to such differences
in required moment capacity, and hence amounts of reinforcing steel, results
in fhe anomalous situation that the inherently stronger two-way system is
economically justifiable only for light design loads for which thickness
lﬁnitations.govern the design of Tlat slabs.

The reasons for the differences between the two types of design
procedures stem from the ways in which they,ﬁere developed; Flat slabs
liferally were invented and were constructed for years before any analysis
was developed. When Nichols (2) in 191k first gave the expression defiﬁing

the static moment in an interior panel as

2
- 2c|
M, = 0.125WL ‘[1 - 3L} , (1.2)

many practicing engineers refused to believe it since it placed a lower bound
on the total moment in a panel that was higher -than the total capacity
current practice then. provided.

-During the early days of flat slab construction it was common
practice for the owner of a new building»to specify that acceptance would be

made only upon the successful completion of a load test. Théée tests usually
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included the loading of only.a few panels and hence the unloaded panels
immediately . adjacent to the loaded panels were able to assist in carrying the
load. -Since building codes can do little more than reflect current practice,
whenever the current practice appears to give reasonable results, the regula-
tions adopted by the ACI and other codes provided for only a portion of the
static moment as is shown by Eg. 1.1.

Analyses of load tests made by Westergaard and Slater in 1921 (3)
are often cited to prove the correctness of Eg. 1.1. However, these analyses
did not properly take into account the influence of the tensile forces in the
concrete and the aid of the unloaded panels adjacent to the loaded panels.
Hence the high factors of safety shown by these studies were incorrect.

The design procedures for two-way slabs were developed on the
bases of éolutions for moments in plates on nondeflecting supports. Effects
of pattern loadings were considered and the final procedures thus developed

required more than adequate moment-carrying capacity. Chronologically,

‘method 2 was the first method developed. This method was developed based on

studies made by Westergaard (4). .Method 1 was developed by-Di Stasio and
Van>Buren for inclusion in .the New York City Building Code (5) and was later
incorporated into the ACI and other codes. A third procedure, sﬂmilaf in
form to the German code, is included in the 1963 ACI code (6). This method
is in most cases the most conservative method of the three (7).

In view of the inequities of the disparate design provisions for
two-way and flat slabs, an investigation of floor slabs was initiated at the
University of Illinois in 1956. This investigation has included both
theoretical and experimental studies. The theoretical studies have included
considerations of the effects of openings in slabs and the effects of varying

column stiffnesses on moments and deflections of slabs (8,9). The experimental
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phase has included the testing of five nine-panel reinforced concrete floor
slabs. - Previous reports have given details of the construction’and testing
of these slabs and the results of analyses for moments (10,11,12,13,14,15).
Effects of beam and column stiffnesses on moments and the correlation between

computed and measured moments have been studied (16).

1.2. Object and Scope of Report

The adegquate désign of a structure requires'that at least two
different types of criteria be satisfied: those of safety and serviceability.
The criterion of safety. is satisfied if the structure provides adequate
strength. The serviceability criteria are:less easily defined. Such diverse
factors as color, finish, ability to resist spalling and dusting, etc., may
be considered to serve as indices of serviceability. Perhaps the most
commonly cited criterion is that of deflections.

Excessive deflections of a floor slab may render a structure
unusable both from an esthetical and a functional point of view. .Deflections
of a floor may in themselves cause worry to the occupants of a building since
to the layman noticeable deflection,ofténusignifies inciﬁient collapse.
Hdwever,_the ma jor effect of large déflections is usually to causé damage to
construction carried by the floor. Such damage is shown by cracking of
brittle partitions, Jjamming and mis-alinement of doors in paftitions and the
like. Current trends towards the use of lightﬁeight—aggregate concretes and
higher allowable steel stresses will increase the possibility of large
deflections.

The problem of deflections. has long been recognized by the
engineering profession. -Building codes atfempt tovproﬁidé adequate stiffness
by specifying minimum allowable thickﬁesses and/of thicknéss-toQSPan ratios.

_.Design engineers commonly provide for a certain amount of camber. The
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inadequacy of thése provisions is shown by the number of cases of structures
which become unserviceable because of deflections. Since such cases often
are matters of litigation they are seldom publicized. No simple method of
analyses for deflections of continuous structures has previouély been
developed.

The effect of deflections on strength is alsc a matter of interest.
The yield-line method for assessing the strength of slabs is an upper-bound
method but it normally underestimates the strength by 10 to 30 percent. 1In
exceptional cases, . where a slab is surrounded by essentially rigid beeams,
the load-carrying capacity of a panel may be several times that predicted by
the yield-line procedure (17). It has been postulated (11) that the large
deflections accompanying the formation of yield lines in a slab serve to
increase the lever arms of the positive reinforcement thereby increasing the
capacity. It is possible that a method of determining the effect of deflec-
tions on strength may be developed after a method of computing the deflections
at and beyond yield has been developed.

This report describes the results of a study of deflections of
reinforced conérete floor slabs. The study is concerned with the problem of
deflections as a serviceability criterion and does not include a discussion
of the effects of deflections on strength. The current building code
provisions on deflections contained in the codes of a number of countries
are discussed in Chapter 2. The thecretical methods of determining deflections
of plates and the factors affecting the deflections of plates in continuous
structures are described in Chapter 3. The development of an approximate
method of analyses for deflections through the use of a frame analysis is given
in Chépter'h. .The agreement between computed and measured deflections for

several reinforced concrete structures is shown in Chapter 5. - Additional
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design considerations are contained in Chapter 6 and Chapter 7 is a summary of

the report.
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1.4 Notation
The symbols used throughout the text are defined below and where
first introduced in the text. Symbols that are used only once in the text

are notArepeated below.

'As = cross-sectional area of tensile reinforcement
‘Aé = cross-sectional area of compressive reinforcement
a,b = spans of a rectangular plate, alsoc spans in the x and y
directions, respectively; also porticns of the span cf
a symmetrically-loaded beam as defined in Table 18
b = width of a beam
C = a measure of the torsional rigidity of a beam
c = a dimension defining the effective support size
d = effective depth of a reinforced concrete section or
depth from compression face to centroid of tensile
reinforcement
dl = larger dimension of a rectangular cross section for use
in BEg. k.5
Et3
D = 7o unit plate flexural rigidity
" 12(T=u")
€ = strain
E = modulus of elasticity
Es’Ec = modulus of elasticity of steel and concrete, respectively
fé = compressive strength of concrete
fr = modulus of rupture of concrete
fs = steel stress
;y = yield stress of steel
G = moduwlus of elasticity in shear
(E1);
HL = T8 = ratio of flexural rigidity of beam in long
direction to plate flexural rigidity in short
direction



(EI)
L = = ratio of flexural rigidity of beam in short
direction to plate flexural rigidity in long

direction

moments of inertia of beams spanning in long and short
directions, respectively

ratio of distance between compressive and tensile forces
acting on a reinforced concrete beam cross section to the
effective depth 4.

&« = ratio of torsional rigidity of a beam to the flexural
DL R
rigidity of a plate

ratio of depth from compression face to neutral surface
of a reinforced concrete section to the effective depth

= ratio of total stiffness of a column
to the unit plate flexural rigidity

}Z 4(EI)COIL/LCO?L
D

the longer span of a rectangular;plate

the static moment in a panel of avslab

positive integers

a factor defined by Eq. 5.8

the bending moment acting on a column as used in Eg. 4.3
number of simultaneous equations in a matrix

A /bd = ratio of cross-sectional area of tensile
réinforcement to the product bd

A’/bd = ratio of cross-sectional area of compressive
reinforcement to the product bd

intensity of uniformly distributed load

S/L = ratio of short to long spans or aspect ratio
the shorter span of a rectangular plate

thickness of a plate

the smaller dimension of a rectangular section for use
in Eq. 4.5

Poisson's ratio, which is taken as zero in this report
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deflection, also weight of concrete
the total load on a panel

an angle defining the load to be applied to the ersatz
frame

a factor used in finding C

deflection
(81),

i = ratio of flexural rigidity of beam in long
direction to plate flexural rigidity in long
direction

(ED)g

D = ratio of beam flexural rigidity in short
direction to plate flexural rigidity in short
direction

slope

the average rotation of a beam caused by a unit twisting
moment as given by Eq. L.4

the rotation of a column caused by the unit twisting
moment applied to the beam framing intc the column

curvature

unit rotation caused by unit twisting moment applied
to a beam



2. CURRENT BUILDING CODE PROVISIONS ON DEFLECTIONS

2.1 Introductory Remarks

The deflection of a flexural member is é function of the support
conditions, applied loading and span, and the flexural rigidity of the member.
The majority of the building codeé do not concern themselves with computations
of deflections but rather with attempting to provide minimum values of flexural
rigidity. These limitations upon the rigidity,afe usually presented in the
form of minimum ratios of thickness ahd/or minimum ratios of thickness to
span. The thickness and thickness-to-span limitations imposed by the codes
available for study are listed in Tables 1 and 2. Of the buillding codes which
are currently available for study, only those of the Netherlands, Sweden,
France, USSR, and the United States contain any_pfovisions pertaining to
deflections other than the minimum thickness and thickness-to-span limitations
listed in Tables 1 and 2. |

A more detailed discussion of the provisilons concerning deflections
that are included in certain codes 1s given in Section . 2.2. .A comparison of
the thicknesses required by the various codes for the University of Illinois
test structures is given in Section 2.3. A discussion of the philosophy
underlying the majority of the code provisions on deflections is contained

in Section 2.k4.

2.2 -Current Bullding Code Specifications Governing Deflections

Ihe‘majority of the codes éttempt to insure adequate rigidity by

. specifying a minimum ratio of either thickness to span or effective depth to
span. The span in most cases is defined as either the distance from center-
to-center of supports or this distance plus the effective depth at mid-span.

Certain codes also give limiting absolute values of thickness. The tacit

-10-
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assumption appears to be made in all codes that all panels in a floor slab
are rectangular in shape and are supported rigidly at least at the corners.

A complete code specification pertaining to deflections should
consider both short-time and long-time deflections. However, among the codes
studied only the Swedish, French and the USSR codes considered long-time
deflections explicitly. While no longer a serviceability criterion, a method
is given by the USSR code to calculate deflections at the formation of yield
lines. The provisions concerning deflections given by certain codes are

given below.

(A) NetherlandsCode (18)

| The buillding code of the Netherlands attempts to 1limit deflections
by specifying a‘minimum allowable depth. The formula given by the code is a
function of steel strain, which in turn is a function of the load and the
shape of the panel, live lcad to dead load ratio, and span.

The Netherlands code presents a formula which gives the minimum

depth as
b
LL
> R
¢z et ES [DL + LL] L'mirl
where
a = depth from extreme compressive fiber to center of

tensile reinforcement

IL = 1live load

DL = dead load

fs = design steel stress
: ES = modulus of elasticity of steel
Lmin = shorter span
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The additional stipulations are made that when the slab is continuous
over one edge, then Lmin shall be taken as 0.85 times the span perpendicular
to this edge. If the slab is continuous over two opposite edges, Lmin is to
be taken as Q.7 times the span perpendicular to these edges. The minimum
ILL/(DL + LL) ratio to be used is 0.5. |

This formula is based on a maximum allowable deflection to short
span ratio of 1/250 for total lozd or 1/500 for live load, whichever governs.

The formula was developed on the basis of the assumption that the
concrete in the tensile zone of the short span of a panel will be cracked at
service load levels and that therefore the steel stress governs the design.
The discussion of this formula (18 ) states that the formula gives results
which agree fairly well with results of tests of simply supported slabs, but

that for other cases rather large deviations may be expected.

(B) Swedish Code (18,19)

The Swedish code specifies that proper consideration should be
given to the influence of cracking in the tension zone. The thickness of
’ *
plates supported on four sides and carrying walls, and which may be harmed

by deformations, should be at least

where largest positive design moment, .and

B
i

POS

modulus of rupture of concrete (given by Table 9.311 of
the Swedish State Concrete Regulations).

L}
]

The commentary on this provision (19) which accompanies the code
states that this formula was developed so as to prevent, as nearly as possible,
the development of cracks in the positive moment regions. .The intended result

was that the uncracked stiffness would be preserved, thereby limiting

* Presumably "clamped down by walls at the periphery.”
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deflections. Based on the assumption of uncrackedsecticns, the code further
specifies that deflections may be calculated using the theory of elasticity
with an apparent modulus of elasticity for the concrete. A numerical value
of the apparent modulus is given for each of several grades of concrete. The
code further specifies that for short-time loadings, calculations involving
vibrations, etc., a modulus of elasticity up toc three times that given in the
code may be used. The commentary states that roughly the same value of tmin
would be obtained if the code specified a maximum deflection to short span
ratio of 1/1000.

A number of the variables which affect deflections are considered,
at least implicitly, by this code. Type of loading, aspect ratio and span
length affect the value of positive moment chosen for use in the formula for
the minimum thickness. The effects of different material properties are
considered in the value of the modulus of rupture used in the formula and in
the value of the modulus of elasticity for concrete used in elastic calcula-

tions of deflections. However, the Inadequacy of these specifications is

pointed out in the commentary.

(C} The USSR Code (20)

The USSR code presents a number of empirical formulas for the
determination of deflections and moments at first cracking, and deflections
when sufficient yield lines have formed to produce a collapse mechanism.
These formulas appear to be based in part on tests performed by W. I.
Muraschev and discussed briefly in a text by Sachnovski (21). However, the
stipulated methods do not appear to be realistic, especially those pertaining
to deflections at yield.

The USSR code states that attention shall be paid to the beginning

of cracking, the width of cracks, and to the magnitude of deflections.
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Approximate methods for the determination of crack widths and deflections are

given. The specifications governing deflections are as follows:

(1) Two-way slabs

(a) Short-time deflections may be determined using tabulated
values for elastic plates that were developed by Galerkin.

(p) In cracked slabs it is recommended that the deflection be
determined approximately by linear interpolation between the deflection A%,
corresponding to the formation of the first cracks, and the deflection A?,

which immediately precedes collapse, by using the formula

P - Pr
A = AI’ + (Ay - Ar)‘»-é———:—é—-j}
-y r

where
P <P<LP
r Y
P = load
Pr = load at formation of first crack
'Py = failure load

A} is determined as for an isotropic elastic slab with consideration given
to creep where necessary. Time dependent effects are considered by multi-
plying -the elastic deflection by two.
(c) When the ratio of reinforcement is 0.5 percent.or’less,vthe
cracking moment may be determined from the eguation
2(z,)

where Mr = largest positive bending moment in the panel under
consideration,
t = thickness, and
f, = tensile strength of concrete.
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(d) For two-way slabs A& is determined based on a consideration of
the pattern of yield lines that would exist at the formation of a failure
mechanism for the given panel. At the formation of the mechanism correspond-
ing to the loﬁest failure load the panel is assumed to be divided into rigid
segments connected by bands of yielded material. The minimum failure angle

between adjacent rigid segments is taken as w'Qp where w' is the width of the
s
d - kd

For rectangular panels w' may be assumed as 0.4S where S = the shorter side

is the curvature of the slab when the steel yields.

of the panel. The value of the width w' was determined from tests.

(2) Flat Slabs

(2) Uncracked deflection

P(Li + Lh) L
A=0.018 —EF— put < —
. 1000
(b) Cracking moment
f£t2
M = —
r 775

(¢) Load at cracking
10 M

——t

@ - 2¢)®

(d) A for a sguare panel with square column capitals is given

by . the equation

(0.5L-- c)
A = 0.
Yy 0.1 Llfs Es d - kd

where
Ll = clear span between capitals
L = span center-to-center of columns
f = design steel stress

E = modulus of elasticity of steel

kd = depth from compression face to neutral surface.
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For other than square panels it is necessary to consider the pattern of yield
lines corresponding to the minimum yield load. The maximum absolute deflec-
tion of a flat slab, assuming no cracking, is limited to l/lOOO of the span
center-to-center of columns.

. .The mid-panel deflection at the yield load level was computed for
the interior panels of the two two-way U. of I. test structures using the
procedure outlined in (ld) above. The comparison between measured deflections
at yield with the predicted deflections shows that the procedure specified

for the computation of Ay greatly overestimates the correct value.

Type of two-way .Measured mid-panel deflection Predicted &
structure less average beam deflection “asing (14)°

Shallow beams 0.24" - 0.15" = 0.09" 0.57"

Deep beams 0.30" - 0.08" = 0.22" 0.50"

{d) French Code (22)

The French code prescribes only that deflections shall be small
enough so that no structural damage shall occur and that in‘no case shall a
thickness be used that is less than 5.0 cm. for on;site construction or
"3.75 cm. for slabs prefabricated in shops. However; the commentary
accompanying the code contains a discussion of some of the factors affecting
deflections and suggeéts methdds for computing deflections. The rules and
commentary thereon are contained in Appendix A.

The relationships presented in tﬁé commentary for use in computing
absolute values of deflections are basically conventioﬁal methods. -For
instance, the relationship given for the computation of Ai (Bq. A.3) is nearly
that which would be obtained for a uniformly -loaded, simply. supported beam
assuming a fully-cracked section and using a modular ratio: (ratio of elastic

moduli) of 15. The term 6 appearing in:Egs. A.3 and A.L is evidently introduced
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to account for the increased deflection that may be expected to occur for the

shallower section which would result from the use of a high percentage of

1
bropraen

reinforcement.

(E) United States Code

A number of building codes are currently in. force in various parts
- of the United States. The one perhaps most commonly recognized has been
developed by the American Concrete Institute (1). The ACI code (318-56)
gives provisions concerning minimum thickness and thickness-to-span limitations
for both two-way and flat slabs. These provisions are included in. Tables 1
and 2. In addition, minimum thickness formulae are given for flat slabs
which are functions of span, load and concrete strength. These formulae were
developed using the conventional straight-line formula to insure that the
maximum flexural concrete stress in a flat slab. would be‘leSS~than,the allow~-
able stress. Hence, while these formulae affect stiffness, they were not
developed to govern stiffness.

For two-way construction the minimum thickness is to be taken as

L i Lol B BeE s

four inches or the perimeter divided by 180, whichever is the larger. For a

squére panel the second requirement would reduce to

1
> s (2.1)

e

which is in the range of values included in Table 1. For an aspect ratio

of 0.5, the second requirement would reduce to

Loin 30

IV

(2.2)

where the notation is that of Table 1. This ratio is more conservative than

any of those included in Table 1l requiring, for example, twice the fhickness

9

for this case that would be required by the German, Austrian and Greek codes.
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'The definition of the minimum allowable thickness as a function of
the perimeter was first suggested by Di Stasio and Van Buren (5). In the

form first developed the minimum thickness was given by the relationship

)
A+B - 0.1N [~°[2000
“minimum T 72 [ \' = ] o (2.3)

where A and B = span lengths,

N = sum of edges A and B which are continuous with adjacent
panels, and
fé = 28 day concrete strength.

The development of the formula was based on limiting the deflection
of a panel to gAdefinite ratio of the span "consistent with all conditions
of rectangulérity and continuity.” For simply supported, one-way construction
a minimum thickness-to-span ratio of 1/2L4 was commonly accepted at the time
of the development‘of Eg. 2.3. .For a square, simply supported panel the
equivalent uniférm,load ratio Was.taken as 2/5.* In ofder to have a deflection
equal to that of a one-way slab of the same span, the required thickness would
would be 1/36th of the span.

The authors further‘stated that, for equal deflections, a gontinuous,

*¥
uniformly -lcaded beam with a mid-span moment of qL2/12 would require a

* This was based on the maximum moment in a square simply supported plate
being gl /24 which is 2/3 of qL2/16 where qL2/l6 is the mid-panel moment
in each direction based on a crossing-beam analogy. The average moment
across a diagonal of a squarg simply supported plate is gL /2& while the
mld-panelgmoment is about gL / Considering the purposes intended,the
use of gL /24 in the derivation of Eq 2.5 was adequate though not precise.

**% This is the moment that would occur at the center of a loaded span of a
- prismatic beam if the beam were divided into an infinite number of similar
spans with every other span uniformly loaded and the remaining spans
unloaded.
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thickness equal to 85% of the thickness required for a similarly loaded simple
span, and that for two-way slabs this could be reduced to 80%. The cube root

factor was added to provide for cases where concrete was used having a 28 day

. strength other than the 2000 psi commonly in use at the time Eq. 2.3 was

developed.

The reduction factor of 0.85 given above may be readily derived
using conventional methods of analysis of reinforced concrete sections and
the t/L ratio of 1/24 for one-way construction.

I fé is taken as 3000 in Eg. 2.3 and if all four edges of a

rectangular panel are assumed continuous then Eq. 2.3 reduces to

_ perimeter
Ynin =T 183 (2.4)

which is closely the form now included in the ACI code (318-56).

-The only other provisions given in the ACI code concerning deflec-~
tions are criteria to be used in Judging the results of load tests. All of
these criteria are of the form D = maximum allowable deflection = Le/nt where
L is the longer span, t the thickness, and 1 a constant specified by the

code.

2.3 Comparison. of Thickness Requirements

It is of interest to compare the thicknesses that would have been
required by the various codes for the construction of the prototype flat
slabs and two-way slabs of the University.of Illinois test series. These

thicknesses are listed in Table 3 as well as an indication of whether the

minimum thickness or minimum thickness-to-span ratio was the controlling

criterion. It is seen that the thickness required ranges from 3.2 to 8.0 in.

with the majority of values in the range of 6 to 8 in. The thicknesses
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(in inches) that would have been required on the basis of the Netherlands and

Swedish formulae are as follows:

Code Flat Slabs (Nos. 2 and 5) Two-way (No. 3) No. L)
Swedish 10.1 10.5 9.3
Netherlands 6.25 h.6 L.6
As Designed 7 6 6

The values shown for the Swedish code were computed based on the modulil of

rupture used in the analyses of the test structures.

2.4 Philosophy Underlying Code Provisions on Deflections

The absolute value of the deflection of g point on a panel in a
continuous structure is a function of the size and shape of the panel, the
type and extent of the loading, the torsional and flexural stiffnesses of the
beams (if any) supporting the panel, the flexural stiffnesses of the support-
ing columns, and the properties of the materials used in construction. 1In
addition, the deflections of a reinforced concrete structure are influenced
by the amount, type and arrangement of the compressive and tensile reinforce-
ment, cracking of the concrete, the non-linearity of the stress-strain curve
for concrete, and time-dependent deformations of the concrete.

The serviceabllity of a structure is affected by both absclute and
relative deflections. If the absolute deflection of a point in a structure
is too great it may render the structure unusable from either an esthetical
or functional point of view. The relative deflection between points on a
structure affects the serviceability not so much of the structure itself, but
of adjuncts to the structure such as partitions, surface toppings, curtain

walls, and the like.

The basic approach that most building codes incorporate in attempting

- to limit deflections is that of limiting relative deflections by specifying
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some minimum allowable ratio of thickness to span. This type of specification
considers only the size of the panel in question. Some codes attempt to
introduce the effects of rectangularity by specifying that a given depth to
span ratio is applicable only within a certain range of aspect ratios. The
U.S. code is unigue in specifying a minimum thickness for two-way construction
which varies continuously with varying aspect ratios. Again, however, this
specification considers only size and shape and is unaffected by boundary
conditions, except that it presumably includes the assumption that all four
edges are continuous.

Some codes do attempt to consider the effects of continuity. The
Yugoslavian code specifies a minimum depth to span ratio with the span being
taken as the span between lines of inflection. This provision is affected
by boundary rotations, but does not include the effects of boundary deflections.
Hence it may be expected to affect the relative deflection more than the
absolute deflection. The minimum depth formulae given by the codes of
Sweden and the Netherlands are functions of the bending moments in a panel.
If the bending moments were functions of all the factors mentioned above as
affecting deflections then these formulae could be expected to give good
results. This 1s not the case, however, as the Swedish code states that
moments are found by combining the moments for various cases of individual
plates, all of which are cases of plates on nondeflecting supports, and the
Netherlands formula was developed based on studies of simply supported
reinforced concrete plates.

A limitation upon the allowable value of the absolute deflection
could be specified by a code as a maximum deflection-to-span.ratio. The
comentary accompanying the French code suggests that the maximum deflection

should by.l/500th of the clear span or even. less for large spans. The minimum
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depth formulae of the Swedish and Netherlands codes were developed with the
intention of providing a maximum deflection of l/lOOOth of the short span in
the case of the Swedish code and either l/ESOth or l/SOOth of the short span
in the case of the Netherlands code.

The maximum allowable absolute or relative deflection is a function
of the use for which the structure is intended. Hence, the decision as to
the allowable deflection should be made by the designing engineer. It is

advisable, however, that guide lines be established by the codes.
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3. THEORETICAL AND APPROXIMATE ANALYSES FOR DEFLECTIONS

3.1 Theoretical Methods of Analysis for Deflections

The problem of finding solutions giving the deflections and
bending moments of elastic plates is one that has attracted the interest of
investigafors for the last century and a half. The differential ecquation
governing the deflection of medium-thick elastic plates was first suggested
by Lagrange in 1811, although a satisfactory derivation was not found until

1829 when it was developed by Poisson. This equation may be stated as

follows:
L L b
dw W ow
T2 st 4=% (3.1)
ox ox dy dy
where w = deflection
g = load
3 2 . R
D = Et7/12(1-u”) = unit plate rigidity
t = plate thickness

u = Polsson's ratio, and

E = the modulus of elasticity.

il

The derivation of this equation from conditions of equilibrium and
compatibility may be found in Reference 23.

The solution to Egq. 3.1 is affected by the shape of the plate, type
and extent of the loading on the plate, and the boundary conditions of
deflections, rotations, moments and shears. Exact solutions have been found
for various combinations of loadings and boundary conditions by a number of
investigators. For purposes of discussion the theoretical methods of finding
solutiéns to plate problems are grouped under the following headings:

(a) Closed form,

-3~
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(v) Infinite series,

(c) Energy methods,

() Finite differences, and
(e) Moment distribution.

Brief discussions of these methods are given below.

(&) Closed Form Solution

A closed form solution is one which defines the deflected shape of
a plate by means of a single equation containing a finite number of terms.
The accuracy of the solution does not depend upon the number of terms of an
infinite series which must be evaluated and in this respect a closed-form
solution is an "exact" solution. Solutions of this form have been found for

only a few isolated cases. For example Timoshenko (23) gives closed-form

solutions for uniformly loaded circular plates on nondeflecting supports.

(p) Series Solutions

Many of the earlier solutions to Eg. 3.1 for the case of rectangular
plates on nondeflecting supports were in the form of double Fourier series.

An example of a series of this type is given by the expression

[>-] o
qu ‘ \ mx niy
Vo= = zz E: A sin —= sin b (3.2)
m=1,2..n=1,2..

where a and b are the spans in the two orthogonal directions,
x and y are distances measured along the a and b spans,

C, is a constant which is a function of the spans,

1
m and n are positive integers,.and

Amn is a function of the load distribution, spans, and boundary conditions.

The first known solution to Eq..3.1, which was developedbbyvNavier in 1820 for
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the case of a simply supported plate, utilized an infinite series similar
to Eq. 3.2.

