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1. INTRODUCTION
1.1 General

Structural design of réinforced concrete plates and shells is
usually based on linear elastic analysis or yield line theory. The effects
of cracking and nonlinear material and geometric behavior are commonly
neglected or grossly approximated. Under normal service loads, however,
reinforced concrete plates and shells usually are too heavily loaded to
remain totally in the range of validity of the linear elastic analysis
but too lightly loaded to be in the range of the yield line theory. It
is precisely this region after the elastic state but before the 1limit
state in which knowledge of the load deflection characteristics is most
beneficial.

Reinforced concrete plates and shells in this post-elastic range
present a formidable stress analysis problem if the material behavior
is idealized realistical]?. The basic prerequisite for the analysis is
a suitable relation, usually in incremental form, between stress resultants
and strain measures which adequately reflects yielding of the reinforcing
steel and the cracking, biaxial yielding, and crushing of the concrete as

loading progresses. In order to obtain such a relation, simplifying

assumptions must be made. Thus, comparisons of calculations and experimental

results are essential for establishing the adequacy of the mathematical
model.

Two basically different approaches have been used to obtain
idealized constitutive relations for use in finite element procedures. In
the ""modified EIl'' approach a macroscopic viewpoint is taken. An overall

moment-curvature relation reflecting the various stages of material behavior

A v - -



is assumed. This approach has been applied to reinforced concrete plates

® and to plates and shells by Bell.?

by Jofriet and McNeice!
The second approach is based on idealized stress-strain rela-
tions for concrete and steel with some additional assumptions regarding
deformation compatibility between the materials. Cervenka® used this
technique in analyzing reinforced concrete panels under inplane loads.
If flexural deformations are to be allowed, material variation through
the thickness must be taken into account. This can be accomplished in a
discretized fashion by a layering approach in which each layer is allowed
to have different properties. However, the layerihg approach displays a
coupling phenomenoﬁ between inplane extension and transverse bending not
found in homogenous plates. |f the cross section possesses vertical

7 used this

symmetry about its mid-depth, the coupling vanishes. Whang?
concept to develop a rectangular shallow shell finite element composed of
elastoplastic strain hardening material. These material properties are
appropriate for some metals but not for reinforced concrete. Also,
Franklin® applied this concept to a reinforced concrete frame element.

When applying a finite element approach, it is possible to model
the cracking of concrete by allowing any node to split into two or more
nodes each capable of displacing independent of its former common neighbors.
This involves changes in topology as the solution proceeds, a major dis-
advantage. Other disadvantages of such a treatment are the crack§ can
only propagate along element boundaries and the occurrence of cracking is
defined from nodal stresses. Such a procedure does have some merit
provided there are several nodes throughout the depth. This approach can

be applied to two- and three-dimensional structures when idealized as two-

and three-dimensional structures, respectively. However, if one of the



dimensions is eliminated (constrained by some behavioral assumptions), this
topology change approach should not be applied. For the cases considered
herein, the real three-dimensional problem is reduced to a two-dimensional
one by introducing the stress resultant concept. As a result, there is
only one node (at the reference surface) throughout the depth. To release
this single node due to cracking would then cause a rip or tear in the
structure. Thus, the crack would instantly propagate through the entire
depth of the structure. If, on the other hand, the problem is treated as
a three-dimensional one, it is possible to propagate the crack gradually
by releasing node after node through the depth. Since it is desired to
stay away from the three-dimensional approach, the use of topology changes

to account for cracking cannot be considered.
1.2 Object and Scope

The purpose of this investigation is to obtain analytically the
load deflection history for any reinforced concrete plate or shell. The
overall épproach is to perform a nonlinear finite element analysis with a
layered doubly curved réctangu]ar shallow shell element. The analysis
progresses through an iterative or step-by-step procedure while the non-
linearity is introduced through the material properties. The material
properties permitted for the steel reinforcement are elastic or plastic
while the concrete can be elastic, cracked, plastic or crushed.

The effect of bond between steel and concrete, the influence of
creep and shrinkage of concrete, the effect of temperature, and the effect

of long term or cyclic loading are not considered.

B P



Finally, several numerical comparisons are made with experimental

results for both plates and shells.
1.3 Nomenclature

Each symbol used in the text is explained when it first appears.
However, a summary of frequently usea symbols is also presented below for
convenience. Several symbols have dual meaning. This was done in order
to retain the previous authors' notation for those items which are taken
from other references since it was felt that there would be no confusion

when the symbol is considered in context.

a, b = half element dimensions in x and y directions,
respectively or constants
A = matrix (20 x 20) relating nodal displacements and
generalized unknowns
B = matrix (6 x 20) relating generalized unknowns and
middle surface strains and curvatures
B, B. = submatrices (3 x 20) of B, membrane and bending

parts, respectively

C = material properties matrix (3 x 3)
c. = jth layer material properties matrix (3 x 3)
D, E, F = submatrices (3 x 3) of D
D., E., F. = submatrices (3 x 3) of D.
J J J J
D = matrix (6 x 6) representing [G]T[C][G]
5} = D evaluated for jth layer
E, Ec’ Ed’ ES = moduli of elasticity
fc = transition stress between first and second elastic

regions for concrete



concrete cylinder compressive strength

plastic stress level for concrete

tensile strength of concrete

yield stress for steel

excess element nodal force vector (20 x 1)

jth layer excess element nodal force vector (20 x 1)
excess force vector

matrix (3 x 6) relating strain vector to middle surface
strains and curvatures

element thickness

element stiffness matrix (20 x 20)

element stiffness matrix (20 x 20) in terms of
generalized coordinates

element generalized load vector (20 x 1)

matrix (20 x 5) relating nodal displacements and
generalized coordinates, or moment stress resultant
vector (3 x 1): M My’ MXy

jth layer moment stress resultant vector (3 x 1)

excess moment stress resultant vector (3 x 1)

jth layer excess moment stress resultant vector (3 x 1)
force stress resultant vector (3 x 1); Nx’ Ny’ ny
jth layer force stress resultant veétor (3 x 1)

excess force stress resultant vector (3 x 1)

jth layer excess force stress resultant vector (3 x 1)

number of layers

hydrostatic stress

Smansmaman  wa u o a



6wint

Se

So

hydrostatic strain

curvatures of shell middle surface

distance from middle surface to bottom and top of

jth layer

transformation matrix (3 x 3)

displacements in the x, y and z directions, respectively
element displacement vector (20 x 1)

strain energy density

vector (5 x 1) of nodal displacements: u, v, w, W _, W

x7 Ty
internal work

slopes of w in the x and y directions, respectively
rectangular Cartesian coordinates

external distributed load vector (5 x 1)

vector (20 x 1) of generalized coordinates or experimental
material constant

shear retention factor or experimental material constant
internal virtual work

incremental strain vector (3 x 1)

incremental stress vector (3 x 1)

strain vector (3 x 1): Es Eyr Y

yw 'xy
middle surface strain vector (3 x 1): €0’ €07 Yxyo
octahedral shearing strain
concrete crushing strain

middle surface strains and curvatures vector (6 x 1)

Poisson's ratio



ex

oct

e) T

y’ xy

excess layer stress vector (3 x 1)

stress vector (3 x 1): Ty

octahedral shearing stress

angle measured counter=-clockwise from x-axis

middle surface curvatures vector (3 x 1):

matrix (6 x 5) of differential operators

Xx

b

X

Y

2

2X

Xy
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2. MATERIAL BEHAVIOR CHARACTERISTICS
2.1 General

From the strength of materials viewpoint, reinforced concrete
is far from an ideal material. The concrete is subject to creep, micro-
cracking, and varying strength with age. The inclusion of reinforcement
introduces the further problems of bond, anchorage, and bond stip. Never-
theless, the purpose of this chapter is to state explicitly what material
properties are assumed for the plain concrete, the reinforcement, and the
reinforced concrete composite. However, while putting forth these assump-
tions, it is understood that they are just.that - assumptions, only approxi-
mations to reinforced concrete's real behavior.

The sign convention adopted for stress and strain is: tension
and expansion are positive, compression and contraction are negative. Also,
special values of stress or strain that are significant, such as the yield

1
point of steel, fy’ or the concrete cylinder compressive strength, -f |

c
are such that the symbol represents the absolute value of the quantity
denoted while any algebraic sign before the symbol reflects only the

chosen sign convention.
2.2 Uniaxial Stress-Strain Curves

The assumed uniaxial stress-strain curves for steel and concrete
are shown in Fig. 1. The steel is considered an elastic-plastic material

y and a modulus of elasticity Es' The concrete is

considered a bilinear elastic, perfectly plastic material in compression

and elastic-brittle material in tension. The moduli of elasticity are

e a .



EC and Ed for the first and second elastic regions respectively; the
transition stress is -fc. At stress level -fd the concrete becomes per-
fectly plastic until crushing occurs at a strain of "€, The concrete

is assumed to have a limited tensile strength of ft.
2.3 Failure Criteria for Plain Concrete

"The assumed failure criterionfor plain concrete in a biaxial
stress state was proposed by Kupfer, Hilsdorf, and Rusch!?® and is shown
in Fig. 2. This failure theory is based on an octahedral shearing stress

criterion of the form

Toct = 8- bp (2.1)
where Toct is the octahedral shearing stress
1/2
1 2 _ 2 _ 2
Toct = §'[(Oxx ny) * (Oyy Uzz) * (Gzz Gxx) +6 (Txy Tl T Tyz)]

p is the hydrostatic stress

and a and b are material constants. In actual fact, Eq. 2.1 represents two
equations, one for biaxial tension or tension=-compression, and another for

biaxial compression. These equations are respectively,

1 -« 2/2  a !
Toct + 2 1+« L 3 1+« fc = 0 (Ol > 0) (2.2)
V2 B '

B - -
TOC'C -+ 3/7 TB——:—T- p - T EE—_-—T fC = 0 (G] < 0) (2'3)
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where the values for o and B are in accordance with the experimental results

given in Reference 13, and are

1
o = ft/fc = 0.10 B = 1.16

This failure criterionis modified to serve as the transition
criterion to determine the boundaries of the different material property
zones, Fig. 3. This is accomplished by simply scaling the yield surface
of Kupfer, Hilsdorf, and RUsch. To determine the boundary for the elastic
and nonelastic (plastic and cracked) regions f4 replaces f; in Eqs. 2.2
and 2.3. To determine the boundary, in biaxial compression only, between
the first and second elastic regions fc replaces f; in Eg. 2.3. To
determine the boundary, in biaxial compression only, between the noncrushed
and crushed regions Eq. 2.3 is converted to strains. This conversion is

