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ABSTRACT 

This investigation concerns the accuracy with which three different estimation schemes pre­
dict the variation of applied I with applied strain for semi-elliptical surface cracks. The three 
estimation schemes considered were a weight function technique proposed by Bhandari, a 
modification of the EPRI estimation scheme proposed by Ainsworth, and Turner's Engineer­
ing-I design curve. Each of these techniques is simple enough to employ in design, the most 
arduous calculation required being that needed to determine the linear elastic stress intensity 
factor. Accuracy of the estimation schemes was assessed by comparing I predictions to finite 
element results for three small semi-elliptical surface cracks in a moderately hardening steel 
loaded in either pure tension or pure bending. The results obtained indicate that, for applied 
strains up to three times the yield strain, both the weight function and the modified EPRI 
schemes under estimate applied I by between 23 % and 83 % depending on the applied strain 
level. Conversely, Turner's Engineering-I design curve provides accurate or conservative (i.e. 
over) estimates of applied J in both tension and bending provided total crack size is less than 
3% of the total cross sectional area and maximum crack depth is less than 25% of the plate 
thickness. Application to larger and deeper cracks loaded in tension is not recommended as 
the design curve does not conservatively account for net section yielding in these situations. 
The design curve can still be applied in bending to cracks of size up to 7% of the total cross 
sectional area. However, the degree of conservatism inherent in this application may be con-
sidered excessive in certain situations. 
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1 D INTRODUCTION AND OBJECTIVE 

Modem computational techniques and computers allow calculation of the applied driving 

force to fracture (applied 1) for complex section shapes, loadings, and crack shapes to a very 

high degree of precision given adequate time, expertise, and financial resources. Typically, 

these calculations are performed using the finite element method. This approach, and its at­

tendant accuracy, is appropriate for a research environment. However, its use in a design set­

ting is often either inappropriate (i.e. the accuracy is unwarranted given uncertainties in other 

design variables) or impossible (i.e. the time required to complete the necessary calculations 

is excessive due to the large number of different cases that must be considered). Consequent­

ly, numerous investigators have proposed '''I-Estimation Schemes" as an alternative to de­

tailed finite element calculations. The simplicity of these approaches permits rapid asses­

sment of the effect of cracks on structural integrity, making them attractive for design use. 

In this investigation, three different estimation schemes are evaluated for how accurately they 

predict the applied I for part-through semi-elliptical surface cracks. Accuracy is assessed by 

comparing estimated J values to those calculated using the finite element technique. 

2. ESTIMATION SCHEMES EVALUATED 

2.1 Weight Function Technique 

Bhandari, et al. [1] proposed that weight function techniques, commonly used to estimate 

linear elastic stress intensity factors from uncracked body stress distributions, could be 

applied to I estimation. J is evaluated as follows: 

(2.1.1) 

where 

Ky = jKo· KE 

Ka stress intensity resulting from application of nominal (uncracked body) 
stresses, acting on and normal to the crack location, to the crack in a weight 
function analysis 

KE stress intensity resulting from application of nominal pseudo-stresses of mag­
nitude fE' (strain .. modulus), acting on and normal to the crack location, to 
the crack in a weight function analysis 

E' elastic modulus, = E in plane stress and = E/(l - v2
) in plane strain 

v Poisson's ratio 
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The K values in eqn. (2.1.1) are determined by a weight function technique. This requires 

numerical integration of the following equation: 

K= f F(P, P') . o(y, fJ) dA (2.1.2) 
CRACK AREA 

where 

F(P P') /2 sin () 11 d fi d' . 1 , = (ny) 1.5 ,a terms are e ne In FIgure 

o(y, fJ): for Ka = the stress variation over the crack location in the uncracked body; 
for Kf. = the pseudo-stress ( fE' ) variation over the crack location in the 
uncracked body 
(These stresses and strains are determined by elastic-plastic finite element 
analysis of the uncracked body.) 

Strictly, the weight function (F) in eqn (2.1.2) is appropriate for analysis of three dimensional 

cracks with straight fronts. It is applied here to an approximate analysis of a semi-elliptical 

crack. In linear analysis, Marriott [2] demonstrated that use of this weight function produces 

an error of at most 9% for any semi-elliptical crack. 

2.2 Modified EPRI Approach 

Ainsworth [3] proposed a J estimation formula based on reference stress concepts common 

to creep analysis [4] that considerably simplifies the EngineeringApproach for Elastic - Plastic 

Fracture Analysis developed by the Electric Power Research Institute (EPRI) [5]. The EPRI 

approach uses the Ramberg-Osgood constitutive relation 

(2.2.1) 

where 

ao yield strength 

fa yield strain, = ao/ E 

E Young's modulus 

a material constant 

n material strain hardening coefficient 

The EPRI J estimation formulas partition J into elastic and plastic parts which are summed 

to determine the total J. These equations have the general form 
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ltotal = lei + lpl (2.2.2a) 

(2.2.2b) 

(2.2.2c) 

where 

K elastic stress intensity factor calculated using the applied load and a plastic 
zone corrected crack length 

1 (n -1 ) ( K )2 1 
aeff= a + fJn n + 1 ao :( + (p/po)2 

fJ 2 for plane stress and 6 for plane strain 

E' elastic modulus, = E in plane stress and = E/(l - v2
) in plane strain 

v Poisson's ratio 

c characteristic structural length 

hl non-dimensional material and geometry dependent function 

P applied load 

Po characteristic load 

Equation (2.2.2) is of little use in design because an elastic-plastic finite element analysis 

of the cracked structure is needed to define the hl function. Further, the plastic part of I is 

quite sensitive to the strain hardening exponent because it appears as a power (n + 1). As eqn. 

