STRUCTURAL RESEARCH SERIES NO, 381

UILU-ENG-71-2020

Clvjl V
5106 . E LB Jii Dﬂpw*‘xzm@nf;
nlversw}r of I1- ;U
Uﬁbana I1linois éggég
by
AJAYA K. GUPTA
BIJAN MOHRAZ

WILLIAM C. SCHNOBRICH

A Report on a Research
Program Supported by
DEPARTMENT OF CIVIL ENGINEERING

and
CHICAGO BRIDGE AND IRON FOUNDATION

UNIVERSITY OF ILLINOIS
URBANA, ILLINOIS
AUGUST, 1971




UILU-ENG-71-2020

ELASTO-PLASTIC ANALYSIS OF THREE-DIMENSIONAL
STRUCTURES USING THE ISOPARAMETRIC ELEMENT

by

AJAYA K. GUPTA
BIJAN MOHRAZ
WILLIAM C. SCHNOBRICH

A Réport on a Research
Program Supported by
DEPARTMENT OF CIVIL ENGINEERING
and
CHICAGO BRIDGE AND IRON FOUNDATION

UNIVERSITY OF ILLINOIS
" URBANA, ILLINOIS

August, 1971






report:

Page
35
54
55
61
83
89

—-—
(ew]
~Jd

121
126

ERRATA

The following are corrections to be incorporated into this

Location
Tine 7
last Tine
Tine 14
Tine 11.
Fig. 5(b)

Fig 12(b)
upper right corner

Error
Eq. 2.1
vessle
Fig. 9b
angel

U3

“Appendix B

Appendix C

Correction
Eq. 3.1
vessel
Fig. 10

angle
t b

u3=u3
X1
4/9

Yy
APPENDIX B
APPENDIX C






ACKNOWLEDGMENTS

The study reported herein was prepared as a doctoral dissertation
by Mr. Ajaya K. Gupta and was submitted to the Graduate College of the
University of I1linois in partial fulfillment of the requirements for the
degree of Doctor of Philosophy in Civil Engineering. The work was carried
out under difections of Dr. Bijan Mohraz, Assistant Professor of Civil
Engineering and Dr. William C. Schnobrich, Professor of Civil Engineering.
Dr. Gjulio Majer, Visiting Professor from the Instituto di Scienze e Tecnica
delle Construzioni, Politecnico di Milano, Ita]f, was of invaluable help in
the development of the plastic analysis.

The support for the present study was provided from the funds made
available to the Department of Civil Engineering through the John L. Parcel
Estate, given to the University of I11inois Foundation, and by é Chicago

Bridge and Iron Foundation Research Assistantship.






Chapter

WW  WW W W ww
o s bttt
O~ VOIS G N e

iv

TABLE OF CONTENTS

INTRODUCTION .

],1 General . . .
1.2 Object and Scope .
1.3 Notations

INITE ELEMENT METHOD FOR
HREE-DIMENSIONAL PROBLEMS

General . . .
The Isoparametr1c E7ement .
Compatibility.and Convergence.

Higher Order Elements .. . .
The Element Stiffness Matrix .
The Generalized Loads

The Numerical Integration .

The Load-Displacement Equat1ons
for the Structure. .

F
T
2
2
2
2.
2
2
2
2
2

e @ o o o e o o
WO O WM —

PLASTIC ANALYSIS.

General. .
The Y1e1d Cr1ter1on and the FTow Ru]e .
Incremental Stress-Strain Equation .

Method of Analysis
The Incremental Load-
Displacement.Relationship

- Summary of the Plastic Analysis .
NUMERICAL RESULTS '

4.1 General . .
4.2 Elastic So1ut10ns . .
4.3 Elasto-Plastic So]ut1ons .

CONCLUSIONS'AND RECOMMENDATIONS
FOR FURTHER STUDIES. .

General . .

Adequacy of . the Mode]

- Plastic Analysis . .
Recommendations for Further Study

O1 0101 O
o o L] e
WPy -

Generation of Polynomial. Shape Func%1ons :

Application.to.von Mises Yield Criterién :

Application.to the Isoparamet;1c E]ement :

Page

O1 > -

71

71
71
73
74



Page
TABLES . . .« . e e e e e e
FIGURES. . .« v v v v v e e e e e e e e e e 80
APPENDI X '
A COMPUTATION OF THE NUMERICALLY |
INTEGRATED STIFFNESS MATRIX. . . . . . . . ... 110
B THE ISOPARAMETRIC ELEMENT IN
| CURVILINEAR COORDINATES . . . . . . . . . . . 12
C TRANSCENDENTAL SHAPE FUNCTIONS. . . . . . . . . 12

LIST OF REFERENCES . . .+ « + « « « + « « « « . . . 130



Vi

LIST OF TABLES

"Table Page
1 Comparison of the Results of Analysis of
the Simply Supported. Beams . . . . . .« . . . & 76
2 Comparison of Results of Analysis.of.the
~ Simply Supported Plate (Case a, Section 4.2.3) . . . - 77
-3 Convergence Study: for Slmp1y Supported :
.Plate (Case b, Section 4.2.3) . . e e e e e 78
4 Comparison.of.Results of Analysis .of. the
. Simply Supported Plate.(Case b, Section . 4.2.3)
using.16;Node Elements . . . . . . . . « . . 79
A.1 Operaﬁfons Required for the Evaluation
- .of the Element Stiffness Matrix
"Three-Dimensional Element (Conventional Procedure) . . 116
A.2 Operations Required for.the.Evaluation

~.of the Element.Stiffness Matrix
" Three-Dimensional Element (Proposed
Procedure - Constant Material Properties) . . . . . 117

A.3 Operations' Required for the Evaluation
of the Element: Stiffness Matrix
Three-Dimensional Element. (Proposed
. .Procedure - Variable Material Properties) . . . . . 118

AG Comparison . of Computations for Determination
“of Element Stiffness Matrix (Three-Dimensional
Element with 64 Integration Points) . . . . . . . 119






Figure

10
17
12

13

14
15

16

vii

LIST OF FIGURES

Eight-Node Isoparametric Element .

Higher Order Isoparametric Elements .

"A Mixed Isoparametric Element .

A Typical Edge AB. Under Vanylng

" Degree of Responses

Two Types of Displacement. Constraints

Bilinear Stress-Strain Curve for Uniaxial Loading

Graphical Representation of the Initial

..Stress Method

Modified Newton-Raphson Approach for Elasto-

. Plastic Analysis Under Unifaxial Loading.

- Finite Element Grid for the Hollow
.Circular Cylinder . e o e

Distribution.of Radial and Circumferential Stresses.
“in an Infinitely Long Hollow.Circular Cylinder.

Convergence Study on.the.Center Deflection

of a -Simply.Supported Plate Under
. Uniformly DistributediLateral,Load

Finite Element Idealization of the
Boussinesqg Problem. o o a

Distribution.of Vertical Stresses in
the Boussinesq .Problem.of a.Semi-Infinite

.Body Subjected to a.40-1b Concentrated.Load

Axisymmetric Pressure Vessel:

Distribution of Radial Stresses in the

“STlab . of an Axisymmetric Pressure.Vessel.

Distribution.of Circumferential Stresses in

~the STab.of an Axisymmetric Pressure Vessel

Page

80
81
81

82
83
84

84
85
86

- 87

88
89
90
91
92

930



.. Figure

17

18

219

20

21

.22

23

24

25

26

- 27
28
.29
.30

31

132

yiti

~+ Distribution.of Longitudinal Stresses.along
. the Depth in the Cylinder.of an

Axisymmetric Pressure Vessel .

~ Prestressed Reactor Vessel with Circular.Openings .

- Finite.Element Grid.for the Prestressed
.~ Reactor-Vessel.with Circular.Openings .

Distribution.of Radial.Stresses.in.the Slab
-.0f the Prestressed.Reactor.Vessel with.Openings.

o Distribution.of Circumferential Stresses.in
~.the Slab.of the Prestressed.Reactor
..Vessel .with.Circular.Openings.

. Distribution.of Tangential.Stresses
" Around an-Opening. .