A second type of series solution, which is applicable to the case
of a rectangular panel having two opposite edges simply supported and the
other two edges supported in any manner, was developed by M. Levy in 1899.

Levy suggested taking the solution to Eg. 3.1 in the form of a series

; mix
= il — . \
w Z Ym sin 2 (5 3)
m=1,2,..
where vy is a function of y only,
m

a 1s the span between simply supported edges, and

m is a positive integer.

The expressions defining the deflected surface of the plate which
Iresult'from the use of Eq. 3.3 contain a number of hyperbolic terms which are
functions of m and y only. -Each term is modified by a constant which is a
function of m, the boundary conditions, and the type and extent of the loading.

The Levy method has recently been extended by S. J. Fuchs (24) to
include the case of plates supported on all edges by béams having any values
of torsional and flexurél rigidity.

‘A series sclution for the deflected shape of a plate is exact to
the extent that the deflection or moment at any point on a plate may be
determined to any desired number of significant figures by evaluating
additional terms of the infinite series. Usually it is necessary to evaluate

only the first few terms of the series to obtain sufficient accuracy.

(c) Energy Methods

A second procedure incorporating an infinite series has been

developed on the concept that when a loaded plate is in a state of equilibrium
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with the applied locads the total energy of the system is at a minimum. In
applying the method the deflected shape of a plate is assumed to be defined
by a function or functions which must satisfy only the geometrical boundary
conditions. . The deflected shape may be assumed to be defined by a series

in the form

W o= alfl(x,y) + agfg(x,y) Foreean, anfn(x,y) (3.4)
where ay - - - an are arbitrary constants, and
fl(x,y) ... fn(x,y) are functions of x and y which satisfy the

geometrical boundary conditicns.

The total energy I of the system is the strain energy V of the
plate and the change in potential energy U of the loads caused by the
deflections. Setting the partial derivative of I with respect to successive
values of a. . . . a, equal to zero leads to a series of equations from which

1

the values of the constants a - a may be evaluated. Ordinarily only

1
the first few terms of the series represented by Eq. 3.4 need be evaluated
to have sufficient accuracy.

A second type of function which may be assumed as representing the

deflected surface of the plate is the S-function (25). This function has the

form
2m-2 :
mt+l 4 2m 2m
3,8 = LA @ (g (5.5)
ag - ,
where £ = g , a dimensionless. parameter,

m = any positive integer, and

a = the span in the x direction.
S-functions were used by Sutherland, et al, (26) in an investigation

of uniformly loaded plates supported on flexible beaﬁs. The beams were assumed
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to have no width and the plates were assumed to undergo no edge rotation. The

final deflection function derived by Sutherland was given as

) o @ )
w . \+ . .
Y Y e s e ) as () ) 75 () (5:6)
ga-D
m n m n
where amn’ Bm’ and 7n were coefficients found in the same manner as the
coefficients a; - - oeB) in Eg. 3.4,
n = %, a dimensionless parameter,
n = any positive integer, and
b = the span in the y direction.

The second and third terms in Eq. 3.6 represent the supporting
beams in the x and y directions, respectively.

. Deflection coefficients obtained by various investigators are given
in Tables U4 and 5 for a number of cases of uniformly loaded rectangular plates.
Included are cases of plates on nondeflecting supports and plates supported at
all four edges by flexible beams. Deflections are given as coefficients of
(a/D) (span}h where g is the unit intensity of the uniformly distributed load
and D is the unit plate rigidity. The span to be cconsidered is the shorter
span .S for plates on nondeflecting supports and the longer span L for plates
on flexible supports. The coefficients are presented in this form because
as the aspect ratio S/L approaches zero the deflection coefficient for a plate
on nondeflecting supports approaches that of a beam having similar end
conditions and spanning in the short direction, while the deflection coef-
ficient of a plate on flexible supports approaches that of a beam spanning in

the long direction.

(a) Finite Difference Method

The method of determining deflections by means of using the method

of finite differences is based on satisfying the conditions of equilibrium and
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continuity only at discrete points on the plate considered. The procedure
followed in applying the method consists of generating N simultanecus equations
by applying the appropriafe finite difference patteré ér operator to N node or
pivotal points -on the plate. The.N unknowns -are the deflections at the N points.
The necessity of using a high-speed electronic digital computer for the solving
of the large number of simultaneous equations, which must be generated for
‘solution of all but simple problems, ié the major limitation on the method.

The finite difference method may be used in the solution of problems which
cannot be solved by-other’ﬁethods.

Finite difference operators may be derived directly from the
governing differential equation (Eg. 3.1) or from a physical analog -of the
‘plate or structure under conside;ation. The use of the analog allows a
consideration of the effects of beam and éolumn stiffnesses to be made. The
accuracy of the method may be Improved by reducing the grid spacing between

node points.

(e) Moment-Distribution Methods

kS

In addition to the methods discussed above two procedures have been
developed which utilize a form of moment distribution for plates analogous to
the Cross moment-distribution process for the analysis of frames.

In a method developed by Ang (27) the stiffness and carry-over
factors for unit deflections and rotations for a number of points along each
edge of each panel of the structure under consideration are determined using
finite difference solutions. In addition, fixed-end moments and reactions for
nondeflecting supports are detérmined. The procedure of unlocking a Jjoint at
a node point, balancing the moments, performing carry-overs and relocking the
joint that is used with this method is similar To that used with frames except

that the carry-overs are made only to adjacent node points. The procedure
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"

requires the use of a high-speed electronic computer. -Deflections for a nine-

panel structure found using this method are given in Table 6.

8

A similar procedure developed by Ewell, et al, (28) consists of

dividing each panel into a gridwork of intersecting beams having flexural and

Bl

torsional stiffness. After distribution factors have been determined, each

wﬂw

Joint in turn is displaced, the resulting fixed-end moments determined, and

moments distributed as above.

b

3.2 Factors Affecting Deflections of Elastic Structures

The -factors affecting the deflection of a point on a panel in a
continuous structure are the sizes and stiffnesses of the supporting beams
and columns, the size and shape of the panel, and the type and extent of the

‘applied loading. The effects of these factors are discussed in detail below.

(a) Beam Flexural Rigidity

In discussing the effects of beam flexibility on deflections of

el  Gewdl  Beed  ew beedd

symmetrical rectangular'panels it is more convenient to deal with dimension-

less ratios of beam-to-plate rigidity than with absolute values of beam

sid

rigidity. These ratios may be expressed as

]
1
A

_ (ET) (E1)
= and H = 2 (3.7)
& TS s = on '
55 or as
(. (E1) (£1)
. 'L and N = S (3.8)
M DL s = D5 :
;} where L = span in longer direction,
- S = span in shorter direction, and
31 IL,.IS'z moments of inertia of beams in long and short
' directions, respectively.
zi The product EI is termed the flexural rigidity of the beam.

(W——
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The use of either the H or the A definition is valid. The ratio
N relates the rigidity of the beém.to the plate rigidity in the same direction.
Hence the use of one particular value of AL in the analyses of a number of
plates having different aspect (S/L) ratios would mean that the beams in the
long direction for each case would have the same absolute value of (EI)L.

The term H relates the beam rigidity to the total plate rigidity in'the span

perpendicular to the beam considered. This in effect relates the beam to the
portion of the plate acting as a beam in the same direction. .The ratio H is

used throughout the remainder of this report.

As may.be expected, the effect of increasing H is to decrease
deflection. This is shown graphically in Figs. 3.1 through 3.5 which are
plots of mid-panel or mid-beam deflection*ﬁversus HL for various aspect ratiocs
aﬁd column sizes. The term c/L appearing ‘in these'figures is defined in
3.2b below. .The type of plate-considered in Figs..3.1 through 3.5, and in
the following discussion on the effects of coiumn size, 1s one which is part
of an infinite array of identical plates, all uniformly loaded and supported

on flexible beams. The relationship between HL and H, is defined as HS = REHL

S
where R is the aspect ratio S/L. This corresﬁbnds tb a ratio of‘IS'/IL equal
to R.

For each of the curves shown there is a large decrease in deflection
as HL increases from zero to one and a lesser decrease with further increase
in HL' For example, the mid-panel deflection of a square rlate -is less than
half as great for H = 1.0 as it is for H = 0, but the deflection for H = 4.0
is still about three-fourths as large»aé for H = 1.0.

‘A comparison of Figs. 3.1 and 3.2 shows that the mid-panel deflection

for ‘a square plate on flexible supports is about equal to the mid-beam

“¥* The term "mid-beam deflection” will be used throughout the report to denote
- the deflection at the middle  of a center line connecting two columns.
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deflection plus a constant amount. This constant amount is nearly the
deflection of a square clamped plate on nondeflecting supports. For other
than square panels the mid-panel deflection is given closely by the sum of (a)
the deflection at the center of a long beam and (b) the mid-panel deflection
of a rigidly supported plate having the same shaée and carrying the same
loading as the panel under consideration. In short, if the longer edges of

a rectangular plate are deflected by some émount the center of the plate tends

to deflect by the same amount.

(b) Column Size

' Relatively little study has been made in the past concerning the
effects of finite column size (or size of support area) on deflections and
moments. 1In order to study these effects the method of finite differences
was used té find solutions for several cases of typica; interior plates sup-
ported on flexible beams and nondeflecting columns. .The beams were assumed
to have no width and the neutral axes of the beams were assumed to coincide
with the neutral surface of the plate. This latter assumption was necessary
in order to preclude T-beam action.

.The columns were taken as square for all aspect ratios. .The
relationship between the size of the column and the plate was defined by the
ratio of width of column to long span or the ratio c/L, In addition to
deflections, bending moments were obtained at each of the.node points in the
two orthogonal directions defined by the two spéns, ‘Mid-panel and mid-beam
deflections and bending moments for selected points are given for a number
of cases in Tables 7 through 15. The layout of a typical interior panel and

the locations of the points for which moments are given are shown in Fig. 3.6.

‘A description of the computer program is given in Appendix B.
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The curves depicted in Figs. 3.1 through 3.5 show that the effect
of increasing column size is, as Qould be expected, to decrease deflection.
‘Figures 3.7 through 3.10 are‘plots of mid-panel and mid-beam deflections versus
the ratio c¢/L for the different values of H and R considered. These curves
show that the reduction in deflection was hearly a linear function of the
increase in column size or the ratio c/L. The decrease in deflection
accompanying increased column size is of coﬁrse the result of the decreased
spans of the supporting beams and the reduction of the total load to be carried
by the plate. Figure 3.11 is a plot of mid-panel deflections versus the
aspect ratio.

If it is desired to use the tabulated deflection ccefficients to
determine the deflection coefficient for an interior plate supported on other
than square columns it 1is sﬁggested that the actual columns be replaced by
- square columns having the same area in cross section. Entering the appropriate
table Wifh the ratio of c/L for thebequivalent columns and interpolating
linearly between the tabuléted deflection coefficients will give a value

sufficiently-accurate for use.

(d) Column Stiffness

The only available extensive investigation of the effects of column
stiffness on deflections and moments in continuous structures was performed
by - Simmonds (9) using the method of finite differences. This investigation
was limited %o analyses of a number of mathematical models of symmetrical
elastic structures. The model structuré considered contained nine square
‘panels arranged three-by-three. The panels were supported on beams having
both flexural and torsional rigidity and dn inextensible columns having
flexural stiffness. The beams were assumed to have no width and the ratio c¢/L

' was zero. A square grid having a spacing of h = L/8 was used.
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The column stiffness was related to the unit plate rigidity by
the dimensionless parameter
E: ll'EE;)col/Lcol

D

K

(3.9)

wherezz lKEI)col/Lcol was the total flexural stiffness of the column. The
beam torsional rigidity was related to the plate rigidity by the dimension-

less parameter

GC
Jd = 0 (3.10)

where G = shear modulus of elasticity = E/2(1+u),

C = a measure of the torsional rigidify of the beam cross section, and

"L = span-of square panel.
The ratio of beam to plate flexural rigidities was defined by H = EI/DL.
.Due to the limitations imposed by the capacity of thé com@uter used
it was necessary to define the values of H, J, and K for the exterior beams

and columns as constant functions of the corresponding values for the interior

members. -H and J for the edge beams were taken as five-eighths of the value

of H and J for the interior beams. K for the corner columns was taken as

twenty percent of K for the interior column. For an edge column K for bending

‘about an axié perpendicular to the discontinuous edge was seventy percent of

K for the interior column and K for bending about an axis parallel to the edge
was thirty percent that of K for the interior column. .These proportions were

similar to those for the two-way slab test structures tested during other

phases of the -floor-slab investigation. In further discussion the values of

H, J, and K referred to are those for the interior columns and beams.

Solutions were determined for the case of a uniform load on all

nine panels for values of H and J of 0.25,.1.0, and 2.5 and for values of K of
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0, 10, 30, 90, and « . Tabulated values of deflections for seven points on the
structures are giveﬁ in Table 16. Solutions were also obtained for a limited
range of parameters for a pattern loading with the interior and the corner
panels loaded. Deflections for this case are given in Table 17. Points No. 1,
3 and 6 in Tables 16 and 17 represent the centers of the interion edge and
corner panels, respectively. The remaining points are located on the heams
midway between columns. The méximum deflections in the edge and corner panels
were only a few percent gfeater than the mid-panel deflections given and
occurred close to the mid-panel points.

The effects of column stiffness and beam torsional stiffness were
most pronounced on the corner panel deflections. -An increase in the column
stiffness or beam torsional stiffness reduced the deflections in a corner
‘panel and increased the deflections in the iInterior panel, but by a smaller
amount. The limiting case would occur for J = K = =, .For this case the
action of each panel would be identical. |

<Fof values of X other than zero, the mid-panel and mid-beam
deflections for the intéfior panel, for all panels loaded, are given approxi- 1
‘mately by the coefficients tabulated in Table 10. -For example, for H = 0.25 |
the deflection coefficient for the center of the'inﬁerior panel (Al) ranged
from 0.00385 for J = 0.25 and K = 10 to 0.00463 for J = 2.5 and K = w. The
mid-panel coefficient for a tyfical square interior panel for H = O.éS is

0.00415.

(e) ‘Partial Loadings

The arrangement of the loading on a structure has a large effect
on the ways in which the structural elements participate in carrying the load.
-Consider the nine-panel structures discussed in Section 3(d) above. - Loading .

“all nine panels caused relatively . little rotation of the'interior beams and
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hence the torsional resistance to rotation of the interior beams and the
flexural stiffnesses of the interior columns had little effect on deflections.
However, for the checkerboard loading* a much larger rotation of the interior
beams and columns occurred, thus increasing the torsional moments in the
interior beams and the bending moments in the interior columns.

The changes in rotation of the beams and columns cccurring for CB
loading had the effect of increasing the deflections of the loaded panels.
The magnitude of this increase was a function of the resistance to rotation
afforded by the beams and columns. However, the increase in deflections of
the loaded panels was in large part 5ffset by the reduction in deflections of
the beams adjacent to unloaded panels. With only the interior and corner
panels loaded, the interior beams were required to carry only about half as
much load as when all panels were loaded. The reduced beam-deflections in
turn reduced the deflecticns of the loaded banels thus effectively canceling
the increase in deflections due to beam and column rotations.

The deflections at the center of the loaded interior panel

(Ai in Table 17) did not vary by more than 14 percent from the deflections

for‘all panels‘ioaded. For X = O the value of Al for CB loading was 5 percent
greater for flexible beaﬁs (H=J= 0.25) and 1k percent greater for stiff
beams (H = J = 2.5), but for K = = the deflection at this point was 12 percent
less fér flexible beams and hiperéent less for stiff beams compared to all
panels -loaded. The deflections at the center of the loaded corner panel (Ag)
were slightly less in all cases for CB loading than for all panels loaded;

For flexible beams.the difference was about 5 percent and for stiff beams it

was -about 2 percent.

* To be referred to as-a '"CB loading.”
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-Pattern loadings have a greater effect on moments than on deflections.
For a corner panel the mid-panel deflection was less for the CB loading than
for all panels loaded but the corresponding moments were a small amount greater.
For the interior panel the CB loading caused a mid~-panel moment which was as
much as 50 percent greater than the moment for all panels loaded. The 50 per-
cent increase was for K =0 and H=J = 0.25. For H=J = 2.5 and K = « the
increase was 5 percent-although for fhis case tﬁe défleétion for CB loading
was 4 percent less than for all panels loaded.

Two different types of patterns of partial loadings may be considered
in analyses for maximum moments and deflections. -For structures containing
stiff beams, various forms of checkerboard loadingé may be expected to cause
maximum deflections and moments, although as shown above this may not always
be true for deflections. PFor structures containing no beams or beams of low
stiffness various arrangeménts of strip loadings cause maximum,moments.and
may cause maximum deflections.

-For a continuous array of square plates for which H = 0 and c/L = 0.2
the deflection at the center of a loaded panel is 0.00289 th/D for all panels
loaded. With every other row of panels loaded the deflection coefficient at
the center of a loaded panel is 0.00292 which represents an increase of one
percent. The deflection on & line mid-way between column centers is 0.00173
qLu/D for all panels loaded. For the strip loading this deflection is
reduced by one-half for the point between a loaded and an unloaded strip,
while for the point between loaded panels it is increased by six percent to
0.00184 qLA/D. While the strip loading causes a negligible increase in
vdeflections it has a much larger effect on moments. -The mid-panel moment for

all panels loaded is 0.0224 ng while for strip loading the mid-panel moment
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in a direction perpendicular to the centerline of a loaded strip is 0.0278 qL2
which is an increase of 24 percent.

‘Deflection coefficients are given in Table 6 for a nine-panel
structure arranged three-by-three for which H = 0, ¢/L = 0.1 and K = ». The
mid-panel deflection for the corner panel waé about two percent greatér for
the edge row of panels loaded than for all panels loaded. Loading a center
row of panels caused a deflection at the center cf the interior panel which

was about four percent larger than for all panels loaded.

3.3  Approximate Methods of Analyses for Deflections

The complexity of the theoreticél methods of analyses of plates has
léd various investigators to attempt to formulate simple methods of analyses.
The basic assumption upon which the majority of these methods have been
baéed is that the action of a plate may be taken as similar to that of a
gridwork of intersecting or crossing beams, hence the term "crossing-beam
analogy "

' One of the first appearances of the crossing-beam analogy was in
an early text (1904) on reinforced concrete design by Marsh (29). -Marsh
suggested replécingia.unifonnly loaded plate by a grid of uniformly loaded
beams.  From the condition that the deflections of the long and short beams
must be equal at mid-panel, the load distribution factor defining the
proportion of the uniformly distributed load g to be carried in the short

direction was found to be
o= TR (3.11)

where L was the longer and S the shorter span of the plate considered. The
remaining load of (1 - rs) q was then assigned to the beams spanning in‘the

longer direction.
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-Since the crossing-beam analogy neglected the presence of twisting
moments in the plate the use of Eq. 3.11 was a gross over-simplification
and led to large errors. .The early investigators were primarily interested
in moments rather than deflections. However, it is of interest to note that
the use of Eq. 3.11 for uniformly loaded rectangular plates, rigidly clamped
on all edges, gives values of deflections which are close to those found by
Texact” theory.

Recognizing that the use of Eq. 3.11 neglected the effect of
twisting moments Marcus (50) developed a procedure incorporating a modified
crossing-beam approach. TThe relationships developed for moments and
deflections contained a mbdifying factor which was a function of the numbgr
of clamped edges and the aspect ratio. As the procedure was only applicable
to cases of plates supported on nondeflecting supports, for which theoretical
solutions were already available, it was of little value.

The deflection at the center of a uniformly-loaded typical interior
plate for which H = c/L = 0 may be estimated by taking a beam of unit width
having a span eqﬁal in.iength to the diagonal dimension of the plate (31).
The beam is assumed to have fixed ends .and a loading equal to that oﬁ the
‘plate. |

-Since the presence of flexible beams and columns in a structure has
a large effect on .deflections and the distribution of moments a reasonable
method of analysis for moments or deflections cannot be developed on the
bases -of solutions for-plates on. rigid supports. An approximate method of
analysis for deflections in continuous structures which does take into
account the flexibilities of the supporting beams and columns is presented

in the next chapter.
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k. TFRAME ANALYSIS

4.1 Introductory Remerks

This chapter describes the development cf a two-dimensional analysis
for deflections of floor slabs.  The two-dimensional analysis is based on
three-dimensional analyses of structures having uniformly loaded rectangular
panels supported at all corners. Although the basic development of the method
refers to a linearly. elastic structure, the effects of cracking, yielding, and
time-dependent deformations may be taken into account. These factors are
considered in Chapter 5.

The terms "structure,” "slab" and "floor slab” are used inter-
changeably. All terﬁs refer to a threé-dimensional strﬁcture containing beams,
plates, and columns. -Each floor of the structure is assumed to be at a single
level. The columns are assumed to be inextensible but to have a finite
flexural stiffness. Hence, the term "deflection”refers to the movement of a
portion of the structure parallel to fhe axis of the columns. .Unless noted
otherwise, the datum plane for deflections is the unloaded position of the
structure.

.The frame analysis method is based upon a concept of the way in

which a multiple-panel continuous slab deflects. . Figure 4.l represents a

portion of such a structure showing the deformed shape that the structure

would assume under uniform load. .Consideration of the bending moments in a

given span of the slab leads to the conclusion that there are lines of contra-

flexure in the slab analogous to the points of contraflexure in a continuous

beam. . The lines of contraflexure deviate slightly from a straight line, the

deviation depending on the size and stiffness of the beams and columns.

_39-
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However, plate solutions for interior panels indicate that lines of contra-
flexure in a given span are located approximately two-tenths of the span
considered from each of the supporting beams. Thus, for the panel shown in
Fig. 4.1, the lines of contraflexure in the spans S and L may be considered
with little error to be located as shown by the broken lines.

.For the purpose of making a frame analysis, the real structure is
assumed to be replaced by a "physical analog” consisting of beam and plate
elements, these elements beiﬁg delimited by ﬁhe lines of contraflexure. Thus,
in Fig. 4.1 the two beam elements in the long direction are shown shaded.

Only one-half of the beam elements in the short direction are shown. The
plate element is the portion of the panel bordered by the four beam elements.

.The division of the structure into elements allows the deflection at
the center of a panel to be computed as the sum of the deflections of the
constituent elements. A beam element tends to form an anticlastic or saddle-
shaped surface when deformed. Hence, the deflection at the center of the beam
on a line between column centeré is less than the deflection at the free edge
.of . the beam at the same distance from column centers. .The total deflection
at the center of the symmetrical panel would tﬁen be the sum of (a) the
deflection at the center of the beam in respect to its supportiéé columﬁs
(Aé in Fig. 4.1), (b) the deflection at the edge of the beam in respect to its
center (Ab)’ and (c) the additional deflection of the plate element (AC).

_ The fraﬁe>analysis described in the following sections lea&s directly
~only to the deflections at the centers of the beam elements (Aé in Fig. 4.1). =
A second procedure is described by which the additional defléctions (Ab and AC)
may be found.

The computations involved in making a frame analysis for deflections

may be divided ‘into four phases as follows:
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1. ‘A portion of the three-dimensional structure 1s selected for

use in a two-dimensional analysis. In further discussion this
portion is termed the "ersatz frame."

2. The stiffness parametefs to be used in the -analysis, which

are functions of the flexural and torsional rigidities of
the constituent parts of the ersatz frame, are computed.

3. -The loading to be applied to the ersatz frame is determined.

4. An analysis of the frame for moments, slopes, and deflections

is made using conventional methods.

The procedure outlined above gives the elastic deflections of points
on the ersatz frame. The deflection at the center of a panel with respect to
its supporting beams ié given by a second procedure which is referred to as
the S-method. This method is described in Section 4.2. The method of deter-
mining the load to be applied to the ersatz frame is discussed in 4.3 and the
details of the frame analysis are described in L4.4. The application of the
method to elastic structures is considered in 4.5. . Discussion of time-dependent
strains, cracking of the’concrete and ylelding of the reinforcement is deferred

to Chapter 5.

4.2 Approximate Solution for the Mid-Panel Deflection of 'a Clamped Plate on
Rigid Supports

The frame analysis method for deflections gives direcﬁly only the
deflections at the centers of the spans between the columns. To determine the
deflection at the center of a given panel with respect to its supporting beams
it is necessary to add to the deflections of the supporting beams an additional
quantity. For a Eypical interior panel this additional gquantity is approxi-
mately the deflection that would be obtained for a plate with all four edges

clamped and having the same size and loading as the panel of the floor slab
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under consideration. .For other than an interior panel this additional
guantity is about whatlwould be obtained for a clamped plate subjected to
some edge rotation.

In view of this, it 1s necessary. to have at hand some approximate
procedure with which to compute the deflections of clamped plates which will
allow edge rotations to be taken into account. - Such a procedure is outlined
below and is termed the S-method.

Consider a fixed-ended beam carrying a uniformly distributed load.
The beam mid-span deflection may be reédily determined using conventional
methods considering the entire beam. The mid-span deflection may also be
determined by assuming that the beam acts as a "structure" consisting of two
cantilever beams, each extending from its fixed‘support té a point of contra-
flexure, and a simply supported beam spanning between points of contraflexure.
.Each beam would have acting on it the uniformly distributed load and in addition
each cantilever would have acting at its free end the reaction from the simply
‘supported span. The deflection at the center of the-"structure" may then be
obtained by summing the deflections of the constituenf parts. ~Since it is
necessary to know the locations of the points of contraflexure the S-method
affords no savings of labor in beam analysis. However, the same approach may
be applied to the analysis of a clamped plate ahd the resulting method will
permit the approximate analysis of clamped plates subjected to some edge
rotation.

The method as applied to a clamped plate differs'from the method as
applied to a fixed beam in that the points of contraflexure in the fixed beam
becomes-lines of contraflexure in the clamped plate and the simply supported
span in the beam becomes a simply supported plate within the clamped plate.

For -a square clamped plate the distance from the center of an edge to a line
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of contraflexure for moments in a given span is slightly greater than twenty

percent of the span. For other than square clamped plates a study of the

[

moments obtained for typical interior panels, as discussed in Chapter 3 and
Appendix B, show that this is still nearly the case.

.The deflection at the center of the sguare clamped plate may be

il e

1"

determined by computing the deflection of a cantilever "stub" beam extending

from the center of an edge and having a length equal to one-fifth the span,

i
| -

and adding to this deflection that of a simply supported square plate having
a span -equal to three-fifths that of the clamped plate. The deflection of
the cantilever "stub” beam is computed assuming it to have a unit width and
a loading consiéting of a uniform loading over its length and a concentrated

load at its free end. The area assumed to contribute to the concentrated

bond Wi bl

load has unit width and extends from the end of the "stub” to the center of

o

the plate.

.The deflection at the center of a square, uniformly loaded, clamped

Bl

plate on rigid supports is 0.001265 qu/Dn .The deflection computed using the

S-method is 0.00153% ql%/D which is 21 percent greater than the correct value.