(2.2.1) is difficult to fit to actual uniaxial stress-strain data, particularly for materials with a 

pronounced yield plateau, the numeric value of n is often uncertain. This introduces large 

uncertainties in the value of lpl. To alleviate these difficulties, Ainsworth found that replacing 

the characteristic load Po with the limit load (PL) calculated for a rigid - plastic material of 

yield strength ao minimizes the variation of hl with strain hardening coefficient l . This consid-

erably simplifies calculation of hl , for if hl is independent of n, then it can be approxiulated 

using the geometry corrections contained within ordinary linear elastic stress intensity factor 

solutions. These solutions are widely available for planar [7] as weB as surface-crack geome­

tries [8]. Ainsworth found that 

1. Limit loads can be estimated readily by bounding techniques or, for small cracks, by elastic-plastic finite 
element analyses of the uncracked structure. Compendia of limit load solutions are also available [6]. 
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(2.2.3) 

where 

Jl 1 in plane stress and 0.75 for plane strain 

are! ao(P/PL) 

PL limit load for a rigid - plastic material of yield strength ao 

Introduction of the reference stress in eqn. (2.2.3) further simplifies the EPRI approach as 

it eliminates the dependence of 'pi on the strain hardening coefficient. These modifications 

allowed Ainsworth to express eqn. (2.2.2) as follows: 

where 

(2.2.4a) 

(2.2.4b) 

(2.2.4c) 

Ere! strain corresponding to an applied stress of are! on the uni-axial stress-strain 
curve 

Applied' can be calculated using eqn. (2.2.4) provided the uniaxial stress-strain curve, a 

stress intensity factor (K) solution, and a limit load solution are available for the conditions 

of interest. Newman and Raju report stress intensity factors for part-through semi elliptical 

cracks in simple geometries [8]. If idealization to a simple geometry is not possible, simple 

techniques can be used to estimate K [2]. The great majority of cracks considered in design 

are small, removing at most a few percent of the total load bearing cross section. Consequent­

ly, the presence of the crack need not be considered in limit load calculations. 

2.3 Turner's Engineering-J Design Curve 

Turner [9] described a' design curve based on the results of elastic plastic, plane strain, finite 

element analyses of shallow cracks (a/W ~ 0.1) in a variety of different geometries and 

loading configurations. The design curve estimates' as a function of an effective structural 

(nominal) strain that depends upon notch depth. Separate equations are used depending on 

the global deformation response: 
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Region I LEFM: A load controlled region wherein plastic deformation is confined 
to very near the crack tip. Linear Elastic Fracture Mechanics de­
fines the J - strain relation in this region. 

for e/ey ::; 0.85 (2.3.1a) 

Region II NSY: A region in which Yielding occurs through the Net Section of the 
structure. J increases rapidly with strain in this region. 

for 0.85 ::; e / ey ::; 1.2 (2.3.1b) 

Region III GSY: Yielding occurs ,in the Gross Section of the structure, it is not re­
stricted to the crack tip-region. The rate at which J increases with 
increasing strain falls off once GSY is achieved. 

J = 2.S[ ( :y ) - 0.2 ]Gy for e/ey > 1.2 (2.3.1c) 

In these equations; 

e remote (nominal) strain for the uncracked body 

ey yield strain, = E / Oy 

Oy yield stress 

E Young's modulus 

Gy K}y/E 
K1y Oy ray 
a maximum crack depth 

Y linear elastic shape factor 

This relation is presented graphically in Figure 2. Equation (2.3.1) indicates that, as for Ains­

worth's modified EPRI approach, a linear elastic stress intensity factor solution for the geom­

etry of interest is needed to employ Turner's design curve. However, no limit load solution 

is required. 

2.4 Summary 

Table 1 summarizes the information needed to employ each of these methods. Additionally, 

each of these estimation schemes require that analysis results be post-processed in some way. 

Of the three considered, post-processing is most complex for the weight function analysis, 
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a FORTRAN code of several hundred lines being required. Post-processing of analysis re­

sults for the other two estimation schemes can be performed using a hand calculator or a 

spreadsheet. 

3. REFERENCE J SOLUTIONS FOR SEMI-ELLIPTICAL SURFACE 
CRACKS IN TENSION AND BENDING 

Finite element models are used to obtain reference solutions for semi elliptical surface cracks 

loaded in both remote tension and remote bending. Figure 3 shows the geometry and crack 

sizes evaluated. A constitutive model characteristic of a high strength steel with moderate 

strain hardening was employed, as illustrat.ed in Figure 4. The following sections describe the 

finite-element modeling details, numerical techniques for computing I-integral values, and 

results of linear analyses to examine the adequacy of the mesh refinement. The 3-D models 

employed a displacement based formulation with the small geometry change approximation. 

The level of mesh refinement employed in the computations provides sufficiently accurate 

resolution of the global deformation (load, load-line displacement, and CMOD) and the 

macroscopic fracture parameters (J and CTOD). However, this refinement was insufficient 

to permit pointwise comparison of the crack-tip strain and stress fields needed for the devel­

opment of scaling procedures, such as those recently established for SE(B) specimens which 

fail by transgranular cleavage [10]. This more detailed study would require meshes with 2-3 

times the number of nodes and elements. Numerical computations were performed with the 

POLO-FINITE software [11] operating on an engineering workstation. 