Load-Displacement Curve for the Thick
Hollow Circular. Cylinder Subjected.to

-a Uniform. Internal.Pressure

~The Distribution of Radials.Circumferential
~and Axial.Stresses.in a Thick Hollow
Circular.CyTlinder Subjected.to: Internal.Pressure

~Variation.of. Radial.and Circumferential Stresses
.atir/a. = 1.4.for an Increasing.Internal.Pressure

~ Comparison. of.Plastified.Regions.in a Simply
.Supported.Beam.at.Three.Different Load.Levels

The “Loss”_of.Stresses.Duewto,Interpo]ation .

Load-Displacement.Curve. for the. Beam. .

- Elasto-Plastic Analysis.of the.Circular.Plate

Load-Displacement Curve.for the

. Elasto=Plastic.Circular.Plate.

.. Finite Element Grid. for. the.Thick
..Circular.Plate -With .Openings .

xPTastifiedaRegﬁons-ih‘the.CTrcu?ar;P1ate
~~-with Circular.Openings at Two Load.Levels.

.~ Page

94
.95

.96

97

- 98

99

100

101

102

- 103
104
105
106

107

108

109



Figures

AT

B.1
C.1

L1X

Relationship Between Computational Ratio

“and Order of Gaussian Quadrature Integration .

.CyTindrical Coordinates .

Distribution.of Radial and. Circumferential

Stresses in a Thick Hollow Circular Cylinder .

-Page

120
125

129






Chapter 1
INTRODUCTION

1.1 GeneraT

In addition to the elastic response of a structure to service
load conditions, the behavior of the structure when stressed beyOﬂd'its
elastic range and the determination of its ultimate load capacity are
important aspects which must be studied for an efficient and economical
design of ‘the structure. For instance, in case of the nozzle opening in

shell, a highly localized stress concentration exists in the vicinity

* 5

[e)]

of the junction. Obviously, the zone of stress concentration is first
to reach yielding. If the load on the structure is increased, an inelastic
behavior results near the junction. For a more efficient and economical
~ design of such a structure, a small inelastic zone can frequently be
tolerated without endangering the safety and performance of the structure.

"The concept of inelastic analysis has been applied successfully -
in the Timit analysis of framed structures. Various methods have been
used for the nonlinear analysis of problems in continuum mechanics. Hodge
and Whitel analyzed the thick circular cylinder under uniform internal
pressure using the finite difference equivalent of the governing equations.
They assumed that the material of the structure followed the von Mises
yield criterion. Koiter? solved the same problem in closed form using
Tresca's yield criterion. Method of successive approximation has been used
in conjunction with the finite-difference and the integral equation tech-
niques by several investigators for solving the temperature gradient pro-
blems of the flat plate, thin circular shell, Tong solid cylinder and the

1



the rotating disk.3>%>3 Similar methods have been. applied by Davis® and
Tulsa’ in the analysis of uniformly stressed infinite plate with circular
hole.

A general method of elasto-plastic analysis of plane strain
problems was suggested by Argyris, Kelsey and Kamel,® using the finite
element method. Later, Argyris? indicated that a similar technique could
.be employed. for three-dimensional probiems using tetrahedron elements.
Swed]bw, WiTliams and Yang!® used the finite element method to obtain
solutions for elasto-plastic plates. Marcal and Pilgrim!! analyzed the
elastic-plastic shells of revolution using a stiffness approach. Ueda
and Matsuishil2 solved the elasto-plastic buckling of plates by the
finite element method. Popov, Khojasteh-Bakht and Yaghmail3 studied the
bending of circular plates with elastic-perfectly plastic material, and
extended the method.to strain-hardening material.l* Khojasteh-Bakht!®
has also analyzed theveTasto—p1astic shells of revolution under axisym-
metric Toading._ The tension cutoff phenomenon or rocks has been considered
by Zienkiewicz, Valliappan and Kingl® using the finite element method.

A quadratic programming.approach for solving nonlinear structural pro-
blems has'been proposed by Maier,!7 and later extended to allow for large
displacements.!® |

_ The Tumped parameter-method has also been employed for the solu-
_ tion.of the inelastic problems. Lopez and Angl? used the method for the analy-
sis of‘e1asto—p1astic plates. Shoeb and SchnobrichZQ used a sim?1arvap-
. proach for analyzing elasto-plastic shell structures..fGa]]owayfahd Ang?1
solved plane.problems by using a.generalized Tumped paremeter model. Mohraz,
‘Schnobrich and:Echeverria Gomez22 applied the lumped parameter approach to

study crack development in a prestressed concrete reactor vessel,



Although much has been done in the inelastic analysis of struc-
tures, almost every investigator has avoided its application to real three-
dimensional problems. In many engineering problems, a state of plane stress
or strain can be assumed to exist and the problem can be solved as though
it were two-dimensional. Using suitable assumptions, plates and shells
are analyzed as two-dimensional problems. Axisymmetric solids represent
another class of problems which has been treated successfully as two-
dimensional.

- The two-dimensional idealization makes the problem simpler and
much more economical to solve. Nevertheless, there are engineering pro-
blems which cannot be idealized as two-dimensional without distorting the
behavior of the structure. For instance, gravity dams have been frequently
analyzed as plane strain problem. Although such an analysis gives an ac-
curate estimate of displacements and stresses in the interior portions of
the dam, it cannot predict the behavior of the structure near the abutments.
Prestressed concrete reactor vessels have been analyzed as axisymmetric
structures. However, for access to the enclosed space of the vessel, open-
ings are provided in various locations. A three-dimensional analysis is
needed for obtaining solutions to such structures. Underground tunnels
have been successfully analyzed as plane strain problems, although their
behavior near the ends remains largely unexplained by such an analysis. 1In
these cases as in many others, it is necessary that one consider the true
three-dimensional aspects of the problem, in order to have a better insight
into the behavior of the structukem

Due to lack of suitable closed form solution for three-dimensional
problems, one is forced to emp1oy a numerical approach. Among the various

numerical methods which can be used for three-dimensional problems, the



more common are the finite difference method; its counterpart, the Tumped
parameter or analog model; and the finite element method. Both the finite
difference and the lumped parameter methods become too cumbersome for three-
dimensional problems, especially for irregular shaped boundaries. In addi-
tion, a variable grid which is necessary for obtaining accurate solutions
in regions of high stress concentration, presents considerable difficulty
both in the formulation and programming of the methods.

The finite element method which has been applied extensively to
problems of stress analysis during the past decade is well suited for modei-
ing "irregular shaped boundaries. - The formulation and programming of the

method should not present any difficulty for the three-dimensional analysis.

1.2 0Object and Scope

The objective of the present study is to develop an analytical
procedure for the analysis of three-dimensional structures with elasto-
plastic material behavior.

The finite element method, in conjunction with the three-dimensional
isoparametric element, is used in the study. In the range of plastic be-
havior, an initial stress approach is used for the analysis. The initial
stress field within the element is defined by a stress interpolation approach.

Although the method of analysis is general, for the purpose of il-
lustration, elastic isotropic material properties are used in the example
problems. In the plastic range, Tinear strain-hardening is assumed. The
von Mises yield criterion with the assumption that the material strain
hardens isotropically is applied. The assumption of isotropic strain harden-

ing 1s applicable only when the loading is monotonic.



The applicability of the proposed procedure is illustrated by
presenting numerical examples and comparing them with existing solutions

wherever possible.