B

This error is on the conservative side and is largest for a square panel. As

N

i
i
f
s

the aspect ratio- decreases from one to zero, the deflection coefficient

approaches that of a fixed beam.  The effect of a known edge rotation of the

plate may be taken into account by assuming that the rotation is applied to
Z} the supported end of the cantilever "stub” and then proceeding through the

" S-method for clamped plates as described above.

4.3 Effects of Stiffness Parameters and Aspect Ratio on Frame Loading

~As - pointed out in previous discussion, the deflection at the center

f} of an interior panel supported on flexible beams may be determined approximately
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by adding to the beam mid-span deflection that quantity given by the S-method.
The difficulty in determining, by an approximate method, the mid-panel
deflection of a plate supported on flexible beams lies in computing the beam
mid-span deflection. The beam mid-span deflection may be computed in the
following manner. Consider an infinite array of uniformly loaded, similar
panels, supported on flexible beams. A portion of this array would appear

as shown in Sketch A.
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SKETCH A

The lines of contraflexure are assumed to be located as shown by
the broken lines in Sketch A. The deflections of the beams spanning in the
long direction have a greater effect on the mid-panel deflection than do the
deflections of the short beams. Hence in makiné a frame analysis, the ersatz
frame to be considered for a structure having finite dimensions, or the ersatz

Beam to be considered when dealing with an infinite array of panels would
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consist of that portion of the slab containing the beam (if any) in the long

direction and lying between lines of contraflexure. Thus for panel P in

[

Sketch A the two areas shown hatched would constitute the ersatz beams.
The load assigned to each of these ersatz beams includes the load

within the confines of the hatched area plus a portion of the load on the

segment of the panel lying between ersatz beams. This segment of the panel

represents the simply supported plate discussed in the description of the

[T

[

S-method. The additional lcad carried by the ersatz beam may be considered
as the reaction of this simply supported plate.

The additional pcortion of the load to be taken as acting on the
ersatz beam is most conveniently defined by the angle aL where aL is the
‘angle between the edge of the ersatz beam spanning in the long direction and
the border of the area considered as contributing load to the ersatz beam.

- The anglevaL.is shown in Sketch A.
The altitude of the trapezoid or triangle defined by the angle o

G bl Bl R bed

may be less than or equal to, but not more than one-half the distance between

edges of opposite ersatz beams.

L

- The factors affecting‘aL for a symmetrical interior panel are the

\

aspect ratio, R, of the plate and the ratio of beam to slab rigidities, H.
The path by which the load on a plate is transferred to the beams and then
to the columns 1s affected by both H and R. .The stiffer the beam supporting

a panel the gfeater is the tendency for the load to travel to the beam and

feowasd

then to the column.

. For the practical range of values of Hi and R considered in com-

Lt

puting the deflections and moments summarized in Tables 7 - 15, the following

B

expression defines a satisfactory relationship between @, and the parameters

L
?} ) Hi and R.




(b - H)
CZL = )4-50 [l - Fl - R) m} (h'-l)

which is valid for 0.5 <R f 1.0 and §§-> 0.

Thus, for a square panel this expression would require that aL be 450 for all
values of H. The values required to fit the data in Table 10 for a square
panel range from 11° for H = 0 to 47° for H = 4. As the deflection is not
very sensitive to errors in @, this expreséion is satisfactory. For R less
than one-half the panel may be considered to be acting as a beam in the long
direction.

-Similarly, the loading to be taken as acting on a beam spanning in

the short direction is defined by an angle aS such that

o, = 90° -« (L.2)

The expression for aL given above is strictly applicable only for

thé relationship Dbetween HL and HS considered in obtaining‘TébleflO. However,
for nonsquare paneis the déflection of a beam spanning in the long direction
is primarily a function of the rigidity in the long direction and is affected
little by the rigidity of the beams in the short direction. This is shown by
the similarity of the coefficients given in Tables 7, 10, and 13. Hence, the
expressions given aﬁove in Egs. 4.1 and 4.2 may,be considered as applicable

to most practical cases of nonsquare interior-panels, provided that the
parallei beams in the long direction have the same flexural rigidity.

-For square panels or nearly square panels having beams of unequal
rigidities in the different spans the mid-panel deflection may be found
approximately by assuming that the a; function as given in Eq. 4.1 may be
used for each span. .The average of the ersatz beam deflections thus obtained

would be taken as the quantity.to use in conjunction with the S-method.

However, the beam deflections obtained may be expected to be in error.
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The expression for aL given above was developed upon considerations
of the behavior of interior pahels. For a real structure containing edge and
corner panels the load distribution in a row of panels adjacent to a discon-
tinuous edge would be somewhat different than for an interior row of panels.
This difference could be accounted for by reducing the distance between the
discontinuous edge and the line of contraflexure or by changing the aL
function. - Either the a function or the distance between discontinucus edge
and line of contraflexure, or both would then have to be functions of the
aspect ratioc, the stiffness of the beams perpendicular to and parallel with
the discontinuous edge, the stiffnesses of the interior and edge columns, and
the torsional stiffnesses of the edge beams. The complexity of the function
or functions necessary to describe the effects of these variables would pre-
clude their use. Hence in all further discussion the assumption is made that
the ersatz frame may be cut from the edge and corner panels Jjust as for the
interior panels. It will be shown in Section 4.5 that this assumption leads

to some error but that the results obtained compare well with "exact" results.

L.4 Details of Frame Analysis

The four basic'steps in the method for the frame analysis of a
structure for deflections consist of (a) selecting a portion of the structure
to act as the ersatz frame, (b) selec%ing the load to act on this frame,

(c) determining the stiffness and carry-over factors for the frame, and (4)
performing en analysis for moments, slopes and deflections using conventional
means. The details of the method may best be explained by means of an exanmple.
Consider the layout of a floor slab as shown in Fig. 4.2. This layout is
representative of the structures tested at the University of Illinois during

other phases of the floor slab investigation.
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The first step in the frame analysis fbr deflections 1s to cut an
ersatz frame out of the three—dimensibnal structure. For the structure shown
in Fig. 4.2 there are two types of efsatz frames, an interior frame and an
edge frame. The portions of the structure to be used in these frames are
shown shaded in Fig. L4.2.

The second step is the determination of the loading. Assuming fhe
beams in perpendiculaf directions to have similar rigidities,the load to be
applied to each of the ersatz frames would comprise the load included between
the edges of the ersatz frame and the additional load defined by an aL angle
of hSO: The contributing areas defined by aL = ASO are shown bordered by
dotted lines and the edges of the ersatz frames‘in Fig. 4.2.

The third step is the determination of the stiffness and carry-over
factors of the frame for use in the Cross moment—distributiqp method. These
may be computed considering the uncracked sections of the ersatz frame.

Assume that section A-A in Fig. 4.2 has the following cross section.

Section A-A

AN
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An assumption commohly made in structural anslysis is that a frame having

finite dimensions may be reduced to a "line" structure for purposes of

gnalysis. The "line" representétion of Section A-A is shown by broken lines

in Sketch B. .The horizontal portions of the “line" structure in Sketch B

are located at mid-depth of the panel thickness in the case of a flat plate
l

or flat slab. -If beams are present the "line" portions are taken as

coinciding with the neutral axes of the T-beam portions of the ersatz frame.

" Studies have shown that the computed stiffnesses of the columns are relatively

unaffected by small changes in the location of the horizontal "line" portionms.

-In determining the stiffness parameters for theersatz frame it is
necessary.ﬁo consider two types of members. The first of these is a flexurai
element such as the beam spanning between the'columns in Sketch B. The second
type is a combined torsional-flexural member made up of a column and the beams
framing into it from a direction perpendicular to the longitudinal axis of
‘the ersatz freme. The stiffnesses for these two types of members may be

determined as folloﬁs:

(a) Flexural Members

The stiffnesses and carry-over factors for the beam portions of the
ersatz frame may be determined using convéntional methods such as the column
analogy. In using the column analogy method it is necessary to construct a
1/EI disgrem for the member under consideration. The 1/EI diagram for the
beém AB shown in Sketch B has been drawn directiy beneathAthe beam. In pre-~
~§aring this diagram 1t was assumed that the portion of the structure between
the face of the column and the column center line could be treated as rigid.
Hence the 1/EI disgram for this portion of.the diagram is a line. It is suf-

ficiently accurate to assume a linear variation in the l/EI diagram between
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the face of a column and the edge of a column capital. The uncracked moment
of inertia of a section 1s computed about its own centroid.

If, for the Section A-A shown in Sketch B, a cross section through
the center of the ersatz beam were rectangular in form then the value of H
would evidently be zero end the gquestion of T-beam action could be neglected.
However, if the ersatz beam included both slab and beam it would be necessary
to consider the question of T-beam action in order both to compute the value
of H and to compute the composite value of the moment of inertia for the
ersatz beam. Assume that the Section B-B in Sketch B has the cross section

shown in Sketch C.

— u —
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SKETCH C

The amount of slab that acts with the beam to form a T-beam is
difficult to assess. A greater amount of the slab may be expected to partici-
pate in T-beam action in the positive moment region of the slab than in the
negative moment region, and the amount of slab participation varies with the
amount of cracking that takes place. A number of studies have been made in
attempts to determine how much T-beam action occurs and most building codes

contain provisions for defining the amount of slab to be assumed as acting
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as the flanges of a T-beam (32,33). However, the problem is still undefined
and it appears satisfactory—to aséume.an amount of slab to be acting with the
beam as would be defined by -a line @rawn from the bottom of the beam to the
bottom of the slab and at the angle of MSO with the vertical face of the beam
web. Following this suggestion the T-beam for the section shown in Sketch C
is as shown by the hatched area. .The value of H would then be computed as
the ratio of the moment of inertia.of the T-beaﬁ to the sum of the moments of
inertia of the portions of the adjacent pahels lying between the edges of the
T-beam and the centers of the panels. The composite value of the moment of
inertia of the ersatz beam would be theAsum of the value for the T-beam and
the values of the portions of the slab lying between the edges of the T-beam
and the edges of the ersatz frame, the value for each section being computed
about its own centroid.

-For the case of a concrete slab supported on steel beams the rigidity

- oft the steel beam alone would be used in analysis if there were little or no

provision for transfer of shear between the lower surface of the slab and the
upper flanges of the steel beam. If shear connectors were .adequate a portion
of the slab as defined above could-be considered as acting with the steel beam.
In either case the tributary area for purposes of determining the load to be

carried by the beam would be as previously defined.

(p) Flexural-Torsional Members

At the Jjunction of the ersatz beam in an ersatz frame with an end

column there 1s a transfer of bending moment from ersatz beam to column. .Some

.of this moment 1ls transferred directly from ersatz beam to column and some is

transferred from ersatz beam to the spandrel beam lying perpendicular to the
longitudinal axis of the ersatz beam and thence is carried to the column by

twisting moments in the edge beam. .This action is shown in the "exploded" view
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"of a beam-column connection {Sketch D). At an interior column the difference

in end moments between the adjacent ersatz beams is transferred to the column

in a similar fashion.

SKETCH D

The action of the edge beam in assisting in the transfer of bending
moment between column and ersatz beam has the effect of "softening” the beam-
column connection. Hence it is necessary tc compute the‘stiffness of the
combined‘bolﬁmn—edge beam combination. This combined stiffness is a function
of the flexural stiffness of the column énd the torsicnal stiffnesses of the

beams framing into either side cf the column.

The combined stiffness of the beam-cclumn combination may be found
assuming the beam and the column to act essentlally as two springs in series.

The combined stiffness may be defined by the expression

Ko =55 (k.3)

where KBC is the stiffness of the beam-column combination, m, is the moment

acting on the column, Gf is the rotation at the near end of the column caused
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by m, and Gt is the average rotation of the beam with respect to the column.

The term 6, may be found by conventional methods assuming the far ends of the

£
column to be fixed. Expression 4.1l and the following procedure for determining
9, were developed by Corley (3L4).

In developing a method for computing Qt it 1s necessary to make
certain simplifying assumptions. It is assumed that a unit twisting moment
is applied along the length of the'beams framing into the éolumn under con-
sideration. This unit twisting moment causes a unit rotation to occur at each

point of the beam as shown in Fig. 4.3. The angle 8_, as defined by Corley,

t
was one-half the area under the unit rotaﬁion diagram between the edge of the
column and the center of a beam framing into the column.  Since in the pro-
cedure for frame analysis for deflections the ersatz frame is taken aé
including only one-fifth the width of the panel lying on either side of the
center -line of the frame,brather than one-half of each panel as in. Corley's
procedure, only the portion of the unit rotation diagram lying between the

edges of the ersatz frame is consildered in computing-@t. -Hence for a wvalue

_ (- ¢/1)
of Qmax'_ 5 the value of Qt would be

2
o, - ;LQ.64 -,2°SéééL? +-§9ZL? ] (4.4)

In expression 4.3 the term G represents the modulus of elasticity in shear.

-The modulus of elasticity in shear is related to the modulus of elasticity E

by the expression G =-E/2(l+u) where u is Poisson's ratio. It is sufficiently
accurate to neglect u and to take G as E/2 in .Eq. 4.hL.

.The term C in expression 4.3 is a measure of the torsional rigidity
of the cross section of the beam. For a rectangular section Timoshenko (35)
has developed the-following expression for C:

3
C=pat; (4.5)
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where dl is the larger and tl the smaller dimension of the cross section and B
is a factor which is a. function of the ratio of tl to dl° For very small ratios
of tl/dl (0.1 or less) B is 1/3. For the range of tl/dl ratios commonly used
for reinforced concréte beams B may be takeﬁ as 1/5(1 - 0’650tl/d1)° The
value of B as a function of the il/dl ratio is shown éraphically in Fig. L.k,

The value of C for a T-beam is given by Nylander (36) as

Cp = Cg (t5)(o°53u - 0.17v - 0.21t) (k4.6)

where CT is the torsional constant for the T-beam, CR is the torsional constant
for the rectangular beam, and the other terms are the dimensions as shown in
Sketch C.

Rather than use expression 4.6 in determining the total value of C
for a T~beam it is sufficiently accurate to sum the values of C computed for
each of the rectangular elements forming the T-beam.  These elements are the

stem, having a depth equal to the total depth of the T-beam, and the flange

or flanges. Hence the final value of C for the T-beam would be
V7 3
C = Zs dty (4.7)

If the values of Gt computed for each of the beams framing into a column are
different than the average of the two values may be used in expression 4.3.

If no edge or interior beams are présent in the slab then a strip of
slab equal in width to the width of the column may be considered as acting as
beams for the purpose of computing et. |

After the stiffnesses have been found, bending momenté, slopes, and
deflections may be -computed by conventional means. The rotation of a column
may be computed by dividing the column moment by the column stiffness.

-Assuming the slope caused by the column rotation remains constant from the
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center of the column to its faces or the junctures of the column capital
(if any) with the slab, it may be seen that the column rotation has the effect
of imparting an end deflection and rotation to either beam element framing
into the column. The effects of these initial displacements on the beam mid-
span deflection may be found using ordinary procedures. |

The additional deflection of the beam caused by. the loads on the
beam may be found assuming the beam to act as a prismatic member with a span
equal to the clear distance between column faces or, if column capitals are
present, to the distance between the points at which the capitals intersect the
lower surface of the slab. The load cn a beam includes a uniformly distributed
load and a load having a trapezoidal or triangular'distribution. Formulae for
deflections for this latter type of loading are given in Table 18. The formulae
given in Table 18 are for a beam having a load placed symmetrically about the
mid-point of the span. For a beam having a loading that is not quite symmetrical
about mid~span the formulae may be used by substituting into the formulae the
smaller of the values of al computed for the beam under consideration. |

Cnce the beam mid-span deflections have been determined the frame

analysis is completed. The mid-panel: deflections may next be obtained using

the ‘S-method. Consider the nine-panel structure shown in Fig. 4.2. For the
symmetrical structure shown there are only seven points for which deflections
need be determined.

~Assume that deflections in the form of coefficients of qLu/D have
been obtained for points 2, .4, 5, and 7 using the.fr&ne analysis, and that
slopes in the form of coefficients of qLB/D have been obtained at the
points A, C, E and G. In the discussion of the S-method it was shown that
the deflection coefficient obtained by application of the method was

0.00153 th/D for a squaré clamped plate. Hence, if there were no rotation
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of the beams in the structure shown in Fig. 4.2 then the deflection at point

No. 1 would be A@ + O,OOlS3qLM/D. The éctual rotation of the beams is difficult
to determine. However, if it is assumed that the beam containing point No. 2
undergoes a constant rotation Gc throughout its length (about its longitudinal
axis) then the effect of beam rotation may be taken inté account in an approxi-
mate menner. The rotation of the beam would have the effect of rotating the

"stub" cantilever beam discussed in Section L.2. Thus the deflection at

point No. 1 would be

A =B, + {0.0015% & ) 0.2(90)(L) (4.8)

where 0.2L is the length of the "stub" beam.

In like manner the deflection of point No.. 3 may be obtained as

(GC + QG)

u
AB A5+(OOOILS5 =) - 0.2L -

For this point only the deflection of the interior ersatz frame is considered
in obtaining the center of panel deflection. .For the corner panel the mid-

panel deflection is

(000153£)+05{{A +02L(C+9 } [A?+02L(e +9)B‘

(4.10)
Since for the corner panel both the edge and the interior beams have a large

effect on the mid-panel deflection their average contribution is used.

. 4.5 Application of the Frame Analysis to Elastic Structures

The procedure described in the previous sections was used to analyze
a number of the elastic structures considered by Simmonds (9 ). These were

idealized structures containing . line beams and line columns as discussed in
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Chapter 3. -The beams had finite torsional and flexural stiffnesses and the
column stiffnesses ranged from zero to infinity. The-layout of these struc-

tures was as shown in Fig. 4.2. Both uniform and checkerboard loadings were

considered.

() Uniform Loading

Results of analyses of uniformly loaded structures are given in
Figs. 4.5 through k.13 for the complete range of beam torsional and flexural
stiffnesses considered by Simmonds and for a wide range of column stiffnesses.
The cases of zero column stiffness and rigid columns are the only cases not
shown. The results are given in the form of ratios of the deflection at
given points to the maximum deflection measured in the structure. .The de-
flections obtained by Simmonds are referred to as the theoretical deflections.
The point considered at which the maximum deflection occurred was point No. 6
in all cases and the deflection at this;poinf was always greatest for a value
of H = EI/DL = 0.25. In each of the figures the results obtained by Simmonds
are shown by solid linés and the results obtained using the frame analysis
are shown by broken lines.

.In general the agreement between the deflections found by the
theoretical and frame analysis methods 1s good. In most cases the deflections
based on the frame analysis tend to underestimate the correct deflections by
a small amount. . Many of the curves based on the frame -analysis fall beneath
the "exact" curves by a nearly constant value. This difference represents a
small percentage error at lower values of H but for higher values of H the
percentage error is large. However, for the higher values of H the bean
deflections contribute a relétively small proportion of the mid-panel deflec-

tions and errors in beam deflections are -relatively insignificant.
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While the cases of infinitely stiff columns and columns offering
zero stiffness are not practical, the frame analysis was applied to several
examples of these cases. The results obtained for the value of zero column
stiffness were considerably in error. For this extreme case the frame analysis
is not applicable. For the case of rigid columns the analysis is made by
taking ef in Eq. 4.3 as zero. Results obtained from the analyses of a number
of structures having rigid columns showed good agreement between correct
deflections and those given by the frame analysis. Hence it may be concluded
that the frame analysis method can be used in the anélysis of structures for
deflections for any value of column stiffness other than zero. Note that
good results were obtained for a value of K = 10 as shown in Figs. 4.5, 4.8,
and 4.11. For a value of interior column étiffness ratio of K = 10 the
corner column had a value of K = 2 and the edge column had a value of K = 3
in the direction perpendiculaf to the edge beam. Even for these low values

of K the frame analysis method glves acceptable agreement.

(b} Checkerboard Loading

Results of analyses of structures having only the interior panel
and the corner panels loaded are given in Figs. 4.1k and 4.15 for the two
combinations of H and J considered by»Simménds. For the case of H = J = 2.5
the deflections obtainéd using the frame analysis method compare favorably
‘with those obtained using the method of finite differences. .The greatest
percentage difference occurs at the center of an unloaded edge panel but here
the absolute deflection 1s small.

For H =J = 0.25 there is a large difference in.the results given by
. the two mefhods for some points on the structure. The largest percentage
difference occurs at the center of an unlocaded edge panel but.for this case

also the absolute value of this deflection is small.
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A comparison of the effects of the uniform and cheékerboardvloadings
shows that the deflections at the center of the interior and corner panels is
about the same for each type of loading. The maximum differénce-between the
two loading cases is only. 1Lk percent. In Qiew-of this the lgrée differences
between the frame analysis and theoretiéal deflections for some -points that

were obtained for the structure with flexible beams are not serious.



5. - DEFLECTIONS OF REINFORCED CONCRETE STRUCTURES

5.1 Introductory Remarks

This chapter contains a discussion of the results obtained from
the application of the frame analysis method to compute deflections for eight
reinforced concrete test structures. Comparisons of predicted and measured
deflections are given and several factors affecting deflections of reinfofced
concrete structures are discussed.  The majority of the structures considered
were the test structures constructedAat the University of Illinois. A
description of the floor slabs that have been tested to date at the University
of Illinois. is given in Section 5.2.

.The development of the frame analysis for deflections referred to
ideal structures that were linearly elastic. The application of this method
to actual reinforced concrete structures is confronted with problems at two
different levels: ‘problems related to inelasticity of reinforced concrete and
problems related to quality control. In a practical case, the major problem
is the determination of the permanent and transient loads. However, this can
be ignored in calculating deflections of test structures for which the loads
are known with reasonable certainty.

Problems related to inelasticity of reinforced concrete involve
cracking and: yielding in addition to the inherent inelasticity and time-
dependence of the stress-strain relationship for plain concrete.

.The use of poor materials and construction practices may have sig-
nificant effects on the deflections of reinforced concrete structures. -Deflec-
tions of reinforced concrete structures have been observed to be influenced by

over-finishing, which brings excess fines to the upper surface of the concrete,

-60-
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thereby weakening it, finishing that is not true to grade, which is usually
evidenced by low finishing at mid-panel and high finishing -around the columns,
misplacement or omission of tensile reinforcement, addition of water to the
concrete to aid in its placement, and overloading of uncured concrete with
construction materials. In the test structures described in Section 5.2
these prcblems were elimiﬁatedo However, even with careful control of both
the quality of the construction méterials and construction practices non-
uniformity is unavoidable.

. Comparisons of computed and measured deflections for the University
of Illinodis test slabs are given in Section 5.3. Included in this section is
a discussion of the effects of cracking-andyyieldiﬁg on deflections and of the
modulusﬁo@'deformation of the concrete. The influence on deflections of
time-dependent behavior of concrete is discussed in Section 5.4. Comparisons
between predicted and measured deflections for structures other than the
University of Illinois test slabs are given in.Section 5.5. While the guality
of the Workmanéhip attending the erection of a structure may have a large
effect on its behavior, the control of the Woﬁkmanship is a construction
problem, not one of design. Hence it is not considered further here other
than to point out the necessity for careful control and the desirability of
having the designing -engineer or his representative specify and observe the

construction practices used in executing the design.

5.2 Description of University of Illinois Test Structures

The experﬁnentél phase of the floor slab investigation has included
the construction, testing, and analyses of seven small-scale test structures.
Brief descriptions are given below of (a) the layout and reinforcement of the
test structures,.(b) the physical-propérties of the concrete and reinforcing

steel used in their construction, and (c} their instrumentation and the



=62~

testing programs to -which they were subjected. More extensive descriptions

are given in References 10 through 15.

(a) Layout and Reinforcement of University of Illinois Test Slabs

The prototype structure for each of tﬁe test slabs contained nine
square panels arranged three-by-three with a center-to-center of column spacing
of 20 feet. The first five test structures were quarter-scale models‘of the
‘prototypes ‘and the sixth and seventh test slabs were one-sixteenth scale models.

.The type and designation of these slabs is given below. in chronological order

of testing.
.Structure No. Type of Structure Designation - Scale
1 Flat Plate F1 1/l
2 Flat Slab F2 1/h
3 Two-Way Slab with T1 1/k
Deep Beams
b Two-Way Slab with T2 /4
-Shallow Beams
5 Flat Slab Reinforced with F3 1/k
Welded-Wire Fabric
6 Flat Slab Fl 1/16
7 Flat Slab F5 1/16

All of the test structures except Nos. 4 and 7 were designed according
to the regulations set forth in the ACI Building Code (318-56). Test structure
No. 4.was designed to carry the full sfafic moment and to have a strength and
behavior intermediate between those of the flat slab (F2) and the typical two-
wéy slab (T1). .Test structure No. 7 had the same geometry as structures 2,

5 and 6 but was reinforced to carry the full static moment and had the rein-

forcement distributed following the suggestions given by. Hatcher (13). Figures
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5.1, 5.2, . and 5.3 are photographs of structures No. 2, 3, and 7, respectively,
showing the loading and testing equipment in place.

. BEach of the prototype floor slebs was considered as being representa-
tive of an intermediate story in a building and hence had columns extending
above and below the floor level. .Bach of the test slabs had columns extending
only below the level of the floor. .The columns of each of the test structures
were supported on steel balls. The iength of an interior column, measured
from center of floor to center of ball, was taken so that the flekural stiff-
ness of an interior column in thé model was equal to that of the corresponding
column extending above and below the floor in the prototype. The far ends of
the column in the prototype were assumed to be fixed and computations for
stiffnesses were based on the moments of inertia of the uncracked sections.

The panels of slabs 1, 2, 3 and 4 were reinforced with 1/8-in.
square plain bars. A cover of'5/l6 in. was provided for the top steel and
for the bottom steel running'ih & north-south direction.  The east-west bottom
steel had a cover of 5/16 in. .Welded-wire fabric was used in slab No..5 and
20 gauge (0.055 in. diameter) wire was used in slabs 6 and 7. The layout of
the five quarteréscale slabsrand the amounts and arrangements of the reinforce-
ment used in structures 1 to 4 are shown in Figs. 5.4 to 5.23. .The amount
and arrangement of the reinforcement used in—slab No. 7 is shown in Figs. 5.24
through 5.27. .In making an analysis for deflections of a reinforced concrete
structure, the amount andvplacement of the tensile reinforcement is of

interest only in computing the moments of inertia of the fully-cracked sections.

-A comparison of the amounts of tensile reinforcement provided at the various

!
design sections in slabs Nos. 2 and 5 is given in Figs. 5.1k and 5.15.

.The design loads for the prototype structures were as follows::
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Structure No. -Dead Load, ps?f Live Load, psf Total Load, psf
1 85 70 155
2, 5, 6, T 85 200 285
3, & 75 70 145

The total dead load on the quarter-scale test structures, including 22 psf
contributed by the weight of the loading equipment, was Lk psf for slabs 1,
2 and 5 and 41 psf for slabs 3 and 4. For slabs 6 and 7 the dead load,

including 16 psf for the loading equipment, was 21 psf.