1
accomplished by replacing fc with g0 T with the octahedral shearing

oct
strain €oct? and p with the hydrostatic strain Pes where
1 2 2 2 ~
Coct © §'[(€xx eyy) * (eyy Ezz) * (Ezz €xx) *
1/2
+ 3 (ny Yyz sz)]

p=](e+€+€)
> T “Txx vy zz

The transition criterion are then, between elastic and nonelastic
regions,

1 - o 2/2 o N
TOCt + V2 mp 3 ]+0Lfd = 0 (U]>O) (2.4)




%;: B £, = 0 (0, <0) (2.5)

B-1
Toct T 2 SE=TP BT 0 d 1

between the first and second elastic regions in biaxial compression,

8 _ Y2 B _
TOCt + ﬁé—é-——_—]—p -—3—'2?—_—1—1:(: = 0 (O'] < 0) (26)

and between noncrushed and crushed regions in biaxial compression,

B _ Y2 B _

Coct “5.7€‘T“T Pe 3E-T&% = O (e, < 0) (2.7)

It should be noted that Eqs. 2.6 and 2.7 have points of dis-
continuity., Equation 2.6, the boundary between the first and second elastic
regions, is valid only for states of biaxial compression. However, the
region corresponding to the first elastic range is bounded by the curve con-
necting points —fc, -fc, -fd, ft’ ft’ -fd, and -fc. That is, the boundary
curve has discontinuities at -fc and —fd where the curve parallels the axis.
This arises because of the differences in the stress-strain curve assumed

here and that assumed by Kupfer, Hilsdorf, and Rusch. The Kupfer, Hilsdorf,

and Rusch yield surface joins the tensile stress ft‘to the maximum compressive

1
stress —fc. Since the maximum compressive stress allowed in the uniaxial

state corresponds to -fd, then the boundary between elastic and nonelastic
regions must connect ft and _fd‘ Since there is only‘one modulus allowed
in tension, E.o the discontinuity is unavoidable.

Equation 2.7, the boundary between crushed and noncrushed regions,
is valid only for states of biaxial compression. If one or both of the
principal strains is positive, no boundary is defined. Also, the boundary

does not parallel the strain axes. |f one or both of the principle strains
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is positive it is assumed the concrete will crack long before the crushing
strain is reached. Hence, it is not deemed necessary to define the
boundary except in states of biaxial compression.

Through the use of these transition criterion it is possible to
extend the assumed uniaxial stress-strain curve for concrete to cover
biaxial stress states. It should be noted that these extrapolated relation-
ships, the transition criterion, assume the failure criteria can predict
things other than the elastic-plastic interface. Based on the experimental

15 this is a reasonable

works of Kupfer, Hilsdorf, and Rusch and Nilson
assumption. These experimental works indicate the major difference in
the stress-strain relations between uniaxial and biaxial states is that

the biaxial states have a higher stress capacity. The shape of the stress-

strain curve and the active modulus of elasticity show no major differences.

2.4 Concrete Properties

The purpose of this section is to define explicitly what biaxial
stress=strain relations are applicable in the different regions of the
uniaxial stress=-strain curve. The transition from uniaxial to biaxial
states was discussed in Section 2.3. The biaxial stress-strain relations

presented are in accordance with the experimental results of Kupfer,

Hilsdorf, and Rusch and Nilson. In the following discussion it is implied
that the material properties matrix, [C]3x3’ relates the stress vector,
{O}3x1’ to the strain vector, {€}3X1’ as
(s :
X X
g = [C] €
Y : Y
T Y

Xy Xy



2.4.,1 Elastic Concrete

In spite of all its complicating characteristics, elastic concrete,
in either range, is assumed an isotropic homogenous linear material. Thus,

the stress-strain relations are

1 Vv 0
[c]=___’=l_7 v 0
h-v 1 -V

where v is Poisson's ratio and E is EC or Ed for the first and second

elastic ranges respectively.
2.4,2 Concrete with One Crack

When elastic concrete cracks, which would be indicated by Eq. 2.4,
the crack direction is assumed to be perpendicular to the principal tensile
stress present in the concrete. This is in accordance with the experimental
work of Nilson and Kupfer, Hilsdorf, and Rusch. The assumed stress-strain
relations for elastic concrete with a crack oriented at an angle ¢ counter-“

clockwise from the x-axis are

E 0 0
.
(el = [r1°! 0 0 0 [7]7!
WIGEE))
L. e

where
E is either EC or Ed for concrete in the first or second

elastic ranges respectively



B is a factor to account for aggregate interlock and any
dowel action that may be present. It provides the shear
strength capacity of cracked concrete.

T is the transformation matrix to go from the ¢ direction

coordinate system to the x, y coordinate system. Its %
inverse is
r ) -
cos” ¢ sin2 o] -2 cos ¢ sin ¢
[T]-‘ = sin? ¢ cos? o) 2 cos ¢ sin ¢
. . 2 . 2
cos ¢ sin ¢ -cos ¢ sin ¢ cos” ¢ - sin” ¢
b ed

A few remarks are in order regarding the shear retention factor,
B, used here. To omit this effect altogether would imply that elastic
cracked concrete would behave as a bundle of uniaxial fibers capable of
sustaining only a tensile or compressive load parallel to the direction
of the crack. However, this is not a very realistic picture of the load-
carrying capacity of cracked concrete. |In reality, the cracks in the
concrete are not smooth, parallel, frictionless slippage planes infinite-
sima]ly close together as mathematically implied. Rather they are ir-
regular, rough planes at nonequal finite distances apart where all slippage
is accompanied by a certain amount of expended energy. The shear reten- )
tion factor accounts for this expenditure of energy plus any dowel action
that may be present. By introducing it a shear force is induced on the
cracked planes. It was realized that the shear strength along the crack is
a function of the crack width, among other factors, and would have an upper '

and lower bound of one and zero, respectively, relative to the uncracked
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shear strength capacity. In the present study, however, a constant value
was assumed. The value selected was usually 40 percent (0.4).
The assumed incremental stress-strain relations for cracked and

plastic concrete are

0 0 0
[c] = 0 0 0
0 0 0

It is conceivable that concrete which is cracked in one direction could be
highly loaded in compression parallel to the cracks. Should such a situa-
tion develop, the concrete would be carrying the load principally as a
two-force member, the shear retention factor notwithstanding. Since the
concrete is assumed perfectly plastic beyond axial stress level ~fd, such

a two-force member would be incapable of carrying further load. Hence, the

incremental stiffness is zero.
2.4.3 Concrete with Two Cracks

Concrete is assumed to crack a second time when singly cracked
concrete develops a tensile stress in excess of the tensile strength capa-
city. This second crack is assumed to form perpendicular to the direction
of the principal tensile stress. This doubly cracked concrete is assumed
to be unable to transfer any load in tension. Since unloading or cyclic
loading of the concrete is not allowed, the tension forces which cracked
the concrete should not reduce, much less become compressive. Thus, doubly
cracked concrete is assumed to have zero stiffness. fhe stress-strain rela-

tions are
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0 0 0
[c] = 0 0 0
0 0 0

2.4.4 Plastic Concrete

The plastic incremental stress-strain relations for plain concrete
yielding in biaxial compression are taken from Mikkola'® and are also re-
developed in Appendix C. These relations assume concrete to yield if the

yield criterion, Eq. 2.5,

B-1 . 2 _8
Toct ¥ 72 TP 3 38 -7 a = °

is satisfied. Also, the relations between the incremental stresses and
strains obey the normality law and flow rule in the theory of plasticity.

The incremental relations developed are in the form

{60} = [c] {se}

where [C] is a 3x3 matrix and is symmetric.

It should be noted that an elaborate scheme to handle plastic
concrete may be completely unnecessary since true yielding in biaxial
compression may be very rare in actual structures. Also, should yielding
occur, assuming the concrete to behave as a perfectly plastic material during

the early nonelastic deformations is a rather coarse assumption.
2.4.5 Crushed Concrete

Crushed concrete is assumed unable to support any load which

would imply a stiffness of zero. Thus, the stress-strain relations are

o e -

[
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0 0 0
[c] = 0 0 0
0 0 0

2.5 Reinforcement Properties
2.5.1 Elastic Reinforcement

The stress-strain relations for steel reinforcement at an angle

¢ counterclockwise from the x=-axis are

EL 0 0
-1 j u
(cl = [Tl o o o | [7]
o 0 o0
-

where ES is the modulus of elasticity of steel.
2.5.2 Plastic Reinforcement

Steel reinforcement which has yielded is assumed to be unable to
carry any increase in load. Thus, the incremental stress-strain relations

are zero. That is

0 0 0
[c] = 0 0 0
0 0 0

2.6 Composite Material

In the previous sections the material properties were listed
individually for each material. However, the need for the composite,

steel and concrete, material properties exists.
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The stress-strain relations for any composite material may be
obtained through use of the strain energy density function, UO,3 Since
strain energy is a scalar quantity, it is possible to compute the strain
energy for the bars (steei reinforcement) and the matrix material (concrete)
separately and add the energies to obtain the strain energy for the com-
posite. The stress-strain relations for the composite, [Ccom]’ may then
be found by differentiating the strain energy with respect to the strains.

That is,

it

f (strains, material properties) i, j = 1, 2,3

where

. = [CCOITI] {E:}
i

Since UO can be expressed as the sum of the individual components of steel,

U , and concrete, U _, then
s c

U = U +U
o s c
and
ou BUS BUC
i] © T = e T (2.8)
1] 1 rJ
oy
Here ags is the contribution due to the steel individually. These rela-
1]

tions are known, say [Cs]. Likewise, let [CC] represent the concrete

contribution. Thus Eq. 2.8 may be written as

{c} = [Ccom] {e} = [c ) {e} + [c] {e}



Therefore, since the materials will experience the same strains, the com-
posite material relations are only the sum of the individual components.

That is

e 1 = [+ I[c]
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3. FINITE ELEMENT APPROACH
3.1 Review of Element Derivation

It is not the purpose of this section to theoretically justify
the finite element approach, nor to rigorously derive the element stiffness
matrix. The purpose of this section is, however, to logically and
systematically review the steps in the element derivation while intro-
ducing the notation to be used later. The particular finite element
approach taken is the displacement formulation.

The coordinate system selected is a right handed orthogonal set,
xyz, with the positive z axis directed upward from the curved shell
surface, Fig. 4.