3.1 Element Grids and Solution Procedure 

Symmetry conditions enabled consideration of only one-quarter of the full specimen in the 

finite-element model, as shown in Figure 5 for Crack 1. Meshes for the other two cracks were 

silnilarly refined. The element mesh was generated with the aid of ORMGEN [12] and the 

PATRAN [13] solids modeling system. The mesh contained 4377 nodes and 856 20-node iso­

parametric elements. Figure 5 indicates the level of mesh refinement in the crack region. 

Seven elements were defined along the crack front (0 ~ if> ~ n12) with a thin layer of ele­

ments adjacent to the free surface. Four concentric rings of polygonal elements (eight ele­

ments per ring) surrounded the crack tip at each point along the front. The innermost ring 

contained eight, 20-node elements each collapsed into a wedge with side nodes retained in 
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the midpoint position. Ini tially coincident nodes along the crack front were left unconstrained 

to permit blunting. This model provides singular displacement gradients of order llr (r = 

radial distance from crack tip) in the principal normal planes along the crack front (due to 

the incomplete quadratic functions of the serendipity element, the strength of the singularity 

varies between comer nodes along the front but is llr at the corner nodes). The crack-tip 

elements had a side length L = 0.013 in (Lla = 0.05). A reduced order of Gaussian quadra­

ture (2x2x2) performed satisfactorily for tension loading but full (3x3x3) integration is re­

quired to prevent development of zero-energy modes for bending. 

The nonlinear material response was described by incremental plasticity (J2 flow theory) 

with a Mises yield surface, associated flow rule, and isotropic hardening. A piecewise-linear 

representation of the engineering stress-strain curve was adopted. A radial-return algorithm 

with subincrementation [13, 14] was employed to integrate the constitutive rate equations. 

This procedure generally provides the most accurate updating of the elastic-plastic stress 

state corresponding to a specified strain increment. 

Displacement constraints to impose the symmetry conditions were applied over the 

X = 0 and Z = 0 planes. Separate analyses were conducted for remote tension and bending 

loads. Four-point loading was used to impose pure bending on the crack plane. Tensile load­

ing was modeled by applying a uniform axial stress applied over the remote end (Z = S.7-in). 

For each type of loading, variably sized increments were applied to the model. The use of 

load, rather than displacement, control suppresses the numerical unloadings that can occur 

with an incremental (path dependent) plasticity model. The consistent tangent stiffness matrix 

for the structure corresponding to the radial return integration procedure was updated once 

for each residual load iteration. The solutions usually required 2-3 equilibrium iterations to 

reduce the Euclidean norm of the residual loads to below 0.3 % of the norm of the applied 

nodal loads. 

3.2 Evaluation of J and CTO D 

Analogous with approaches developed for 2-D cracked bodies, a 3-D i-integral parameter, 

hocal(s), was employed to characterize the intensity of stress and strain locally along the curved 

crack front for Mode I conditions. Given the current iack of analytical solutions defining the 

asymptotic near tip field in 3-D, hocal(S) was defined as the pointwise energy release per unit 
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area of crack extension, which can be derived using only mechanical energy balance argu­

ments. 

For quasistatic loading of stationary cracks, the mathematical expression defining the 

energy flux at a point s along a line discontinuity is [15], 

lim J aUi lJocal(s) = r 0 [Wnl - aij-nj] dr 
£ ~ rfaXl 

(3.2.1) 

where 

W stress-work density 

r t a vanishingly small contour lying in the principal normal plane ~-X2 at s 

n a unit normal vector to r t , 

aij Cartesian stress component in the crack front coordinate system 

Uj Cartesian displacement component in the crack front coordinate system 

With the limiting process imposed on r, this expression is applicable for general material be­

havior with arbitrary thermo-mechanical loading and defines the local energy release rate 

for Mode I crack extension. For a two-dimensional, nonlinear elastic body with the crack 

extending in the Xl direction, the above expression reduces to Rice's I-integral [16]. 

For finite-element computations, numerical integration over vanishingly small contours 

at the crack front requires very accurate resolution of strain and stress fields and is thus unde­

sirable. To overcome this problem, Domain Integral (DI) methods [17, 18] have been derived 

by applying the divergence theorem to eqn. (3.2.1). This produces an equivalent integral de­

fined over a finite volume enclosing some portion of the crack front. Domain integrals exhibit 

volume independence in the same manner that Rice's 2-D l-integral exhibits contour or path 

independence. While integration over the crack-front elements cannot be avoided, the 

weight function which appears in the volume integral (i.e. a virtual crack extension) can be 

defined to minimize the contribution from crack-front elements. In the present computa­

tions, the domain integral was evaluated over four volumes defined at corner node locations 

along the crack front. Excluding the innermost volume, which contained only the crack-front 

elements, the typical variation of Jioca/(s) values between volumes was less than 3-4%; the 

largest variation occurring under very extensive plastic deformation. 

The use of degenerate 20-node elements along the crack front provides a convenient 

means to extract CTOD values from displacements of the initially coincident nodes. The 
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CTOD was taken as the separation of the crack faces at the location where two rays, drawn 

at right angles to each other from the current crack tip, intercept the crack faces. This proce­

dure is commonly known as the Rice 90 0 intercept method. 