1.3 Notations

A11 the symbols have been defined where they appear first in
the text. The following summarizes the main symbols used. Two prefixes
have been employed to denote increments, viz., d and A. Whereas d re-

presents an infinitesimal increment, A is used to denote finite increments.

a a vector of arbitrary constants in the constant
strain displacement field, Eq. 2.3 '

aT . value of a, at the element node m

A area of a given surface

bij an array of coefficients of global coordinates in
the constant strain displacement field, Eq. 2.3

" a column array of polynomial functions of iso-
parametric coordinates used in Eq. 2.10

cmr ~value of ¢ at the element node m

D a specified domain, such as a given volume, area
or length

prm inverse of the array.cmr

E v , modulus of elasticity
E material property tensor

ijke



fg), flgq:85)
f(E1:65,E5)

fi’ fij’ f'ijk

~

functions of isoparametric coordinates in one, two
and three dimensions, respectively; used as inte-
grands for numerical integration, Eq. 2.50-2.52

values of f(g), f(a],az) and f(gl,gg,gg) at the
Gaussian quadrature points‘(nT), (n',n%) and

(ni,nj,nk), respectively

nodal Toad vector for the structure

nodal Toad vector for the unconstrained structure
incremental initial load vector

incremental initial Toad vector for the 1th

iteration

a column array of exponential functions of the
isoparametric coordinates used in Eq. 2.25

S

value of g~ at the node m
. : . ms
inverse of the array G

stiffness matrix of the element r

element stiffness matrix in index notation (see
foot note on p. 25)

structural stiffness matrix
the stiffness matrix for the unconstrained structure

shape function at the element node m



S..
ij:

AU

Aol

generalized load at the element node m 1in direc-

tion i

incremental initial Toad at the element node m. 1in

direction i
applied distributed Toad in direction i

concentrated Toad applied at a point A in direc-
tion i

scale factor applied to a given Toading system to
initiate yielding in the structure

deviatoric stress tensor

geometric transformation matrix relating the dis-
placement vectors of the unconstrained and the
constrained structures, respectively, Eq. 2.58

displacement at any point'within an element in
direction i

displacement at the element node m in direction i

displacements at the top and bottom faces in a
plate, respectively

structural displacement vector
displacement vector for the unconstrained structure
incremental displacement vector for the structure

approximate value of the incremental displacement
vector given by Eq. 3.47



AU

S, .
1J
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1th correction in the,jncrementa] displacement

vector
volume of a given solid domain

work done by external and internal forces,

respectively
work done through a plastic deformation
global cartesian coordinates

global cartesian coordinates at the element

node m
strain-hardening coefficient

geometric array relating the strain tensor €43
and the nodal displacements uE, Eq. 2.34

a column.array of coefficients of the poly-
nomial functions used in Eq. 2.10

a constant coefficient used in Eq. 2.17

a column array of coefficients of the exponential

functions used in Eq. 2.25

an expression defined by Eq. 3.9
a prefix denoting first variation of a function
Kronecker delta

total strain tensor



s;j - elastic strain tensor

e;; plastic strain tensor

£ , total uniaxial strain

€q elastic uniaxial strain

ep plastic uniaxial strain

ni position constant for the Gaussian quadrature
point i

K B yield function

dx ' an incremental constant of proportionality,

used in Eg. 3.2

A g Lamé's constant

u modulus of rfgidity

£, ' isoparametric coordinates at any point within
an element

g? isoparametric coordinates at the element node m

of weight coeffiéient»forvthe Gaussian quadrature‘
point i

95 5 stress tensor

dgij’ Acij incremental stress tensor

dci . Acf. incremental elastic stress tensor



AB

AB

10

incremental initial stress tensor
incremental pseudo initial stress tensor

incremental pseudo-initial stress tensor at the
element node m

effective stress

effective stresé at fhe element node m

loading s£ress as defiﬁed by Eq. 3.34

loading stress at the end of a loading increment
loading stress at the element node m

uniaxial yield stress

a function representing a component of coordinates,
displacements, stresses, etc.

value of ¢ at node m -
value of ¢ along the edge AB

A

departure of ¢ B from the linear response defined

by ¢A and ¢B

loading function-

an expression defined by Eq. 3.11



Chapter 2

FINITE ELEMENT METHOD FOR THREE-DIMENSIONAL PROBLEMS

2.1 General

The finite element method is an approximate method of anaIyéis
in which the structure is idealized by subdividing it into a number of
subregions referred to as elements. On the basis of an assumed displace-
ment field defined in terms of displacements at selected nodal points,
the stiffness properties of individual elements are evaluated and assembled
to give the total stiffness of the structure expressible in terms of those
nodal displacements.- This results in a.set of simultaneous equations which,
upon solution, g{ve the desired displacements and stresses throughout the
structure. The accuracy of the solution depends upon the adequacy of
the structural idealization,if any is involved, and the generality of the
assumed displacement field for ‘the eiemeht.

It is desirable that the element properties be such that they do
not violate the compatibility between adjacent elements, although noncom-
patible elements have been used successfully for solutions to bending pro-
blems, 23 Récentiy some study has been given to relaxing the compatability
criterion even in direct stress problems in order to retdin simple ele-
ments for three-dimensional problems. These studies are still indecisive.

In the idealization of a continuum by finite elements, the ele-
ment sizes should be small in regions of high stress gradients in order to
minimize the violation of local equilibrium. In general, the accuracy
of the solution will improve with an increase in the number of elements.
Another and frequently better way for improving the accuracy of the solu-
tion is to increase the number of degrees of freedom per element. This

11
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improvement can be achieved by either of two ways. One approach is to de-
fine more variables such as the first and the higher derivatives of the
~displacement at each node (higher nodal valency). A second approach is
to define additional intermediate, edge and/or internal, nodes in the
element. The Tatter approach, although it possesses a lower nodal vaTency,
alTows a more systematic and gradual increase in the order of the assumed
~displacement field than does the use of corner derivatives. There is a
1imit in the extent one can go in either approach however, because of the
computational complexity involved in using such higher order elements.
Argyris' Lumina?% and Hermes25 elements are examples.of the higher order
elements obtainediby‘including intermediate nodes and defining derivatives
of the disp]aceménts at the corner nodes, respectively. The displacement
. fields in the two elements. are defined by using Lagrangian and Hermitian
interpolation functions respectively. The use of Lagrangian rather than
Hermitian>interpo]atibn function allows more fTexibi]ity,of choice.

- The first suggestion for the use of the finite element analysis
" of three-dimensional solids was made by Martin26 and independently. by
Gallagher, et al.,27 both of whom proposed a four—node4tetrahedron element
which is, in fact, a three-dimensional counterpart of the original constant
strain triangle used in two-dimensional stress analysis. Later, Argyris28-31
developed a refined element; a ten-node. tetrahedron, which is the counter-
part of the two-dimensional linear strain triangle. ‘Melosh32 has also pro-
posed an element in the form. of a rectangular prism. The isoparametric

family of hexahedron elements, which has been developed by Ergatoudis,

et al., 33736 45 a rather recent and very remarkable contribution to the

three-dimensional analysis.
Melosh's rectangular prism is, in fact, a_spéc1a1 form of the

‘hexahedron elements belonging to the wider isoparametric family of elements.
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In selection of an element, therefore, the choice lies between the constant
strain and the higher order tetrahedrons, and the isoparametric element.
The tetrahedron element has found wide application in the ana]ysis of the
three-dimensional solids to this date. It is simple (at least to the
extent of the constant strain tetrahedron), and it satisfies all the condi-
tions of monotonic convergence--including compétibi1ity, the states of
rigid body motion and constant strain. However, it possesses the disad-
vantage of not conforming to the curved boundaries. In such cases, the
boundary is approximated by several small flat triangular faceé of the
tetrahedron. Such an idealization unnecessarily increases the number of
unknown disp]aceménts. As will be discussed later, the isoparametric
element has the capability of conforming to curved boUndaries more closely.
In addition, Clough37 has shown that an eight node isoparametric hexahedron
is more "flexible" than any eight node hexahedron assembly of tetrahedrons.
Since the process of discretization partially constrains the éontinuum by
using finite degrees of freedom (making it less f?exib]e), a comparatively
flexible element is more desirable. The isoparametric element is also
“isotropic" in the sense that it does not have preferential directions as
an assembly of tetrahedrons would inevitably have.37

It can be’noted here that it is possible to develop a tetrahedron
element with curved faces,.38 However, the formulation is at least as compli-
cated as that for the isoparametric element. Thé features of flexibility
and isotropy would still be lacking. In addition, extra effort is needed
for assembling the tetrahedrons into hexahedrons.