(b) Physical Properties of Materials

The physical properties of the concrete and reinforcement used in
the seven test structures are given below. .The concrete properties are those
at the beginning and end of testing. The modulus of deformation of the
concrete,‘Ec, is the average initial téngent modulus measured in tests of 2 by
4 and 4 by 8-in. cylinders. .The yield points for the high-strength steel used
in slab No. 5 varied with the size of the wires used. The range of these yield

points is given below. The moduli of rupture of the concrete are given in

Section 5.3

Beginning of Testing _ End of Testing
- Slab No. fy’kSi fé,bsi Ec,ksi Age,days fé,psi -Ec,ksi Age,days
1 36.7 2510 2400 76 -~ 2680 2800 140
2 42.0 2760 3100 78 2320 3100 168
'3 42.0 3020 3000 76 2510 3000 185
b L7.6 3660 3300 50 4020 . 3300 92
5 61-76% 3800 3700 55 3820 3700 100
6 L6.0 -- -- -- 3700 3700 156
7 47.8 3140 3100 L0 3140 3100 40

#* Based on an offset strain of 0.002.
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(¢c) Instrumentation and Testing Program

"Each of the test structures was constructed in place in its testing
frame. .Each column of a test structure was supported on a steel ball. These
balls were in turn supported on tripod reaction dynamometers for the quarter-

scale models or on a reaction frame for the one-sixteenth scale models.

_Extreme care was taken in the construction of the test slabs to insure close

dimensional control.

Loading was applied equally to sixteen points on each panel by means
of a load distribution system. These points were symmetrically spaced about
the center of each panel. ~Elastic studies have shown that the moments and
deflections obtained for this type of loading are nearly equal to those obtained
for a uniform loading-covering the entire panel.

The loading system for the gquarter-scale models. was placed entirely
above the upper surface of the slab. The eguipment. for one panel consisted of
16 eight-in. square steel plates restiﬁg on rubber pads. These plates were
connected by four small H frames and one large H frame. - Load was applied to
the center of the largervH frame by a hydraulic.jack'which reacted against
a frame extending above tﬁe slab. Applied load was measured by means of two
dynamometers, one placed directly below the jack and the second being formed
by the larger H frame. . Pressure was supplied to the Jjacks by means of a pump
and a system:of hoses and valves. .Load could be applied to all panels or to
any desired pattern of panels.

- The loading system for each of the one-sixteenth scale slabs was

placed beneath the slab. -Load was applied to each of the 16 two=in. square

‘plates on a panel by means of a rod which passed through the slab. A small

hydraulic jack, a load dynamometer and a systembof bars to distribute load

from the jack to the 16 rods completed the load system for a panel.
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Deflections were‘measured at the center of each panel and at each
mid-beam point for a total of 33 points on each structure. The designation of
these points is given in Fig. 5.28. For the quarter-scale slabs the deflections
were measured by means of\dials pérmanently mounted beneath the slabs. Deflec-
tions were read for slab No. 6 using a movable bridge on which were mounted
seven deflection dials. For slab No. 7 deflections were read using 49 dials
fixed in position above tﬁe slab. TFor slabs 6 and 7 the shortening of each
column was recorded as well as the éeflections at the 33 points described
above. The deflection dials used read directly to 0.001 in. with the fourth
decimal place being estimated.

. Bach of the quarter-scale slabs was also instrumented for thé reading
and recording of strains at selected points on the concrete and on the tensile
reinforcement.

The testing program for the guarter-scale slabs consisted of sub-
jecting -each structure to a series of loadings of different patterns and at
different load levels. The sequence of load tests for a given structure con-
sisted of a test in which all panels were loaded in successive steps to a
desired level of load and then a series of tests in which one or more panels
were loaded in like manner to the same load level. .At the completion of a
sequence of tests a second similar series was conducted but at a higher load
level. - Deflections and strains were recorded after the application of each
load increment of each test. As many as Ui load tests were performed on some
of the test structures. -A total of three load tests were performed on slab

No. 6 and slab No. 7 was loaded to failure in one continuous test.

5.3 - Comparisons of Computed with Measured Deflections

This section contains a discussion of (a) the deflection coefficients

for the test structures that were computed on the bases of both uncracked and.
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fully-cracked sections, (b) the cumulative load-deflection curves for various

points on the test structures, (c) the transition curve between uncracked and

fully-cracked deflections, and {d) a discussion of the modulus of deformation

for concrete.

(a)  Computed Deflection Coefficients

Deflection coefficients are given in Figs. 5.29 through 5.38 for the
seven. test structures. Figures 5.29, 5.31, 5°3§ and 5.37 give coefficients
which were determined using the frame analysis assuming all sections to be
uncracked. The remaining figures give deflection coefficients that were
computed assuming all sections to be fully cracked. -The coefficients for un-
cracked sections given in Fig. 5.31 for the slab (F2) are also applicable to
the other~flét slabs (F§,»f4, and F5) since the géometrical relationships for
the uncracked flat.slaﬁs wére all fhe same.

-~ Although the frame analysis method i1s an approximate procedure the
deflection coefficients are given to five significant places after the decimal
point in each of Figs. 5.29 - 5.38 in orde: to show the effects of beam torsional
rigidity on defleétibns.-rln,Fig. 5.31 the deflection coefficient for point A2
on the flat slab is shown fo ﬁe slightly greater than that'for-point~02. The
torsional rigidity of a deep beam in the flat slab was about one and one-half
times that of a shallow beam. . For the flat plate the torsional rigidities of
the deep and shallow beams (conéidering T-beam action) were about the same and
were taken as equal in compﬁting the deflection coefficients.

.In addition to deflection coefficients, deflections for a load of
100 psf are given in-each figure. In computing these defleétions*Poisson‘s

ratio was taken as zero and the initial tangent modulus of elasticity of the

concrete-at the beginning.of testing was used.
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The defiecﬁon coefficients given for the fully-cracked sections were
computed using the coefficients for uncracked sections. -For a point at the
center of a beam the coefficient for fully-cracked sections was obtained by
muléiplying the coefficient for uncracked sections by the ratio of the moment
of inertia for the uncracked section to that of the cracked section. The
moment of inertia for the cracked section was taken as the average of the sum
of {a) the moment of inertia for the positive mid-beam section, and (b) the
aveﬁage of the two negative end-of-beam sections. The mid-panel deflections
were computed using the same procedure as for the uncracked structure except
that the term 0.00153 qLu/D, which results from the use of the S-method for a
square panel (see Section 4.2), was multiplied by the ratio of the average of
the negative énd positive moments of inertia for the panel to the uncracked
moment of inertia. The rotation for each column was determined by-multiplying
the rotation compuﬁed assuming the column to be uncracked by the raﬁio of
uncracked to cracked moments of inertia. The alternative to usingéfhe pro-
cedure outlined above for predicting defleétions for cracked sections would
be to perform a second frame analysis using the momentsof inertia for cracked
sectilons. Noté that all of the deflection coefficients given for fully
cracked sections are given in terms of th/D where D is for the uncracked
section. The moments of inertia for the‘crécked sections were coemputed using
conventional straight-line methods.

-Deflections in inches for a load of 100 psf for the fully-cracked
structures are given for slabs Nos. 1, 2, 3, M,‘5 and 7 in Figs. 5.30, 5.32 -
5.34, 5.36 and 5.38. The deflection coefficients given in Fig. 5.33 for slab

‘No. 5 (F3) for the mid-beam points were taken as being the same as those
vcomputéd.for slab No. 2 (F2) since the percentages of reinforcement provided
ig these two structures ﬁeréAnearly the same. .The coefficients for fully-

cracked sections given in Fig. 5.32 are also applicable to slab No. 6 (FL)
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since this structure contained the same percentages of slab reinforcement as
did F2. Test structure No. 7 (F5) contained greater percentages of reinforce-
ment than any of the other fla% slabs and hence had a somewhat greater
rigidity when fully cracked than did the other flat slabs. The deflection
coefficients for this slab assuming fully cracked sections are given in
Fig. 5.34.

-An Illustrative Example, containing a step-by-step description of
the computation of the deflection coefficients for the two-way slab with

shallow beams (T2), is given in Appendix C.

(b) Cumulative Load-Deflection Curves

Cumulative load-deflection curves for the seven test structures are

given in:-Figs. 5.39 - 5.100. -The figure numbers for the load-deflection curves

for each test structure are as follows:

- Structure Number Figure Numbers
1 (F1) 5.39 - 5.53
2 (F2) 5.54 - 5.67
5 (F3) 5.68 - 5.77
6 (rh) 4 5.78 - 5.81
T (F5) 5.82 - 5.86
3 (T1) 5.87 - 5.93
4 (T2) 5.94 - 5.100

The load-deflection curves for structures 1 through 5 include the effects of
the dead load of the slab and loading system. For slabs 6 and 7 deflections
are given for applied load only as those for dead load were very small. -The
deflections given for slabs 6 and 7 are four times those actually measured.
This is done in order to allow direct comparisons to be made among the curves
for the flat slaﬁs.< The effects of column shortening were included in con-

structihg the curves for slab No. 6. However, these effects were very small.
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The cumulative load-deflection curve for a particular point on a
given structure was prepared using the data recorded during a number of dif-
ferent load tests. The tests considered were those in which all panels were
loaded to the same level of applied load. .Where space permits the load-
deflection curves for the separate tests in which all panels were loaded are
shown by broken curves. The difference in deflection shown between the end
of one broken curve and the beginning of the next broken curve for a given
point represents the increase in residual deflection accrued at that point
during the intervening tests.

| The curves given for test structure No. 6 (Fk) were obtained from
the data recorded in the third of the three locad tes%s performed on this
structure. .In the second test a maximum applied load of 220 psf was reached

which probabiy caused some cracking although none could be detected by visual

inspection. -At this point one of the loading wires extending through the slab

failed and it was necessary to discontinue testing. Since the residual deflec-

tions accrued in the second test were not included in constructing Figs. 5.78 -

5.81 the initial portion of these curves are rebound or reloading curves.

The single panel and pattern loadings that were applied to the struc-

tures caused maximum moments at various sections and hence caused additional

cracking and loss of stiffness beyond that which occurred during the tests with

all panels loaded. This loss in stiffness caused by the partial loadings is
shown by the decrease in slopes of the broken curves for successively higher
loading tests. .It may be expected that similar structures loaded continuously
in one test from.no applied load to failure would exhibit somewhat smaller

deflections for loads intermediate between the cracking load and the failure

load than were measured for the quarter-scale test slabs.
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‘Two straight lines, one marked "uncracked" and the other marked
"cracked," are plotted on each of the cumulative load-deflection curves. These
lines represent the computed deflections based on uncracked and fully-cracked
sections, respectively.

The load-deflection curves for the flat plate (Fl) all terminate at
a load of 306 psf although the maximum load carried by tﬁis structure was
360 psf. The deflections given for the load of 306 psf were the last deflec-
tions measured before the slab failed. Failure was characterized by the
punching through of column No. 7. ‘A broken line is used on each of the curves
for the flat plate to connect the deflection measured at 306 psf with that
measured after failure.

The load-deflection curves for slab No. 5 (F3) all terminate at a
load of 587 psf. The interior tripod reaction dynamometers~buckled at a load
somewhat higher than this and i1t was necessary to replace them by steel blocks
in order to continue-loading the structure to failure.

In general, the agreement between the initial portien of each of the
measured load-deflection curves and the straight line computed on the basis of
uncracked sections is good. The pocrest agreement is for the deep -edge beams

in the flat plate and flat slébs and for the beams in the two-way slab with

‘deep beams (T1l). - However, the magnitude of the deflections of the deep beams

was small. Hence the large percentage errors between computed and measured
deflections for these sections is relatively insignificant in so far as both

beam and mid-panel deflections are concerned.

(c) Transition Curve Between Cracking and Yielding

~ Consider a typical load-deflection curve for a point on a continuous
slab. -After an initial straight-line portion the slope of the curve begins to

decrease steadily with increase in load. This reduction in slope is caused by
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the losses in stiffness accompanying cracking of the concrete and the reduc-
tion of the "modulus of deformation” which also occurs concomitantly with
increased loéding. The shape of thé curved portion of the load-deflection
cannot be defined with exactitude.

The effect of cracking of the concrete is more noticeable in an
isclated beam than in a continuous structure. Cracks occurring in an isolated
beam tend to form completely across the width of the beam. Hence there is a
large decrease in stiffness and an accompanying large increase in curvature at
each crack. A load-deflection curve constructed for such a beam would show a
sudden decrease in slope at the point of first cracking.

The effect of first cracking in a slab is to cause some slight
redistribution in moments and a negligible decrease in stiffness. Consequently
it is difficult to detect any change in shape of the load-deflection curve for
a slab corresponding to the point of first cracking. In most of the test
structures first cracking could be determined only by é decrease in slope of
load-steel strain curves with first visual observation of cracks being made at
much higher loads.

. Since the point at which the load-deflection curve for a slab
begins to exhibit noticeable deviation from a straight line is difficult to
determine, the following approximate method for defining this point is
suggested.

In using the frame analysis it is necessary to determine the end-
moments for each of the "ersatz beams” included in the-"ersatz frame." Having
the end-moments, the mid-beamAmomentsxmay be determined using the formulae
given in Table 18. By setting the mid—beamAmoment equal to the cracking moment
the load corresponding to cracking at mid-beam may be computed. The cracking

moment at mid-beam may be determined from the relationship



-75_

it

M, =fZ (5.1)
5 where fr = the modulus of rupture of the concrete, and
Z = the section modulus of the ersatz beam.

The cracking loads computed for the test structures are indicated on

each of the cumulative load-deflection curves. The cracking load given for a

point at the center of an interior panel was taken as equal to the cracking

load computed for one of the four adjacent mid-beam points. This is in keeping

with the concept that when the boundaries of a plate are deflected the center

of the plate tends to deflect by the same amount. Hence when cracking begins

to affect the slope of the load-deflection curve for a mid-beam point it may

be expected that the slope of the mid-panel curves for adjacent panels will

also be affectead.

For an.edge panel the cracking load at mid~panel was taken as equal

to that of one of the ersatz beams perpendicular to the discontinuous edge.

For a corner panel the average of the cracking loads for an edge and interior

3

beam were used. - The deflection corresponding to the cracking load is referred

to as the cracking deflection in subsequent discussion.

In‘computing the cracking moments the ﬁoduli»ofvrupture.of the
concrete that'were~used were those assumed in the anlayseé of the test struc-
ture for moments. Tests by Mila (57) have shown that fhe'effective-modulus of

rupture of concrete in a structure is-less than that for plain specimens cast

from the same batches of concrete. This reduction is caused by stresses

g

arising from the resistance to shrinkage of the concrete furnished by the presence

)

of the reinforcing steel.
.The moduli of rupture used in analyzing the quarter-scale test struc-
tures for moments and the average modull in psi measured for unreinforced beams

that were cast at the same times as the test structures are listed below.
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Beginning of Testing End of Testing
Slab No. ! f , plain f! £, plain T, effective
c r (¢} r r
1 2510 700 2680 620 310
2760 600 2320 - 360
3020 590 2510 —— 350, beams
400, slab
L 3660 —_— 4020 9Lo 500, beams
550, slab
5 3800 750 3820 800 600

Two different values for the effective modulus of rupture were used for the two-way
slabs since the beams in these structures contained higher percentages of re-
inforcement than the slabs, thereby causing a greater reduction in the effective
modulus.

The point at which the cumulative load-deflection curve crosses the
line marked “cracked” on the curves occurs in the vicinity of the yield load.
The yield,loéd is defined as the load level at which sufficient yield lines
form in the structure to allow unrestrained deflection to take place.

- When a structure fails by general yielding of the reinforcement one
of two patterns of yileld lines may form. -If the supporting beams are suf-
ficiently strong each panel may fail separately. .If no beams are present or
if the supporting beams have relatively low strengﬁh then the pattern of yield
lines will extend through fhe beams and the structure as a whole will partici-
pate in the failure. The computed and measured yield loads in psf for the test
structures were as shown on the following page.

The yield loads indicated on the cumulative -load-deflection curves
for the flat plate and the flat slabs are those computed for the structural
failure mechanism in which a positive yield line extended through each edge

panel and into the corner panels. .For each of these structures the capacity
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Slab No. Computed Yield Load and Pattern Measured Yield Load
*
1(F1) 270 Interior panel only
320 Edge and corner panéls 360
\ *
2(F2) 460 Interior panel only
565 Edge and corner panéls 550

3(T1) 395 Interior panel
o 435 Edge panel
44O Corner panel
530 End row of panels

610 Interior row of panels 537

L(T2) 390 End row of panels
. 405 Interior row of panels LE6
5(F3) 1010 Edge and corner panels 952
6(Fh) 650 Edge and corner panels 620

7(F5) 800 Edge and corner panels 710

¥ Computed assuming the interior panel to be one of an infinite array
- of similar panels.

of the interior panel was less than that of the structure as a whole. However,

- since each structure could continue to carry additional locad after the interior

panel yielded, the structural capacity is indicated on the curves. TFor the
two—way slabs the yield load indicated on a curve for a particular point is
the one corresponding to the failure mechanism which would include the point.
The deflection corresponding to the yield load is referred to as the yield
deflection below.

The portion of a Jload-deflection curve lying between cracking and
yield deflections is termed the transition curve. The measured transition
curve appears to be approximately parabolic in shape. A graphical method of
predicting the shape of the transition curve, assuming it to be a parabola, is
given in Fig. 5.101. The shape cof the predicted transition curves are indicated
by a number of small circles in each of Figs. 5.39, 5.42, 5.45, 5.48, 5.5k,

5.56, 5.68, 5.87, 5.94, 5.95, 5.96 and 5.99.
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For design purposes it is suggested that the deflections computed
on the basis of uncracked sections be used if the design load is not more than
twice the cracking load for the point under consideration. .Where the design
load is greater than twice the cracking load a linear transition curve between
the yield deflection and a point corresponding to twice the cracking load
appears to give reasonably close comparisons between measured and computed
deflections. .This curve is shown by a brbken line in several load-deflection
curves.

-Considering the number of variables that affect deflections of
reinforced concrete structures the agreement between the measured and predicted
transition curves cannot be expected to be more than approximately close. For
most of the figures in which a comparison is given the agreement is reasonable.
The poorest agreement occurs for slab No. 2 (F2).  The edge and corner columns
of this structure were lightly reinforced. ﬁence the columns allowed a large
amount of rotation to take place thus increasing the slab deflections. It
was necessary to provide external reinforcing on these columns in order to
load the structure to its yield load capacity. More column reinforcement was
provided in slabs No. 5, 6, and 7 and better agreement isvshown for these

slabs.

(d) Modulus of Elasticity of Concrete

The use of the term "modulus of elasticity”" is not strictly
applicable in discussing the pfoperties of concrete,‘ By definition a modulus
of elasticity is the constant of proportionality between stress and strain.
For some materials, such as steel, the modulus is well defined in the early
stages of stressing and may be assumed to be constant. Concrete, however,
exhibits a nonlinear stress-strain relationship from first locading to failure.

This is shown by the multiplicity of definitions of the so-called "modulus of
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elasticity” for concrete, which include tangent and secant definitions at
arbitrarily chosen stresses. The modulus of elasticity might better be
termed the "modulus of deformation."

The modulus of deformatioﬁ obtained for a particular test cylinder
is affected by the duration of the test. If the specimen is tested to failure
in a very short time a substantially higher modulus 1is obtained than if the
specimen is tested at the standard rate (38). Also if the duration of the
test is very long an appreciably lower méduius is obtained. In addition to
speed of testing the type of aggregate and mix proportions ha&e large effects
on the modulus obtained (39). For instance, lightweight concrete may develop
strengths comparable to thoée of normal-weight concretes but usually exhibit
considerably lower moduli of deformation. It is apparent that the modulus
of deformation is an index value which may Be assumed to represent the
behavior of the concrete in a structure in an apﬁroximate manner.

Various expressions have been assumed to define the modulus of

elasticity for concrete. The simplest is the secant definition
. = 1
E, = 1000 £/ (5.2)
where EC'= modulus of elastiecity in psi,and

fé' concrete compressive strength in psi determined from a test of a

6-in. by 12-in. cylinder. This equation was first included in the 1928 edition

of the ACI Building Code (40) and continued in use through the 1956 edition (1).

-Since this expression tends to overestimate the modulus for high concrete

strengths various investigators have proposed formulae that give better fits

to experimental data. . Among these are the formula proposed by Jensen (L41)

30,000,000
= 2, YYY, V00
2 10,000 (5.3)
5 4 220
fC
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and Lyse (L2)

E, = 1,800,000 + L& £ (5.4)

for normal-weight concretes. -In an effort to present one formula applicable

to all weights of concrete Pauw (L3) suggested the formula

S R P
E =35 ] | (5.5)

where w 1s the weight of the concrete in pounds. per cubic foot.

The value of the modulus reported in Section 5.2(b) for a given
test structure is an average value which was determined from tests of a number
of cylinders cast at the same time as the test slab. The initial portion of
the stress-strain curve drawn for each cylinder was nearly linear and the
modulus reported is the average slope of these initial portions - hence the
designation "initial tangent modulus.” Although the mixing and casting of
the concrete'for each test structure Qas carefully controlled and the testing
of the cylinders was performed in a standard manner there was still an
appreciable amount of scatter in the values of the modulil determined for a
particular slab. A comparison of the moduli computed using Egs. 5.2 - 5.5 is
given below in the form of ratios of computed values to the initial values at

the beginning of testing. Equation 5.3 was modified by replacing the factor 5

by a 6.
Slab No. lOOOf; Jensen ‘Lyse Pauw
1 1.05 1.26 1.23  1.26
2 0.89 1.01 0.98 1.15
3 1.01 1.07 1.06 1.10
L 1.11 1.0k 1.05 1.11
5 1.03 0.94 0.96 1.01
6 1.00 0.93 0.95 0.99
7 1.01 1.05 1.0k 1.09
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el

For the small aggregate mixes used in the test structures the relationship

EC = 1000 fé gives the best fit with measured datsa.

b

For normal-weight concretes the modified fcrm of Eq. 5.3 is adequate

sy

in the absence of measured data. For lightweight concretes the data reported

by various investigatcrs shows considerable scatter and it is recommended

we il

that a design value cf E_ for a concrete of this type should be determined by'

tests for specific cases.

L. the,

5.4 Time-Dependent Deflections

The deflection of a point on a reinforced concrete structure is the
sum of the instarntaneous deflection that occurs upon the first application
of load and the time-dependent deflection resulting from the effects of creep
and shrinkage. The deflection caused by shrinkage 1s assumed to be independent
of the lozding while creep deflection is largely a function of the amount and
history cf the loading. Knowledge on creep and shrinkage deformations of
concrete under azctual working conditions is limited. However, the determina-

tion of the portion of the total load that may be considered as permanent is

B W , oo e

perhaps the most critical unknown factor in computing long-time deflections.

Leid

So far in this study, only instantaneous deflections have been considered.

However, in design it 1s the total deflection that is of interest and the

i

larger portion of the total deflecticn mey result from the time-dependent

effects.

The time-dependence of deformations of reinforced concrete construc-

tion has been the subject of numerous investigations. Several controlled

studies have been made cf isolated structural elements, such as flexural and

axially lbaded members, and procedures have been developed that allow the pre-

%; . diction of the long-time deformations of such elements to be made with some
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accuracy. However, time-dependent deflections of floor slabs havé received
little organized attention. Three cases of long;time tests of continuous
structures have been reported. These are described briefly below alfhough
neither of the first two structures is representative of current design
practice.

In 1917 a single panel of the Schwinn Building was loaded to twice
the design load and this load was maintained for-over one year (44). The
Schwinn Building was a multistory flat slab structure three bayé wide by
several bays long. The reinforcement in each panel was placed in four layers,
two top and two bottom, with one of each of the top and bottom layers oriented
parallel to the column centerlines and the remaining layers at L5 degrée'_
angles to the column centerlines. _Each layer was continuous over the width
of the panel. The loaded panel was én edge panel located in an intermediate
story. The teét panel measured 27 by 25 feet and was ten in. thick. The
mid-panel deflection af first loading was about 4 3/4 in. This deflection
increased to about 8 1/4 in. after 379 days, an increase of about 175 percent.

In 1919 a single story two-way test structure was constructed by
the J.S. Bureau of Standards at Waynesville, Ohioc (45). This structure con-
tained 18 panels arranged three by six, and was constructed of reinforced
concrete with hollow tile fillers. .A number of load tests were performed with
scme of the loads remeining in place for several weeks. .The deflections showed
scme tendency to increase with time. .WHen the loads were removed most of the
deflection was recovered. |

| . In 1959 a flat plate test structure was constructed and tested in
Melbourne, Australia (46). This structure contained nine panels arranged
three-by-three. ~Each panel was 9 by 12 £t. by 3 1/2 in. thick. In addition

there was a 6-ft. céntilever extension at both of the narrower ends of the
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structure so that the over-all dimensions of the slab were 28 ft. 5 1/2 in.

by 48 ft. However, L8 days after the formwork had been removed an 18-in.

[S—

wide strip of the cantilever was cut off at both ends of the slab. The slab
¥
3
3 was supported on slender steel columns and contained no spandrel beams. The
E slab was constructed under field conditions and no special care was taken to

insure proper compaction of the concrete. Hence the completed slab contained

.X.
considerable voids. A lightweight-aggregate concrete was used which weighed

11k pef. The average 28-day compressive strength was 2500 psf and the 28-day
modulus of rupture of plain specimens was about 290 psi. The sonic modulus
of elasticity of the cocncrete showed considerable variation. An average
value was about 1,500,000 psi.

Deflections were measured at numerous points using an engineers
level. . Deflections were recorded at the time the formwork was removed, which
was ten days after casting, and at various times during the following 200

days. .During this time only the 31 psf dead load was acting. -Difficulties

Gl el $Ded e ksl

were encountered in measuring deflections since some columns rose and others

settled. At the time the formwork was removed the deflection at the center

i

of the interior panel, corrected for apparent column settlement, was about

0.05 in. This deflection increased to about O.44 in. at an age of 50 days

7"1[
l
_;

and continued increasing more slowly to a total of about 0.59 in. at 200 days.

The deflection of the interior panel was computed using a coefficient

3 obtained by interpolating between values given in Table 10. For S/L = 0.75,
¢/L = 0.06, and H = O the coefficient was found to be 0.0032 th/D. For a

; * Tt is stated in Reference 46 that "After the formwork was stripped a visual

J . assessment was made of the gquality.of the concrete in each bay, judging by

the compactness of the surface. .Although one bay was estimated to be
defective through incomplete compaction over 50 percent of its area, the
average for the whole slab was 15 percent.”
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modulus of 1,500,000 psi the deflection was computed as 0.06 in. based on
uncracked sections. There was a considerable increase with time in the amount
of cracking that was visible on both the top and bottom surfaces of the slab.
This cracking was attributed to shrinkage, thermal stresses, and stresses
caused by differential settlements. For a slab as lightly reinforced as this
one was, the moment of inertia for crécked sections is about one-fifth to
one-fourth as large as the momenf of inertia for uncracked sections. Assuming
the slab to be fully cracked and taking the long-time deflection as twice
that of the initial deflection computed on the basis of cracked sections
.gives a computed long-time deflection of 0.5 in. This compares favorably with
the observed deflection of 0.59 in. Note that the structure was subjected
to carrying its own weight while the concrete was still uncured. It is probable
that if the formwork had been allowed to remain in place for an additional two
or three weeks that the total deflections would have been less.