3.3 Linear Analysis to Assess Adequacy of Mesh Refinement 

The adequacy of the finite element meshes for these part-through semi elliptical surface 

cracks was examined through a linear analysis to compute the variation of stress-intensity 

factor along the crack front. Midside nodes of the collapsed crack-tip elements were posi­

tioned at the quarter point to model a 1/ Ii strain and stress singularity. Coincident nodes 

at each location along the crack front were constrained to have equal displacements. Stress­

intensity factors were derived from J using 

(3.3.1) 

The present estimates for KJ are compared with the computational results of Raju and 

Newman [19] in Figure 6. The stress-intensity factors agree within 3-4% at all points along 

the crack front. Based on this comparison, the level of mesh refinement shown in Figure 5 

was considered acceptable for the nonlinear analysis to determine J and CTOD along the 

crack front. 

4. RESULTS AND DISCUSSION 

4.1 Comparison of Finite Element Results with J Estimates 

Figure 7 shows the variation ofJwith applied strain and crack front location (¢ ) for the small­

est crack (crack area / total cross sectional area = 0.9%) subjected to both remote tension 

and remote bending. The maximumJ(and CTOD) develops at the location of maximum crack 

depth, 1> = 90 0 

, in tension but at ¢ = 31 0 in bending. The next largest crack (crack area 

/ total cross sectional area = 3.2%) exhibits similar response. However, for the largest crack 

considered (crack area / total cross sectional area = 7.4%), the maximum J develops at the 

location of maximum crack depth in both tension and bending. Tables in Appendix A docu­

ment the variation of J with position along the crack front for all three cracks modelled. 

In this study, the maximum J around the crack front from the finite element analyses 

is compared to J values calculated at the maximum depth iocation using the various estima­

tion schemes, because, without the prior knowledge of the finite element results, it would be 
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unreasonable to expect the maximum J to occur at any location other than at the point of 

maximum depth. Such information could not be inferred from linear elastic K solutions, for 

example [8]. The following guidelines were used to compare J values determined by the esti­

mation schemes to the finite element J values: 

1. Results are presented for applied strains up to seven times the yield strain. 
However, when the accuracy of the various estimation schemes is considered, 
attention is restricted to applied strains of three times yield and lower. Con­
sideration of more extreme overloads in design would be rare. Further, if such 
a severe event were to be considered, the consequences of failure would likely 
warrant a more detailed analysis. 

2. An estimation scheme is consider~d "accurate" if it predicts J to within 15% 
of the finite element value. Over estimates of applied I at a given strain are 
considered acceptable as use of such values will result in a conservative de­
sign. Under estimates of applied J exceeding 15% were not considered ac­
ceptable. 

Figures 8, 9, and 10 compare the finite element results to I values calculated using the 

various estimation schemes for remote tensile loading. Each figure presents results for a dif­

ferent crack size. These results indicate that both the weight function and the modified EPRI 

approach significantly underestimate the applied J for all three surface cracks considered. For 

applied strains between one and three times the yield strain, the modified EPRI approach 

under estimates appliedJby 23% to 74%, while the weight function approach under estimates 

applied J by 46% to 83%. Neither of these approaches appear capable of properly tracking 

I in net section yielding, both transition directly from a I-strain response characteristic of lin­

ear elastic conditions to one characteristic of gross-section yielding. Conversely, Turner's En­

gineering-J design curve contains an explicit provision for net section yielding which tracks 

the variation of I with strain from the finite element solutions. However, the design curve 

assumes that a transition to gross section yielding behavior occurs once the applied strain ex­

ceeds the yield strain by 20%. As large cracks never transition to gross section yielding, the 

design curve can be applied conservatively to flaws that are small in proportion to the cross­

sectional area. The data in Figures 8 through 10 indicate that, for materials with equal or 

greater strain hardening capacity to the one investigated here, the upper limit on crack size 

for conservative design curve applicability is 

• maximum crack area = 3% of cross-section 

10 



• maximum crack depth = 25 % of thickness 

For materials with a lower strain hardening capacity, these limits would have to be made more 

restrictive because lower strain hardening promotes strain localization and, thereby, net sec­

tion rather than gross section yield. 

Figures 11, 12, and 13 compare the finite element results to J values calculated using 

the various estimation schemes for remotely applied bending. Again both the weight function 

and the modified EPRI approach generally underestimate applied J. For applied strains be­

tween one and three times the yield strain, the modified EPRI approach under estimates 

applied J by 22% to 44%, while the weight function approach under estimates applied J by 

41 % to 67%. The only exception to this general observation is that the modified EPRI ap­

proach provides a fairly accurate estimate of the variation of J with strain for the largest crack 

considered (Figure 13). Turner's Engineering-f design curve generally provides better esti­

mates than either the weight function or the modified EPRI approach. Most significantly, at 

least for strains below three times the yield strain, design curve estimates of applied f are al­

ways above the finite element values (i.e. conservative). For the two smaller cracks (Figures 

11 and 12), the magnitude of this over prediction is at most 27% of the actual value for applied 

strains of 3 times the yield strain or less. The design curve also conservatively predicts f for 

the largest crack considered (Figure 13), but to a much greater extent (almost a factor of two 

at e/ey = 3 ). The plastic hinge formed in bending fully yields the crack plane, thus preventing 

net-section yield and the tendency for the design curve to underestimate applied J, as ob­

served fo'r tensile loading of the largest crack. If crack size is restricted as follows 

• maximum crack area = 3 % of cross-section 

emaximum crack depth = 25 % of thickness 

Turner's Engineering-f design curve can be used to obtain estimates of applied f slightly 

above the actual applied J (i.e. conservative) for surface cracks loaded in bending. Further, 

the design curve can be conservatively applied to surface cracks of greater area (up to 7.4% 

of the total cross-section). However, this amount of f over-estimation may be considered 

excessive in some situations. 