With the present-day knowledge of finite element, it can be con-
cluded that the isoparametric element is a very suitable element for the

analysis of three-dimensional structures.
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2.2 The Isoparametric Element

In three dimensions, the basic shape of the isoparametric e1ément
is a hexahedron consisting of eight corner nodes and straight edges. The |
generaT shape of each face is arhyperboiic‘paraboloid surface, Fié. 1.

The higher order elements, with curved boundaries, if desired, can be ob-
tained by including intermediate nodes on the edges, Figs. 2 and 3.

In general, the formu1étion of the isoparametric element can be
described as follows:

1. Using Lagrangian interpolation, it is possible to pass a (h-i)
degree curve through n given points on any edge of the %so- ¢
parametric element. Thus, two corner nodes‘define a strdight
Tine; addition of one intermediate node makeé it quadratfé“
(parabolic); and two intermediate nodes sfmi]ar]y make the
edge a cubic curve, o

2. A set of Tocal curvilinear coordinates, designated as the
isoparametric coordinates, £y, are estab1ishéd such that
each of the curved faces of fhe element can be defined by |
an equation £; = 1, where i ¥ 1, 2, 3. An ekplicit trans-
formation re1at10nsh1pkbetween gTobaT’cartesian coordinates
and the 1sopakametr1c coordinates is achieved'by using
Lagrangian 1nterpolafion functions, designated here as
"shape functions." Using the index notation and empldying

the summation convention

X, = me? (2.1)
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where
X;o = global coordinates (i = 1,2,3)
N shape function at node m
T = coordinates at node m

(Superscripts and subscripts are used to denote the node
number and the direction of coordinates, respectively.
Therefore, x? represents the coordinate at node m in the
direction.i; e.g., x%o denotes the y-coordinate at node 10.)
Since each shape function N™ in Eq. 2.1 is a Lagrangian

interpolation function, it has a value of unity at node m
and is zero at all other nodes.

3. The displacement field in the element is defined in terms

of the nodal displacements by using the same interpolation

functions. Thus,

U,i - N U_«i . (202)
where

u; = displacements at any point in the element

u = displacement at node m in direction i

Since both the global coordinates and the displacements
are expressed in terms of the same parameters (shape func-

tions), the element has been designatéd as the "“Iso-Parametric"

element.
2.3 Compatibi]itykand Convergence

For a solution to converge monotonically to:the true solution, it is nec-

essary that the displacements be continuous across the.interfaces between adjacent
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elements. This condition is satisfied,if the displacement of any point
on an edge between the adjacent elements is uniquely defined in terms of
the displacements of the nodal points along that boundary 1ine, and that
the boundaries of the adjacent elements fit with each other before any
deformation has taken place. Since the displacements and the coordinates
along the edge of an element are functions of the nodal displacements and
the nodal coordinates, Eqs. 2.2 and 2.1, respectively, the compatibility
of the displacement between adjacent elements is satisfied.

Other conditions for convergence, i.e., the state of rigid body
motion and constant strain, are in fact implicitly insured in the isopara-
metric formulation. This can be verified by showing that a displacement

field of the form

u; = ag ¥ bijxj | (2.3)

is admissible in the displacement field as defined by Eq. 2.2. In Egq. 2.3

a; and bij are arbitrary constants. At node m, Eq. 2.3 gives
m _ .m m
U_i - a'i + b_ij)(.i ‘ (254)

where, each aT has the same value as a; in Eq. 2.3. Substituting Eq. 2.4

into Eq. 2.2, one obtains

_.mym m.m ' ' ,
U_i - aiN + bijN Xj ‘ (205)

If the displacement field given by Eq: 2.3 is admissible, Eq. 2.5 must be
identical to Eq. 2.3. This can be shown by proving that the following are

identities:
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a, = Nma$ - (2.6a)

xo= N - : (2.6b)

Equation 2.6b is identical to Eq. 2.1. In order to prove that Eq. 2.6a is
also an identity, a linear transformation of coordinate system Xs into

another cartesian coordinate system ?} is considered.

X, = X. + a. o (2.7a)

X = '>?‘1?‘+am | - (2.7b)

- o um =m
X tay s N (x1 *a ),v o
or (2.8)
_oumm mm =y -
a N a1.+(N X x1)

Since the isoparametric coordinate system is unique to a given ele-

‘ment, Eq. 2.1 holds for any global coordinate system,.hence,

X, = NI | (2.9)

Substitution.of Eq. 2.9 into.Eq. 2.8 gives

ai. = Nmam

which-is the same.-as.Eq. 2.6a.. If Eq. 2.6a is written in ordinary notation,

~one obtains zN™ = 1, with summation extended over all the nodes.
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2.4 Generation of Polynomial Shape Functions

" For various elements suitable polynomial which satisfy the neces-
sary conditions of continuity can be written by including only the terms
which give the appropriate variation along the sides of the elements. For

example, considering the linear element, Fig. 1, one can write

6 = a] + aZE] + a3£2 + a4£3 + a5£]§2 + aGngS + u7€3£1
+ a8a]gzg3 = o"c’ (2.10)
where

¢ = a component of the global coordinate or the dispTacement
~vector at any point in the element

o' = constant coefficients

¢" = functions of isoparametric coordinates, gi;.thus, c] =1,

R N T

Evaluating Eq. 2.10 at node m, one obtains

M= cmryr (2.11)

where

]

' Cmr c” at node m

Equation 2.11 can be solved to obtain

ol = DM ‘ , (2.12)

Substitution. of Eq. 2.72 into Eq. 2.10 yields

s = Drmcr¢m
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or (2.13)

o = NG
where N is- the required shape function given by
N o= p™Me’ : (2.14)

| In many cases, it is possible to write these functions.by inspec-

g tion:ahd;on:the:basis,of the,fundamenta1‘properfyﬂof thevshape‘functionSﬁwhich
~has been-stated in-Section 2.2, i.e., the shape function for the node m, N™,
is unity at node m and zero at all other nodes. Thus, for an eight node

element

m _ 1 m_ .m m .

NT =g (teqgg) (T+e5E,) (T+e5E,) (2.15)
1n*which,gT is the value of £ at node m.
2.5 Higher Order Elements”

As-it has been indicated in Section 2.2, the isoparametric family
of elements consists of various orders of elements: beyond the Tinear 8 node
-hexahedron. A higher order e1ement‘is obtained1by»1nc1udingvintermediate
nodes- on- the edges. For instance, a "quadratic element" consists of eight
~corner nodes and- twelve intermediate nodes (one on each edge), Fig. 2a. A
~"cubic element" is obtained by including: twenty-four intermediate nodes--
- two on each edge, Fig. 2b, and so on. - The foregoing examples, however, are
special cases of the;genera1~isoparametric-e1ementﬂin~whichfit'is possible
to assign-anyzorderiof:response4tOLindividua1fedges,~Fig.‘3,

- Figure 4 shows a.typical edgg;;AB,-underlvarious-degrees;of

-vesponses. - When there-are: only two corner:nodes, A and B, the: response is
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linear, Fig. 4a. - Addition of an intermediate node results in both a para-
bolic edge and displacement field. A set. of shape functions, quadratic in
the isoparametric coordinate- along AB,'sayiai, can be formulated for corner
nodes A-and B, and the intermediate node 1. This, however, would mean- that
everytime an additional intermediate node is:introduced on any edge, a.new
set.of shape functions-mﬁst.be.used'for»the'corner’nodes. ‘This difficulty
is overcome.by:defining*thevquadratic~résponse~on~the edge as- the departure

. from linearity, thus retaining the linear response.defined.by the corner

nodes.
6B = A BB 0P8 (2.16)
‘where
‘¢AB = a component. of coordinate or displacement vector,
--evaluated on edge AB |
‘NA,NB .= Tlinear shape function for the corner nodes A and B
'éA;¢B = -values-of ¢AB at node A and B, respectively
'AAB¢ = - the.quadratic departure of éAB from the linear re-