The mathematical sign convention for curvature is adopted.?®
Geometrically the convention is, for the types of shells to be considered
here,

1. Curvature is positive if the concave side of the curve

is "up', and
2., Curvature is negative if the concave side of the curve
is ''down'',
This may be more evident later when the approximations for the

curvatures are introduced, namely

Axx = Z,xx
where z = f(x,y) defines the surface of the shell. For example, if
2 . - _ . s
f(x,y)‘ = x~ then z is positive for all x and Xux = z,xx is positive.
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The shape of equation z = x2 is a parabola in the x-z plane opening up-
wards, which is concave ''up'.
The element nodal numbering system and local element coordinate

system are shown in Fig. 5.
3.1.1 Displacement Function

In the displacement formulation the critical stage is the selec-
tion of the assumed approximating displacement functions. The displace-
ment functions for Pecknold's?® doubly curved shallow shell element, in-

cluding the twelve-parameter polynomial expression for w used by Melosh,!’

34

Zienkiewicz®" and others, are

U= oy X+ gy + oayxy + as(rx + sy) +

2

1 2 1 2 2
+ alo(i-rx -7ty ) + a]](rxy + sy”)

Vo= gt oogx + gy +oagxy + a9(sx + ty) +

(3.1)
+ oclo(sx2 + txy) + oc”(-%-ty2 - %-rxz)‘

3

2 2
w = a9 + a]ox + a]]y -+ alzxy + a]3x + a]hy + a]5x +

2 2 3 3 3
ToogeXTy FogoXyT oy eyT ey gXTy + oy Xy

where
r = z
*XX
s =z,
Xy
t = z,
Yy
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where r, s, and t approximate the curvatures in the x, xy, and y directions
respectively and z defines the equation of the surface of the shell.
3.1.2 Strain Dispiacement Relations

The strain displacement relations used are,

£ = U, - rw
X0 X
€ = v, - tw
Yo Y
nyo = u,y + v, - 2sw
(3.2)
Xy = Vs yx
= W,
XY Yy
Zxxy = 2w,xy

These relations include the following assumptions.
. Normals to the undeformed surface remain straight and
normal to the deformed surface.
2, Normals will undergo no extension when the shell is
deformed.
3. The strains and deformations of the shell are small
compared to the thickness of the shell.
L4, The shell is of constant thickness.
Assumption one implies that there is no deformation due to trans-

16 to the theory of shells.

verse shear. This was first introduced by Love
Its counterpart in the theory of plates is the Kirchoff assumption and
in the theory of beams is - plane sections remain plane. The error in-

volved in this assumption is small provided the shell is '"thin'', that is,
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the ratio of shell thickness to the radius of curvature is small compared
to unity. This assumption enables the strains a positive distance z from

the middle surface to be expressed as

e, = g - z¥

X XO X
e, = - .
y €0 72Xy (3.3)
ny = nyo B 2Zxxy

Assumption three is invoked to reduce the problem from a nonlinear problem
to a linear one., This assumption, again, has its counterpart in the theory

of beams and theory of plates, namely ''small deflection theory''.
3.1.3 Doubly Curved Rectangular Shallow Shell Element

For the particular doubly curved rectangular shallow shell element
considered the nodal degrees of freedom defined at the middle or reference
surface are u, v, w, W s and Wy' Here u, v, and w are the tangential and
normal displacements at a node in the x, y, and z directions respectively.
Also, W and wy are the slopes of w in the x and vy directions respectively.
These are shown in their positive directions in Fig. 6. Thus, the nodal

degrees of freedom can be represented as

[ u /ou
v v
(U, =¢ v > =< v >
W aw/3x
X
\ wy ) \Bw/ax/

The displacements at one node expressed in terms of the coefficients

o are
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(W = [Mlgpe {odygy (3.4)

where [M],listed in Table 1, is a function of x, y, r, s, and t only.
Using the element nodal numbering system, Fig. 5, a vector of element

nodal displacements may be expressed as

() [ \ ( \
1] M
| l
U M
_ Il _ Il
Whoxy =¢( - ) = { ) (o
u M
I I
Y1y iy
\ / /20x20 \ / 20x]
or as
{ur = [A]l {a}
vhere the |, 11, 111, and IV imply "evaluated at node number''. The inverse
of this relationship, which will be desired later, is
ta} = [A7M(u (3.5)

Matrices [A] and [A] ] are given in Tables 2 and 3.

The strain displacement relations, Eq. 3.2, may be written as

€
1" —" = ._2 =
P " Blg s {Ukc, (3.6)
where
€, = vector of middle surface strains,
¥ = vector of middle surface curvatures, and
9 = matrix of differential operators.
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Substitution of Eq. 3.4 into Eq. 3.6 yields,

(S, = [ M {a} = Bl (ol (3.7)

which relates the middle surface strains and curvatures to the unknown
coefficients. Matrix [B], listed in Table 4, is a function of x, y, r, s,

and t only.

Expressing Love's assumption, Eq. 3.3, regarding strains at any

depth to the middle surface quantities, in matrix form, yields

€
{e} = [6] - (3.8)
3x1 3x6 1 6x1
where
1 0 0 -z 0 0
[G] = o o 0o 0 =~z O
0 o0 1 0 0 -z
The last expression required is to relate stress to strain,
namely
lodsy = [c]5,5 Teday (3.9)

Form the internal work expression
W = f 2 {e} {0} av
v

which is integrated over the volume of the element, then substitute

Egqs. 3.9, 3.8, 3.7, and 3.5 in turn to obtain,

W = f Lew™ 1" a7 (61" 1 fe1 [8) [A7'] {03 av

\4
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From the internal work expression, form the internal virtual work by

preforming a variation on {U}. Thus
f{au}T w17 1e1" 1617 fel fel (8] [AT'D (U} v

But, since [A]_] and {U} are independent of x, y, and z and [B] is

independent of z,

SW. = {GU} - T f f [c] [G] dz [B] dA [A_]] {u}

int

where

[K] - [A"]Tf [B]Tf[e.ﬂ [c] [6] dz [B] dA [A™'1  (3.10)
A

is the desired element stiffness matrix.

Preforming the matrix multiplication for [G]T [c] [G] and calling

the product [D] yields,

_______ e (3.11)

Dlge =

Substitution of [D] into Eq. 3.10 yields

[Klyope = A1 f{a]T fm dz [B] da [A'] (3.12)
A z

a more generally recognized form of the element stiffness matrix.
At this point it is necessary to pause before evaluating the
element stiffness matrix. Up until now the development has followed the

normal procedure in the finite element approach based on the displacement
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formulation. However, if a layered finite element is to be developed it

is necessary to introduce the layering concept prior to acfua]]y evalu-
ating Eq. 3.12. There are two possible alternatives here. The first is

to introduce the concept as directly related to the finite element approach.
This will be done here with only the mechanics of the concept being intro-
duced. The second alternative is to introduce the concept independent of
the finite element method. This will be done in the next section while
discussing the implications of the layering approach.

In evaluating the element stiffness matrix, the mechanics of the
layering concept only require that the intermost integral of Eg. 3.12 be
integrated for each layer individually rather than as one integration over
the total thickness. |f the element thickness is divided into layers as

in Fig. 7, then this requirement is only that

t2 t3
f[E]dz = f [Dldz + f [Dldz + ... +
z t] t2
(3.13)
B+l ENL+l
+ f [Dj]dz + ...+ f [DNL]dx
b ENL
where
tj and tj+l = the distance from the middie surface to the
bottom and top of the jth layer respectively,
E} = Expression 3.11 with the material properties
for the jth layer incorporated, and
NL = the number of layers.

This is simply a step-wise evaluation of a total integral.
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The integrated form of one of the right hand side integrals in

Eq. 3.13 is
i 1,2 2 ]
t
" - L2 -
e (ti4y - ty) Ic)] ! 7t - ty) 1ggl
[Dj]dz = e e T ———————————————
L L3 - 2
‘) 70t 7 1) 6T gleg - ey D6
(3.14)

This equation together with Eq. 3.13 is the very heart of the layering
concept.

To begin the actual element evaluation, let the three submatrices

in Eq. 3.14 be denoted as Dj’ Ej’ and Fj where

t. !
fJ‘” _ 0.1 1 (]
[Dj]dz = __i--%__f__
£ [EJ.] ! [FJ.]
and let .

[0] | [E]
J [ TP S | (.15)
: €] | [F]

1
where the j subscript implies the jth layer only and no subscript implies
the sum of all the layers. When Eq. 3.14 is evaluated for each layer and
summed the result is Eq. 3.15. Equation 3.15 may then be substituted in
Eq. 3.12.

If [B] is partitioned to separate the membrane effects, Bs’

from the bending effects, BX, then Eq. 3.12 may be expressed as

{
B [" {0 'E||B
14T € ! ¢ -1
K o= a7 | b - axey 1471 (3.16)
B ELF||B
x Ty | 7x : X
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It is then possible to express the integral portion of Eq. 3.16 as

a b
WClapo = [ (7 01 10+ 1307 11 181 +
- =b

+

[BX]T [E] [BE] + [BX]T [F] [BX]) dxdy

These matrix products have been evaluated and are presented in Tables 5,
6, 7, and 8, The actual triple matrix product [A—]]T K] [A_]] is not
performed. It is evaluated in the computer.

In order to simplify the tables, the notation

D] Dl+ D5
[p] = 04 D2 D6
L—D5 D6 D3—

is introduced for matrices D, E, and F.

3.2 Layering Concept

The layering concept can be considered simply as a discretized
application of the stress resultant concept. Unlike the previous approach,
this viewpoint is independent of the finite element method. Thus, it is
more desirable to present the implications of the method here rather than
before. The discussion presented below contrasts the layered with the
nonlayered stress resultant concepts.

By introducing the layering system, it is possible to have an
out-of-plane variation in material properties while not suffering the

consequences of going to a complete three-dimensional finite element analysis.
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By layering a two-dimensional element, it is possible to retain the limited
degree of freedom from the two-dimensional approach, while securing the
material variation with depth advantage of the three-dimensional approach.
Also, since each layer is assumed, as in‘the nonlayered approach, to be

in a state of plane stress, it is only necessary to have the two-dimensional
constitutive relations.

In the general theory of plates and shells the three-dimensional
problem is reduced to a two-dimensional one by introducing the idea of
stress resultants. In the nonlayered approach the stress resultants are
integrated, in one step, over the total thickness and represent an average
of the stress state and material properties present. In this approach
there is usually only one set of material properties allowed throughout the
depth even though inplane variations may be allowed. In the layered
approach, the total thickness is divided into layers, Fig. 8. The stress
resultants are then defined for each layer separately by integrating over
the layer thickness only. The stress resultants for the total thickness
are then obtained by summing the layer resultants.