Since there is a paucity of data concerning time-dependent behavior
of continuous structures it is necessary to consider the behavior of isolated
flexural members in order to arrive at an intelligible method of predicting
long-time deflections of slabs. .Accordingly, a discussion anent the effects
of (a)_creep and (b) shrinkage on deformations of beams is given below and
(e) an analytical’interpretation of the time-dependent behavior of beams is

éxtended to slabs.

(a) Effects of Creep on Beam Deflection
The effect of creep 6n beam deflections is influenced by the amount
.of cracking that has taken place and whether compressive reinforcement is
. present. Consider first the case of a fully-cracked section and assume that
no compressive reinforcement is present. .For this case the instantaneous

curvature corresponding to the linear distribution of strains shown in
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Fig. 5.102(a) is

Assuming that the steel strain computed on the basis of a fully cracked
section does not change then the relationship between instantaneous curvature

and curvature after creep is

o) ke
= (5.7)
i i
where e; = initial strain at first loading,
€, = increase in. strain due to creep,
¢ = instantaneous curvature,

P, = increase in curvature due to creep, and

kd = depth from compression face to neutral surface.
This is an over-simplified explanation of the effects of creep since in a real
beam. the steel stress will increase somewhat with time, thus affecting the
distribution of concrete streés, but it does suffice to show that the increase
in deflection due to creep is not as great as the increase in strains. Based
on test data it has been determined (47) that the ratio ec/eifin» Eq. 5.7 may

be replaced by a factor m such that

p' '
m=3 - = (5.8
55 (5
. . . 2t
for rectangular section or T-beam sections with kd < S and for T-beam
sections with kd ngg
m.= 3{2 - B*) (5=8b

P

ratios of cross-sectional areas of compressive and tensile
steel,. respectively, to bd,

where p and p'

o
H

width of rectangular beam or width of compressive portion
of" T-beam,

)

3
J
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d effective depth of beam, and

t. thickness of flange of T-beam.

.The factor m in.Eg. 5.8 is a function of.the concrete properties and variation
in concrete stress.

. -As shown by the presence of the factor p' in.Eg. 5.8 the use of
compressive reinforcement tends to decrease the deflections due to creep. . As
the concrete in the compressive region of a beam creeps the compressive steel,
becoming effectively more rigid, is forced to carry more of the compressive
force which in turn acts to decrease the load causing the concrete to creep.

.Consider next the case of an uncracked section. The strain dis-
tributions across the cross section before and after creep for this case would
be about as shown in:Fig. 5.102(b). -Almost no data have been collected for
this case and_consequéntly nO‘simple relationship between initial and creep
curvature, such as Eg. 5.8, can be developed. .However, gqualitatively, at
least, it can be concluded that creep will causé~relatively,more increase in
the defiections of an uncracked beam than of a fully cracked beam. As for
the cracked member, the presence of compressive reinforcement would tend to

reduce the creep deflections.

A{p) Effect of Shrinkage on Beam Deflections

A There are two caseé for-which shrinkage strains alone will cause
little or no deflection. .If a-plain.concrete beam is unrestraiﬁgd\then
shrinkage will cause some éxial shortening. If a rectangular reinforced
concrete beam contains equal amounts of top aﬁd»bottom reinforcement placed
symmetrically -about mid-depth. 0f the beam then. shrinkage would not cause any
deflection although it might cause cracking.

-.For rectangular beams containing unegqual amounts of tensile and

cdmpressive‘reinforcement, with the compression steel placed above the upper
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kern limit and the tensile steel placed below the lower kern limit of the
concrete, it may ‘be shown {L47) that the curvature caused by shrinkage is

e (p-p")
Py = ”“"“_Kl--Sha (5.9)

where XK. = a constant which is a function of the dimensions of the cross
section and the long-time modular ratio, and
S the free shrinkage strain.
Based on available data (M?) the following simplified relationship has been

developed.

0.0 -p’
¢sh - 5Sép P ) (5.10)

Given the curvatures due tc shrinkage strains the shrinkage deflec-
tion may be computed. For example, consider the simply-supported beam of
Fig. 5.103(a). Assuming a uniform shrinkage curvature the mid-span deflection

is readily determined to be

A =—% {(5.11)

where L is the span. However, for the fixed-ended beam of Fig. 5.103(b) the
boundary conditions iméose the reguirement that the area of.the negativé
curvature diagram egual that of the positive curvature diagram and hence there
may - be littlevor no shrinkage deflection. .The shrinkage would have an indirect

effect on deflections in this case in that the cracking resulting from shrink-

age would cause -a loss of stiffness.

(c)  Long-Time Deflections of Slabs
The current state .of knowledge concerning-the effects of time-

dependent behavior of concrete allows the long-time deflections of statically

" determinate beams to be predicted with reasonable accuracy. if the load is
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known. However, for continuous slabs, although time-dependent behavior may
be expected to cause the same qualitative effects, sufficient data are not
available to allow an intelligible analysis to be made for long-time deflec-
tions. Until such data become available it is suggested that the long-time
increase in deflection be taken as the instantaneocus deflection times a
multiplier of three, if the instantaneous deflection was calculated on the
basis of uncracked sections, or one, if based on fully cracked sections.

The instantaneous deflection to be used is that corresponding to the dead

load plus the portion of the live lcad considered as being permanent.

5.5 -Further. Applications of Frame Analysis

A three-quarter scale model of the prototype flat plate structure
was constructed and tested at the Portland Cement Association -Structural
Laboratory in Skokie, Illinois. The percentages and distribution of the
reinforcement in this structure were identical to those of the quarter-scale
test structure (Fl) and the deflection coefficients of Fig. 5.29 and 5.30 are
applicable to this structure. The.major difference between the two test
structures, other'thaﬁ.scale,.was,that the PCA slab contained normal deformed
reinforecing bars and.large-aggregate concrete, while the gquarter-scale slab
contained plain bars and small-aggregate concrete.

The PCA test structure failed at almost the same -load and’in the
same manner as the gquarter-scale slab. Figure -5.104 shows load-deflection
curves for six mid-panel points on the -PCA slab. The curves are for -the
applied load and do not include the 73 psf dead load. On each'curve the slope
predicted on the basis of uncracked sections is given. Note that the computed
slopes and the initial portions of each of the curves coincide. The load-
deflection curves for the quarter-scale flat plate in most cases show no

noticeable deviation from the straight line representing the uncracked slope
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until loads of about 80 to 100 psf were reached. The curves for the PCA slab
show the same behavior. . Hence it may be expected that the curves corresponding

to the 73 psf dead load would be straight lines falling on the computed slopes.

.If the slope of one of the curves in Fig. 5.10L4 is projected backwards to the

zero load-zero deflection origin then the slope for the fully cracked sections
may be plotted from this origin. These slopes are not shown due to lack of

space. However,.as for the quarter-scale slab, the deflections at working

load computed on the basis of fully cracked sections are about three times

the measured deflections while the measured deflections are only a small amoﬁnt
greater than those computed for uncracked sections.

.The load-deflection data also showed that, allowing for differences
in scale and moduli of deformation for concrete, the deflections for corre-
sponding points on the two test slabs were nearly identical in the earlier
stages of loading. For higher loads the PCA structure exhibited somewhat less
deflection than the duarter-scale structure. This is the behavior that would
be predicted by the frame analysis since the yield point of the reinforcement
of the PCA slab was 44.5 ksi, which was 25 percent greater than that of the
quarter-scale slab.

One additional structure has been studied. .This was a three-story
flat slab structure designed to serve as a library addition. -Each floor
contained thirty sguare panels arranged five by six. In further.diséussion
this structure is referred to as structure C.  The dimensions of a typical

interior panel are shown in Fig. 5.105. The structure was designed to carry

‘a2 dead load of 88 psf and a live load of 90 psf. .Steel was provided in

excess of the amounts required by the ACI Code (318-56). The discontinuous
sides of the edge and corner panels were-supporéed on ﬁallse

The second and third floors of structufe C began to show large

deflections shortly after construction was completed. Hence the owners recorded
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the deflectioné at each of the mid-panel and mid-beam points on these floors’
for a period of five years beginning shortly -after construction. A composite
deflection-time diagram for a mid-panel point is shown in Fig. 5.106. .This
curve was constructed from the deflections measured for a number of panels
as all of the panels, including edge and corner panels, showed nearly the
same behavior. .The deflection data were obtained with the aid of an engineers
level and were subject to some error.

The deflections for this structure were predicted using the tabulated
coefficients of Table 10. Since the column capitals were round.-a ratio of
¢/L of 0,17 was used in determining the deflection coefficients. The deflection

coefficients are

L

mid-panel QJQ%QQEE—
0.0021qL"
mid-beam B Se—

The computed short-time deflections for the total design load of 178 psf are

-Point Uncracked - Cracked
mid-panel 0.25 in. 0.73 in.
mid-beam 0.16 in. 0.47 in.

A modulus of defonnation of 3,000 ksi was used for the concrete.

.The average of the mid-panel deflections measured at a time shortly
-after the completion of construction was about tﬁree«fourths in. and the
-average mid-beam deflection was about one-half in. After five years these
-deflections had increased to gbout 2.5 and 1.5 in., respectively. AThere was
no evidénce of foundation or first floor settlement. . The owner estimated
that -only about 25‘psf live load had been acting continuocusly during this

period. .Since the deflections were measured in respect to the columns.-about
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one-fourth in. of the deflection was attributed to high finishing around the
columns and low finishing at mid-panel.

This structure exhibited an unacceptable amount of deflection and
ultimately required extensive filling with lightweight aggregate concrete to
achieve level floor surfaces. . Investigation into the causes of the extra-
ordinarily large deflections re%ealed a number of contributing factors. The
aggregate used caused abnormally high shrinkage resulting in extensive
cracking. .Coring and x-ray examination showed that a large number of the
reinforcing bars in the negative moment areas around the columns had been
placed below the specified elevation. Also the structure had been erected
during-a wet season and the third floor was rained on during casting. The
shoring was removed after about 20 days and the still uncured floor was

then loaded. These factors all serve to show that the best design is worth-

Jless unless the construction is carefully controlled.



6. DESIGN CONSIDERATIONS

6.1  Introductory Remarks

The purpose of making a frame analysis is to determine whether or
not a proposed design will prove unserviceable because of excessive deflections.
.If the computed deflections are felt to be objectionable then the design may
either be revised or a certain amount of camber may be provided. The camber
may be introduced into the structure by constructing the mid-panel and mid-
beam points of the formwork above grade by amounts equal to the long-time
deflections calculated for the permanent load.

Certain types of construction are particularly susceptible to
developing unacceptable deflections. Flat slab and flat plate structures,
being the most flexible form of»structﬁre,_are those that most often show
excessive deflections. -A flat plate floor erected by the "lift-slab" technique
is normally supported by steel columns affording very smali support areas and
restraint. Hence this type of structure is probably most prone to developing
objectionable deflections. .Some-lift-slab structures are designed with canti-
lever portions of the slab extending beyond the edge columns. .These cantilever
portions act to decrease the deflections of the edge and corner panels.

In previous chapters the frame analysis has been shown to give good
results in the prediction of deflections of nine-panel test structures. In
the following section the application of the frame analysis to multiple-panel
floor slabs with nonsymmetrical layouts ‘is discussed. = The discussion is based
on the assumption that analysis will be performed on structures with all panels

uniformly loaded.
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6.2 Nonsymmetrical. Layouts

Consider the schematic layout of a typical multiple-panel structure
shown in Fig..6nl, In order to determine the mid-panel deflection of panel A
it is necessary to analyze three and perhaps four frames. If these frames
were taken as eXtending the full width of the structure a prohibitive amount
of labor would be reguired in their analyses. Since it may be expected that
a column more than two panels from a discontinuous edge will undergo little
rotation about an axis parallel to that edge, it may be assumed that each of
the frames is fixed at the third column from the edge. Based on this assump-
tion the frames to be used in computing the deflections of panel A are those
shown either as shaded or as bordered by broken lines in Fig. 6.1.

.If the two east-west oriented frames, numbered 1 and 2 in Fig. 6.1,
are similar then only one of these frames need be analyzed. The effect of the
roﬁafion‘of frame number 1 about its longitudinal axis on the deflections of
panels A and C is found by analyzing frames 3 and 4. The final mid-panel
deflection of panel. A ié the sum of the average of the mid-span deflections
of the longer supporting beams, the effect of the edge rotation, and the factor

determined using the S-methcd.

The mid-panel deflection of panel B may be found using the frame

analysis. However, if the supporting beams in. the long direction are similar

then the deflection may be predicted reasonably well using the tabulated

deflection coefficients of Tables 7, 10 and 13. That this is true even for

the interior panel of the test structures described in Chapter 5 is shown

by the following comparison of computed with tabulated coefficients. All

L . : '
coefficients are of gbL /D. -For panels located more than two panels from a

discontinuous edge tabulated coefficients may.be used.
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Slab No. - Computed Coefficients Coefficients from Table 10
Mid-panel  Mid-beam  Mid-panel  Mid-Beam
1 (F1) 0.00k2L 0.00289 0.004k41 0.00304 (H=0, % = 0.1)
o (F2) 0.00287 0.00162 0.00289 0.00173 (H=0, %— 0.2)
3 (T1) 0.0019k 0.00048 0.00161 0.00035 (H=3.6, £ = 0.1)
. 'L
L (T2) 0.00273 0.00132 0.00258 0.00130 (H=0.6, % = 0.1)

Note that the coefficients given for slab No. 2 (F2) are for a c/L
ratio of 0.2. .This ratio corresponds to the size of the éolumn capital at
the line of intersection of the capital with the bottom of the drop panel.
.The curvature occurring within the limits of the column capital would con-
tribute to the deflections but this contribution would be offset to some extent
by the stiffening effect of the drop panel. .Finite difference solutions for a
square panel containing a drop panel showed tﬁe'presence of the drop decreased
the mid-beam and mid-panel deflections by less than one percent compared with
the same panel without drops. .The case considered was one for which H.= 0
andvc/L = 0.2. . The thickness through the drop was taken as twice that of the
remaining panel. .The width of the drop from an edge to the-adjacent column

face was taken as one-twentieth of the span.
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7. .SUMMARY AND CONCLUSIONS

7-1  Summary

An adequate design of a structure must provide for both safety -and

serviceability. .Safety is assured if the requisite strength is provided.

.The purpose of this study was to develop a means of determining whether a

design which provided adequate strength would also meet the serviceability
criterion of deflections. To this end the current building code provisions
concerning deflections were>examined. . The discussion of these codes included
in Chapter 2 points ocut that all of the codes attempt to control deflections
by insuring adequate rigidity through specifying minimum thicknesses or
minimum thiékness-to—span ratios.

The classical theoretical methods of finding solutions for deflec-
tions of plates are discussed in Chapter 3. .Here it is shown that the
deflections of a panel in an ideally elastic étructure are influenced by the
size and shape of the panel, the size and flexural stiffness of the supporting
columns, the flexural and torsional rigidity of the supporting beams, and the
type and extent of the loading. - Solutions for interior plates supported on
rigid columns of finite cross-sectional area are given for the first time.

.Based on the concept of the way in which a continuous structure

deforms,. an approximate method of analysis for deflections is developed in

. Chapter 4. .This method is applicable to continuous uniformly loaded structures

containing rectangular panels. supported at theilr corners. .Solutions for
interior plates on.flexible supports showed that the lines of inflection»fof
bending moments in the directions of the long and short spans were located
about one-fifth the span considered from the supporting beams. The approximate

method consists of finding the mid-beam deflections by selecting portions of

_93_
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the three-dimensional structures for analyses as two-dimensional frames. -Each
of the frames is taken as including a row of columns and beams and extending
from a discontinuocus edge of the structure to an interior point which may. be
assumed to undergo no rotation. The width of the frame is taken as ineluding
one-fifth the width of each panel lying on either side of the column center-
line. The loading to be applied to the frame includes that on the frame plus
additional portions of the total load on each of the contiguous panels. These
additional portions are defined as functions of the ratios of sides and beam-
to-slab rigidities. Once the mid-beam deflections have been determined the
mid~panel deflections are found using the mid-beam deflections plus a second
procedure.

The frame analysis was used to compute the deflections of 33 cases
of mathematical models of nine-panel elastic structures for which the column
and beam stiffnesses wefe known. The deflections of these structures for a
uniform-loading had previously beeh determined using finite differences. The
results of the analyses showed good agreement between computed and finite-
difference solutions for the 27 cases for which all panels were loaded. . For
the six cases for which only the interior and corner panels were loaded: the
solutions found using the two procédures gave poorer agreement. However, for
these cases the theoretical deflections were in most cases less for the partial
‘loadings than for all panels loaded.

-In addition to the factors affecting deflections of ideally elastic
structures, the deflections of reinforced concrete structures are further
influenced by cracking of the concrete, yielding of the reinforcement, the
nonlinearity of the stress-strain curve for concrete, and the time-dependent
behavior of concrete. -Applications of the approximate procedure to the

analyses of real reinforced concrete structures are discussed in Chapter 5.
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The results obtained show good agreement in most cases between predicted
deflections and the deflections measured while the structure was nearly
uncracked. The poorest agreement between measured and predicted deflections
was for the deep beams in the flat plate and flat slab test structures and
for the beams of the two-way slab with deep beams. A method of predicting

the shape of the lcad-deflection curve between cracking and yielding is given.

Additional design considerations and discussions of the analyses of non-

symmetrical layouts are given in Chapter 6.

7.2 Conclusions

The current building code provisions on deflections consider, in an
implicit manner, only a few of the many factors affecting deflections. Hence
the thickness and thickness-to-span limitations prescribed by the codes cannot
be expected to prevent excessive deflections in all cases.

The frame analysis method does take into account all of the factors
affecting deflections of both ideally elastic and reinforced concrete struc-
tures. In using the frame analysis to compute the deflections of a structure
the loading case to be considered is that of all panels uniformly loaded. The
data available indicate that while pattern loadings cause maximum moments at
various points they seldom cause maximum deflections, and when they do cause
maximum deflections these are usually not apprecilably larger than the
deflections for all panels loaded. Hence the major effect of pattern loadings
appears to be that of causing additional cracking which in turn may help to
increase deflections.

The efficacy of the frame analysis method was shown by the fesults
of analyses of both ideally elastic and reinforced concrete structures. The

structures considered all contained nine square panels arranged three-by-three.



-96-

Additional tests of structures containing more panels with other arrangements
of panel layouts are required to prove that the method may be extended +o
these cases. However, for structures with nonsymmetrical regular layouts
the frame analyses may be expected to give acceptable results.

The major unknown in predicting the total deflections of a reinforced
concrete slab, other than the amount of the live load to assume as acting
permanently, is how much increase in deflection will be caused by time-
dependent effects. This 1s one area in which much additional research effort
is still required. Additional information is also needed concerning how much
relative deflection can be tolerated by different types bf construction

supported on slabs.

The frame analysis procedure developed in this report makes available
a method of predicting deflections of multiple-panel reinforced concrete floor
slabs. The application of the procedure does not require an excessive amount of

office time and computations need only be made to within slide rule accuracy.
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TABLE 1

]

BUTLDING CODE LIMITATIONS ON SBiCKNESS py g

} SPAN

Slabs Supported in One Direction | Slabs Supported in Two Directions
Country| Simply Supported Fixed Simply Supported Fixed
a1 d 1 d_ 41 a 1 d 1
Austria = > = — 2>Z-Or - 2T == > = >
L =735 L,=235  L=535 |L, =50 L, = 60
. :I Gemany n ',‘»"‘ . 11 1"
wd L
Greece [May be decreased to 4 > —%5 if [Valid only if max < —g, Otherwise
3 L - Lmin -
E% Portugal slab is seldom loaded] use-sg
Turkey " " 1
S Great oL oL
Britain L= 32 L=35
| £, 1 - £y L £,
} [ >mfwcwmhmrﬂ®] sz LZE
d 1 d 1
1 ok -
Poland a. L a >_j; Lmin 2 %mln 20
L= 35 L= 40 Lm
g [For T > 2 use -5-3
min
. -d 1 d 1
£ Yugoslavig —_— > = —_ > =
g goslavlig Lo—50 T 235
. perimeter
- 0.5 A Two way: t >-——-i86———
tj "B £ .1 .
L T - dro
. (1956) Flat Slabs: L_Z-Ea if P panels
1.t 1 .
g > 5L, I > 5 otherwise
France Minimum 4/L ratio is a function of bending moment. See Appendix A.
Notation: 4 = depth from compression face to center of tensile reinforce-
' ment
f} t = total thickness
Eﬁ L = span
LO = span between lines of inflection
Lmin = minimum span between opposite supports of slabs supported in
7 two directions
Lhax‘z maximum span between opposite supports of slabs supported in

two directions

i3
4
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TABLE 2

BUILDING CODE MINIMUM THICKNESS LIMITATIONS

Two-way Slabs Flat Slabs Reference
Country General Roof
Austria Tem=2.76 in. 5cm=1.97 in. | 15cm = 5.9 in. DIN 1045 Art.22.2
Gemany 17 1 n
Greece " " "
Portugal " " "
Turkey 11 17 tt
France 5cm if cast in place; Seme as two-way Regles B.A. 1960,
and nonmonolithic, 4 if Art. L4.36
cast in place monolith- '
ically, 3/4 above if
prefabricated
Netherlands | 8cm=3.15 in.| 7cm 55 span if drops Gewapend Beton-
voorschriften
1 G.B.U. 1950 -
33 span, no drops Art. ob
Poland none 1l5cm or %E span Konstruckeje
1 Zelbsture
12 or span if PN - 56/B-03260
roof Art. 5.4.L4
Sweden d = 6em = 2.36 in. 15cm or-%z span Statliga Betong-
bestimmelser 1957
Argentina 15cm Codigo de la
Edificacion
Art. 8.7.1.5,
Spain 1 Reglement du
35 Short span Ministire des
Travaux Pgblics
pour Le Beton
Arme - Art. 46
. Perimeter | 1 .
U.S.A. 10.2cm=4 in. or T80 g Span or 4 in, ACI %18-56
with drop panels
1
6 span or 5 in.
if no drops
Great Thickness governed by Code of Practice
Britain minimum thickness to No. 114 (1957)

span ratios only

Art. 209.d
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TABIE 3

COMPARISON OF THICKNESSES REQUIRED FOR U. OF I.
TEST SLABS BY VARIOUS BUILDING CODES

Flat Slabs Two-Way Slabs
Count Required Criterion Which Required Criterion Which
Ty Thickness Controls Thickness Controls
Minimum t |Minimum t/L* Minimum t |Minimum t/L*
Design 7:1 6"
L] (1] " Perimeter
U.S. 6 (4™) + 5 156
Austria 5.9: + (5") 5: (2.75:) +
Germany 5.9. + >, (2'756) +
CGreece 5’9¢ + 5ﬁ (2-75") +
Portugal 5.9" + 5 (2.75%) +
Turkey 5.9" + 5" (2.75") +
France 8.5" (1.6") + 8.5" |(1.6") +
Argentina 5.9" + NR¥** - NR**
Poland 7.5" (5.9") + IR
Netherlands 6" NR + 3.2" |+ NR
Sweden 7.5" (5.9") + 3, 4"
Spain 6.9" NR + NR
Great Brit. 6" NR + 6" NR +
Yugoslavia g" NR + 8" NR +

. . . . . 1
* Where a code specified a minimum effective d, a cover of 1 was assumed,
The span was taken as 240 inches in all.cases.

i.e., t =

a+ 1"

*¥% NR = no requirement.

+ Indiéates controlling criterion.

Note:

(See page 20.)