:sponse:définedcbycthe=corner'nodes

. 0n the basis of known: characteristics:of AAB¢, i.e., it is quadratic, and

“vanishes at A and B (51 = #1), oné'can*write

P - I - (2.17)
where
8 . = an unknown- coefficient which is to be determined. for the

. edge under- consideration

For fhe corner node A on the~edge;AB,;Eq;-2,15ibecomes
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A L] Al yracA A
NT =g (Treyeg) (M+e5e,) (T+E5E,) - (2.18)

“Also on-thefédge-AB

- A
52 - 52 - +]
(2.19)
- A
83 = &3 = tl
Substitution of Eq. 2.719 into Eq. 2.18 gives
A 1 /7. A
- N = ?’<1+£151) | (2.20a)
SimiTarly,
B _ 1 ,1.B. -
Vo= g () | (2.200)
At the 1ntermediate node. 1, éAB‘= ¢1, and AAB¢1 = AAB¢1§“'SUbstitutingf

fk£1u=’0°into;Eq§'2;17 and . Egs. 2.20 one obtains

(2.21)

5NB and AAB¢‘into4Eq;'2,16 and so]vinb for B8 results in

Substituting for NP

: B

5 o= 4 - %— (6% (2.22)

The term g can be defined as the modified value. of ¢1 andfdehbted_by'gq,
Equation 2.16 now-becomes

¢AB = ~NA¢A +5NB¢B +’N4$4 -(2.23)

where W is the shape function for the modified nodal va1ué'$q»and‘is-written
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on the basis of Eq. 2.17 as

w1 1.2 AB AB
o= g (1-g)) (e, g,) (T+e57E5) ~ (2.24)
v e . MAB . . _AB
It can be seen that by substituting £y = &5 and g5 = &5 for the edge AB

in Eq. 2.24, W

= (1-5?), which is in agreement with Eq. 2.17.

More intermediate nodes can be introduced on the same edge in order
to define a higher degree of response.. Figure 4c, for instance, represents
a cubic response on  the edge AB, which-has two intermediate nodes 1 and 2.
If there are I intermediate nodes defined4on-the'samevedge, Figu'4d, the

~degree- of response would be (I+1). _Equation 2.16 can again be used-to define

AB¢ represents the departure of

the total response on the edge. The term A
degree (I+1) from linearity. In a manner:similar to.Eq. 2.17, it can be

written-as

T B L Rt BT L )

The superscripts on. g in the above expression represent exponential powers,
_‘ys'é~are a-set of I unknown coefficients for the edge,andig$‘s-are I func-
tions;oflg1, The- isoparametric coordinates for each of the I intermediate

‘hodes can-be substituted in Eq. 2.25.- Thus, .

pPBgm o gms, S | (2.26)

A th

~where;'AA5¢m and Gms-are~the values. of A~3¢ sand gs at the m” intermediate

. . S s
node, respectively. Solution of Eq. 2.26 for vy~ gives

Since the set of ¢-values.of I-intermediate nodes are replaced by the same
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number of ¢-values in Eq. 2.25, as before, Em's are designated as the modified
o-values. The terms W are the shape functions corresponding to each of the

| Em-values,:Eqs; 2,25, 2.26, It can be seen from Eq. 2.26 that on edge AB,

_.AB _.ABy =m
(gz"éz 3 ‘53‘"53 )s N

It should be noted here, that arrays G™ and H™, Egs. 2.26 and 2.27

= gms which is in conformity with Eq. 2.24.

are constant for a given number of intermediate nodes and they are independent
-of the position or direction of the edge. It is, therefore, possible to

compute and store them at the beginning of the program for future use.

2.6 The Element.Stiffness Matrix

‘With the given displacement field for the element, Eq. 2.2, it is
possible to obtain the stiffness matrix using the principle of virtual dis-
- placement and the constitutive relations of the continuum.

In a cartesian space, the strain tensor is given.by

U, AU,
S T R A
53 ° 7 |ax, T, (2.32)
Differentiating Eq. 2.2 and substituting into Eq. 2.32, one obtains
_oom oo
€55 ° Z'ijk U (2.33)
in which
m
m _ 1 aN
Zisk = 7 (8850 * 85,85) ERN (2.34)

where, 81k is the Kronecker delta.
The shape functions N™, are expressed in terms of the isoparametric
coordinates. In order to evaluate their derivatives with respect to the

- global coordinates, one needs the transformation relationship between the
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cartesian and the isoparametric coordinates. This relationship can be

-

obtained by djfferentiating Eq. 2.1 with respect.to £s-

3K m
Yol éﬁf.x? (2.35)
“:J QJ

3k .
The required transformation array 5§i-is obtained by inverting the Jacobian
X, i

matyrix agj’ Eq. 2.35. The global derivatives of the shape functions‘Nm,
J
Eqg. 2.34, can be evaluated now by
™ aNT PE | (2.36)
3X; agj 3X;

The stresses are related to strains.by

pq = Epqij i3 (2.37)

where is the material property tensor.

"pqiJ
If the element is given a virtual displacement 6uE, the corre-

sponding change in strain can be computed from: Eq. 2.33.

. m
Sg.. = I..

n o M .
i3 23k Suy (2,38)

‘The internal work associated with the virtual displacement is

Wy e = J{;ij 8¢5 5 dv (2.39)
v
-~ and the external work of the nodal forces through the nodal virtual dis-

placements is

sl = pl su? (2.40)

For a system in equilibrium swﬁnt = Gwexta Equations 2.33, 2.34, and 2.37

to. 2.40 give



25

m _ ,mn n
P_i = kij uJw (2.41)

*
in which k?? is the element stiffness matrix which is given by

~nim n
L J[ E oN_ AN yy (2.42)

13 ikje axk axz
v
where
; BX_?
dv = dxuldxzdx3 = 523 dg1d52dg3 (2.43)
For the elastic fsotropic material, the material property tensor
Eika can be expressed explicitly in terms of the Lamé's constant A, and the

modulus of rigidity u.

Eikse hSqy 8gq F ul8558,705,85,) (2.44)

Substituting Eq. 2.44 in Eq. 2.42 one obtains

CHERRE = S o R L
7 i J k "k

A numerical integration scheme for computing the stiffﬁess matrix
is given in Section 2.8. It was found during the study that the index nota-
tion formulation of the stiffness matrix results in an economic organization
of computation. In addition, in case. of homogeneous material in which the
terms of material property fensor are independent of position cqordinates,
a further reductﬁon'ﬁn computer timé.is achieved by taking the material prop-
. erty tensor Eika outside ' of the integral sign, Eq. 2.42. A more detailed
discussion on this subject is given in Appendix A.

g | |
Since k?q is a four-dimensional array,; it cannot be defined by the term

- "matrix."  Nevertheless, the term "stiffness matrix" is conventionally
used to define a.relationship between the nodal forces and the nodal dis-

- placements, and is used in the study.
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2.7 The . Generalized Loads

In the discrete formulation of continuum problems, the applied
loads must be transferred to nodal points, where the disp?écements'are_de~
~ fined. This transformation is best achieved. by using‘an_energy,apprbach
similar to that used for obtaining the element stiffness properties. The
- nodal loads so obtained are referred to as the generalized Toads.
The applied. Toads may either be concentrated loads acting at any
. point,.or they‘may;be distributed over a ;onfinuous domain,'such as a volume,

an area.or a. length.
2.7.1 -Concentrated Loads

" The .equavalent nodal Toads resulting from a~concentrated'10ad:Q?
acting at point A (gﬁ = g?) are obtained by equating the work of both the

nodal and the concentrated loads through a virtual displacement. Thus,

mom o AA A m A o
Py duy = Qy suy = Q N (Ei) Suy (2.46)
where
pl = desired generalized Ioad

T

S Us virtual displacement field

The'term'Nm(g?) represents the va?ue_of:Nm at point A. Since,:ﬁui and thus
'au? are arbitrary displacements, Eq. 2.46 yields

PTo= W) - (2.47)

2.7.2 Distributed Loads

~.In a procedure similar to that for the concentrated loads, for a

- distributed load.of intensity 9 acting on a domain D, the equivalent nodal
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loads are obtained from

A fqideD (2.48)
D
As an example, for the case where the load is distributed over a

face of the element, the domain D is replaced by the area A. Equation 2.48
- becomes
Pl = fqideA (2.49)

7 .
2.8 The Numerical Integration

. If:.performed manually; the computation of both the element stiff-
© ness matrﬁx'k?g,,Eq, 2,42, and the generalized 1oads,.PT,,Eq; 2:.48; is a
prohibitive task. As an alternative, various computations can:be performed
with the help of a computer. In this situation, the integration involved
in computation of those quantities must be performed numerically.