Within a first order theory the nonlayered stress resultants are

defined as, Fig. 9,
h h
2

2 LA
N = ,[ o dz M = —Jf zo dz- - -
X X X AX .

h h o~ T

Gydz (3.17)

=
]
N o
=
]
]
NUTL-\
N
N
Q
<
o
N

[N

N
xy

hﬂj-t-aﬂ

T dz M =-[ zT dz
Xy Xy 294
h
2
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Using the assumption of Love and Kirchovf, the strains a distance z from

the middle surface are

T fxo T FXx
= - .18
e, €0 T ZXy (3.18)
Yy = Yxyo T 2Zyy

Some general stress-strain relations are

{o} = [c] {e} (3.19)

Using Eqs. 3.18 and 3.19, Eq. 3.17 may be expressed in matrix form as,

3\ r
(N l (e )
X | X0
|
N h[cl i 0 €
Y i Yo
|
| Y
] —?y > ' Xyo
e JEE SR e L
M i
X i Xx
| h3
M 0 I [c
y i 7t ] Xy
|
M I 2x
X X
. ) - | 10U

It is important to note that:

1. The equations uncouple, that is, the membrane forces
depend only on the middle surface strains and the moments
only on the curvatures. With the more refined shell
theories, a coupling would be present. However, theories
containing a Donnell order of approximation are con-

sidered adequate and these as shown above are uncoupled.
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2. The 6 x 6 matrix is a function of the limits of inte-
gration defining the stress resultants and the material
properties matrix only.
3. The equations refer to the total thickness.
The individual layer stress resultants are defined as in Eq. 3.17
except the limits of integration are tj and tj+] instead of -h/2 and h/2.

Here again tj and t Fig. 8, represent the distance from the middle

j*1
surface to the bottom and top of the jth layer, respectively. Using

Eqs. 3.18 and 3.19 the jth layer resultants may be expressed as,

( N \ B i (e )
X | X0
. bi,2  _ .2
N, ti -ty o] | P ER ORI I
|
Xy | nyo
(o= e e v
MX : XX
Lz o2 1,3 . .3
M, 7 (tie - ) [CJ]: 3(tia - ) G x,
!
! 2x
\ xy)j L l NN
(3.20)

Study of this system of equations reveals that
1. The equations now do not uncouple.
2. The 6 x 6 matrix is a function of the limits of inte-
gration and the layer material properties matrix only.
3. The equations refer only to the jth layer.

L, The 6 x 6 matrix is the same as the matrix in Eq. 3.1k,
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Thus, Eq. 3.20 could be expressed as

tj+] .
N 5 )
{W}J_- | [Dj]dz<x}

t.
J

which implies [5}] relates the jth layer stress resultants to the middle
surface strains and curvatures.

‘In order to obtain the total thickness stress resultant relations,
it is only necessary in the layering approach to obtain each layers' contri-
bution and add them, as was previously indicated in Eq. 3.13. In contrast
to the nonlayered approach, even the total stress resultants relations
do not uncouple unless the section has vertical symmetry.

For each layer the method is independent of the specific type of
material properties present; and, as a whole, the sum does not require all
layers to have the same material properties. Thus, it is conceivable that
a particular finite element employing this approach could contain as many
different layer material properties as it has layers. This, then allows
for any material property variation through the thickness of the structure.

To demonstrate the desirability of this out-of-plane variation,
consider a real reinforced concrete slab loaded to failure. Presumably
before, but most definitely at failure, a vertical section cut through the
slab would reveal that the compression region contained elastic, plastic,
and possibly crushed concrete. Also, the tensile region would contain
elastic, singly cracked, and possibly doubly cracked concrete. There is
also the possibility of the reinforcing being at yielding or even in the
strain hardening region. The influence of such variations can only be

simulated through modifications in the flexural stiffness of the slab,
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modified El, or can be achieved through the layered system. Both schemes
are readily adapted to account for any plan-wise variation. However, the
modified El concept does experience difficulty in accounting for the
coupling effects, as discussed in the following paragraphs.

22,2%,31 41ong with the layering

Classical laminate plate theory,
approach described here, displays a coupling phenomenon between inplane
extension and transverse bending not found in homogeneous plates. For
laminates which are symmetric with respect to the middle plane of the plate,
the coupling vanishes., The severity of the coupling effect depends on the
number of plies in the composite and on the degree of anisotropy of the
individual layers. Since the orthotropic solution is the limiting case, the
effects of the coupling can be ascertained. Also, only a few layers are
necessary to make the orthotropic solution a reasonable estimate of the
response of coupled plates,?® Fig. 10.

For the highly anisotropic composites recent work2®:29:31532 pag
shown that coupling can severely effect laminate behavior. In particular,
bending deflections are increased while buckling loads and vibration
frequencies are reduced compared to results obtained by neglecting

® Thus the real effect of coupling is to reduce the effective

coupling.?®
stiffness of the plate.?®

Using the idea of the reduced effective stiffness, Ashton! con-
sidered an approximate method of solution to reduce the problem to an
equivalent anisotropic bending problem. His '‘reduced stiffness matrix"
uncouples the potential energy expression, that is the inplane extension and

transverse bending, at the expense of coupling the compatibility conditions.

He states this new coupling should have a smaller effect than the
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extension-bending coupling. Thus, he concludes the ''reduced stiffness
matrix'' appears likely to yield a more accurate solution than when extension-
bending coupling is neglected.
Kicher!? analyzed unbalanced cross-plied laminated plates of
elliptic planform under uniform pressure. He obtained closed form solu-
tions for two cases of membrane boundary conditions, either free (zero
normal and shear boundary forces) or clamped (zero normal and taﬁgential
displacements). Bending displacements were always considered clamped. When
the coupling effect is neglected at the outset, there is no need to select
membrane boundary conditions and the displacement results indicated that
the plate is too stiff. For the class of composites considered the selec-
tion of membrane boundary conditions played a minor role in the displacement
predictions provided coupling is considered. Ashton's approximate method
was considered and agreement was very close for the free membrane boundary
conditions. However, when the boundary conditions were considered clamped,
the approximate solution yielded the same results as when coupling is neglected.
Whitney®? using a Fourier series method also investigated some
boundary condition effects. He concluded that the effect of bending-
extensional coupling on laminate response is essentially independent of
boundary conditions and is primarily a function of the anisotropy of the
individual plies and the number of layers in the laminate. However, for
certain orientations of antisymmetric angle-ply plates, membrane boundary
conditions can significantly influence plate response. As a result, the
reduced bending stiffness approximation does not give acceptable agreement
with coupled laminate solutions for these orientations. Pryor and Barker, 2!

using a finite element analysis, substantiated the conclusions of Whitney.
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Since the severity of the coupling effect depends on the number
of plies, among other factors, the coupling should have a dominate effect
in a finite element analysis when cracking of concrete is considered. For
unlike the ideal regular lamina in a manufactured composite, cracked con-
crete could at best be modeled as a two unequal laminate composite, one
cracked, one uncracked. Thus, the worst case in laminate theory, the two-
ply case, is of interest here. Also, in all of the cases cited here, some
assumptions are usually made concerning the terms in the coupling matrix E
in order to obtain closed form or Fourier series solutions. None of these
assumptions are as general as the coupling matrix used here. This could
invalidate most or all of the results just reported, particularly any
correlation between approximate and more exact solutions. Also, it would
probably aggravate all infiuences on the plate response. Presumably it
would be safe to assume that if the membrane boundary conditions can
significantly influence plate response as indicated by Whitney, then these
boundary conditions must be considered. For the finite element method,
in particular, the membrane boundary conditions correspond to the inplane
degree of freedom., The actual importance of these degrees of freedom is
shown in the McNeice reinforced concrete plate example, Section 5.3.3.

The modified El approach of Bell? and Jofriet and McNeice!® or
the anisotropic stiffness approach of Cervenka® and Franklin® are similar
to the approximate method of Ashton where the problem is reduced to an
equivalent anisotropic bending problem. In essence all three of these
methods presuppose the relationship of inplane and out-of-plane quantities.
However, Kicher and Whitney indicate that for certain types of composites

and membrane boundary conditions the approximation does not give acceptable
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results. The layering, on the other hand, does not attempt to predefine
inplane - out-of-plane relationships nor does it require any simplifying

assumptions regarding the coupling matrix in order to obtain a solution.
3.3 Generalized Load Vector

The generalized load vector is given by the expression.

ooyt
tlhyoxr = & o0 ff 120x5 de{X}Sx] dxdy

4

where { X} is the vector of external distributed loads. For the case of

uniform pressure load, of interest later, { X} reduces to

/0
0
(X3 = (=
0

\ 0/

and the load vector is,

T = a b a b _a
{L}ZOX] - {O’ O’ ]’ ?’ ?’ O’ O’ ]9 ?, '3"9 O, 09 ], 3’ 3—,

a b
0, 0, 1, "3 -g&abxo
If statically equivalent loads were used instead, the moments i%- and

would not appear.

3

3.4 Displacement Compatibility

The compatibility of displacements across element boundaries

depends only on the assumed displacement functions and the nodal degrees
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of freedom., To see if an element is conforming, equality must exist for
the deflections of the two elements A and B shown in Fig. 11 along their
common edge.

First, the inplane displacement, u, from Eq. 3.1, is quadratic
in y. Thus, three boundary conditions are required for compatibility.
However, only two are available, the u displacements at each end of the
common edge. Thus, the inplane displacements are nét compatible. If r,
s, and t were zero, however, the displacements would be compatibie. A
similar situation exists for the v displacements.

Second, the w displacement, from Eq. 3.1, is cubic in y. Thus,
four boundary conditions are required; four are available, w and w_ at

'''''' y

each end. Thus, the w displacements and the slope along the edge wy are

[

compatible.

Third, the slope across the common edge, W, is cubic in y. Again
four boundary conditions are required; only two exist, w,, at each end.
Thus, the transverse slope is not compatible.

Since the other edges could be treated likewise, the element only
conforms with respect to the out-of-plane displacement w and the slope wy

along the edge.
3.5 Boundary Conditions

Boundary conditions are only of the displacement class and are
either fixed or free. All nodal degrees of freedom are considered at the
reference surface, which is usually the midsurface, used in defining the
element stiffness matrix. They are either normal or tangential to the

shell surface at the node. Thus, when an inplane displacement is specified



39

to be zero, only the reference surface is constrained in that direction.
It does not constrain any other inplane displacements through the depth.
|f the inplane displacement is considered free, there is no constraint on
the movement of the ''neutral surface''. Likewise, when one of the slopes
is specified to be zero, this requires that there is no variation in the
corresponding inplane displacement through the depth but does not in any

way constrain the reference surface displacement.
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4, INCREMENTAL ANALYSIS

L1 General Steps

The overall approach of the investigation is the performance of a
nonlinear finite element analysis of reinforced concrete surface structures
using the displacement finite element formulation. The method progresses
through the use of an iterative or step-by-step procedure with the non-
linearity being introduced through the material properties. Since rein-
forced concrete structures are the prime interest, geometric nonlinearities
are not considered in this initial study. The numerical procedure used in

35 as the

this step-by-step approach is referred to by Zienkiewicz
"incremental-variable elasticity' procedure. Although the nonlinearity is
introduced only through the material properties, it should be noted, at
least in this investigation, that any given layer of an element is composed
of material in only one property state.