The minimum thickness formulae of the Swedish and Netherlands codes
control the thicknesses for these cases.
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TABIE 4

DEFLECTIONS OF UNIFORMLY LOADED RECTANGULAR
PLATES ON NONDEFLECTING SUPPORTS

(Reference 23)

Case 1

All Edges Simply Supported

[ L/2 | L/u | L/ |
1 ! 1 1
s/2
— -~ — — L 1
Ly s/2
1
/s s/L D/ st 2,0/ st 1/s s/L o/ st 2,0/ st
: 4D/ q D/ Q & D/ g D/ q
1.0 1.0 0.00406 0.0029% 1.8 0.56 0.00931 0.00666
1.1 0,91 0.00485 = 0.00%50 1.9 0.53 0.00974 0.00696
1.2 0.83 0,00564 0.00407 2.0 0.50 0.01013 0.00724
1.3 0.77 0.00638 0.00460 3.0 0.33 0.0122% 0.00872
1.4 0.71 0.00705 0.00508 k.o 0.25 0.01282 0.00914
1.5 0.67 0.00772 0.00553 5.0 0.20 0.01297 0.00924
1.6 0.62 0.00830 0.0059L4 ) 0 0.01302 0.01302
1.7 0.59 0.00883 0.00631
Case 2
Three Edges Simply Supported, One Edge Clamped
L&/ | a/2 |
! 4 — ‘
b/2
<+
5 v/2
clamped edge
b/a AiD/th b/a AlD/qaLL
1.00 0.0028 1.1 0.0035
0.91 0.00%2 1.2 0.0043
0.83 0.0035 1.3 0.0050
- 0.77 0,0038 1.4 0.0058
0.71 0.0040 1.5 0.0064
0.67 0.00L2 2,0 0.0093%
0.50 0.0049 T 0.0130
0 0,0052 :
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TABIE 4 (Continued)

Case 3
. Two Opposite Edges Simply Supported, Two Edges Clamped
i B a/2 /2
} 3. XX XX X X |4 Y 4
3 . b/2
~ A b/2
E - X X X XK X X A4 ¥ X
b=>a clamped e%§e b< a L
. b..lD/qaf‘L b/a ﬁjD/qa' a/b AiD/qb
-~ 0,00192 1.7 0.00668 1.0 0.00192
£x 0.00251 1.8 0.00732 1.1 0.00209
;é 0.00319 1.9 0.00790 1.2 0.00223
: 0.00388 2.0 0.0084k4 1.3 0.0023%
0.00460 3.0 0.01168 1.4 0.00240
‘g 0.00531 @ 0.01302 1.5 0.00247
; 0.00603 2.0 0.00260
o) 0.00260
2 . Case k4
One Edge Simply Supported, Three Edges Clamped
i I b/2 | /2
§ ! T
X X X X x| ¥ v ¥ K ~NXN _~_r__
X + 8./2
EEZ g Ay a/2
X X XX XX = NN XX
%; 2.0 1.33 1.0 0.75 0.50
= AlD/qbu = 0.000161 0.000680 0.00157 0.00286 0.00449
:g Case 5
- Four Edges Clamped
} L/2 L/2 _}
. , [ |/
> JZB < s/g
3 )‘"' LR £l A X xl L9 "a( TR 5 "J—
b i
:} s/L AiD/qS L/s s/L AiD/qS
‘ 1.00 0.00126 1.6 0.62 0.00230
\ 0.91 0.00150 1.7 0.59 0.00238
;} 0.83 0.00172 1.8 0.56 0.00245
" 0.77 0.00191 1.9 0.53 0.00249
0.71 0.00207 2.0 0.50 0.00254
0.67 0.00220 o 0 0.00260
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TABLE 4 (Continued)
Case 6

Two Edges Simply Supperted, One Edge Clamped, One Edge Free

bt
X 1
e/2
/ .E - % Ai Poisson's Ratio = 0.3
a/2 3 |=—Tfree edge
b/a A.lD/quL b/a AiD/qah
0 0.1250 3/2 0.0141
1/3 0.09L0 2 0.0150
1/2 0.0582 3 0.0152
2/3 0.0335 w 0.0152
1 0.0113 :
Case 7
Three Edges Simply Supported, One Edge Free
1 b I
f -
A T
a/2 | . [} .
. 4 _____.Jﬁl Poisson's Ratio = 0.3
a/2 :
L L
b/a Aﬁ;vqa b/a AiD/qa
0.50 0.00710 1.1 0.01341
0.67 0.00968 1.2 0.01384
0.72 0.01023 1.3 0.01417
0.79 0.01092 1.4 0.01k4k42
0.83 0.01158 1.5 0.01462
0.91 0.012%2 2.0 0.01507
1.00 0.01286 3.0 0.01520
o 0.01522
Case 8
Three Edges Clamped, One Edge Free
| b !
f ]
‘ b.4 X, X X XX X X )(l
a/2
/ > — %ﬁﬁ Poisson's Ratio = 1/6
8/2_] |
— XXX XX XXX
b/a Aj_D/qal+ b/a Lﬁ;anu
0.6 0.00271 1.0 0.00333
0.7 0.00292 1.25 0,003L45
0.8 0.00308 1.5 0.00335
0.9 0.00%23
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TABIE 5
DEFLECTIONS OF PLATES CONTINUOUS OVER FLEXIBLE BEAMS

(REFERENCE 26)

L/2 1/

-L0T-

s/2 o
'475 A
s/2 c S
5/1 AL Ks i, Hy Bo* Ag¥ Aif' IS/IL
1.0 % o o o0 0.001265 0 0 -
’ ® 5.0 o 5.0 0.001435 0.0003324 0 0
N ® 2.0 ® 2.0 0,001622 0,0006977 0 0
® 1.0 ® 1.0 0.001829 0.001101 0 0
® 0.5 o 0.5 0.002059 0.001549 0 0
o 0 0 0 0,002604 0,002604 0 0
5.0 5.0 5.0 5,0 0.001622 0.000348Y4 0.0003 484 1.
5.0 2.0 5.0 2.0 0,001827 0.0007331 0.000%661 0
5.0 1.0 5.0 1.0 0.002058 0,001160 0.000%860 0
5.0 0.5 5.0 0.5 0.002315 0.001636 0.000408) 0
5.0 -0 5.0 0 0.00293%2 0.002772 0.0004639 0
2,0 2.0 2.0 2.0 0.002058 0.0007726 0.0007726 1
2.0 1.0 2.0 1.0 0,002315 0,001226 0.0008173 0
2,0 0.5 2.0 0.5 0.,002604 0,001736 0.0008681 0
2.0 0 2.0 0 0.003%11 0.002968 0.0009968 0
1.0 1.0 1.0 1.0 0.002604 0,001302 0.001302 1.

* % Coefficients of gL'/



TABLE 5 (Continued)

DEFLECTIONS OF PLATES CONTINUOUS OVER FLEXIBLE BEAMS

8/L M. s 1, g Be* Ag* Ap¥ /T,

1.0 1.0 0.5 1.0 0.5 0.002933% 0.001851 0.001389 0.5
1.0 0 1.0 0 0.00375k4 0.003201 0.001616 0
0.5 0.5 0.5 0.5 0.003312 0,001985 0.001985 1.0
0.5 0 0.5 0 0.004284 0.003483 0.002346 0
0 0 0 0 0.005800 0.004350 0.004350 -

0.8 o o ® o 0.0007463 0 0 -
5.0 5.0 6.25 4.0 0.001017 0.0001506 0.0003179 0.8
2.0 2.0 2.5 1.6 0.001345 0.0003425 0.0006962 0.8
1.0 1.0 1.25 0.8 0.001750 0.0005926 0.001157 0.8
0.5 0.5 0.625 0.4 0.002270 0.0009287 0.001739 0.8
0.2 0.2 0.25 0.16 0.002973 0.001405 0.002508 0.8
0 0 0 0 0.004052 0,002185 0.003654 -
5.0 6.25 6.25 5.0 0.001008 0.000123%6 0.0003165 1.0
2.0 2.5 2.5 2.0 0.001324 0.000289k4 0.0006902 1.0
1.0 1.25 1.25 1.0 0.001717 0.0005169 0.001144 1.0
0.89L43 1.11803 1.11803 0.89443 0.001793 0.0005631 0.001230 1.0
0.50 0.625 0.625 0.50 0.002226 0.0008402 0.001715 1.0

0.5 o o0 o o 0.0001584 0. 0 -
5.0 5.0 10.0 2.5 0.000%3756 0.0000243 0.0002309 0.5
2.0 2.0 k.0 1.0 0.0006417 0.0000588 0.0005133% 0.5
1.0 1.0 2.0 0.5 0.0009766 0.0001085 0.0008681 0.5
0.5 0.5 1.0 0.25 0.001413 0.0001828 0.001329 0.5
0 0 0 0 0.00291k 0.0005301 0.002900 -
5.0 10.0 5.0 10.0 0.0003Tk47 0.0000130 0.00023%03 1.0
2.0 4.0 k.0 2.0 0.0006385 0.0000339 0.0005108 1.0
1.0 2.0 2,0 1.0 0.0009686 0.0000686 0.0008611 1.0.
0.70711 1.41421 1. 41421 0.70711 0.00117h 0,0000953 0.001079 1.0
0.5 1.0 1.0 0.5 0.001397 0.0001292 0.001314 1.0

* Coefficients of qLP/D

_80-[..
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! TABLE 6
: DEFLECTIONS OF A NINE-PANEL SLAB
; H=J=0, K= %, ¢/L=0.1 Poisson's Ratio.= O
E ‘ (Reference 27)
/2 | 1/2 | L/2
1
: ﬂDl — ’)2
/2 1 2 | 3
i B %
1/2 . by 5 6
; R L T8 9
/e | _—
{% \9 @10 hii ﬁﬁe Panel De51gnat;on
Point Deflections for Deflections for Deflections for
: No. Panels 2, 5, 8, Panels 1, 4, T, all Panels
I Loaded Loaded Ioaded
1 -0,0001 0,0029 0.0028
3 2 0.0028 -0,0002 0.0024
3 0 0.0028 0.0028
g i ~0.0001 0.0055 0.0054
i 5 0.0017 0.0018 0.0035
%5 6 0.0049 0 0.0049
7 -0.0002 0.0037 0.0035
™ 8 0.0035 -0.0002 0.0031
\j 9 0 | 0.0024 0.0024
10 -0,0001 0.,0050 0.0049
g} 11 0.0016 0,0015 0.0031
12 0.0045 -0,0001 0.0043

Note: All deflections are given as coefficients of qL%/D




TABLE 7

DEFLECTION COEFFICIENTS FOR INTERIOR PANELS

g = I
Iocation Center of Panel Center of Long Beam Center of Short Beam
¢/L ratios = 0.0 0.1 0.2 0.0 0.1 0.2 0.0 0.1 0.2
s/t ' | K
0.8 [0.0 | 0.0 0.00420 | 0.00301 |[0.00189 | 0.00%378 | 0,00262 | 0.00155 | 0.002%0 | 0.00131 | 0.00057
0.2 | 0.16 | 0.00316 |0.00237 |{0.00159 | 0.00271 | 0.00192 | 0.00116 | 0.00149 | 0.00088 | 0.00040
0.5 | 0.4 0.00246 | 0.00191 |0.00136 | 0.00195 | 0.00138 | 0.00085 | 0.00099 | 0.00059 | 0.00028
1.0 | 0.8 0.00191 | 0.00154 |0.00117 | 0.00134 | 0.00095 | 0.00058 | 0.00063 | 0,00038 | 0.00018
2,0 | 1.6 0.00147 | 0.00124 |0.00100 | 0.00083 | 0.00058 | 0,000%36 | 0.000%36 | 0,00022 | 0,00011
-1 4.0 | 3.2 0.00116 | 0.0010% |0.00089 | 0.00048 | 0.000%3 | 0.00020 | 0.00019 | 0.00012 | 0.00006
0.6 | 0.0 | 0.0 0.00327 | 0,00234 |0.00143 | 0.00%321 | 0.00228 | 0.00137 | 0.00099 | 0.00040 | 0.00008
0.2 | 0.12 | 0.00256 | 0.00189 |0.00119 | 0.00246 | 0.00178 | 0.00108 | 0.00063 | 0.00027 | 0.00006
0.5 | 0.3 0.00201 | 0.00150 |0.00098 | 0.00187 | 0.00134 | 0.00082 | 0.00040 | 0.00017 | 0.0000L
1.0 | 0.6 0.00153 | 0,00116 |0.00079 | 0.00135 [ 0.00096 | 0.00059 | 0.00025 | 0.00011 | 0.00003
2.0 | 1.2 0.00110 | 0.,00085 |0.00061 | 0.,00087 | 0.00061 | 0.00037 | 0.00013 | 0.00006 | 0.00002
4,0 | 2.4 0.00077 | 0.00063 | 0.00048 | 0.00051 | 0.00035 | 0.00022 | 0.00007 | 0.0000% | 0,00001
0.4 0.0 | 0.0 0.00284% | 0.002045 - 0.002841 | 0.002041 - 0.00031 | 0.0000k -
0.2 | 0.08 | 0.00231 | 0.00166 - 0.00230 | 0.00165 - 0.,00020 | 0.00003 -
0.5 | 0.2 0,0018% | 0,00131 - 0.00181 | 0.00128 - 0.00012 | 0.00002 -
1.0 | o.4 0.00137 | 0.00098 - 0.00134 | 0.00094 - 0.00007 | 0.00001 -
2.0 | 0.8 0.00093 | 0.00066 - 0.00088 | 0.00061 - 0.00004 | 0.000007 -
4,0 | 1.6 0.00059 | 0.00042 - 0.00053 | 0.000%6 - 0,00002 | 0.00000k4 -

I

Note: All deflections given as coefficients of 9-%—

-0TT-
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TABLE 8
BENDING MOMENTS IN LONG DIRECTION AT VARIOUS POINTS IN INTERIOR PANELS
| Ig = I
Moment 2 2 * : X
Cdefficient.. ’ml/gL ’me/qL Mz .
¢/L ratios = | 0.0 0.1 0.2 0.0 | 0.1 0.2 0.0 0.1 0.2 | 0.0 0.1 0.2
s/t| M| s | ‘

0.8/0.0] 0.0 | 0.0346 | 0.0315 | 0,0259|0.0402 | 0,0%51 | 0.0244{0,0496 | 0.0399 0,0357]0.2136 | 0.1243 | 0,0751
0.2 0,16 | 0.0294 | 0,0264 | 0,0221]0.0398 | 0.0362 | 0.0277]|0.0062 | 0.0055 | 0.0044|0,0171 | 0.0131 | 0.0087
0.5 | 0.4 | 0,0247 [ 0,0221 | 0,0188/0.0397 | 0.0369 | 0.0299|0,0118 | 0.0104 | 0,008%|0,0267 | 0,0220 | 0.0156
1.0/ 0.8 | 0.0204 | 0,018% | 0.0160|0.0%94 | 0,0370 | 0.0313|0.0169 | 0.0146 | 0.0116|/0.0340 | 0,0289 | 0.0211
2.0 (1.6 | 0,0165 | 0.0150 [ 0.0135]0.0385 | 0.0367 | 0.0322/0,0214 [ 0,0183 [ 0.0145|0.0401 | 0.0344 | 0.0257
4.0]3.2 | 0.0136 | 0,0126 | 0.0118{0,03TL | 0,0362 | 0,0327|0.0248 | 0,0209 | 0.0165|0.0455 | 0,0382 | 0,0289
0.6/0.0 0,0 | 0,0%396 | 0,0353 | 0.0278[0,0512 | 0,0406 | 0,0198 0.0442 | 0.0%396 | 0.0315/0,1677 | 0,1100 | 0,0700
0,2 ]0.12} 0.0331 | 0.0288 | 0,0228{0.0470 | 0.0380 | 0.0196{0.0043 | 0.0038 [ 0,0031|0,0116 | 0.0093 | 0,0063
0.5]0.3 | 0.0268 | 0.0229 | 0.0182|0,0429 | 0,0%348 | 0,0191|0.0086 | 0,0075 | 0.0060{0,019% | 0.0165 | 0.0117
11.0]0.6 | 0.,0206 | 0,0173 | 0.0140}0.0382 | 0.0313 | 0.018%{0.0126 | 0.0109 | 0.0086|0.0258 | 0,0225 | 0,016k
2.0 | 1.2 | 0,0146 | 0.0122 | 0.0102|0.0329 | 0.0275 | 0,0175[0,0166 | 0.0141 | 0.0111{0.0318 | 0.0277 | 0.0206
) 4,0 2.4 | 0.0098 | 0.0083 | 0.0073|0.0280 0,02k} | 0,0169]|0.0197 | 0,0166 | 0.0130|0.0363 | 0,0313 0.023%6

- lo.4]0.0|0.0 | 0.0416 | 0.0362 - 0.0630 | 0,0372 - 0.0421 | 0.0%68 - 0.1269 | 0.0965 -

0.2 ] 0,08 0.0347 | 0.0297 - 0.0551 | 0.0316 - 0.0028 | 0.002k - 0.0069 | 0.0058 -

0.5]0.2 | 0,0278 | 0.0234 - 0.0470 | 0.0263 - 0.0056 | 0.0048 - 0.0123% | 0.0108 -

1.0 | 0.4 | 0,0209 | 0.0173 - 0.03%84 | 0,0212 - 0.008% | 0.0071 - 0.0172 | 0.0151 -

2,01 0.8 | 0.0140 | 0.011k - 0.0291 | 0.0165 - 10,0112 | 0.0093 - 0.0219 | 0.0190 -

4,0 1.6 | 0.0085 | 0.0069 - 0.0212 | 0.0129 - 0.0134 | 0,0111 - 0.0256 | 0.0219 -

it

* Coefficients of qL3 except that for HL = HS 0.0 the coefficient is of qu.



TABLE 9
BENDING MOMENTS IN SHORT DIRECTION AT VARIOUS POINTS IN INTERIOR PANELS

g = I,
Moment 5 > ¥ ¥
Coefficient ms/qL -mg/ qL e g
¢/L ratios = 0.0 0.1 0.2 0.0 0.1 0.2 0.0 | 0.1 0.2 0.0 0.1 |0.2
s/u| ' | s |
0.8/0.0 | 0,0 | 0.0124 | 0.0116 | 0.0104 0.0130 | 0.0121 | 0.0103|0.0450 | 0.0376 | 0.0254{ 0.1946 | 0,0856 | 0.0380
0.2 {0,16 | 0.,0126 | 0,0124 | 0.0118/0.0172| 0.0175 | 0.0169[0.0053 | 0.0043 | 0,0029| 0.014k4 | 0.0087 | 0.0045
0,5 | 0.4 | 0.0132 | 0.0134 { 0.0131]0,0221 | 0,0231 | 0.0229]|0.0093 | 0,0074 | 0.0050[0.0209 | 0.0140 | 0,0080
1.0 10.8 | 0,0141 | 0,014k | 0,0143|0.0272| 0.0283 | 0,0283[0.0123 | 0.0097 | 0.0066{0,0246 | 0,0176 | 0.0106
2.0 [1.6 | 0.0150 | 0.0154 | 0.0153|0.0322| 0.0332 | 0.0330]/0.0145 | 0.0114 | 0.0078}0.0268 | 0.0201 | 0.0127
4,0 3.2 |0,0159 | 0.0162 | 0.0160} 0.0362 | 0,0369 | 0.0364|0.0157 | 0.0124 | 0.0087]|0.0278 | 0.0216 | 0.0140 E;
> n
0,6]0,0 | 0,0 | 0.0034 | 0,0034 | 0.0033| 0.0034% | 0.0034 | 0.0033|0.0337 | 0,0240 | 0.0100{0,1318 | 0.0397 | 0.0079 :
0.2 }10.12 | 0.0047 | 0.0052 | 0.0052|0.0070 | 0,0076 | 0.0078[0.0029 | 0.0020 | 0.0008|0.,0078 | 0.0032 | 0.0009
0.5 0.3 | 0.0062 | 0.0069 | 0.0070{0.0110 | 0.0119 | 0.0121|0.0049 | 0.0033 | 0.0014] 0.0111 | 0.0054 | 0.0018
1.0 | 0.6 | 0,0079 | 0.0086 | 0.0086]0,0152| 0.0162 | 0,0163[0.0063 | 0.0042 | 0.0019]|0,0127 | 0.0068 | 0.0026
2,0 | 1.2 | 0.0097 | 0,0102 | 0,0101{0.0194 | 0.0202| 0.,0202|0.0070 | 0,0047 | 0.0023|0,0132 | 0.0078 | 0.0033
4,0 2.4 [0,0111 | 0,0115 | 0.0112{0,0229 | 0.0235 | 0,0232{0.0073 | 0.,0050 | 0.0025|0,0137 | 0.0083 | 0.0038
0.4{0.0 | 0.0 | 0.0003 | 0.000L - 0.0003 | 0.0004 - 0.0230 | 0.008% - 0.0748 | 0.0037 -
0,2 [0.08 | 0,0013 | 0.0015 - 0.0023 | 0.0025 | = 0.0013 | 0.0004 - 0.0032 | 0.000% -
0.5 0.2 | 0.,0024 | 0.0026 - 0.004%4 | 0.0046 - 0.0021 | 0.0007 - 0.0046 | 0,0007 -
1.0 | 0.4 | 0.0034 | 0.0036 | - 0,0066 | 0,0068 - 0.0025 | 0,0009 - 0,0051 | 0.0010 -
2,0 {0.8 | 0,0046 | 0.,0047 - 0.0088 | 0.0089 - 0.0027 {0.,0010 - 0.0057 | 0.001L -
4,0 [1.6 | 0.0055 | 0.0056 - 0.0105 | 0.0106 - 0.0028 | 0.0011 - 0.0059 | 0.0016 -

* Coefficients of qL5 except that for HL = HS = 0,0 the coefficient 1s of qLeo
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TABLE 10
DEFLECTION COEFFICIENTS FOR INTERIOR PANELS
Iy = (s/1) 1
Location . : Center of Panel Center of Long Beam Center of Short Beam
¢/L ratios = 0.0 0.1 0.2 0.0 0.1 0.2 0.0 - [0.1 0.2
s/n | | Y
1.0 |0.0 | 0.0 0,00581* | 0.00kk1 | 0,00289 | 0.00435%| 0,00304 | 0.0017%
0.2 | 0.2 0,00438 * | 0.00340 | 0.00240 | 0,00299 | 0.00207 | 0,00122
0.25] 0.25 [ 0,00415 | 0,00324 | 0.,002%3 | 0.00277 | 0.00192 | 0,0011k
0.5 | 0.5 0,00331%| 0.00271 | 0.00205 | 0.00198%| 0.00141 | 0.00085
1.0 | 1.0 | 0,00260- | 0,00222 | 0.00179 | 0.001%0- | 0.00092 | 0.00056 Same s long beam
2,0 | 2.0 0,00206% | 0,00184 | 0,00158 | 0.00077*| 0.00054 | 0.000%3
2.5 | 2.5 0.00196- | 0.00174 | 0.0015% | 0.00065-| 0.00045 | 0,00028
4,0 | 4.0 0.0017k | 0.00159 | 0.0014k4 | 0,00043 | 0,000%30 | 0.00018
5.0 | 5.0 0.00162% | 0.00154 | 0.001k41 0.00035 | 0.00024 | 0.00015
0.8 |0.0 | 0.0 0,00405% | 0,00301 | 0.00189 | 0.00365%| 0.00262 | 0.00155 | 0.00218%| 0.00131 0.00057
0.2 | 0.128| 0.00321- | 0.00240 | 0.00160 | 0.0027k% | 0.0019% | 0.00116 | 0.00157 | O. 00093 | 0.00043
0.5 | 0.32 [ 0,00251 | 0.00193 | 0.00137 | 0.00198 | 0.00139 [ 0.00085 | 0.00108 | 0.00065 | 0.00031
1.0 | 0.64% | 0,00195 | 0,00156 | 0,00117 | 0.00136 | 0.00095 | 0.00059 | 0.00072 | 0.00043 | 0.00021
2.0 [1.28 | 0.00149 | 0.00125 | 0,00101 | 0,00084 | 0.00058 | 0.000%36 | 0.00042 | 0.00026 | 0.0001%
4.0 | 2,56 | 0,00118 | 0.00104 | 0.00090 | 0.00048 | 0.000%3 | 0.,00020 | 0.00023 | 0.0001k4 | 0.,00007
0.6 {0.0 | 0.0 0.00327 | 0.00234 | 0.00143 | 0.00321 | 0.00228 | 0.00137 | 0.00099 | 0.00040 | 0,00008
0.2 | 0.072| 0.00260 | 0,00190 | 0.00119 | 0,00250 | 0.00178 { 0.00108 | 0.00070 | 0.00030 | 0,00007
0.5 | 0.18 | 0,00204 | 0.00151 | 0.00098 | 0,00190 | 0.00135 | 0.00082 | 0.00049 | 0.00022 | 0,00006
1.0 [ 0.36 | 0.00156 | 0,00116 | 0,00079 | 0.00137 | 0.00096 | 0.00059 | 0.00032 | 0.00015 | 0,0000k
2,0 [ 0.72 | 0.00111 [ 0.00085 | 0.00061 | 0.00088 | 0.00061 | 0.00037 | 0.00019 | 0.00009 | 0.0000%
4.0 | 1.4k | 0.00078 | 0.00063 | 0,00049 | 0.00051 | 0.00035 | 0.00022 | 0.00010 | 0.00005 | 0.00002
0.4 [0.0 | 0.0 | 0,002843 | 0.,0020L5 - 0.002841 | 0.002041 - 0.00031 | 0,0000k -
0.5 | 0,08 | 0.00185 | 0.00131 - 0,00182 | 0.00128 - 0.00016 | 0.0000% -
1.0 | 0.16 | 0.00139 | 0.00098 - 0.00135 | 0,00094 { = = 0.00011 | 0.00002 -
2,0 | 0.32 | 0.,0009k4 | 0.00066 - 0.00089 | 0.00061 - 0.00006 | 0.,00001% -
4.0 | 0.64 | 0.00059 [ 0.000k2 - 0.,00053 | 0.000%6 - 0.0000% | 0.000009 -

Note: All deflections are glven as coefficients of th/D
+ Values reported by Timoshenko (Ref.23)
* Values reported by Sutherland (Ref.26)




TABLE 11
BENDING MOMENTS IN LONG DIRECTION AT VARIOUS POINTS IN INTERIOR PANELS

I = (s/L) I
Moment 2 2 * *
Coefficient ml/qL mmE/qL m5 ™y

¢/L ratios = | 0.0 0.1 0.2 | 0.0 [0.1 0.2 0.0 0.1 0.2_| 0.0 0.1 J0.2

g/u| B |Hs }

1.0/0.0 [0.0 }0.0278 |0.0258 | 0,0224]0,0302 [0,0277 |0.0225 [0.0577 |0.051k4 | 0.0407|0.2627 [0.1394 | 0,0776
0.2 |0.2 ]0.0248 |0.0233 | 0.0210|0,0336 [0.0327 |0.0296 |0.0086 |0.0075 | 0.0059|0.0233 |0.0169 | 0.0109
0.25(0.25 [0.0243 |0,0229 | 0,0207{0.0344 [0.0337 [0,0%09 |0.0101 |0.0088 | 0.0070[{0.0260 [0.019k4 | 0.0127
0.5 0.5 ]0.0225%0,0215 | 0,0199{0.0376%|0.0375 |0.0354 [0.0154+]0,0133 | 0,0105|0.0345+|0,0271 | 0.0187
1.0 {1.0 [0.0208% 0,0202 | 0.0192|0.0417%[0.0416 | 0.0401 |0.0208+|0.0179 | 0.0141{0.0417F[0,0341 | 0.0246
2.0 |2.0 |0.0196 |0,0192 | 0.0185|0.0450 |0.0452 |0.0L439]0.0255 [0.0215 | 0.0169|0.0468 |0,0%392 | 0.0292
2.5 |2.5 ]0.0193 |0.,0189 | 0.018L4]0.0459 [0.0461 | 0.0449|0.0265 [0.022% | 0,0176/0.0480 |0.0L05 | 0.0302
4.0 4.0 ]0.0188 |0.0185 | 0.0181|0.0475 |0.0476 | 0.0L465 |0.0284 |0,0238 | 0.0188[0.0504 |0.0k2k | 0.0%20
5.0 |5.0 |0.0185%0,0184 | 0.0180]0.0L486%|0,0481 | 0.0470 |0,0290+[0.024k4 | 0.0192]0.0510F|0.0430 | 0,0330

0.8]0.0 [0.0 [0.0345%0,0315 | 0.0259{0,0395+|0,0351 | 0.024% [0.0492%]0.0399 | 0.0357 «" 10,1243 | 0.0751
0.2 [0,128{0.0291 [0,0261 | 0.0219{0.0383 |0.03k47 |0.0265 [0.0063 |0.0056 | 0.0045|0,0176 {0.0131 | 0.0087
0.5 [0.32 [0.0242 | 0.0217 | 0.0186[0.0375 [0.0349 | 0.0284]0.0120 |0.0104 | 0.008%|0.0275 [0.0222 | 0.0156
1.0 [0.6k [0.0199 |0.0179 | 0.0158[0.0371 |0.0351 |0.0299 |0.0170 |0.0147 | 0.0116]/0.0348 |0,0291 | 0,0211
2,0 [1.28 |0.0161 |0,0147 | 0,0134]0.0366 [0.0352 |0.0312[0.0216 [0,0184 | 0.01L50.0408 |0.0346 | 0,0258
4,0 [2.56 [0.0133% |0.012k | 0.0117|0.0362 |0.0352 |0,0320|0.0249 [0.0210 | 0.0166]0.0451 |0.0384 | 0,0288