~-There are many.approaches available for numerical integration.
‘Their detailed description can be found in the standard books on numerical
analysis.39:%0 Zienkiewicz* has selected two of them as the most useful
in the finite element formuiation, the Gaussian quadratuke formula and the
Newton-Cotes quadrature formula. Ergatoudis,33 however, has. pointed out
that the former is about three times as efficient as the latter. Therefore,
in the present study, the Gaussian quadrature formula has been used.

Using the Gaussian quadrature formula, one can exactly integrate

a polynomial f(&) of degree (2n-1) as a weighted means of its particular

values at n specified points. The expression can be written as

+1 )
ff(a)da = p'f (2.50)
-1
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where
;i

o the weighting coefficients, and

i

f' = the value of function (&) at n specified points (e=n')

In two dimensions, the integral becomes
+1 +]

r . e s
f / F(ggsgz)dgjdgz = D](.'JJ'F]J (2.51)
109
and in three dimensions, it is
+1  +1 4]
f(€19£2553)d£1d£2d€3 = DTQJQk'F]Jk (2552)
-1 -1 =1

The o' and n' values for different orders of Gaussian quadrature are readily
obtainable.®9»%% °  Ip the present study, as was also found by other investi-

th

gators, 37 integration carried with the 4~ order Gaussian quadration is con-

sidered to be sufficiently accurate to handle all problems.
2.9 The Load-Displacement Equations for the Structure

~In the displacement method of finite element analysis, the pro-
blem always reduces to the solution of a set. of simultaneous equations,

- referred to as the load-displacement equation. In matrix notation,

KU = F (2.53)
‘where

K = the nonsingular structural stiffness matrix

U = the vector of unknown displacements, and

F = the nodal Toad vector

Solution of Eq. 2.53 yields the unknown displacements U, which upon substi-

tution into the strain-displacement relation, Eq. 2.33, and subsequent use
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of stress-strain relation, Eq. 2.37, gives the desired stresses.

Various steps.in arriving at Eq. 2.53 are discussed in the follow-

- ing.sections.
2.9.1 Assembling the Structural Stiffness Matrix

‘The structural stiffness matrix:-is obtained on the basis of the

. principle of virtual displacement. The total virtual work done on the

. .structure. consists of the virtual work contributions of the individual ele-
- ments, 'The structural:stiffness matrix:is obtained by summing up the stiff-

ness matrices of the contributing elements. Thus,

X =.%g1 k., (2.54)
where
- K = the stiffness matrix: of the unconstrained structure
kr‘ = the stiffness matrix of the element r
- M . = the total number of elements

‘The stiffness matrix obtained in.Eq. 2.54 is used to obtain the

“Toad-displacement relationship for the unconstrained: structure.
KU = F (2.55)

‘where U and F are the vectors of nodal displacements and loads,. respectively,
- for the unconstrained structure.

Without any constraints, a structure is free to undergo rigid body
- motion; . therefore, there is no unique solution to.Eq. 2.55. ~Mathematically,
~ this phenomenon manifests itself by the singular nature of the stiffness
‘matrix K. Nevertheless, all stable structures are provided with enough dis-

- placement constraints to.prevent rigid body motion. A nonsingu?ar stiffness
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matrix K can be obtained from the singular stiffness matrix X by incorpor-

ating those constraints in a manner explained in the next section.
2.9.2 Displacement Constraints

Some of the constraints envisaged in the preceding section can be
in the form of zero nodal displacements in given global directions at cer-
tain joints. If there are no other constraints, the nonsingular stiffness
matrix K can be obtained from the assembled stiffness matrix K, Eq. 2.54,
by oﬁitting the rows and the columns corresponding to the constrained dis-

placements.

Another type of constraint often encountered is in the form of

a set of explicit relationships between two dispTacements, say U} and 0

such as
U‘] = ¢ T, (2.56)

where C is a known constant. For instance, constraints defined by Eq. 2.56
exist when the displacements are zero in the direction normal to a boundary
which is inclined to the specified coordinate axes, Fig. 5a. If the bound-
ary is parallel to X3 axis and makes an angle & with the Xy axis, then
C = cot 8, in Eg. 3.56, where Tﬁ and-Ué now represent the displacements in
Xy énd'x2 directions, respectively, at a node on the boundary.

In the case of a medium thick plate subjected only to lateral load,
Fig. 5b, denoting the displacements in Xys X595 Xg directions by Uys Ugs Usgs
respectively, and using superscripts t and b to denote the top and bottom

layers, the fo?1ow?ng relationships are easily obtained:
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t
Ul - "U]

t b

Uy = -l (2.57)
t b
u3. = U3

Equations 2.57 are also of the type of Eg. 2.56.
‘With the given constraints, in general, a relationship between
the displacement vectors of the unconstrained and the constrained structure

can. be written as.
T = TU (2.58)

where T 1s a geometric transformation matrix. -On the basis.of the principle

.of contragradience,*2

F o= T°F (2.59)

Substituting. Eq. 2.58 into Eq. 2.55, and substituting the resultant expres-

- sion for F into.Eq. 2.59, one obtains
= Tz
F.o= (TTKT) U (2.60)
Comparison of Eq. 2.53 and 2.60 yields

KT (2.61)

which is the desired expression for the nonsingular structural stiffness

matrix.

- In most cases, the geometric transformation matrix T:of Eq. 2.58

~is only sparsely filled. Computations for: Eq. 2.61 can, therefore, be
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organized economically without actually performing direct matrix multipli-

- cation.
2.9.3 Solution of the Load-Displacement Equations

As has been mentioned earlier in this section, in the displacement
method of finite element analysis, the problem always reduces to the solution
.of a.set of simultaneous equations, Eq. 2.53. Invariably, an efficient
method of solving equations takes into account the symmetry and the banded
nature of the stiffness matrix. In the present study, only the upper tri-
angular portion of the stiffness matrix is considered, and a variable band
width approach has been followed. The resulting banded upper triangular
matrix has been stored in a column array in order to economize the storage
requirement. The solution of the equations is based on the Gaussian elimin-
ation method."3

The method of solution followed in this study is quite efficient
- for solving a banded set of equations. However, in three-dimensional pro-
‘blems the band width of the individual equations tends to be very large,
thus requiring a large storage. In addition, one has to operate on many
zero terms within the band, which adds to the cost of equation solving. The
frontal method*" is an improvement in this respect. In this method, only
that part of the stiffness matrix which corresponds to the current active
variables in the "front" is stored in core, thus making a substantial saving
on the core requirement. In general, the size of the front is smaller than
the band width of the equations, which in effect, eliminates a good number
of zeroes from the process of computation. This results in economy of the
computer time. On the other hand, the frontal method uses several input-

output operations. For this reason, in many problems, a straight, variable
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band width. approach (used in this study) may prove to be more-economical.
Several other methods have been used for the solution. of simul-
taneous equations. The so-called "square-root method"*> is one which has
been used extensively. The method consists of decomposing the stiffness
matrix into a product of a Tower triangular matrix and an upper triangular
matrix. A similar method has been used in the general purpose finite ele-

ment program NASTRAN; *©



Chapter 3
PLASTIC ANALYSIS

3.7 General

As is well known in the elastic deformation, strains are related
to stresses by a holonomic relationship. An elastic process is also revers-
ible. On the contrary, the phenomenon of plastic deformation implies that
the state of strain is not uniquely determined by the state of stress--it
is path dependent. Also, the process of plastic deformation is irrevers-
ible. This means that the work done during a plastic action cannot be
recovered.