The incremental analysis incorporates the layering concept, the
allowable material properties, and the transition between material property
zones. As programmed the incremental procedure must analyze the structure,
generate the layer stress states, check these against the transition
criteria, make any necessary material property modifications, obtain any
necessary correction forces, and then reanalyze the structure.

This analysis and reanalysis of the structure falls into two
main categories. The first category is analyzing the structure with an
applied load increment; called increments., The second is analyzing the

structure with the correction forces; called iterations. In the course of

the incremental analysis it becomes necessary to apply a load increment
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and then iterate about this loading until the structure reaches an equilibrium
state, Fig. 12. Once equilibrium is obtained, then another load increment

is applied. This is analogous to loading a real specimen in the laboratory
and allowing it to come to an equilibrium balance before increasing the

load. The steplike or plateau shape of the analytical curve, Fig. 12, is

due to this search for an equilibrium configuration before increasing the
external toad.

The structural stiffness matrix is updated at the beginning of each
load increment. The updating procedure is carried out simultaneously with
layer stress generation and various checking routines. |In addition to this
one mandatory update, other updates occur at random whenever it is possible
to completely absorb a material property change and the accompanying
displacements in only one update. Examples of this type of behavior are
cracking or crushing of the concrete and yielding of the reinforcement.
Plastic behavior of the concrete does not fall fn this category. The reason
for the random update is two-fold. First, it makes for much easier book-
keeping in the computer program. Second, it is an attempt to reduce the
number of iterations about a particular load increment by improving the
next guess to the correction displacements, since a more recent structural
stiffness matrix would be available. The iterations about a load increment
are assumed to have converged when all the interation displacements due to
the correction forces are small compared to all corresponding incremental
displacements caused by the last load increment. The system is assumed to
have converged when no more than a *5 percent change occurs in any quantity.

The essential steps in the solution process for a typical load

increment are as follows.
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Appiy a load increment and analyze the structure to

obtain the nodal displacements.

Do the following for each element i:

2.

Convert the nodal displacements to middle surface

strains and curvatures.

Do the following for each layer j of element i:

3.

Convert the middle surface strains and curvatures

to layer strains.

Using the old material properties (the ones incorporated

in the system of equations) for the layer determine the

layer stresses.

Check this stress state against the applicable transi-

tion criteria. |If none are exceeded, go to step 8.

Calculate the excess amount of stress present in layer j

and convert to excess layer stress resultants, {M}%x,
ex J

and add these to the element sum, {M} .

If the structural stiffness matrix is to be updated,

compute the difference between the old and new material

properties. Use this difference to obtain the change

in the layer stress resultant - middle surface strain

and curvature relations and add to the element sum.

If more unprocessed layers of element i exist, repeat

steps 3 through 7. |If not, go to step 9.

If no transition criteria were exceeded for the ith

element, go to step 11, Otherwise, convert the excess

stress resultants into excess element nodal forces as



43

a b
_ o IqT T N| &
{F}ex = [A ] f f [B]" dx dy {M}
-a -b

and put these forces in the excess force vector, {F}.

10. If the structural stiffness matrix is to be changed, use
the change in the stress resultant relations to generate
the difference in the element stiffness matrix and sub-
stract this from the system stiffness matrix. This
substraction of the difference in effect yields a new
system stiffness matrix with the new material properties,
but does not require all the effort of reassembling it.

1. If all elements have not been checked repeat steps 2
through 10. Otherwise, reanalyze the structure using
the excess force vector, { F}.

12, Check the displacements from stepyll for convergence.
|f they have converged, repeat steps 1 through 12. |If
they have not converged, repeat steps 2 through 12 until
convergence is obtained or until the maximum number of
allowed iterations about a load increment has been

completed. The program then stops.

L.2 Middle Surface Strains

From the .equations in the previous chapter, it is possible to ex-

press the middle surface strains and curvatures in terms of the nodal

displacement as
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€

- = [3] Ml {a} = [8] {o} = [B] .o [A']

{u}
X ex1
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This expression defines the distribution of strains and curvatures throughout
the element based on the nodal displacements. |f [B] is evaluated by inte-

grating over the area of the element and averaged, then

€
_XE = L"' f f B(x,y)] [A7'] {U} dx dy

Since [A—I] and {U} are independent of x and y, this reduces to

[e
{70} = 11_- j j (x,y)] dx dy [A~ ] {u} (4.1)
- .

which gives the ''integrated average'' middle surface strains and curvatures
in the element. However, the ''"horizontal'' location of the quantities on the
middle surface is unknown. Furthermore, none of the six quantities are
required to be at the same location oﬁ the middle surface. Equation 4.1

has been evaluated and the results are listed in Table 9.

In spite of their unknown location, the '‘integrated average'
values are much preferred to some of the other possibilities. These
possibilities include, among others, evaluating the middle surface quantities
at the element center or at the nodes. |f evaluated at the nodes it is
necessary to average the values in some fashion to obtain one set of values
to represent the element. However, botﬁ of these schemes are susceptible
to some error if the element distribution is quadratic, cubic, or has some

sharp peaks. If such distributions occur, it is felt the '"lintegrated
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average'' will better represent the actual distribution present, since it has
no particular bias toward a linear, quadratic, cubic, or other distribution.
Also, this approach has the elegance of continuity since the same matrices

are used here as in the element formulation.
4,3 Layer Stresses

In order to determine the layer stresses it is necessary to first
determine the layer strains. Based on lLove's assumption of normals remaining

normal, the jth layer strains at the mid-depth of the layer are

= -1
T Exo T 2 (tj+1 + tj)xx
e = g - l-(t. S+ t.)Y
y yo 2 " j+l 3%y
]
Yy T Vxyo Ei(tj+] * tj) <2Xxy)

+ tj) is the distance from the middle surface to the mid-
depth of the jth layer. These mid-depth layer strains are assumed to be
representative of the strains in the layer. Again the "horizontal'' location
of the strains is not known since the ''horizontal' location of the middle
surface quantities is not known.

Based on the representative layer strains, some representative
component layer stresses are obtained through the use of the component

material properties, as

OY - [C]3x3 y

T
Xy Xy
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It should be noted that in order to determine the stresses in the concrete

or steel only the stress-str;in relations for that individual material should

be used. Also, the stress-strain relations used should be those incorporated

in the system stiffness matrix, for it is this stiffness that is reflected in the
layer strains via the middle surface quantities and the nodal displacements.
These representative component layer stresses are then checked, through

the use of the transition criterion, to determine if any material properties

have been exceeded or if any excess stresses need to be accounted for.
4.4 Excess Nodal Forces

Excess layer stresses are converted to excess element nodal forces
by the following logic. Considering the individual terms in the basic

equation,
Flooa = oy ff[B]T f[b'] dz [B] dx dy [A7'] {U}  (4.2)
Xy z

and using Eg. 3.7

€o -1
—t = [B] [A '] {u}

the layer stress resultants may be expressed as

N ~ - So| _ f—— -1
{M}J_ _ f{Dj] @ 42t =[5l el I W (3)
Z

z

Substitution of Eq. 4.3 in Eq. 4.2 yields

{Floe = a7 jf[B]T dx dy {g}
J
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ex
N
I { } are the excess stress resultants where

My
J
t
JHI ex
f (617 {0}, dz =m

t ex \
J J

and {G}ex is the excess layer stress, then

ex
(Fly = W17 ff[sﬂdx dy {fj}J (4.4)

x Y

are the excess nodal forces that result from layer j due to the excess

stresses for that layer. Equation 4.4 is listed in Table 10.
4.5 Changing Material Properties

When the transition criterion indicates the need to change some
material properties and the computer program allows the changes to be made,
the changes are made in accordance with the following logic. In general,
the present and the desired new material types are known. Thus, the material
properties can be generated as in Chapter 2. Therefore, the difference
between the two material states can be obtained. |[f the difference is used
to create an element stiffness matrix, by evaluating Eq. 3.12, this matrix
would represent the difference between the present element stiffness matrix
incorporated in the system stiffness matrix and the new desired element
stiffness matrix. It is only necessary then to subtract the matrix based
on the difference from the system stiffness matrix in order to obtain a
new system matrix with the desired new material properties. The net effect
of this manuevering is to obtain a new system matrix without having to

reassemble all of it.
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When changing material properties some excess stresses usually

exist. These excess stresses are only the difference between the stress

states caused by the same strain state on the different material properties.

Mathematically this is,

fodoy = fog1gt = 10,07
where
{O}ex = the excess stress vector,
{Go]d} = the stress state the old material properties indicate

to be present, and
{oc} = the stress state the new material properties can
tolerate.
The only complications arise when plastic behavior of concrete is
involved. Here two cases exist:
1. When the concrete was elastic and is to go plastic, and
2. When the concrete is plastic and continues to be plastic.
In the first case, the procedure is diagrammatically shown in
Fig. 13. Here the old elastic state is designated as {Oold} and the new
indicated state, beyond the yield surface, is {ny}. This change in stress
was caused by the strain increment {8e}; the plastic strain increment is

{8eP}. Stress level {ny} is scaled to the yield surface aleong a radial;

the scaled value is {Oyd}. Using stress state {oyd} and the plastic stress-

strain relations of Mikkola some incremental stress-strain relations, [C],
are obtained. Using the incremental stress-strain relations, [C], and the
plastic strain increment {6eP} the incremental plastic stresses, {oF}, are

found. Adding {oP} to {oyd} the total plastic stress state is found, {o"}.
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However, this stress state is not on the yield surface. Thus, {0"} is
scaled to the yield surface to form the final plastic stress state, {c;d}.

The excess stress is then

{o}ex = {cxy} - {G;d}

e

and the new material properties are [C"].

In the second case, the procedure is shown diagrammatically in
Fig. 14. Here the old stress state and material properties are {Oyd} and
[C]. The incremental strains, {8¢}, equal the plastic incremental strains,

{6eP}. The indicated stress state is {c }, where

[
EAY

{c"} = {cyd} + {oP} = {cyd} + [c] {8}

Like before, this stress state is not on the yield surface so it is scaled

to form stress state {o;d} with incremental stress-strain relations [C ].