0.6/0.0 0.0 |0.0396 |0.0353 | 0.0278/0.0512 |0,0406 |0.0198 [0.0kk2 [0.0396 | 0.0315|0,1677 |0.1100 | 0.0700
0.2 [0.072[0.0329 [0.0287 | 0.0228{0.0448 |0.0360 {0,0187 |0.004% [0.0039 | 0.0031{0.0121 [0.0094 | 0,0063
0.5 10,18 {0,026k | 0,0226 | 0.0182[0.0395 [0,0321 |0.0178[0.0086 |0,0065 |0.0059|0,0202 |0,0166 |0,0117
1.0 ]0.36 |0,0202 [0.0171 | 0.0140[0.0347 |0,0287 [0.0171/0.0127 |0.0109 | 0,0086|0.0268 |0.0226 |0.0164
2.0 10.72 [0.01k2 |0.0120 | 0.0101|0,0%300 [0,0256 |0,0165|0.0167 |0.01k42 | 0.0111]0.0%25 {0,0278 | 0,0205
4.0 |1.44 ]0.0096 |0.0082 | 0.0073]0.0261 [0.0232 |0,0162[0.0198 [0.0166 | 0.0130[0,0370 |0.,0314 |0.0235

0.4{0.0 [0.0 [0.0416 |0.0362 B 0.06%0 |0,0372 - 0.0421 (0.0368 - 0.1269 |0.0965 -
0.5 [0.08 [0,0278 |0.0234 - 0.0436 [0,0250 - 0.0056 |0.0048 - 0.0128 ]0.0108 -
1.0 [0.16 |0.0208 |0.0173 - 0.0348 [0.0199 - 0.0084 |0.0071 - 0.0178 |0.0151 -
2.0 0,32 10,0139 | 0,0114 - 0,0262 [0,0154 - 0.0112 |0.009% - 0.0225 {0.0190 -
4.0 {0.64 |0.0084 | 0,0069 - 0.0193 |0,0122 - 0.013L4 10,0111 - 0,0261 |0,0219 -

* Coefficients
* Coefficients

3

of gL” except that for HL = HS = 0.0 the

reported by Sutherland.,

coefficient is of qL2°
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TABLE 12
BENDING MOMENTS IN SHORT DIRECTION AT VARIOUS POINTS IN INTERIOR PANELS

I = (g/L) I

Moment 2 ‘ 2 * * '
Coefficient mo/ gl mg/ aL ~ e g
¢/L ratios = | 0.0 0.1 0.2 | 0.0 0.1 | 0.2 | 0.0 0.1 0.2 | 0.0 0.1 |o0.2
s /1] B | Eg
0.8/0.0 | 0,0 |0.0122%|0,0116 | 0.0104| 0.0126+ 0.0121 | 0.0103|0.0446% 0,0376 | 0.0254| - =" | 0,0856 |0.0380
0.2 [0,128{0,0130 [0,0128 | 0.0120[{0,0176 | 0.0L79 | 0.0171[0.004% | 0,00%6 | 0.0024{0,0124 | 0.0074 | 0.0038
0.5 | 0.32 |0.0138 | 0.0139 | 0.0133|0.0227 | 0.023%6 | 0,0231|0.0081 | 0.0065 | 0.0044}0,0186 | 0.0125 -| 0,0071L
1.0 | 0,64 |0.0146 | 0,0149 | 0,0145/0,0278 | 0.0288 | 0,0285/0,0111 | 0,0088 | 0,00610,0226 | 0,0163 | 0,0098
2,0 [1.28 |0.0155 | 0,0158 | 0,0154 0.0328 | 0,03%6 | 0,033%1|0.0135 | 0.0107 | 0.0075}0.0253 | 0.0192 | 0.0120
4.0 | 2,56 10,0163 |0,0164 | 0,0161|0.0365 | 0.0371 | 0.0365(0,0151 | 0,0120 | 0,0084{0,0269 | 0.0210 | 0.0136
N 1
}:r.‘
0.6/0,0 |0.0 [0.003L4 |0,0034 | 0,0033|0.0034 | 0,0034 | 0.0033]0.0337 | 0.0240 | 0,0100(0,1318 | 0.0397 | 0.0079 -
0.2 | 0,072} 0,0049 |0.0053 | 0.0053]0.0072 | 0,0078 | 0.0078|0.0019 | 0.0013 | 0,0006 [0,0054 | 0,0020 | 0,0006 '
0.5 |0.18 [0,0066 [0.0071| 0.0070[0.0113 | 0.0121 | 0.0122|0,0035 | 0,0024 | 0,0011{0.0084 | 0,0040 | 0,0013
1.0 [ 0.36 [0,0082 |0,0088 | 0.,0087|0.0154 | 0,0163 | 0.0163{0,0049 | 0.0033 | 0.,0016]0.0103 | 0,0055 | 0,0021
2,0 10,72 |0.0099 |0,0104 | 0,0101]0.0197 | 0.0204 | 0,0202|0.0059 | 0,0041 | 0.0020 {0,011k | 0.0068 | 0.0029
4,0 |1.44 |0,0113 | 0,0116 | 0.0112] 0,0231 | 0.0236 | 0,0232|0.0066 | 0,0046 | 0,0024]0,0120 | 0,0076 | 0.0035
4,0(0.0 |]0.0 |0.0003 | 0,000k - 0.0003 | 0,000 - 0.0230 | 0.008% - 0.0748 | 0.003%7 -
0.5 |0.08 [0,0024 | 0.,0026 - 0.004%4 | 0.0046 - 0.0011 | 0.0004 - 0.0026 | 0,0004 -
1.0 [ 0,16 |0.0035 | 0,0036 - 0,0066 | 0,0068 - 0.0015 | 0,0006 - 0,0033 | 0,0007 -
2,0 [0.32 |0.0046 | 0,0047 - 0.0087 | 0.0089 - 0.0019 | 0,0008 - 0,0037 | 0.0011 -
4.0 {0.64 |0.,0055 | 0,0056 - 0,0105 | 0.0106 - 0.0021 | 0,0010 - 0.0038 | 0,0014 -
5

* Coefficients of qL” except that for HL = HS = 0,0 the coefficient is of ngn

+ Coefficients reported by Sutherland.



TABLE 13

DEFLECTION COEFFICIENTS FOR INTERIOR PANELS

. 2
/ Ig = (8/L)°1
Location Center of Panel Center of Long Beanm Center of Short Beam
c/L _ ratios = 0.0 0.1 0.2 0.0 0.1 0.2 0.0 0.1 0.2
S/L B Mg
0.8 10.0 {0.0 0.00420 | 0.00301 | 0.00189 0.00378 | 0.00262 | 0.00155 0.00230 | 0.00131 | 0.00057
0.2 |0.1024 0.00%25 | 0.0024k2 | 0.00161 0.00277 | 0.00194 | 0.00116 0.00164 | 0.00097 | 0.00047
0.5 |0.256 0.00255 | 0,00196 | 0.00138 0.00201 | 0.001L40 | 0.00085 0.00117 | 0.00071 | 0.000%4
1.0 {0,512 0.00199 | 0.00158 | 0.00118 0.00138 | 0.00096 | 0.00059 0.00080 | 0.00049 | 0.00024
2,0 [ 1.024 0.00152 | 0.00126 | 0.00102 0.00085 | 0.00059 | 0.0003%6 0.00049 | 0.000%0 | 0.00016
4.0 | 2.048 0.00119 | 0.00105 | 0.00090 0.00048 | 0.0003% | 0.00020 0.00028 | 0.00017 | 0.00009
0.6 | 0.0 [0.0 0.00327 | 0.00234 | 0.,00143 0.00%21. | 0.00228 | 0.00137 0.00099 | 0.00040 | 0.00008
0.2 | 0.0432 0.00263 | 0.001.90 | 0.00119 0.00252 | 0,00179 | 0.00108 0,00074 | 0.000%2 | 0.00008
0.5 ]0.108 0.00208 | 0.00151 | 0.00098 0.00192 | 0.00135 | 0.00082 0,00056 | 0.00025 | 0.00007
1.0 |0.216 0.00158 | 0.00117 | 0.00079 0.00138 | 0.00096 | 0.00059 0.00040 | 0.00019 | 0.00005
2.0 [0.432 0.00113 | 0.00086 | 0.00061 0.00089 | 0.00061 | 0.00037 0.00026 | 0.0001.2 | 0.00004
_ 4.0 | 0.864 0.00079 | 0.0006% | 0.00048 0.00052 | 0.00035 | 0.00022 0.00015 | 0.,00007 | 0.00002
0.410.0 (0.0 0.002843 | 0.002045 - 0.,002841.| 0.0020k1 - 0.00031 | 0.00004 -
0.2 |0.0128 0.00234 | 0.00166 - 0.00233 | 0.00165 - 0.00025 | 0.0000% -
0.5 10.032 0.00186 | 0.00131 - 0.00183 | 0.00128 - 0.00019 | 0.00003 -
1.0 [ 0.064 0,00140 | 0.00098 - 0.00136 | 0.00094 - 0.00014 | 0.00003 -
2.0 10.128 0.00094 | 0.00066 - 0.00089 | 0.00061 - 0.00010 | 0.00002 -
4.0 | 0.256 0.00059 | 0.00042 - 0.00053% | 0.00036 - 0.00006 | 0.00002 -
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TABLE 14
BENDING MOMENTS IN LONG DIRECTION AT VARIOUS POINTS IN INTERIOR PANELS
B 2
Ig = (s/L) I
Moment 2 2 * *
Coefficients m,/qL K /L M3 M,
“le/L ratios =  [0.0 0.1 0.2 |0.0 0.1 0.2 |0.0 [0.1 0.2 0.0 0.0 [0.2
s/z] M| ¥
0.8/0.0 | 0.0 0.0346 | 0.0315 | 0.0259|0,0402 | 0,0351 | 0.024%4|0,0496 | 0,0399 | 0.0357|0.2136 | 0.1243 | 0,0751
0.2 | 0.1024 |0.,0288 [ 0,0259 | 0,0218|0.0370 | 0.0335 | 0.0255|0.0063 | 0.0056 | 0.0045|0,0180 | 0.01%2 | 0.0087
0.5 ] 0.256 [0.0238 | 0.0213% | 0.0184[0.0355 | 0.0330 | 0.0269|0.0120 | 0.0104 | 0.0083%|0.0282 | 0.0223 | 0.0156
1.0 [ 0.512 |0.0194 [0.0176 | 0.0156]0.0348 | 0.03%2 | 0.0285[0.0152 | 0.0147 | 0.0117{0.03%56 | 0.0293 | 0.0211
12,0 [ 1.024 [0.0156 |0.014L | 0.0132|0.0346 [ 0.0%36 | 0.0300{0.0218 | 0.0184 | 0,0145|0.0416 | 0.0348 | 0.0258
4.0 | 2,048 |0.0129 | 0.0122 | 0.0116{0.0347 | 0,0342 | 0.0313{0.0250 | 0.0210 | 0.0166(0.0456 | 0,0385 | 0,0290 E
0.6/0.0 | 0.0 0.03%96 |0.,0353 | 0,0278{0.0512 | 0.0406 | 0,0198|0.0Lkk42 | 0.0%396 | 0.0315|0.1677 | 0.1100 | 0,0700 D
0.2 | 0.0432|0,0%28 [ 0,0286 | 0.0227{0.0433 | 0.0346 | 0.0179|0.00k44 | 0.0039 | 0.0031|0.0124 | 0.0094 | 0.0063
0.5]0.108 |0,0261 | 0,0224 | 0,0181[0.0369 | 0.0299 | 0.0166|0.0086 | 0.0074 | 0.0059|0.0209 | 0.0167 | 0,0117
1.0 | 0.216 |{0,0198 | 0,0168 | 0.0139|0.0314 | 0,0262 | 0,0157|0.0128 | 0,0110 | 0.0086|0.0277 | 0,0228 | 0,016
2,0 | 0.4%32 [0.0138 | 0.0118 | 0.0101|0.0268 | 0,0233 | 0.0153|0.0168 | 0.0142 | 0.0111[0.0335 | 0.0279 | 0.0205
4,0 | 0.864 |0.0093 | 0,0080 | 0,0072|0.0237 | 0.0215 | 0.0153]0.0198 | 0.0166 | 0.0130|{0,0376 | 0.0315 | 0.0235
0.4{0.0 | 0.0 0.0416 | 0.0362 - 0.0630 | 0.0372 - 0.0421 | 0.0368 - 0.1269 | 0.0965 -
0.2 ] 0.,0128]0.0347 {0,0297 - 0.0518 | 0,0302 - 0.0028 | 0.0024 - 0.0073 | 0.0058 -
0.5 {0,032 |0.0277 | 0.0234 - 0.0416 | 0.0241 - 0.0056 | 0.0048 - 0.0132 | 0.0108 -
1.0 | 0,064 {0.0208 | 0.0173 - 0.0320 | 0.0187 - 0.008L4 | 0.0071 - 0.0184 | 0.0151 -
2.0 | 0,128 [0.0139 | 0,011k - 0.0232 | 0.0141 - 0.0112 | 0.0093 - 0.02%1 | 0.0190 -
4,010,256 |0.008L | 0,0068 - 0,0167 | 0,0110 - 0.0134 [ 0.0111 - 0.0266 | 0.0219 -

% Coefficients of qI’ except that for H = Hg

= 0,0 the coefficient is of qL"-,



| TABLE 15
BENDING MOMENTS IN SHORT DIRECTION AT VARIOUS POINTS IN INTERIOR PANELS

Ig = (s/L)2;1:L

Moment
Coefficients

m5/qL2

7.

¥

=m8-

c/L ratios =

0.0

0.1

0.0

0.1

0.2

0.0

0.1

002

0.0

0.1

0.2

S/ L HL HS

0.8

o o

°

°

o OOO
OO oW O
o
o
1
}_J
no

0.0124
0,0134
0,014k4

0.015%

0.0160
0,0166

0.0116
0,0131
0.0143
0.0153
0.0161
0.0167

0.,0130
0.0180
0.023%
0.0285
0.0%3h
0.0370

0.0121
0.0182
0.0240
0.029%
0.03k0
0.0%7h

0.,0103
0.0172
0.0233%
0,0287

0.0333
0,0366

0,0L450
0.00%6
0.0069
0.0099
0.0125
0.01LLk

0.0376
0,0030
0.0056
0,0080
0,0100
0,0115

0,025k
0.0020
0.0039
0.0055
0.0070
0.0081

0.1946
0.0105
0.0163
0.0205
0.0237
0.0258

0.0856
0.0063
0,0111
0.0149
0,0181
0.0203

0.0380
0.,0032
0,0062
0.,0089
0,011k
0,0132

0.6

o

o

°

—?—'l\)v:lo—’OOO
[oNoRoAN NI VN e)

o

0,0034
0.0051
0,0068
0,0086
0.0102
0.0115

0,003k
0.0054
0.0073
0.,0090
0,0106
0.0117

0.003k
0.007k
0.0115
0.0157
0.0199
0.023%

0,003
0.0079
10,0122
0.0165
0.0206
0.0237

0.0033
0.,0078
0.0122
0.,0164
0,0203%
0.0232

0,0337
0.0012
0.0023
0.0035
0,0047
0.0057

0.0240
0.0008
0,0017
0,0025
0,003}
0.00k41

0.0100
0,000k
0.0008
0.0012
0.0017
0.0021

0.1318
0.00%6
0.0060
0.0078
0.0093
0.0104

0.0397
0,001k4
0.0028
0.,0043
0.0057
0.0069

0.0079
0,000k
0,0009
0,0016
0,002k
0.0032

0.4

OO OWwWMNO

C]

°

FPO O OO

°

0.0003
0.0013
0.0024
0.0035
0.0046

0.0055

0,000k
0.0015
0.0026
0.0037
0.0047
0.0056

0.0003
0.002%
0,00k
0.0066
0.0087
0.0105

0,000k
0.0025
0,00L6
0.0068
0.0089
0.0106

0.02%0
0.0002
0.0005
0,0008
0.0011
0,001k

0.0083
0.0001
0,0002
0.000%
0.0005
0.0007

0.0748
0.0007
0.0013
0.0018
00,0022
0.0027

0.0037
0.0001
0,0002
0,000
0,0007
0.0010

¥ Coefficients

of qI?

except that for

Hp, = Hg

= 0.0 the

coefficient is of qLQQ

=911~
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TABLE 16
_ (REFERENCE 9)
DEFLECTION COEFFICIENTS FOR NINE-PANEL SLABS, ALL PANELS LOADED.
*
H J K Ai B, AB i A5 Dy Aﬁ
0.25 0.25 0 0.001814 0.001865 0.,00659% 0,001204 0.006741 0,010760 0.005667
10 0,003849 0.002885 0.005942 0.,002137 0,004910 0.007661 0.003768
30 0,004257 0,003047 0.005550 0.002237 0.004261 0.006671 0,00%3211
90 0.004413 0.003094 0.005308 0.002258 0.003907 0.006149 0.002927
0 0.004492 0.003110 0.005144 0,002261. 0,003680 0.005822 0,002754
1.0 0 0.001837 0,001886 0,006540 0.001073 0,006677 0.010792 0.005596
10 0.004003 0.002933% 0.,005902 0.002210 0.004824 0.00T475 0.00%832
30 0.004417 0.00309k4 0.005442 0.002415 0.004096 0.,006289 0.003261
90 0.004553 0.00%125 0.005128 0.002490 0,003672 0,005625 0,002956
o 0,004605 0.003123 0.004902 0.002526 0.003389 0.005192 0.002764
2,5 0 0.001906 0.001896 0.006489 0.001007 0.006628 0.010823 0.005592
10 0.004099 0,002960 0.005867 0.002255 0,004770 0.0073%88 0.003886
30 0.004504 0.003115 0,005372 0,002526 0.004007 0.006094 0.00%310
90 0,004611 0.003132 0.00501k4 0.002636 0.003547 0.005348 0,002999
00 0.004631 0,00311k 0.003229 0.004850 0.002802

0.004745

S —

0.002695

* Coefficlents of qlu/D

—
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TABLE 16 (Continued)

: DEELECTION COEFFICIENTS FOR NINE-PANEL SLABS, ALL PANELS LOADED.

H J K A§ A, - ), AB B A,
1.00 0.25 0 0.001030 0.000578 0.004122 0.000258 0.003627 0,006710 0,002828
10 0,002170 0.001179 0.003873 0.000797 0.002754 0.005283 0.001986
30 0.002582 0.001373 0.00%63% 0.000933% 0.002281 0.004572 0.001595
90 0.002770 0.001446 0.003428 0.00097h 0.001955 0.00410% 0.001347
o 0.002864 0.001h471 0.00%252 0.000984 0.001706 0.003755 0,001168
1.00 0 0.001071 0.000592 0.004078 0.000232 0.00360% 0.00670% 0.002909
10 0.002243 0.001196 0.003837 0.000829 0.00272% 0,0051L4 0,002070
30 0,002661 0.001391 0.003576 0.001006 0.002229 0.004330 0.001662
60 0.002794 0.001445 0.00%413% 0.001057 0.,001984 0.00%941 0.001h47h
90 0.002838 0.001460 0.003336 0.001072 0,001877 0.0037Th 0.001395
120 0.002858 0.001466 0.00%291 0.001080 0.001816 0.003681 0,001351
©  0,002911 0.001475 0.003119 0.001098 0.001599 0.003%348 0.001197
2.5 0 0,001102 0.000602 0.00L03L 0,000212 0,003577 0,006711 0.002973
10 0.002298 0.001207 0.003%800 0.,000848 0.002697 0.005071 0.002131
30 0.00271h 0.001402 0.003527 0,001055 0,002194 0.004192 0.001710
90 0.002877 0.001466 0.003264 0.001140 0.001827 0.003580 0.001432
®  0,002929 0.001k72 0.003%016 0.001177 0,001530 0.003102 0.001225
2.5 0.25 0 0.001019 0.000177 0.002926 0.000074 0.001920 0.004457 0.001335
10 0.001518 0.000k44) 0.002825 0.00027k 0.001577 0.003962 0.001095
30 0.001825 0.000600 0.002713 0.000388 0.001305 0.003558 0.000880
90 0.002013 0.000686 0.002580 0.000443 0.001064 0.00%215 0.000704
o 0.002118 0.000720 0.002420 0.000462 0.000830 0.002892 0,000543

* Coefficients of QLb'/D
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TABLE 16 (Continued)

ot Gl B R and L

DEFLECTION COEFFICIENTS FOR NINE-PANEL SLABS, ALL PANELS LOADED.

el Wi

[PPSR

*
H J K ,Ai A, AB o) AB B Aw
2.5 1.00 0 0.001046 0.000182 0.002861 ooooooho 0.001914 0,004402 0.001483
10 0.001560 0.000452 0.002780 0.000291 0.001563 0.003794 0,001162
30 0,001870 0.000608 0,002664 0.000421 0.001285 0.0033%36 0,00093%2
90 0,002053 0.000692 0.002516 0,000488 0.001034 0,0029%9 0,000740
] 0.,002143 0,000721 0.,002328 0.000514 0,000784 0.002556 0,000561
2.5 0 0,001072 0.000191 0.002814 0.000036 0.001900 0.004346 0.001542
10 0.001593 0.000459 0.002737 0.000301 0.001550 0.003698 0.001210
30 0.001904 0.000614 0.002618 0.0004k4k4 0.001269 0.003%204 0.000968
90 0.002082 0.000696 0.002458 0.000520 0.00101k4 0.002772 0.000766
©  0,002156 0.000721 0.002247 0.000551 0.000752 0.002346 0.000576
¥ Coefficients of qL”/b
N X ‘)+ 7
3 [
:2 ‘5
1

Point Designation

——

—.RT—



TABLE 17

(Referénce 9)

DEFLECTION COEFFICIENTS FOR NINE-PANEL SLABS; CORNER AND INTERIOR PANELS LOADED,

¥*
H J K Al A, AB N AE . AW
0.25 0.25 0 0.001904 0,000367 ooooojouAr -0.003389 0.003944 0.010403% 0,006860
10 0.003495 0.001284 0.000588 -0,001127 0.00263%3 0.007135 0,004199
30 0.0037Th 0.001426 0,000527 -0,000702 0.002237 0.006244 0,003498
90 0.003877 0.001472 0.000466 -0.0005%2 0.002030 0,005801 0.003157
o 0.003927 0.,001492 0,000418 -0, 000441, 0.001901 0,0055%2 0,002952
2.5 2.5 0 0,001218 =0, 000097 -0,000003 -0.001164 0.0011h7 o;oou5o9 0.001934
4 10 0.001668 0.000144 0.000081 -0,000681 0.000870 0,003595 0.001457
30 0.001909 0.000272 0,000111 =0,000372 0.000677 0.003088 0,001113
90 0.00203 4 on000537 0.,000101 -0,000163 0.000521 0,002680 0.000835
o 0.002081 0.000358 0.000053 =0, 000020 0,000378 0,002311 0.,000586
*Coefficlents of th/ D . »
. L 7
05 ’6
g .
Point Designation

v A



Coo La G 00 Comd G ) Gl Wikl bl Bemd R bed L e e
TABLE 18
DEFLECTIONS AND END MOMENTS FOR A SYMMETRICALLY~LOADED PRISMATIC BEAM
l bl | al
§

al, | |
Nk

[l
-¢3T-

Center Deflection if Simply Supported
N
(166" + 8a7(1-b) ~ha2(942b-b2) + 2a(-9+Tb43b2-07) + 16(14b) - Wb2(14b) + b*]

7
L
A = 7950RT

ql"'
A:_ﬂ__:[.i__
3840E

Center Deflegtion if Both Ends Fixed
z i
- (5oa" 822 (342b) + 4a2(~34b+2b2) +2a(-3+kbib2-2b0) + T(14b) ~5b°(1+b) + 2b+)
Mid-Span Moment if Both Ends Simply Supported

2
b
= 9—%— [-4a® - 2a + 28b + b ~ b° + 2]

M
0

Fixed-End Moment if Both Ends Fixed

FEM = QL%E [8s° - a2(12+hb) + a(~6+ub+2b2) + 5(14b) - b2(1+b)]
9 .
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FIG. 3.6 - DIRECTION AND DESIGNATION OF BENDING MOMENTS IN A TYPICAL INTERIOR PANEL
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FIG. 4.1 DEFLECTED SHAPE OF A PORTION OF A CONTINUOUS STRUCTURE
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FIG. .r.m TYPICAL LAYOUT OF A NINE-PANEL FLOOR SLAB
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FIG. 5.25 ARRANGEMENT OF TOP REINFORCEMENT IN THE FLAT SIAB (F5)

411 bar diameters were 0.03555 in.
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FIG. 5.27 ARRANGEMENT OF COLUMN REINFORCEMENT IN THE FIAT SLAB (F5)
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FIG. 5.29 DEFLECTIONS AND DEFLECTION COEFFICIENTS FOR ‘I‘HE
FIAT PIATE (Fl1) BASED ON UNCRACKED SECTIONS




oo

~ -179-

j

J N

/Line of Symmetry

} 1 0.00503 0.002%2 | 0.00505 |
Ry B ———— T Py ios g ——— e

‘? i |

0.01972 | 0.01776

b

-
: 5.01389 4 0.0223

Y S
1

® L - —
" 0.00980 - T0.0145k b
‘ !
1 |
" 0.01533 0.02085 39;%
1ot " A " ©; 1" 3 . 0.000 g
} :0.020 0.166 10.082 0.129° |
' |
I : |
! !
] 0.117" (- 0.01454 N
) - it \g ¢ L"._"
]
3 | {
' [ [
- ! 0.01757 |
”5.’; 0.0k2" é0.11;9" ©0.122" - 90.175" o.122" X 0.0'0223\E
- | 0.148" !
! |
} |
! 0.019" .|, 0.003" 0.019" \_I
A= —— = — g = —m e e = — — — Hho————— - —

Note: Deflection coefficients of th/D are given above the line of
symaetry; deflections in inches for g = 100 psf, L = 60", and
E, =2 400,000 psi are given below.

Co
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symmetry; deflections in inches for g = 100 psf, L = 60", and

Ec = 3,100,000 psi are given below.

FIG. 5.31 DEFLECTIONS AND DEFLECTION COEFFICIENTS FOR THE FIAT

SIAB (F2) BASED ON UNCRACKED SECTIONS.
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FIG. 5.32 DEFLECTIONS AND DEFLECTION COEFFICIENTS FOR THE FILAT
SIAB (F2) BASED ON FULLY CRACKED SECTIONS
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FIG. 5.33 DEFLECTIONS AND DEFLECTION COEFFICIENTS FOR THE
FLAT SIAB (F3) BASED ON FULLY CRACKED SECTIONS
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FIG. 5.34 DEFLECTIONS AND DEFLECTION COEFFICIENTS FOR THE
FIAT SIAB (F5) BASED ON FULLY CRACKED SECTIONS
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FIG. 5.35 DEFLECTIONS AND DEFLECTION COEFFICIENTS FOR THE
TWO-WAY SIAB WITH DEEP BEAMS (Tl) BASED ON
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APPENDIX A

EXTRACT FROM FRENCH BUILDiNG CODE ON DEFLECTIONS

A.1 Introductory Remerks

Meterial contazined in the 1960 French Building Code (22) which
pertains to deflections is given below. fhe Freﬁch Code is a combined build-
ing code and commentary. Article 4.26 ana thé accompanying commentary discuss
the minimum depth of beams. Article L4.36 incorporates Art. 4.26 in a dis-
cussion of the minimum allowable thickness of slabs. Portions of Articles 1.22-

1.2% and 3.3l are included to clarify points listed in Arts. L4.26 and L4.36.