Most materials behave elastically up to a certain stage of load-
ing, beyond which plastic deformations take place. In a uniaxial state
of stress, the stage.at which yielding starts can be determined easily
from the experimental stress-strain curve. In multiaxial state of stress,
~ however, there are infinite number of possible combinations of stresses
at which yielding starts. A unified basis of establishing all such com-
binations is known as the yield criterion. Another necessary considera-
tion in constructing a plasticity theory is the incremental relationship
between stresses and strains in the plastic range. Both thé yield cri=

terion and the plastic incremental stress-strain relationship are discussed

in the following section.
3.2 The Yield Criterion and the Flow Rule

The yield criterion is described by a hypersurface (designated as

the yield surface) in six-dimensional stress. space."’

34
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where

i

Y the Toading function, and

If

k = the yield function or the work-hardening function

For a given previous. deformation history, w(qij) is a function of the cur-
.rent state of stress and « is a constant. ' If the state of stress is such
that -1t 1ies on the yield surface described.by Eq. 2.1, initiation of
.-plastic deformation can take place.

- For a perfectly plastic material, the'y5e1d surface, Eq. 3.1,
_remains constant. However, for a strain hardening material, the.yield

. surface must change with continued straining beyond the initial yield.. This
- phenomenon is incorporated in Eq. 3.1.by.a110wﬁng'both ¥ and «.to be func-
tions of the state of stress and the plastic deformation history.. Thus,
every time yielding takes place, « takes on a new value. If the material
is unloaded and then: loaded again, additional yielding does not take place
unless the current value of « has been exceeded.

As has been mentioned earlier, in general, ¥ is the function of
both, the state of stress and the deformation. A good deal of analytical
~simplification is achieved by neglecting the Bauschinger effect,*® assum-
ing that the material strain hardens isotropically. -Such an-assumption is
approximately true if the Toad s applied monotonically.*? It should be
noted that a basic assumption in the plastic analysis is that the loading
function w(cij)‘existsn

Various incremental stress-strain equations, or the so-called

flow rules have been suggested for analysis in the plastic range.“7 Most
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of them impTicitly assume that the infinitesimal stresses and strains are
related Tinearly. A unified approach for arriving at the incremental
stress-strain equation, as presented by Drucker,>" is followed here.
Drucker postulated the implications of work hardening and the
jdeally plastic material, and established that the plastic strain incre-

L

.ment,vdaijﬁ is proportibna? to the stress gradient of the yield surface.

13 aw
de = dl’:’:‘ (3e2)

where
dy o= a posifive incremental constant of proportionality
. Equations 3.7 and 3.2 form the basis of the development of the

method of plastic analysis discussed in the following sections.

3.3 Incremental Stress-Strain Equation

In the plastic range, the relationship between stresses and
straihs.ﬁs nonlinear and also path dependent (see the preceding two sec-
tions). In order to perform a plastic analysis, the loading path is dis-
cretized into several linear load steps. The increments in stresses and
strains for each step are then related by the rate constitutive laws. The
assumption is that the extension of the linearized steps is small so that
the change in stresses during a particular step can be regarded as infin-
itesimal and Eq. 3.2, which is true for infinitesimal increments of stresses
and stra{hss can be employed for small finite increments.

The total strain increment diij is the sum of the increments in

I

elastic and plastic strains daﬁj and deij’ respectively.

ds“i" = da + d= (3.3)

J 1J iJ
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The relationship between stresses and elastic strains is given by Eq. 2.37

which is modified for incremental stresses and elastic strains as

ds. (3.4)

dGu E ;kx

ij “1jkz

Hi

i
Substituting.dekz from Eq. 3.3 into Eq. 3.4 and subsequently making use

.of Eq. 3.2, one obtains

- di E.., 2 (3.5)

15 % Biske %Bke
It has been stated in Section 3.2 that the yield function «,

Eq. 3.1, is a function of the state of stress and the plastic.deformation

- path. For many materials an.equivalent statement: is that the yield. func-

- tion is a. function of the plastic work“WP,, Thus,
- P
ko= (W) (3.6)

‘where

p R

Obviously, even.for those materials which satisfy Eq. 3.6, the yield func-
. tion continues to:be a function of the state of stress and the plastic
. deformation.path since wP is a function of the state of stress and of this

. path,; Eq. 3.7.
Making use of Eqgs. 3.2; 3.6 and 3.7, the complete differential

- of Egq. 3.1 can be written as

9  ds.. = rda (3.8)

where
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- de.  s¥
i : ) e T (3:9)

i

Substituting Eq. 3.5 into Eq. 3.8 and solving for the incremental constant

of proportionality, d:, one obtains

I Y .
13
where
9 = (r+E, 2B 4l (3.11)
TJKL dgij aukx‘
Substitution of Eq. 3.70 into Eq. 3.5, gives
dsij = d'j_ij - dc;jj (30]2)
in which
v . 3Y sy
do,, = @E,.  E _ ——dt \ (3.14)
13 ijke “pgrs 83, 99, P9

]

i3 represents the elastic increment in stresses corresponding
' '

to the total strain increment daiju The tensor dgij is designated as the

The tensor d=

incremental "initial stress" tensor in analogy to the initial strains.
Equation 3.74 holds good only when the incremental stress tensor lies out-

side the yield surface.

In the "initial" stress approach, discussed later in this chapter,

Eqs. 3.12 to 3.14 form the basis of the computations.
3.4 Application to von Mises Yield Criterion

Various yield criteria have been proposed for plastic analysis
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of solids having different material properties.*? The von Mises yield cri-
terion explains the behavior of a wide class of ductile materials. very
closely. The Prandti-Reuss equations form the flow rule associated with
the von Mises yield criterion.

. For the von Mises yield criterion, Eq. 3.1 reduces. to

%'Sij S % o (3.15)
in which

¥logy) = %-Sij Si3 (3.16)
and

€ = of | (3.17)

where Sij is the deviatoric stress tensor and is given.by

B 1 v
Si5° % 93 7 3 ki3 (3.18)

It is seen from Eg. 3.15 that for a uniaxial state of stress,

where the only nonzero component. of stress tensor is 09> ONE obtains

= g (3.19)

By the analogy represented by Eg. 3.19, e is designated as the effec-
~ tive stress (equivalent to the uniaxial state of stress).

Differentiating Eq. 3.16 with respect to U550 one obtains

=

.3
= 35, (3.20)

Substitution of Eq. 3.20 into Eq. 3.2, yields

de.. = 3 S dx (3.21)
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It is assumed that the plastic work done by the stresses 04 5

i

through the plastic strain increment dgij is equal to the work done by

the effective stress o_ through equivalent plastic strain increment dep

e
in a uniaxial state of stress. Thus,

[}

P B ' i1 B ~
dW = 45 d i3 T Y% dnp (3.22)
Substituting Eq. 3.21 into Eq. 3.22 and solving for di, one.obtains

ds
dx = 4B (3.23)

2 o
e

Substitution of Eq. 3.23 inte Eq. 3.21 gives

3%
iy T 25, %4 (3.24)
Equations 3.21 and 3.24 are known as the Prandtl-Reuss equations.

Using.Egs. 3.22 and 3.24, it can be shown that

_ _2- pﬂ! [}
dap “.\/3 d;ij dsfj (3.25)

In a uniaxial system, Eq. 3.25 reduces to

[}

de = de

0 11 (3.26)

which is in agreement with the prior statement about the definition. of
the equivalent plastic strain increment.

- Equations 3.17 and 3.22 give

RS (3.27)

It is assumed that the material has a bilinear stress-strain relationship

in uniaxial state of stress, Fig. 6. Thus,

o, = o, vt (3.28)

e N zp
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where z is the strain hardening coefficient. Differentiating Eq. 3.28 with

respect to £’ one obtains

& . Z°L (3.29)
- Substituting.Eq: 3.29 into.Eq. 3.27 and substituting the resulting expres-
. sion together with Eq. 3.20 into Eq. 3.9, one gets

- - g2.22FE ,
B N - (3.30)

Substitution of Eqs. 2.44, 3.20 and 3.30 into.Eq. 3.10 yields

0 =l (o B+ 3] (3.31)
4ot 72
-Substituting Eqs.. 3,13, 3.20.and 3.31 into.Eq. 3.74 one obtains
P z E -1 dse
.. =  mrr——r— . —= .
o 5 (O + 530 S - (3.32)
where
“e 258 ijke Y1 ki ’

It should be noted that Eqs. 3.32 and 3.33 are applicable only when
Eq. 3.15:is satisfied in the-beginning of the increment, i.e.; when the

: state,of stress lies on the yield surface. Also doe should always .be

. positive or. zero.