The excess stress is then

o}, = {c"} - {G;d}

als
w

and the new material properties are [C ].
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5. NUMERICAL EXAMPLES

5.1 General

To demonstrate the applicability and flexibi}ity of the proposed
incremental analysis a series of numerical examples are presented. The
examples are presented in a logical sequence of increasing complexity;
beams then plates then shells.

The beam examples considered are of two types, theoretical and
experimental. The theoretical beams are for comparison of the theoretical
and computational procedures. The first experimental beam shows the effect
of the loading increment size, while the second the effects of inplane
forces.

The plate examples are also of two types. First some ideal uni-
form stress-state comparisons are made with the experimental results of
Houbolt® and Cardenas and Sozen.® Second, the experimental stab of McNeice!?
is analyzed.

The shell example is experimental. Comparisons are made with

the experimental funicular shell of Odello and Allgood.*'®

5.2 Beams

For the purpose of distinguishing what the element and the
incremental analysis characteristics and idiocrasies are, a series of
determinate beams are investigated. To remove all experimental uncertainties
and complications the first beams considered are completely theoretical.
These simply supported beams are loaded with either end moments or con-

centrated mid-span loads. These beams are primarily to check out the
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cracking behavior. The third beam is to compare the analytical lcad deflec-
tion curve with an experimental one and to determine the influence of the
load increment size. The fourth beam is similar to the third except for the
inclusion of an axial load. The primary intent of these two experimental
checks is to provide a basic feel for and confidence in the analysis

technique.
5.2.1 Simply Supported Theoretical Beams

In order to determine the accuracy of the cracking procedure,
including the appliication of excess nodal loads, two simply supported
theoretical beams are considered. The beam configuration is shown in
Fig. 15. Two loading conditions, equal end moments and concentrated mid-
span load, both extreme cases, are investigated. A theoretical analysis,
using simple beam theory, and the incremental analysis as described in this
study are performed. The load deflection curves, as computed from these
two methods, are presented in Figs. 16 and 17. )

It is the inconsistence in the agreement for the two sets of
curves that is of interest. This inconsistence arises because the excess
nodal forces (correction forces) depend only on the total energy to be
diss ipated, not on the distribution of the energy. This in itself may not
be startling; however, it does have a visible effect on the load-deflection
curves. The scheme used to generate excess nodal forces from excess stresses
has a tendency to create large nodal moments and small vertical shears
irregardless of the type of external loading. It is precisely this tendency

that has an effect on the load-defliection curves, for moments do not create

the same deflection shape as vertical loads.
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Consider the two loading cases here. The first, equal end moments,
causes a uniform energy (stress) distribution. The correction forces,
principally moments, yield correction displacements based on a uniform
energy distribution. Thus, the external and the correction displacements
are of the same type - both based on end moments. Hence, the agreement is
excellent.

The second loading, concentrated mid-span load, causes a linear
energy distribution. The correction forces, again principally moments,
yield correction displacements based on a uniform energy distribution. Thus,
the external and the correction displacement shapes are of different types.
Hence, there is a disagreement in the deflection computed by the two schemes.

Admittedly these are two extreme cases of stress distribution;
however, it should be realized that this basic behavior is incorporated in
the analysis technique. Also, it should be realized that the bias extends
only to external manifestations, like deflections and rotations, not to

internal quantities such as stresses and strains.
5.2.2 Burns and Siess

The effect of the load increment size and the ability of the in-
cremental finite element analysis to accurately predict the ultimate load
are shown by comparison with the beam tested by Burns and Siess.® The
beam with its pnysical properties and the element grid with the layering
and properties noted are shown in Figs. 18 and 19. The experimental and
analytical load-deflection curves are shown in Fig. 20. One analytical
curve is obtained by five equal load increments of 4000 pounds. The

other curve is obtained by four equal load increments of 4000 pounds.
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and then eight 500 pound increments. |In the case of the larger increments

the analysis overshoots the ultimate load and then makes tremendous corrections
to try to attain an equilibrium configuration. Such a configuration is

finally reached at a displacement of 1.85 inches with a load of 20,000 pounds.
As should be expected the smaller increments do not overshoot the ultimate

load as greatly. Equilibrium is reached with a load of 20,000 pounds at a
displacement of 1.49 inches.

The final equilibrium displacements attained from the two alterna-
tive load increment schemes are different. This is because the final cracked
configurations are slightly different for the two cases, Fig. 21. The
larger increment size causes slightly more cracking and steel reinforcement
yielding to penetrate further. Admittedly, a large number of corrections
are made at the load level of 20,000 pounds since this is the practical
ultimate load. Nevertheless, the excellent agreement of the curves is

encouraging.
5.2.3 Wight

The effect of the inplane loads is shown in the beam tested by
Wight.®® The beam with its physical properties and the finite element grid
arrangement are shown in Figs. 22 and 23. In the test axial load is held
constant while the vertical shear is increased from zero to the maximum.
The experimental and analytical load-deflection curves are shown in Fig. 24.
Although the beam is very similar to that of Burns there is a rather pro-
nounced disagreement between the computed results and the experimental values.
This may be due in part to the tendency of the test beam to rotate with the

loading condition. Also, the secondary P-§ effects of the axial load are
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not incorporated in the analytical analysis. Finally, the ability of the
program to handle inplane loads is not as refined as for out-of-plane loads,
since the only quadratic term in the assumed inplane displacement functions
is the cross product term. Nevertheless, the program is capable of esti-
mating the ultimate load, even though the deflections just prior tc ultimate
are about one-half the experimental in this case. Thus, it appears the
analysis technique is rather sensitive to inplane loads. The beam material

properties at equilibrium for a load of 21.64 kips are shown in Fig. 25.
5.3 Piates

To indicate the accuracy of the analysis technique and the
behavior of the layered element system in biaxial stress states, a series of
comparisons are made with the experimental results of Houbolt® and Cardenas

> These are ideal specimens in the sense that they have a constant

and Sozen.
stress field. Also, the two-way slab of McNeice is analyzed since it has

a more realistic stress distribution.
5.3.1 Houbolt

In the test performed by Houbolt® only rectangular specimens were
considered, Fig. 26. The specimens were used in conjunction with third
point line loads creating a constant moment region in uniaxial bending. A
total of fifteen specimens were tested; six isotropically reinforced, nine
nonisotropically reinforced. The purpose of the tests was to determine the
effectiveness of reinforcing steel placed in two layers when the two layers

make different angles with each other and with the directions of principal

%
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moments. The test results were presented as load versus steel strain,
longitudinal concrete strain, and transverse concrete strain plots.

A layered element analysis was performed on selected specimens.
Comparisons between the experimental and the computed results are presented
in Figs. 28, 29, 30, and 31. The discontinuity in the experimental curve
is due to unicading and then reloading the test specimen. The properties of
the specimens considered are summarized in Table 11. The main conclusion
from this series of tests is that the analysis technique is capable of

handling steel reinforcing placed in any direction.
5.3.2 Cardenas and Sozen

In the tests performed by Cardenas,® both circular and rectangular
specimens were involved. Only the rectangular specimens are of interest
here, Fig. 32. The rectangular specimens were subjected to three different
loading conditions to create a constant moment region: uniaxial bending,
pure torsion, and combined bending and torsion. A total of thirty-five
specimens were tested; twenty-three were isotropically reinforced and twelve
were nonisotropically reinforced. The main variabies investigated were:
the amount of reinforcement and the orientation of the reinforcement with
respect to the principal moment axes. The results of the tests were pre-
sented as moment to curvature, moment to steel strain, and moment to concrete
strain plots.

A layered element analysis was performed on selected specimens
from each group. The load increments and layer scheme used in the analysis
with a one element idealization of the constant moment region are given in
Table 12 and Fig. 32 re§pective1y. The properties of the specimens considered

and the important parameters in the analysis procedure are summarized in
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Table 12. The experimental and computed results are presented in Figs. 33
to 38.

It should be emphasized that not only do the moment-curvature
plots but also the moment-strain, concrete and steel, plots show excellent
agreement. These comparisons then establish how accurately the analytical
modei can describe what is occurring at a point or on a small region of the
plate. Thus, the comparisons establish the validity or at least the
credibility of the models' assumed material properties.

The need for the shear retention factor B became evident while
checking the pure torsion specimen, B15. Without the shear retention term
the computer program indicated an unstable crack configuration was attained
when the load was approximately one-fourth of the experimental ultimate.
The cracked configuration at this instant indicated a series of cracks at
-45° with respect to the x-axis had just reached the middle surface from the
top, while a similar series of cracks at 45° had approached from the bottom.
Physically such a concrete slab would still be stable; however, due to the
mathematical assumptions regarding the behavior of cracked concrete the
system was mathematically unstable. The problem is that the cracked concrete
was assumed to have no torsional or shear stiffness whatsoever. It is
precisely these stiffnesses which physically can be attributed to aggregate
interlock and dowel action that the shear retention factor retains in
cracked concrete. When this factor was included, the curves in Figs. 33
to 38 were obtained.

There appears to be little sensitivity of the solution to the

particular numerical value of B used, provided it is above some minimum.

University cf
Urbana, Illinois 61801
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This same torsion specimen was analyzed with 8 values of 0.2 and 0.4 and
very little difference was noted in the solution. In the case of pure
torsion as in the other cases considered, the inclusion of the shear retention
factor only causes the mathematical model to remain stable so the equations
remain solvable and has little direct influence on the numerical values
generated. In all, values of B ranged from 0.2 to 1.0 in addition to the
unacceptable value of 0.0. |In view of the negligible numerical effect, the
value of B was arbitrarily selected as 0.4

If the 8 factor is looked upon as resulting from aggregate
interlock its magnitude should vary with the size of the crack opening.
However, since the results of these slab models indicated little sensitivity
to the numerical value chosen, the use of a constant rather than a variable

value seems justified.

5.3.3 McNeice

The corner supported two-way slab of McNeice!®

was also analyzed.
The principal reasons for using the slab are that there is a variation of
moments thru the slab plan and that others have made comparisons with it.
The disadvantages of the slab are the lack of detailed test results and the
possibility that it may be a micro-concrete model. This belief is supported
simply by the size of the specimen. If it is a micro-concrete model then
the material properties assumed in Chapter 2 are not as adequate as they

are for regular concrete. McNeice's slab was 36 inches square by 1.75

inches thick with an isotropic mesh of 0.85 percent reinforcing steel.
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The slab was subjected to a central concentrated load. Since the yield
point of the steel reinforcement was not given two possible values are
assumed, 40 ksi and 50 ksi, to determine the effect of the steel yield point.
Scanlon?®and Lin'* have also analytically investigated this slab. Scanlon
used a layered rectangular plate bending element with four degrees of
freedom at each corner node. Lin extended Scanlon's approach to include
elasto-plastic behavior for steel and concrete. Figure 39 shows the finite
element grid used; Fig. 40 shows the load deflection curves for experimental
and analytical results.