A.2 Extract on Deflections

Art. 4.26 Minimum Depth of Section

Rule

The deformations of joists and beams must be small enough so that
surface coatings, partitions or other construction supported by the concrete
members will not be damaged.

Commentary

Of the cases reported in the past few years of concrete structures
becoming unserviceable, a large number were attributed to excessive deformations
of flexural members.

Two types of difficulties are encountered in attempting to define
the required rigidity of flexural members.

a) Uncertainties exist as to what modulus of elasticity and what
moment of inertia should be used as well as to the effects of bond and
shrinkage.

b) Statistics obtained from the study of failures do not at the

present time permit the definition of the ratio of deflection to span, A/L,

...257..
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or of the absolute value of deflection that should be specified generally.
Nor is it possible to define limits which indicate damage to parts of the
structure.

The following areas must be considered:

a) Formulas defining minimum depth of slabs and beams for important
works are needed.

b) The effects of the continual increases in allowable stresses on
serviceability must be considered. These increases are permissible from a
standpoint of strength but may resulf in excessive deformations.

c) Advances in construction procedures which lead to earlier
decentering-and earlier loading must be considered since thesemay have the
effect of increasing creep.

Generally it may be assumed that for structures to be used as
dwellings, schools, or offices it will not be necessary to define the required
rigidity for members whose ratio d/L of depth of section to clear span is at
least equal to 0.10 (Mt/MO) where M% is the maximum bending moment in the span,

and Mo is the static moment or the maximum bending moment that would exist

st

in the span under consideration, if it were simply supported. The additional
stipulation is made that the area AS of the tensile steel must be such that

lOOAS < 4800

bd - T
¥y

(Aa.1)

where b is the width of the flange, d the effective depth of the beam and fy
is the yield point of the reinforcement in kg/ch.
| For beams supporting slabs the ratio d/L must be at least 1/16
regardless of the relative value of Mt'
If these conditions are not fulfilled then the following procedure

may be used. Assume that for a simply supported beam of span L having a
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constant cross section the mid-span deflection A ., caused by instantaneous

tl

loads is equal to the sum of the deflection Ai caused by the instantaneous

loads and the deflection Al caused by the long time loads. Thus
A =D+ A (A.2)

The deflections are computed from the following relationships:

L2
5 = ToaE 3 [fsi * 15%} (&-3)
2 £ 2.5¢%
) L 1 s1 cl
B =5 [0.000125 +5 (5 + 3 )] (A k)
. - . s cl
where d = effective depth at the point of maximum moment,
ES = modulus of elasticity for steel = 2,100,000 kg/cm?
Ecl= modulus of elasticity for concrete (see Section 5.512))
fsi’ fci = steel and concrete stresses unéer short time loading,
fsl’ fcl = steel and concrete stresses under long time loading.

The term € is taken as 1.00 when the percentage of steel p = lOOAs/bd

is greater than O.25[5—fy/2h00]. Otherwise

6 -2 - [5—_-%5} (&.5)

where p is the percent of reinforcement and fy is the yield point of the
reinforcement inkkg/cmz. - For calculating Al the ratio :E‘cl/EC shall not be
taken as less than 0.000126.

For continuous or for fixed elements the deflection A at the center

of the span considered shall be taken as
4: A O.S(AW + Ae) (A.6)

The terms A, A , and A, are obtained by using Egs. A.3 and A.4. The



-260-

deflection A, is computed by replacing L by the distance L' between the points

t

of inflection. In order to compute the deflection AW (or Aé) replace L by

2a (or Eae), where a_ (or ae) designates the distance from the left (or right)

support to the adjacent pcint of inflection.

, T T f _ are in each case the maximum stress

The stresses T .
S sl’ “ei’ Tel

i
in the steel and concrete under the action of the instantaneous loads or of
the long-time loads in the fictitious span of length L' for A%, in the left
support for Aw and at the right support for Ae’ and d is the effective depth

in the span or at the supports according tc the case considered.

For a cantilevered span of length L, the deflection at the free

end is:
2rf . + 15T . T 2.5F
L si cl 1 sl cl
L = ﬁ li"'—"—e-i;——‘ + 0.000125 + r} ( ES + Ecl } (A.?)

The stresses are those in the steel and concrete at the section of effective

depth 4 at the support and the length L is taken as the clear span.

The major difficulty lies in fixing the value of the allowable de-
flection-to-span ratio. This should be mainly a function of the type and use
of the members. An approximate guide for admissible deflection-to-span ratio
for elements supporting walls, partitions and fragile fixtures is 1/500.

For large spans,l/SOO may not be a sufficient restriction and an
absolute value of deflection'may have to be specified, in order to reduce the

risk of cracking of partitions.

Art. k.36 Minimum Thickness of Slabs

- L.360

Rule Deflections must be small enough that partitions etc., are not

damaged.

o
$7%
.
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Commentazx

The methods of Art. 4.26 may be used for slabs.

If the following two conditions are met then deflections need not
be considered.

a) Let MX and M‘y be the maximum unit bending moments in a simply
supported slab of spans L, and Ly' (MX is assumed larger than My.) Let M,
be the unit moment in the x diréctioﬁ taking into account the effeéts of

fixity and/or continuity. (Mt > 0.75 MX). Then if the ratio d/LX is equal
M

to or greater than 20 ﬁi %he deflectioh isvnot considered objectionable.
X
b) Let AS be the cross-sectional area of the tensile reinforcement

for a width:b, d the effective depth, and fy the elastic limit of the rein-
forcement. Then the maximum percentage of steel p = lOOAs/bd must be less than
8 x 2l+OO/fy = l920/fy where fy has units of kilograms per square centimeter.

k361

Rule ©Slabs cast in place should have a minimum thickness of 4 cm when

they are constructed monolithically with beams or have an equivalent support.

Otherwise, their minimum thickness should be 5 cm.

Rule Slabs prefabricated in shops must have a thickness at least 75 per-

cent of the above.

Note: The above regulations may be governed by rule 3.03 governing the
testing of prefabricated members.

Art. 3.31 Modulus of Longitudinal Deformation

3.311 E_ = 2,100,000 kg/cm® [= 29,840,000 psi]
3.310

Unless special measures are taken, the longitudinal modulus of

deformation of concrete, expressed in kg/cm2 shall be taken as
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=
I

ol 7,000~ij

for permanent loads and as

=
1

= 21,000NT.
ci 3

for loads remaining on the structure for 24 hours or less. The term fj is
the concrete strength at an age of j days (kg/cme)°
| These values can be used when the stresses do not exceed the limits
fixed in Section 2.
If only the 28-day strength is available, one may assume that the
values of‘Ei and El are those determined from f28’ increased by 20% for

class 250/315 concretes and by 10% for class 315/400 and 355/550 concretes.

Art. 1.22 Class of Cement

The present code and commentary assumes the use of concretes con-

taining cements of class 250/315".

Cther classes may be used if they present the characteristics

requisite for the construction for which they are employed.

Art. 1.23 Proportion of Cement

The minimum amount of cement is used, in kg/mB, should not be less

5_
than 550 ~ch where cg is the minimum dimension of the aggregate.

* Notes .The two numbers used in referring to a particular class of cement

- represent the cube compressive strengths in kg/cmg, at 7 and 28 days
of age respectively, for a standard mortar mixture. The standard :
mortar mixture is prepared using the cement under consideration and =
sands of specified sizes.
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APPENDIX B

DESCRIPTION OF COMPUTER PROGRAM

B.1 Introductory Remarks

This appendix contains a description of the computer program used
in the investigation of the effects of finite column sizes upon deflections
and bending moments for typical interior panels.

The program contained a main program and two sub-programs. The
main program generated N simultanecus eguations by applying a finite dif-
ference operator to N points on the plate. The first sub-program solved for
the N unknowns, in this case the deflections'at the N points, by triangulation
of the matrix. The second sub-program used the N deflections in computing

bending moments at each point in the orthogonal directions defined by the two

centerlines of the plate. As a typical interior plate, which is one of an array

of similar uniformly loaded plates, is symmetrical about both centerlines
it was necessary to consider only one-fourth of a plate for purposes of
analysis.

. The program was coded in FORTRAN. Tables 10 - 12 were prepared
using the Control Data Corporation ﬁo..l60h electronic digital computer to
execute the program. The remainder of Tables 7 - 15 were prepared using the
IBM 7090. An off-line IRM 1401 was used to transfer the program and input
data from cards to magnétic tape for input and for printing the output.

‘A description of the input data is given in Section B.2. The finite
differente operator that was used is discussed in Section B.3. .The flow
diagrems are described in B.4. Output data and estimated running time are
discussed in B.5. The validity of the program is shown in B.6 and the avail-

ability of the program is given in B.7.

-263-
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B.2 Input Imta
The three variables considered were the aspect ratio, the ratioc of

column size to panel size, and the ratio cf beam to plate rigidity. The
program was coded so that the length of the leng side of a panel remained
constant and only the length of the short side varied. The columns were
taken as being square in cross section. Thus only the ratio of column width
to the length of the long side of the panel or c/L ratio was regquired in the
input data to define the cclumn size. Parallel beams were assumed to have
equal moments of inertia. The ratio of beam rigidity in the short direction
toc that in the long direction was taken as constant. Thus only one input
parameter defining rigidity was required.

" One input data card was prepared for each case consideréd° The
first word contained the iength of one-half of the short side, the second

contained the c/L ratic and the third contained the Hi ratio.

B.3 Finite Difference Operator

For an intericr panel, which is one of an ar;ay of similar uniformly
loaded panels, there is nc rotation of the edges of the panel. Thus the
flexural stiffnesses‘of the cclumns and torsional stiffnesses of the beams
have no effect and ornly the plate and beam rigldities need be considered in
making an analysis.

The general pattern of the finite difference operator for a point
on a beam is shown in "molecule notation" in Fig. B.1l. This patte?n is

symmetrical about the point of application. .The term H' is defined as

ET

™ (B.1)

H =

where h = L/n = the spacing between grid lines or node points. . A value of
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n = 20 was used in coding the program. For a point not falling on a beam
the H' terms in Fig. B.1l would be eliminated.

The ratio between the moment of inertia of a beam in the short
direction to that in the long direction was taken as one of three constant

values. These constant relationships were

Ig = I (B.2a)

E
:.[S = [%:l I (B.2b)
Ig = {%2 IL (B:2c)

From the definitions of H

S and HL and equations B.1l. and B. 2@ the

following relationships are foundg

Hé=—f—="""" =nH <B"3)

= _-§] H (B.L4)

% - (%Sj [R} (3.5)

where R = S/L.

The portion of the operator falling on a beam is given in. Fig. B.1

This may be rewritten as

it was desired to use only values of H in the input data which would

as

represent Hi. This necessitated the modification of Equation B.7 to read
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for use with a point lying on a long beam. . .For & point lying on a short

beam equation B.T would read

ete. (B.9)

where R' had the following values

H T
S Ratio =2 Ratio R
T
L
R 1 R
R® R RS
R Rer R

B.4 Flow Diagrams

A general flow dlagram for the program is shown in Fig. B.2 and a
detalled flow diagram correspondlng to the FORTRAN coding ‘is given in Fig. B.3.

The ; numbers on Fig. B.2 refer to the notes glven below.

Note 1: The program generated a matrlx A (I J} contalnlng I rows and J columns
with the maximum value of I being equal to N the number of p01nts on the
guarter-plate, and the maximum value of J being equal to N+1. Column number
N+13Vas?fbr'therload[term“Qhu/D appearing - on thé right hand side of the equation
given in Fig. B.1l. This term.wae ﬁransposed teﬂthe left.side of the equals

sign for entry into‘the”metrix5 fFor th§h731u¢79f'h”;ML/?Qgﬁééé in coding this
term became -0.00000625. The array reserved for the matrix contained (N)(N+1)

words.

Note 2: The operator was applled at a serles of p01nts I on the plate w1th I

R

taklng succe581ve values from l to N The thlrteen elements of the operator

Tuany

could then be deflned in. reference to the p01nt I by u51ng the thlrteen J

/

b L
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subscripts shown in Fig. B.1l. Thus J7 would equal I, J2 would equal I+10,

etc.

Note 3: After the J addresses were computed entries were made in the matrix
by setting the proper A(I,J) terms equal to their corresponding elements in
Fig. B.1l. Thus for I =17, J2 would be 27, and the entry A(17,27) = 2.0 would

be made into the 17th row and the 27th column of the matrix.

Note 4: For certain locations on the plate portions of the operator would
fall on the column or outside of the lines of symmetry defining the quarter-
plate. For these locations it was necessary to modify the general pattern of
Fig. B.1l. In order to determiné the location of a given point on the plate

it was necessary to establish a row and a column counter on the plate as shown
in Fig. B.4. The IA counter established the number of rows and the JA counter
established the number of columns of node points measured from the center of
the plate. Note that there is no correspondence between the rows and columns
of node points on the plate and the rows and columns of terms in the matrix.

The testing to determine if modifications were necessary and the ensuing

modifications of the basic pattern entailed the bulk of the coding effort.

Note 5: In order to check the program a number of test problems were run with
the entire matrix of (N)(N+l) terms being printed for each problem. These
printed matrices were then checked by hand. After code checking showed that
the program was performing satisfactorily this portion of the program was

deleted.

Note 6: After the matrix was generated the N unknowns were solved using a

standard subroutine .

Note 7: Plate bending moments were computed using the relationship
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,mp':""l”[} (B.10)

h2
where mP represents the unit plate bending moment. Moments were computed in
the two orthogonal directions defined by the two centerlines of the plate.
Moments were computed for a value of Poisson's ratio egqual to zero. Beam
‘bending moments in the long direction' were computed using the relationship

Mb’ -2 ( O—® @] (B.11)

h

For beams in the short direction the term R appearing in equation B.11l was
replaced by R°.

Figure B.3 is a detailed flow diagram for the main program. The
subprogram for computing moments used a similar detection scheme and is not
shoyne Two detection symbols are used in the flow diagram, one corresponding
to a two-way branch, and the other corresponding to a three-way branch. This
was done to simplify the flow diagram. The numbers on Fig. B.3 refer to the
explanatory notes given below. The program was coded‘only for the range of

the ¢/L and S/L ratios given in Tables 7 - 15.

Note 1: The addresses of the terms making up the operator shown in Fig. B.2

were computed. -t

Note 2: The IA and JA counters were computed. For example, for points lying

north of the column IA = 1+{I-1)/M2 and JA = I-{IA-1)(M2).

Note 3: The operator was applied to the point in question and the proper

entries made into the matrix. o

Note Lk: The operator was modified for effects of symmetry and/or portions

of the operator falling on the column.
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Note 5: The c/L ratio was referred to as LC in coding. Thus for c/L =0,

LG was 0, for ¢/L = 0.1, IC was 1, etc.

B.5 Output Data and Estimation of Running Time

Output Data: Output data consisted of the deflections and moments at the
N points of the quarter-plate considered. Deflections were given as coef-
ficients of qL&/D and moments were given as coefficients of qL2 for plate
moments and as coefficients of qL5 for beam moments. Appropriate page

headings listing the input parameters and other pertinent information were

printed on each page of output data.

Estimation of Running Time: Machine time required for processing of the

FORTRAN program into a machine language program was about two minutes. The
maximum number of equations was obtained for the case of a sguare plate having
a ¢/L ratio of zero. For this case N was 120. The total time required for
generating the matrix, solution of the matrix, computation of moments, and
storage of all output data on the magnetic tape for eventual printing was
about three minutes for this case. For other values of N the time required
for solution of the matrix would vary nearly as the third power of the ratios
of N and the time required for the other portions of the program would vary
about linearly. The total machine time regquired for the solutions summarized

in Tables 7 through 15 was about one hour.

B.6 Validity of Program

The program was used to solve a number of known cases in order to
check the validity and accuracy of the program. In Fig. B.5 deflection
coefficients obtained by Sutherland (26) and from the program are shown plotted

versus HL for an aspect ratio of 0.8 and 2 c¢/L ratio of zero. A smooth curve
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can be drawn through all the points obtained by the two metheds for a given
location on the plate thus showing the validity of the program. In general,
the deflection coefficients obtained using the program were up to four
percent greater than those obtained by other methods. For example, for a
squafe panel having no supporting beams and point columns Timoshenko (23)
gives a mid-panel deflection coefficient of 0.00581 while the coefficient
obtained using the program was 0.00599 which was 3.1 percent greater.

Similar agreement was found for the bending moments.

B.7 Availability

A copy of the program including a listing of the input deck has been
placed in the Computer Program Library of the Civil Engineering Department,

University of Illinois

TR IR
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APPENDIX C

ILLUSTRATIVE EXAMPLE

C.1 Introductory Remarks

This appendix contains a description of the procedure followed in

E using the frame analysis method to determine the deflections of the two-way
slab with shallow beams (T2). Only the salient points of the computations are
given; routine calculations are omitted. The layout and dimensions of the
test structure are shown in Fig. 5.16. The arrangement of the reinforcement
is shown in Figs. 5.21 - 5.23. The total design load, including 75 psf dead
i load, was 145 psf.
] For purposes of discussion the computations involved in performing
the frame analysis are divided into the following five areas:

(1) Selection of frames,

(2) Computations of stiffnesses and carry-over factors,

(3) Determination of loading,

(L) Computations of moments, slopes, and deflections based

on uncracked sections, and
(5) Computations of slopes and deflections baséd on fully

cracked sections.

C.2 Selection of Frames

The two-way slab with shallow beams was symmetrical about both

centerlines and about both diagonals. Hence it was necessary to analyze only

Liiiad

two frames. One frame contained an interior row of columns and beams and is
termed the interior frame. The other frame contained an edge row of columns

and beams and is termed the edge frame. The dimensidns of these two frames

|
]

are shown in Fig. C.1.

_277_




~-278-

C.3 Computations of Stiffness and Carry-Over Factors

The following computations are for the interior frame. Those for
the edge frame are performed in a similar manner. There are two different
types of flexural members in the interior frame, the interior and the end
beams. There arevtwo types of flexural-torsional mémbers, the edge column-

edge beam combination and the interior column-interior beam combination. .

(a) Interior Beam

In cross section the interior beam has the shape shown in sketch A.

l 2" |
T
I NN ] 1.5" 3
Iy L2
-
SKETCH A

The moment of inertia of this section is computed by considering it to be ;
made up of two parts as describea in Section L4.4. The distance to the

centroid of the cross-hatched part, measured from the upper surface, is b
1.25 in. AThe moment of inertia of this part is 9.28 in.LL and that of the
remainder of the section is 5.06 in;h. The beam rigidity EI may be expressed
in terms of the total plate rigidity DL. The moment of inertia of a unit

3

width of plate is 0.281 in.” Teking L as 60 in. gives the relationship

EI = 0.850DL. For the edge frame this relationship is EI = 0.643DL. L
Based on.the assumption that the beam may‘be consldered as infinitely
stiff from the face of a column to its center, the l/EI diagram :for the interior

beam has the shape shown in sketch B. Using the column analogy, the stiffness

at either end is computed to be 1.250E. The choice of units is immaterial as

[E i o
P SR
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1
' 14.34E

I

5 1 5)+H

SKETCH B

long as all stiffness computations are made using the same units, in this

case inches. The carry-over factor is 0.575.

(p) Interior Beam-Column

Assuming the interior column to be infinitely stiff from its inter-
section with the bottom of the interior beam to the centroid of the interior

beam, the 1/EI diagram for this column has the shape given in sketch C.

A
.1.75"
1
108E
10.88"
\pinned end
SKETCH C

The dimension 1.75 in. is the distance from the bottom of the interior beam

to the centroid of the area shown cross-hatched in sketch A. A somewhat
larger distance would be taken if the centroid of the entire cross section
shown in sketch A were used. However, studies have shown that the stiffnesses
computed are relatively insensitive to changes in this dimension. The flexural

stiffness at A in sketch C is L40.2E.
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The stiffness of the combined flexural-torsional element may be

computed from the relationship

(c.1)

where the notation is described in Section L4.4. The value of Gf may be

computed from the flexural stiffness of the interior column as

0.9 _ 0.0224
% " To.E - & (c.2)

The torsional stiffness of the beam framing into the column from a
direction perpendicular to the longitudinal axis of the frame may readily be
determined once the value of C has been computed. Using Fig. 4.4 the value

N

of C for the section shown cross-hatched in sketch A is found to be 12.8 in.

for the edge beam the value of C 1s 12.0 inuu
The assumed unit rotation diagram for one-half of the interior beam,

measured from center of beam to center of column, is shown in sketch D.

/ -
& _ 1
max  .12.0E
1813 9” 5”
!

SKETCH D

The value of €,_, which is equal to one-half the area shown as cross hatched

t)
in sketch D, is computed to be 0.26L4/E.

The final stiffness of the combined torsional-flexural member is

i} 0.9
Koo = 026H/E + 002k R (c.3)

fegltits 3

Ceea
1]
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The stiffnesses and carry-over factors for both the interiocr and edge frames
are shown in sketch E. The direction for which each carry-over factor is

valid is indicated by an arrow.

1.16E 1.22E 1.25E {
2.52E 0.547 3.15E ’ Interior Frame
0.575
0.576 N |
qi*
C.88r 0.93E 0.95E
1.23E 0.547 1.47E Edge Frame
0.575
0.576 r
60 n . 50”

SKETCH E

C.4. Determination of Loading

Since each panel of the structure was square the loading to be

applied to each of the frames was the same as that shown in Fig. Lk.2.

C.5. Computations of Moments, Slopes, and Deflections for Uncracked Sections

(a) Moments

The line representation of each of the frames is shown in sketch E
above. The fixed-end moments for each of the spans of the interior frame,
computed by taking "a" as 0.2, "b" as 0.0 and "q'" as 0.6ql in Table 18, are

5, and the static moment is O.O86OqL5. The fixed-end moments and

0.05448qL
static moments for the edge frame spans are one-half those for the interior
frame. The final end moments and mid-span moments determined using the  Cross
moment-distribution procedure are shown in sketch ¥. The moments are given

3

in terms of gL~.
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0.0381 0.0621 0.0556
0.0359 0.0065 0.030k  Interior Frame
A B c CIPE
0.0166 0.0318 0.0282
0.0188 0.0036 0.0148 Edge Frame
E F G H -
SKETCH F

(b) Slopes

The slope at the end of a beam may be defermined by dividing the
moment acting on the column into which the beam frames by the stiffness of
the column. The stiffness for the interior column is 3.15E. Note that the

"aolumn" referred to here is the combined flexural-torsional element and not

gy
R

the purely flexural element shown in sketch C. The stiffness of the interior
column.ﬁay be expressed in terms of the unit plate rigidity -D as follows:

(3.15E)(60)(_I )(0.850DL) _

L IL.3h T = 11.17D (C.k4)

Dividing the bending moment acting on.column C in sketch F by this stiffness

gives

3 3 ‘ ,
0.0065qL ,,
% = ll?:6L$D = 0.00058 9‘%‘ (c.5) ~

A summary of the slopes computed for the columns shown in sketch F is given

below. -

e
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Point Slope
A 0.00431
C 0.00058
E 0.00381
G 0.00069

The slopes are given in units of qLB/D. The sense of the slopes may be

determined from sketch F.

(¢) Deflections

The total deflection at the center of a span of the ersatz frame
is the sum of the deflections caused by the applied loads with the ends fixed
and the déflections resulting from the end rotations. The deflection caused
by the uniformly distributed portion of the load may be readily computed using
known coefficients. The deflection caused by the "roof-top” portion of the
load may be determined using Table 18. The deflection at mid-span of a beam
of length L caused by an induced end rotation of magnitude 6 is 6L/8 assuming
the end not rotated to be fixed. There is an additional deflection at the
mid-span of the beam resulting from the deflection of the ends of the beam in
respect to the columns into which it frames.

The computafions for the deflection at point D in sketch F are
given below. In making these computations it is necessary to deal with the
clear span. The portions of the total span lying between column centers and

column faces are assumed to be rigid as shown in sketch G.

igid /// rigid

e —

' |
|

0.

4
1

5L

I0.0%B 0.90L
N

SKETCH G
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Effect of uniformly distributed load

L 4
5 0.4gL(0.9L) " _ L
5 =38, T 0. 600 = 0.00080k = (c.6)
Effect of "roof-top" loading
_ 015 -
a-0.90_0,167, b =0
Ao 2:58 Oo6qL(O.9L)A 0.000673 q_L_lf (c.7)
~ 3840 0.850DL ) D )
Effect of & (both ends)
6L 3 i
_ ¢~ -0.00058 al” aL ‘
A== n (0.9L) 5 = -0.000131 5 (€.8)
Effect of End Deflection (both ends)
1’ Lt
A = (GC)(O.OSL) = -0.00058 i-D—— (0.05L) = -0.000029 95- (c.9)

The final deflection is the sum of the four terms listed above and is

N

L = o.oome%—— (c.10)

In like manner the deflections at the remaining mid-beam points may be
determined. Once the mid-beam deflections and the column rotations are known,
the mid-panel deflections are computed using Egs. 4.8 - 4.10. Thus the de-

flection at the center of the interior panel is computed as

L

L q.'.L.L‘L
A = 0.00132 3-5— + 0.00153

== - 0.2L(0 0005839—5—)—00023£LL (c.11)
D . .00058 =5 = 0.00273 <5 .

C.6 Computations of Slopes and Deflections Based on Fully Cracked Sections

The rotation of a column, assuming it to be fully cracked, is

computed by multiplying the rotation computed on the basis of the uncracked
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section to that of the cracked section. The rotations computed in this manner

are given below in terms of qLB/Da

Point Slope

0.0202
0.0016
0.0179
0.0019

Q H O a e

The mid-beam "fully cracked deflection” is computed by multiplying
the "uncracked deflection” by the ratio of the "uncracked moment of inertia
to the average "fully cracked moment of inertia.” For the interior beam
containing point D in sketch F the uncracked moment of inertia is 1k.3L4 in.iL
and the average fully cracked moment of inertia is 6.04 j_n.l‘L Hence the

mid-beam deflection is

qLu

T

1h.3h

in
A = 0.00132 9%&- Zor - 0.0031L (c12)

For a member which contains no compressive reinforcement the moment

of inertia of the fully cracked section may be computed using the relationship

2 )
I, = nAsd (1-k)3 (c.13)

where ICr is the cracked moment of inertia,
n is the modular ratio = Es/Ec’

ES, Ec = moduli of elasticity of steel and concrete, respectively,

A
s

cross-sectional area of tensile reinforcement,

d = depth from compressive face of member to centroid of tensile
reinforcement,

kd = depth from compressive face of member to point of application
of resultant of compressive stresses, and

jd = distance between points of application of resultants of
compressive and tensile forces.
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For a member containing compressive reinforcement the moment of inertia for
the fully cracked section may be computed using Table 11 in the Reinforced

Concrete Design Handbook, Second Edition, 1955.
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