4.2 Comments on Ainsworth's Modified EPRI Approach 

Miller and Ainsworth [20] report good agreement between predictions using Ains-

worth's modified EPRI approach and finite element analyses of planar crack geometries [5]. 

11 



However, the data presented in Figures 8 through 13 indicate that the modified EPRI ap­

proach has insufficient accuracy when applied to part-through surface cracks. Predictions of 

the I-strain relationship for part through surface cracks using the modified EPRI approach 

fail to predict the correct shape of the curve in tension. Further, the rate of I increase with 

strain in gross section yielding is under predicted for both tension and bending. These inade­

quacies are discussed separately in the following paragraphs. 

The inability of the modified EPRI approach to predict the shape of the I - strain rela­

tion in tension is due to the changing deformation patterns that develop in a part-through 

surface cracked plate. Dodds and Read [21J observed these patterns experimentally using a 

birefringent coating applied to a surface cracked plate of A710 steel. They found that differ­

ent global yielding patterns correspond to different slopes on a plot of I vs. remote strain for 

strains above yield, as illustrated schematically in Figure 14. However, the modified EPRI 

approach predicts a single value for the slope of the I-strain relation at strains above yield. 

The slope is fixed by the stress intensity factor and limit load solutions used (eqn. 2.2.4), which 

depend on the crack size and component geometry. Thus, a straightforward application of 

the modified EPRI approach to a part-through surface crack does not predict a I-strain rela­

tion having multiple post-yield slopes. 

The finite element results in Figures 8 through 13 show that once significant yielding 

occurs, I increases more rapidly with increasing applied strain than predicted by the modified 

EPRI approximation using stress intensity factor and limit load soiutions for a part-through 

surface crack. Plasticity on the crack plane effectively alters the crack geometry. The loss of 

stiffness in yielded material causes a part-through surface crack to behave more like a 

through crack. Figure 15 illustrates this concept. As shown in Figure 16, through crack esti­

mates of J vs. strain based on the modified EPRI approach better approximate the gross sec-

non yieid slope detenuined by finite element analysis of part-through surface cracks than the 

part-through crack based estimates did. This trait is characteristic of three-dimensional sur­

face cracks, but not of two-dimensional through cracks. It seems unlikely that a prediction 

using the modified EPRI approach based on stress intensity factor and limit load solutions 

appropriate to the initial crack geometry can correctiy predict the l-strain response of a part­

through surface crack. 
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5. SUMMARY AND CONCLUSIONS 

The following conclusions may be drawn from the information developed in this investiga­

tion. These conclusions apply specifically to a moderately strain hardening material (post 

yield hardening modulus = elastic modulus / 84) for applied strains up to three times the yield 

strain. 

1. The weight function and modified EPRI I estimation schemes significantly 
under estimate I for semi elliptical surface cracks that range in size between 
0.9% and 7.4% of the total cross sectional area for both remote tension and 
bending loads. Under estimation magnitude ranged from 23% to 83% of the 
actuallvalue. Consequently, these estimation schemes have no general utility 
for design. 

2. Turner's Engineering-l design curve provides accurate or conservative (i.e. 
over) estimates of applied I in both tension and bending provided total crack 
size is less than 3 % of the total cross sectional area and maximum crack depth 
is less than 25% of the plate thickness. Application to larger and deeper 
cracks loaded in tension is not recommended as the design curve does not 
conservatively account for net section yielding in these situations. The design 
curve can still be applied in bending to cracks of size up to 7% of the total 
cross sectional area. However, the degree of conservatism inherent in this 
application of the may be considered excessive in certain situations. 
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Table 1: Summary of material data and analysis requirements for the 
various J estimation schemes .. 

Name ofl Material Data Required Analysis Required 
Estimation Scheme 

Weight Function Elastic constants Elastic plastic of uncracked structure 
Stress-strain curve 

Elastic constants Elastic of cracked structure to 
Modified EPRI 

Stress-strain curve determine KJ 
Limit Load 

Design Curve Elastic constants E1astic of cracked structure to 
Yield stress determine KJ 
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Figure 1: Definition of terms for equation 2.1.2. 
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8 
11.4 

o 
Crack Detail 

Crack 1 Crack 2 Crack 3 

Depth (a) [inches] 0.26 0.50 0.50 

Length (2c) [inches] 0.68 1.30 3.00 

Depth I Thickness (aft) 0.13 0.25 0.25 

Aspect Ratio (2c/a) 2.62 2.60 6.00 

Crack Area [sq-in] 0.14 0.51 1.18 

Crack Area I Total Cross Sectional Area 0.9% 3.2% 7.4% 

Figure 3: Surface cracks analyzed. 
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Figure 4: Uniaxial stress-strain curve used for surface crack calculations. 
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Figure 5: Quarter symmetric finite element mesh for analysis of Crack 1. 
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Additional "effective" crack area 

"Effective" un-cracked area in Gross Section Yield 

Figure 15: Effective through cracks that form from part-through cracks under 
gross section yielding conditions. 
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APPENDIX A 

Thbles in this appendix. document the variation of J with applied strain and location around 

the crack front ( if; ) determined by finite element analysis. The circular angle if; is defined 

in Figure 3; if; = 90° designates the crack front position of maximum depth while 

if; = 0° designates the intersection of the crack front with the free surface of the plate. 
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Table AI: Variation of J with Applied Load for Crack #1 Loaded in Tension. 