McNeice's slab was also analyzed with the corner support con-

sidered pinned (the first solution considered the corners as roller supports).

These results are also presented in Fig. 40. As is very evident from the
figure, the inplane support conditions greatly influence the stiffness of
the system. The particular membrane boundary conditions here do not affect
the plate response before any cracking occurs. This is probably because
the coupling present in the original elastic state is small since its only
contribution is from the steel reinforcing. However, once cracking occurs
and the amount of coupling increases due to the increase in the anti-
symmetric composition, the membrane boundary conditions become very important.
The plate deflections are not as great in the clamped case as in the free.
Part of the difference is due directly to the boundary conditions and the
rest is due to the different structural configurations caused by a different
rate of cracking in the two cases. This reduction in cracking is shown in
Figs. 41 and 42 where the cracked configuration for both boundary conditions

are given at equilibrium with a load of 2800 pounds. In the free case 23]
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layers are cracked compared to 148 cracked layers in the clamped. In all

there are 360 layers in the analytical model.
5.4 Shells

To indicate the accuracy of the analysis technique and the

behavior of the layered element system in a structural shell configuration,

comparison is made with the reinforced concrete shell of Odello and Allgood.

This experimental shell was selected because the load is carried primarily
by membrane action and the sensitivity of the analysis technique to inplane
loads, as shown in the comparison with Wight's beam, required further in-
vestigation. The ability of the analysis procedure to handle bending is
not under question due to the excellent agreement with tHe experimental re-
sults of Cardenas and Sozen.

The concrete funicular shell, Fig. 43, 35 x 40 feet in plan

with a 2 inch thickness and a 30 inch rise, tested by Odello and Allgood®®

was analyzed. The shell was loaded to failure, 135 psf, under uniform load.

The shell had edge beams 13-1/2'" deep by 14' on all four edges; but, since
the experimental data indicated that the edge beam thrust and moment were
low even at loads near ultimate, the edges are considered fixed for the
analysis. Figure 44 shows the element grid and layering schemes, while
Fig. 45 shows the load deflection curves for the center of the shell.

Also shown in Fig. 45 are two elastic analyses. The curve
referred to as LINSHEB’ was generated by a computer program utilizing a
modified finite difference technique wherein the shell is idealized as a

framework of rigid bars connected by elastic hinges. GENSHL®® refers to a

19
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program developed at the University of California at Berkeley for the
linear elastic analysis of thin shells of arbitrary shape using the finite
element method.

Although the ultimate load of the shell was reported as 135 psf, it
was lower than anticipated. Odello and Allgood stated at this load a pop
through or buckling failure occurred near node 10 where the deflection in-
creased to 3.9 inches compared to the center value of 1.4 inches. They also
state this was unexpected since the buckling equation used in the design
of the shell is very conservative. In view of these remarks, the continuing
ascent of the analytical curve is much more acceptable.

Also, the agreement of the experimental and calculated curves im-
plies the analysis technique does not have an adverse sensitivity to inplane

loads when considered in the context of a structural shell system.
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6. SUMMARY AND CONCLUSIONS
6.1 Summary

A layered nonlinear finite element procedure for determining the
load-deflection history up to failure of reinforced concrete plates and
shells of constant thickness is presented. A twenty degree-of-freedom
shallow shell layered finite element is used. The nonlinear structural
behavior is introduced only through the material properties. Geometric
nonlinearities are not considered.

The reinforcing steel is assumed to be elastic-plastic. The
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imited and to yield in biaxial compres-
sion in accordance with a yield criterion proposed by Kupfer, Hilsdorf, and
Rusch. A shear retention factor is introduced to provide the torsional

and shear stiffnesses for cracked concrete. These stiffnesses can physically
be attributed to aggregate interlock and dowel action. The effect of bond
between steel and concrete, the influence of creep and shrinkage of concrete,
the effects of temperature, and the effect of long term or cyclic loading

are not considered.

The layering of a finite element, which allows the idealized con-
stitutive relations to be defined in a discretized fashion, permits the
material properties to vary through the element depth. However, the depth-
wise variation in material properties displays a coupling phenomenon between
inplane extension and transverse bending which is not found in homogeneous
plates or shells. This coupling phenomenon causes the inplane boundary

conditions to become important, particularly for the incremental analysis

here.
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The nonlinear finite element analysis progresses through the use
of an iterative or step-by-step procedure with the nonlinearity being intro-
duced only through the material properties. This numerical procedure is

often referred to as the ''i

ncremental-variable elasticity'' procedure. Even
though a nonlinear analysis is being performed, each iteration is treated as
a linear problem.

Several numerical examples are presented to confirm the adequacy
of the mathematical model and establish the validity of the assumed material
properties. Additional numerical examples, both plates and shells, are pre-

sented to demonstrate the applicability and flexibility of the proposed

incremental analysis.
6.2 Conclusions

The general class of problems capable of being considered using
this particular analysis procedure are 'medium thick' reinforced concrete
plates and ''thin" shells whose dominanf load-carrying mechanisms are either
bending or membrane action or a combination of the two. Problems in which
transverse shear is the important load-carrying mechanism and prime contributor
to the failure mode cannot be considered because of the assumption regarding
normals remaining normal and inextensible. Thus, punching shear failure
near concentrated loads or supports cannot be considered. However, the
method is applicable for most such problems up until the shear failure
mode develops.

The material properties assumed for the mathematical model are

adequate for balanced or under-reinforced concrete surface structures.
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Highly over-reinforced structures were not investigated and the adequacy
of the assumed material properties in this range is not known.

The layering of a finite element to allow a material variation
through the element depth yields numerical results as good or better than
a modified EiI approach. Also, the idealized constitutive relations are
obtained much more easily if the layering, instead of the modified EI,
approach is used. Further, the layering is a more economical approach than
a true three-dimensional approach.

Considering the class of problems investigated, it appears that
this analysis technique is capable of determining the load-deflection
history of a reinforced concrete plate or shell accurately and‘economically.
This suggests it would be a valuable tool in determining structural behavior
in the intermediate region between the elastic and limit state.

The incremental analysis presented herein is not intended as an
every day design tool, but rather is intended to help understand the struc-
tural behavior in this intermediate range. Once this behavior is understood
it may be possible to determine whether bending action is a significant
load-carrying mechanism (1) after some inelastic behavior (cracking,
plasticity, etc.) has occurred and (2) when the shell is approaching the
limit state. Further, once this behavior of the shell is understood the

effects the shell has on the edge beams should be more clearly defined.
6.3 Recommendations for Further Study

Some possible extensions for the analysis technique are:
1. Extend the analysis technique to cover nonshallow and

varying thickness shells.
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Incorporate an edge beam element in the analysis to
include plates and shells with edge beams.

Extend the analyses procedure to include nonlinear
geometric effects.

[t may be advantageous to allow a layer to be composed
of more than one material type in the '"horizontal
plane to permit a reduction in the grid size.

It may be possible to allow a more gradual vertical
material change by allowing a crack, for example, to
gradually propagate through a layer thickness rather
than being either cracked or uncracked. |If so, it may

permit fewer layers with no loss of accuracy.

Some possible areas of further study are:

1.

Determine, in a more precise nature, the actual
mathematical effect of the shear retention factor RB.
Determine If it is necessary to further modify the
cracked material properties to account for the finite
spacing of the cracks rather than the infinitesimal spacing
that is now assumed.

Determine the actual importance of the membrane boundary
conditions as related to the coupling phenomenon for both
elastic and incremental analyses.

Make any necessary changes or additions to the assumed
material models to accomodate highly over-reinforced

concrete surface structures.



65

5. Revise the basic assumption regarding normals remaining
normal and inextensible to include transverse shear as

a load-carrying mechanism and possible failure mode.
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Material Properties, psi
Given Assumed
Thickness .
Mark in inches ft Fc fy Ec Es fc fd ft Ec Ed
03-906 5.17 665 5130 50200 4.00x106 28.6x106 4350 4350 430 1+.00x106 1.0
453-453 5.17 680 | 4910 | 50200 | h.h7x10® | 28.6x10% | 4200 | 4200 | k20 | h.h7x10% | 1.0
303-303 5.17 660 3800 50200 3.50x106 28.6x106 3250 | 3250 370 3.50x106 1.0
603-603 5.17 610 3980 50200 3.65x106 28.6x106 3380 3380 380 3.65x106 1.0
Reinforcement Loads, kips
Load
Mark Increments Amount Angle Amount Angle Calculated Experimental
kips inz/ft degrees inz/ft degrees cracking first yield ultimate
03-906 5.0 Ly 0 .22 90 14.65 50.00 55.06
453-453 5.0 ik L5 b -45 - 13.12 48.00 50.76
303-303 5.0 Ak 30 bk -30 12.67 67.73 71.76
603-603 5.0 bk 60 Ly -60 11.37 25.00 26.96
TABLE 11 MATERIAL PROPERTIES FOR HOUBOLT'S SPECIMENS
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Applied Moment, K-in/in Reinforcement

Mark Ratio of Increment Size Layers Amount Angl;I Amount Angle* - Comments

Torque/Moment | Moment | Torque inz/ft degrees inz/ft degrees
B7 0 1.0 .0 2, 9 .ho 45 .ho -45 Uniaxial Moment
Bi0 0 1.0 .0 2,9 .40 0 4o 90 Uniaxial Moment
B15 © .0 1.0 2, 9 ko 45 4o -45 Pure Torque
B17 o .0 1.0 2,9 .ho 67.5 ko -22.5 | Pure Torque
B27A 435 .860 .37h 2, 9 .bo 45 4o ~45 Combined Bending and Torque
B39 1.22 .550 .670 2, 9 ko 90 .10 0 Combined Bending and Torque

A
b

measured counter-clockwise from x-axis
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TABLE 12 MATERIAL PROPERTIES FOR CARDENAS' SPECIMENS




Material Properties, psi Thickness Moments, K-in/in
Mark Given As sumed inches Calculated [AExperimental
fé !ft fy fo fy E. Ey . Total | Delta [Cracking |Yield ! Cracking | Yield
+ 6 6; 6“r‘““"“””‘“”_“ !
B7 5150 | 430 | 50000 | 3000 | 5150 | 3.00x10 1.43x10 30.0x10 414 14 1.50 5.52 1.67 i 5.60
|
B10 4920 §36O 50000 | 3000 | 4920 3.00x106 1.28x106 30.Ox106 b1y 14 1.43 5.43 1.36 ' 5.55
B15 5260 1380 47900 | 3000 A526O 3.00x106 l.51x106 30.0x106 L.09 .09 1.57 5.1 1.80 5.20
B17 5530 | 380 | 50800 [ 3000 | 5530 3.00x106 1.69x106 30.0x106 4.03 .03 1.32 L. 51 1.46 5.50
B27A | 5230 ! 380 | 49900 | 3000 | 5230 3.00x106 1.h9x106 30.0x106 L. ok .0k 1.33 L. 42 1.77 5.08
B39 5340 | 430 | 51300 | 3000 | 5340 3.00x106 1.56x106 3O.Ox106 L.o7 .07 1.34 1.77 1.51 2.35
o o
1 A
fd—r
E y T -
fd d
c
E
c 5
t t + > ¢
.001 .0025 .0038 tes
Tf

t

Concrete Stress-Strain Curve

TABLE 12 (CON'T)

MATERIAL PROPERTIES

Steel Stress-Strain Curve

FOR CARDENAS' SPECIMENS

[4°
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BIAXIAL STRENGTH OF CONCRQTE PROPOSED
BY KUPFER, HILSDORF, AND RUSCH
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FIG. 4 POSITIVE COORDINATE SYSTEM
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APPENDIX C
PLASTIC INCREMENTAL STRESS-STRAIN RELATIONS
C.1 General Considerations

The total strain experienced by a plastic body is the sum of the

elastic (%) and plastic (eP) strains. That is,

or in terms of incremental strains,
e
de = de + deP

For an elastic material the total stresses and total strains are related

by Hooke's Law. When expressed in tensor notation this is

o €1 i, j, k, 1 = 1,2, 3 (sum)

i Yk

or for incremental values,

do,. =

¥ Cijk] dsk] i, j, ky, 1. = 1,2, 3 (sum)

However, for plastic materials total stresses and total strains cannot be
related, but incremental stresses and strains may be related by an expres-

sion such as

do de i, j, k, 1 = 1,2, 3 (sum)

i T Mgk g

Thus, the desired plastic incremental stress-strain relations are the

1
Aljkr Se
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C.1.1 Yield Surface

The yield surface for an elastic-perfectly plastic material is
simplily the extreme locus of all elastic stress configurations. Dia-
grammatically this is shown in Fig. 46 where all points inside the yield
surface represent stable elastic stress states, while all .points on the
yield surface represent unstable plastic stress states where the material
deforms plastically. Stress states outside the yield surface are not
possible because the structure would deform plastically to keep the stress
state on the yield surface or, if unable to do this, the structure would
rupture or collapse. Figure 47 shows some common yield surfaces for the
purpose of comparison. Tresca's yield criterion assumes when the maximum
shear stress reaches a definite value plastic flow starts. With Von Mises's
vield criterion yielding occurs when the stored shear strain energy reaches

a critical value.
C.1.2 Flow Rule and Normality Law

The flow rule in plasticity is

p of
T e
where
deE] = the plastic strain increment,
A = a positive constant,

f = an expression representing the yield surface in

the form f = f(o).
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The normality law in plasticity Is,

dep

K1 do = 0

k1

This implies that the direction of the strain increment vector is orthogonal
to the stress increment vector. Diagrammatically this is represented in
Fig. 48. Note that the strain increment is normal to the yield surface and

the stress increment is tangent to the yield surface.
C.1.3 Hooke's Generalized Law

in terms of double subscript tensor notation for the stress, G?j’
and strain, Eij’ components, Hooke's generalized law has the following form

relative to axes X], XZ’ X3

€ i, j, k, 1. = 1,2, 3 (sum)

9 = Yk Sk

For an elastic isotropic material, Hooke's law becomes in matrix form

A B ] A
(o) ‘i Sz Sniss 0 0 0 (e
992 oot o222 Cop33 O 0 0 €22
0 0
<033 3311 C3322 (3333 : €33 >
Y =
912 0 0 0 G O 0 2€4,
55 0 0 0 0ty O 2,
o 0 0 0 0 0 C 2¢
\ 23 ) L 2323 | | 23
(c.1)
where
2e =Y Po#F gy i, jy ks 1= 1,2, 3



133

If the material is linearly elastic also, Eq. C.1 reduces to

/01]\ [1-v Y v 0 0 0 ] (61]
0,9 v 1-v v 0 0 0 €59
033 - v v 1=-v 0 0 0 % 633

<0]2 ) T 0 o 0 1-2v 0 0 2,
013 0 0 0 0 1-2v 0 2€|3
\023/ —~O 0 0 0 0 I-Zv__ \ 2523

Expressing Eq. C.2 in index notation

_ E 1/, AT
% T = (-2v [E(’ 29)8;y 65y + (1-2v) &4y 85
+ v aij Ski] e i, j, k, 1 = 1,2, 3 (sum)
where éij is the Kronecker delta. Introducing
o = E
T 20+ V)
Eqg. C.3 becomes
= 2V
S = C [‘S:k i1t on ST T S skl] €K1
i, j, k, 1 = 1,2,3 (sum)
Therefore,
Co.ov = G |8, 8., +8., 6, +—22_ &5 3
Pkl ik 51 T % Sk T G Sk

i, j, k, 1 = 1,2,3 (sum)

(c.3)

(c.4)
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Note that, the dik 6j1 terms are only the main diagonal terms and would

be sufficient alone except indexing causes

o.. C....e..+C.... e..
tJ gty v JJr gt
Knowing that
£€.. = €.,
ij ji
and because of the isotropity of the material that

C.... C....
1Jj1) JJt
then

g,. = 2C,... €,.
1J tyrgy
This is the reason for the 6?1 6jk term, for it picks up the Eji terms and
adds them to the Eij terms.
C.2 Derivation for Incremental Stress-Strain Relations

€C.2.1 Three-Dimensional Relations

Let the total strain be represented as the sum of the elastic and

plastic parts

e
e = e+ ¢P

or in terms of incremental values

de = de® + deP (c.5)
For elastic material from Hooke's law

% = Yk &
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or in terms of incremental values

e
do dek]

i = Yk

Now, substitution of Eq. C.5 in Eq. C.6 yields

= - p
do Ciiky (degy = degy)
The flow rule states
of
dep = A
k1 Bok]

which when substituted in Eq. C.7 yields

o _ 4, of
oy, = Gy (dey - A e )
Recalling the normality law
deP. do.. = 0
rJ ]
or using Eq. C.8
of _
A 90, . (d vj) =0
tJ
. . of \
Premultiplying Eq. C.9 by A =5 yields
i
of of of
)\ do.. = C...i A == (dg, , = A ==
acij ij ikl aoij kl Bck]
Using Eq. .10, Eq. C.11 becomes
Ci.,, of ) 9f  of
kl ss—dey St 5o T3 = O
ij i] k1

Changing the indexes in the second term to pqrs

3F 3F  of
1kl 857 € 7 Cogrs A I

(c.6)

(c.7)

(c.8)

(c.9)

(c.10)

(c.11)
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and solving for A yields

i
ik 3o Y8k
A= L
5 57

C o2
pqrs agpq acrs

Substituting for A in Eq. C.9 yields

of
“ijk Bo % o
do,. = C.. de, , - N
1] ikl k1 of  af Bck]
pqrs BOPq aors
and changing some more indexes,
of i
ijrs 9o pgkl o
do,, = | C.. .- £2 P | de
ij ijkl 9f  of kl
pqrs adpq acrs
i, Jo ky 1, py g, r, s = 1, 2’3(5um)

Thus the desired three-dimensional plastic incremental stress-strain

relations are
of c of
ijrs aors pakl quq
ki iiki of af
) Cpqrs a0 " 30
Pq

rs

i;j’ k,], p, 9, ry, s = 1, 2,3(5um)
C.2.2 Reduction to Two-Dimensional Relations
The three-dimensional relations are

oy = Ak 98
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The two-dimensional relations for plane stress may be obtained

by specifying

033 = 0]3 = 023 = 0
This is
933 = Azl B T O
Oy3 = A13kl € = 0 k, ¥ = 1,2, 3 (sum)
923 = Az G = O
which implies, respectively,
A33pq €pq * 3333 33 = O Pra = 1,2 (sum)
€]3 = 0
823 = 0
Thus, also
A €
e _ . _33p9 "pq
33 A
i 3333
Then, it follows that
A A
B o= A =PI o0, 2 (sum)
P P 3333

are the desired two-dimensional plastic incremental stress-strain relatiocns.

These relations are of the form

qu qurs € P, G, ry s = 1, 2 (sum)
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Expanding the expression for 91 yields

+ B £

I = Brypr &t Bryaz B0 T Byygn €0 T By &gy

Due to the symmetrical way the Aijklls were obtained and reduced, then the

B 's are symmetric. Thus
pqrs

Biviz = Byya

Also, the strain tensor is symmetrical, hence

Then 0y may be expressed as,

€.-. + 2B £

1 Biinn €11t Brizz S22 1112 €12
or
90 = By gt Briaz a2 By Y2
where
2815 = Yy
Since this procedure could be repeated for 05 and Ty9s then the qursls

are exactly the Cijls where

o} 5
X X
cy = [C]3x3 ey
Txy Yxy

where x corresponds to 1, y to 2, and xy to 12. Thus, the qursls are

directly compatible with the strain vector, {e}.
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€C.2.3 Evaluation of the Three-Dimensional Relations

The yield criterion proposed by Kupfer, Hilsdorf, and Rusch is

of the form

Toep T PP -2 = f(oij) -a = o
where
1 5 1/2
Toct = 307505 -0 i, = 1,2,3 (sum)
and
- 1 _
p = 3Gkk k = ], 2, 3 (sum)
Thus
9f _ _ _
90. . - OIJ+ (bT p)a_] , J = 1, 2, 3
HJ
where
T o= Toct

From before, Eq. C.h4,

= 2V
Cijkr = @ [‘Sik Sk * 011 St T S kékl]
i’j9 k, 1. .= 1, 2,3(5um)

Then evaluating the terms in Eq. C.12 by performing the indicated summa-

tions, yields,

3F _ _ 26 i 1+ v
“abed Fo_, T 3 [Gab Péap * BT T3 ‘Sab:’

and

3f  of ze[’ 21+\)]
c ot ol o A 4+ pt
pqrs aopq Bors .3 1 2V



Thus,

ALk
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the three-dimensional relations are