Remote 4>=90 Jat Jat Jat Jat fat Jat Jat Jat Stress CMOD e ley 
4>=90 4>=73.4 4>=59.2 4>=45 4>=30.8 4>= 16.6 4> =2.37 4>=0 [ksi] [mills] 

20.00 0.632 0.2SO 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.005 

30.00 0.948 0.375 0.012 0.013 0.012 0.012 0.012 0.012 0.012 0.011 

40.00 1.272 0.500 0.023 0.023 0.022 0.021 0.021 0.021 0.022 0.016 

so. 00 1.598 0.625 0.035 0.036 0.035 0.034 0.033 0.033 0.033 0.028 

60.00 1.944 0.750 0.053 0.054 0.053 0.052 0.051 0.051 0.047 0.034 

70.00 2.320 0.875 0.076 0.078 0.077 0.075 0.074 0.073 0.064 0.044 

75.00 2.550 0.937 0.091 0.094 0.092 0.090 0.089 0.086 0.074 0.050 

77.00 2.670 0.962 0.099 0.101 0.100 0.098 0.096 0.093 0.079 0.051 

79.00 2.836 0.988 0.109 0.112 0.111 0.109 0.107 0.103 0.086 0.056 

79.50 2.922 0.995 0.114 0.118 0.116 0.114 0.112 0.108 0.090 0.058 

79.75 3.086 1.002 0.125 0.128 0.127 0.125 0.122 0.117 0.096 0.061 

80.00 3.754 1.051 0.166 0.171 ,p 0.169 0.165 0.160 0.150 0.120 0.073 

80.10 4.230 1.126 0.194 0.198 0.196 0.192 0.185 0.171 0.135 0.080 

80.20 4.522 1.231 0.211 0.216 0.214 0.209 0.201 0.184 0.145 0.086 

80.30 4.840 1.335 0.230 0.235 0.232 0.227 0.217 0.198 0.156 0.089 

80.40 5.156 1.439 0.248 0.254 0.251 0.245 0.234 0.212 0.166 0.096 

80.60 5.790 1.647 0.286 0.292 0.288 0.281 0.267 0.238 0.]86 0.108 

80.80 6.422 1.856 0.324 0.329 0.325 0.315 0.298 0.266 0.207 0.117 

81.05 7.216 2.116 0.372 0.377 0.372 0.360 0.338 0.298 0.232 0.133 

81.30 8.008 2.377 0.421 0.427 0.420 0.405 0.377 0.330 0.256 0.152 

81.55 8.796 2.638 0.468 0.473 0.465 0.447 0.417 0.367 0.284 0.158 

81.80 9.586 2.899 0.517 0.523 0.513 0.491 0.456 0.399 0.308 0.179 

82.05 10.376 3.160 0.568 0.573 0.561 0.536 0.495 0.432 0.331 0.200 

82.30 11.164 3.421 0.619 0.624 0.610 0.581 0.534 0.465 0.355 0.222 

82.55 11.936 3.683 0.663 0.669 0.653 0.623 0.576 0.506 0.386 0.216 

83.05 13.504 4.204 0.764 0.769 0.748 0.710 0.653 0.572 0.435 0.254 

83.55 15.072 4.730 0.867 0.872 0.845 0.798 0.732 0.641 0.485 0.286 

Note: Iis in in-kips/in2 

a = 0.26-inches 2c = 0.68-inches 
t = 2-inches 2b = 8-inches 
alt = 0.13 2c/a = 2.62 
Crack Area / Ligament Area = 0.009 
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Thble A2: Variation of J with Applied Load for Crack #1 Loaded in Bending. 

Applied q,=90 fat fat fat fat fat fat fat fat Moment CMOD e ley q,=90 q, =73.4 q,=59.2 q,=45 q,=30.8 q,= 16.6 q, =2.37 q,=0 [kip-in] [mills] 

50 0.560 0.221 0.003 0.003 0.003 0.003 0.003 0.004 0.004 0.004 

100 1.124 0.443 0.013 0.014 0.014 0.014 0.014 0.016 0.017 0.014 

150 1.700 0.664 0.031 0.031 0.031 0.032 0.034 0.037 0.037 0.027 

200 2.312 0.887 0.056 0.057 0.058 0.060 0.064 0.068 0.063 0.041 

250 3.096 1.146 0.096 0.099 0.102 0.106 0.111 0.114 0.099 0.056 

300 4.662 1.722 0.184 0.189 0.194 0.201 0.211 0.209 0.168 0.085 

320 5.870 2.207 0.245 0.252 0.260 0.273 0.289 0.282 0.222 0.107 

340 7.856 2.968 0.343 0.354 0.371 0.398 0.426 0.405 0.312 0.140 

350 9.488 3.582 0.426 0.439 0.465 0.504 0.540 0.507 0.385 0.167 

360 12.088 4.541 0.557 0.576 0.618 0.677 0.724 0.671 0.503 0.208 

370 16.172 6.052 0.764 0.793 0.863 0.952 1.016 0.930 0.687 0.269 

380 21.400 8.199 1.058 1.104 1.210 1.341 1.432 1.299 0.947 0.353 

390 29.320 10.955 1.434 1.503 1.656 1.839 1.966 1.768 1.275 0.456 

Note: f is in in-kips/in2 
a = 0.26-inches 2c = 0.68-inches 
t = 2-inches 2b = 8-inches 
a/t = 0.13 2c/a = 2.62 
Crack Area I Ligament Area = 0.009 
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Thble A3: Variation of J with Applied Load for Crack #2 Loaded in Tension. 

Remote q,=90 
Jat Jat Jat Jat Jat Jat Jat Jat Stress CMOD e ley q,=90 q, =73.4 q,=59.2 q,=45 q,=30.8 q,= 16.6 q, =2.37 q,=0 [ksi] [mills] 

10.00 0.622 0.125 0.002 0.002 0.002 0.002 0.002 0.002 0.002 0.002 

20.00 1.247 0.250 0.011 0.011 0.011 0.010 0.010 0.010 0.011 0.010 

30.00 1.879 0.375 0.026 0.025 0.025 0.024 0.023 0.024 0.025 0.020 

40.00 2.521 0.501 0.046 0.046 0.045 0.043 0.042 0.043 0.045 0.032 

50.00 3.181 0.626 0.074 0.073 0.072 0.070 0.068 0.070 0.069 0.045 

60.00 3.875 0.751 0.110 0.109 0.107 0.105 0.103 0.104 0.097 0.059 

70.00 4.666 0.877 0.159 0.158 0.156 0.153 0.151 0.149 0.132 0.077 

75.00 5.222 0.941 0.196 0.195 0.192 0.190 0.]87 0.183 0.158 0.091 

77.00 5.586 0.969 0.219 0.219 0.217 0.214 0.212 0.205 0.175 0.101 

79.00 7.546 1.036 0.345 0.345 0.344 0.342 0.338 0.317 0.258 0.145 

79.50 9.654 1.120 0.482 0.481 0.478 0.472 0.459 0.417 0.331 0.180 

79.75 11.417 1.205 0.593 0.592 0.588 0.578 0.556 0.495 0.389 0.209 

80.00 13.552 1.325 0.727 0.725 0.720 0.705 0.669 0.586 0.458 0.245 

80.10 14.466 1.388 0.784 0.783 0.777 0.759 0.717 0.626 0.488 0.261 

80.20 15.388 1.461 0.842 0.841 0.834 0.813 0.765 0.665 0.518 0.278 
' ... ' 

80.30 16.301 1.542 0.900 0.898 0.891 0.867 0.813 0.704 0.547 0.295 

80.40 17.190 1.628 0.956 0.955 0.946 0.918 0.858 0.743 0.576 0.312 

80.60 18.648 1.828 1.050 1.048 1.037 1.004 0.936 0.809 0.626 0.342 

80.80 19.990 2.036 1.136 1.134 1.121 1.084 1.009 0.871 0.673 0.371 

81.05 21.661 2.296 1.245 1.242 1.226 1.183 1.100 0.950 0.732 0.403 

81.30 23.321 2.556 1.352 1.349 ].330 1.282 1.192 1.029 0.792 0.434 

81.55 24.978 2.817 1.460 1.456 1.435 1.381 1.283 1.]09 0.851 0.469 

81.80 26.623 3.078 1.569 1.564 1.539 1.480 1.374 1.188 0.911 0.497 

82.05 28.270 3.340 1.675 1.670 1.642 1.577 1.465 1.266 0.968 0.535 

82.30 29.906 3.602 1.784 1.777 1.745 1.675 1.556 1.347 1.030 0.561 

82.55 31.542 3.863 1.892 1.885 1.850 1.774 1.648 1.427 1.092 0.589 

83.05 34.781 4.387 2.103 2.093 2.052 1.967 1.829 1.580 1.196 0.667 

83.55 38.013 4.911 2.319 2.306 2.258 2.164 2.014 1.741 1.320 0.719 

Note: J is in in .. kips/in2 

a = 0.50-inches 2c = 1.30-inches 
t = 2-inches 2b = 8-inch es 
a/t = 0.25 2c/a = 2.60 
Crack Area / Ligament Area = 0.032 
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Thble A4: Variation of J with Applied Load for Crack #2 Loaded in Bending. 

Applied 4>=90 fat fat fat fat fat fat fat fat Moment CMOD e ley 
4>=90 4>=73.4 4>=59.2 4>=45 4>=30.8 4>=16.6 4>=2.37 4>=0 [kip-in] [mills] 

75.0 0.773 0.170 0.002 0.002 0.002 0.003 0.003 0.003 0.004 0.004 

125.1 1.291 0.284 0.007 0.007 0.007 0.008 0.009 0.010 0.012 0.012 

175.1 1.811 0.398 0.013 0.014 0.015 0.016 0.018 0.021 0.025 0.021 

225.1 2.335 0.512 0.022 0.023 0.024 0.027 0.030 0.036 0.041 0.031 

275.2 2.867 0.626 0.034 0.035 0.037 0.040 0.046 0.054 0.060 0.041 

325.2 3.408 0.740 0.048 0.049 0.052 0.057 0.065 0.077 0.081 0.052 

375.3 3.964 0.855 0.064 0.066 0.070 0.078 0.089 0.105 0.105 0.064 

425.3 4.546 0.970 0.084 0.086 0.093 0.103 0.118 0.136 0.132 0.077 

475.3 5.221 1.105 0.110 0.113 0.122 0.136 0.156 0.175 0.163 0.093 

525.3 6.154 1.309 0.151 0.156 0.168 0.187 0.211 0.231 0.207 0.114 

575.4 7.522 1.638 0.219 0.225 0.241 0.264 0.295 0.313 0.270 0.143 

625.4 9.856 2.230 0.342 0.349 0.369 00401 0.443 0.455 0.379 0.188 

67504 14.512 3.368 0.569 0.582 0.619 0.680 0.753 0.749 0.598 0.272 

725.5 27.835 6.579 1.197 1.240 1.366 1.544 1.692 1.631 1.231 00491 

749.8 40.602 9.634 1.800 1.886 2.118 2.399 2.619 20499 1.833 0.683 

Note: ] is in inekips/in2 
a = 0.50-inches 2c = 1.30-inches 
t = 2-inches 2b = 8-inches 
alt = 0.25 2e/a = 2.60 
Crack Area I Ligament Area = 0.032 
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Thble AS: Variation of J with Applied Load for Crack #3 Loaded in Tension. 

Remote $=90 Jat Jat Jat Jat Jat Jat Jat Jat Stress CMOD e ley 
$=90 $ =73.4 4>=59.2 4>=45 $=30.8 4>=16.6 4>=2.37 $=0 [ksi] [mills] 

10.00 0.860 0.125 0.005 0.005 0.005 0.004 0.003 0.003 0.002 0.002 

20.00 1.727 0.251 0.021 0.021 0.019 0.016 0.013 0.010 0.009 0.009 

30.00 2.609 0.378 0.049 0.047 0.043 0.037 0.030 0.024 0.021 0.018 

40.00 3.515 0.504 0.087 0.085 0.078 0.068 0.055 0.044 0.038 0.028 

50.00 4.458 0.630 0.139 0.135 0.124 0.108 0.089 0.072 0.061 0.040 

60.00 5.490 0.757 0.206 0.201 0.185 0.163 0.137 0.112 0.091 0.055 

70.00 6.875 0.887 0.304 0.297 0.277 0.249 0.214 0.178 0.138 0.079 

75.00 8.804 0.971 0.439 0.432 0.410 0.378 0.334 0.277 0.205 0.113 

77.00 12.039 1.059 0.666 0.658 0.632 0.587 0.519 0.420 0.297 0.155 

78.00 15.706 1.163 0.935 0.922 0.881 0.812 0.709 0.560 0.385 0.194 

78.50 19.048 1.270 1.188 1.168 1.108 1.009 0.868 0.671 0.453 0.225 

79.00 23.610 1.425 1.535 1.506 1.420 1.279 1.079 0.813 0.538 0.269 

79.50 29.182 1.630 1.959 1.920 1.800 1.603 1.328 0.979 0.638 0.326 

80.00 35.463 1.894 2.435 2.382 2.221 1.962 1.606 1.163 0.750 0.394 

80.25 38.724 2.060 2.683 2.623 2.442 2.151 1.752 1.262 0.811 0.432 . 

80.50 41.990 2.244 2.930 2.864 2.664 2.340 1.900 1.362 0.872 0.471 

80.75 45.179 2.443 3.173 3.100 2.881 2.527 2.046 1.463 0.935 0.510 

Note: J is in ine kips/in2 

a = 0.50-inches 2c = 3.00-inches 
t = 2-inches 2b = 8-inches 
alt = 0.25 2c/a = 6.00 

-Crack Area I LIgament Area - 0.074 
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Thble A6: Variation of J with Applied Load for Crack #3 Loaded in Bending. 

Applied 4>=90 fat fat fat fat fat fat fat fat Moment CMOD e ley 
4>=90 4>=73.4 4>=59.2 4>=45 4>=30.8 4>= 16.6 4>=2.37 4>=0 [kip-in] [mills] 

75.0 1.048 0.179 0.005 0.005 0.005 0.005 0.004 0.004 0.004 0.004 

,125.0 1.751 0.299 0.014 0.014 0.014 0.014 0.013 0.011 0.011 0.010 

175.0 2.459 0.419 0.028 0.028 0.028 0.027 0.025 0.022 0.021 0.018 

225.0 3.174 0.540 0.047 0.047 0.046 0.044 0.041 0.037 0.036 0.027 

275.0 3.899 0.661 0.070 0.070 0.069 0.066 0.062 0.056 0.053 0.037 

325.0 4.636 0.782 0.098 0.097 0.096 0.093 0.087 0.080 0.074 0.047 

375.0 5.392 0.905 0.130 0.130 0.128 0.125 0.118 0.110 0.098 0.059 

425.0 6.184 1.031 0.168 0.168 0.167 0.163 0.156 0.146 0.125 0.072 

475.0 7.141 1.210 0.219 0.219 0.218 0.215 0.207 0.193 0.160 0.089 

525.0 8.476 1.487 0.294 0.295 0.295 0.292 0.282 0.260 0.208 0.112 

575.0 10.577 1.967 0.421 0.422 0.423 OA18 00401 0.364 0.283 0.145 

625.0 14.819 2.865 0.680 0.681 0.678 0.666 0.639 0.577 00434 0.210 

675.0 24.259 4.804 1.273 1.272 1.265 1.242 1.188 1.048 0.759 0.341 

700.0 34.935 6.988 1.979 1.980 1.972 1.933 1.836 1.598 1.134 0.492 

725.0 51.822 10.427 3.121 3.125 3.125 3.058 2.884 2.497 1.743 0.735 

Note: f is in inokips/in2 
a = 0.50-inches 2c = 3.oo-inches 
t = 2-inches 2b = 8-inches 
alt = 0.25 2c/a = 6.00 
Crack Area I Ligament Area = 0.074 
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