‘The Toading function, as defined by .Eq. 3.16; is quadratic in
- stresses. For the sake of convenience in forthcoming discussion, a

"loading stress"

o = V(o) =\/35:: 5. (3.34)
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is defined, which varies linearly with the Tinear change in stresses.

‘Equation 3.15, which defines the yield surface, can be rewritten as
g, = g (3.35)

-In case the state of stress does not Tie on the yield surface

(i.e., Egqs. 3.15 or 3.35 are not satisfied), at the beginning of the load
increment, the change in loading stress is computed using an equation

- similar-to Eq. 3.33

o = S. . de (3.36)

o 2ce Eijkz ij ki

An incremental pseudo initial stress field is obtained by substituting

dgc for dae in Eq. 3.32. Thus,

-dg,i; = (12T, ¢ (3.37)

The actual values of incremental initial stresses dgij are ob-
téined on the basis of the state of stress in the beginning and the end
.of the load increment. If o, is the Toading stress at the beginning of

the Toad increment and‘cZ:ﬁs the loading stress at. the end of the increment,

 three cases arise.

1. c+ i
C e

No plastic deformation has taken place, therefore,

do = 0
€ (3.38)

dcij = 0

+
> G = ]
2. 9 Iq and 9. o

The plastic deformation has occurred during the complete
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foading increment. In this case,

dse = dcc
(3.39)
[ b
do.. = dz..
13 1]
+ o i ~ &<
3. S. g and g < 9

Only part of loading increment has caused plastic deforma-
tions.. Since a linear problem 1s solved for each loading

~increment, one can write

dqe = dsc - (Ge - GC>

v d@e i <3'4O)
d(fua = *’f—f-'*-df:fua

ij dec ij

“Equations 3.34 to 3.40 are used in applying the initial stress
approach toafhe,isoparametric element. The significance of the: above

. treatment becomes more obvious in Section 3.7.

3.5 Method of Analysis

As has been mentioned in Section 3.3, an incremental Toading. ap-
- proach must be used for the analysis in the plastic range of material
behavior. The incremental equations in the preceding two sections are
written in differential notations which imply that the increments are in-
- finitesimally small. However, in practice one must use finite increments.
It is assumed that the relationships, which are true for infinitesimal in-
crements, can be applied for small finite increments. In order to dis-
tinguish between the infinitesimal increments and the finite increments,

the differential operator "d" will be repltaced by "a" in the further
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treatment. For instance, igij will denote a finite increment in the stress
tensor %55

* One of the eariier methods which foliows the incremental loading
approach 1s the "initial strain" method.”* An elastic problem is solved
for each increment of loading. An estimate of the plastic strain for the
Toading increment is made and this assumed plastic strain is treated as
the initial strain. A Toading system "equivalent" to the initial strain
is evaluated and is applied on the structure in order to solve another
elastic problem. The iterative process consists of determining the ini-
tial strains, evaluating the equivalent Toading and solving the elastic
~ probliem.  The convergence 1s assumed to have been reached once the initial
strains become negligible within a given tolerance.

A serious drawback of the initial strain method is that it applies
only to materials showing a pronounced degree of strain hardening. When
the strain hardening is either very small or zero, very large plastic
strains are caused by small increments oF,?oads, resulting in a poor con-
vergence.

‘Another approach to the finite element incremental plastic anal=
.ysis. is the quadratic programming method.17.%% The incremental problem is
solved "exactly" in a finite number of iterations for both work hardening
and perfectly plastic behavior. However, computer programs for Targe
scale quadratic programming problems are not readily available. Moreover,
the application to finite element modeis with nonconstant stresses and
‘strains in each element presents some complications.

A third incremental method of plastic analysis is the tangent
stiffness method.52s3° [n this method, at any Tloading step, the incre-

mental stress-strain relationship is used to determine the stiffness
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matrix of the element which has undergone a plastic deformation. Such a
stiffness matrix is designated as the "tangent stiffness matrix." For
- each loading increment, an elastic problem-is solved using the tangent
stiffness matrix of the structure. For elements which have undergone
further plastic deformation, the state of stress in the element and thus,
. the incremental stress-strain relation for the element have changed. A
new tangent stiffness matrix is evaluated and the problem is resolved.

- This process is continued for each loading increment until the structure
-becomes very flexible due to widespread plastic deformations in critical
zones such that the displacements become unbounded.

Since, for eachk1oading~increment, a new stiffness matrix is

computed for the element which has undergone plastic deformation, the
- equilibrium equations at every joint which is incident on that element
must be modified. Both the recomputation of the element stiffness matrix
‘and modifications of equilibrium equations constitute a major computational
.effort, especially for the three-dimensional. isoparametric element. For
this reason, a more economical method of incorporating the plastic material
behavior, the initial stress method®* is considered in this study.

- In this method of analysis, for each loading increment, the pro-
blem is .solved elastically. .If any point has undergone plastic deforma-
tion during the loading increment, the increments of stresses and straihs
at that point will not satisfy the incremental stress-strain relationship,
Eq. 3¢120* In order to satisfy Eq. 3.12, a set of stresses Ac%é, Eq. 3.14,
are calculated and subtracted from the elastically evaluated stress incre-

ment, Eq. 3.13.  In analogy to the initial strains, the stresses Adij can

The equations referred to here should be considered as applied to
finite increments.
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be calied incremental "initial stresses." Equilibrium is restored by ap-
plying a set of Toads on the structure equivalent to the incremental ini-
tial stresses. A new elastic problem is then solved with the new loading.
“An iterative scheme is used which consists of evaluating the initial
stresses, applying the equivalent set of loads on the structure and carry-
ing a new elastic analysis. The iterative process is continued until the
set of loads equivalent to the computed incremental initial stresses be-
- come sufficiently small.

Figure 7 shows the graphical representation of the initial stress
method on a two-dimensional stress plane.

“The initial stress method is economical since the original
stiffness matrix of the structure is not changed during the analysis. The
Gaussian elimination procedure for reducing the stiFFnéss matrix of the
structure to an upper triangu?ar matrix coefficient is performed only once.
As opposed to the initial strain method, this method can be applied to
materials with zero or small strain hardening, since for any state of

strain the state of stress is uniquely defined,
3.6 The Incremental Load-Displacement Relationship

An- incremental load-displacement relationship can be developed
in conjunction with the initial stress method of plastic analysis discussed
in the preceding section. The incremental strain-displacement relation-

ship can be written on the basis of Eq. 2.33.

o oamom

1
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The incremental stress-strain relationship is given by Eq. 3.12; it can be
rewritten with the help of Eg. 3.13 as

Ao.. = E (3.42)

1] iike Bep, - 8

v T %%
The incremental Toad-stress relationship is obtained from Eq. 3.471, using
the principle.of contragradience. *2
mo_ m
aPy | Jf Zisy bogs dV (3.43)
v

Combining Egs. 3.41 to 3.43, one obtains the desired incremental load-
displacement relationship for an element

AP? = k?? Au? - AP?‘i (3.44)

where k?g is the elastic stiffness matrix, Eq. 2.42, and

m!l B m i
v
is designated as the incremental initial Toad vector.

The vector AP?

- The incremental load-displacement relationship can be obtained
by proper summation of Eq. 3.44 over all the elements in a manner similar

- to that discussed in Section 2.9. Using matrix notation

A = K AU - AF C(3.46)

~The vector.AFI in Eq. 3.46 denotes the incremental initial Toad vector
- for the structure.

Equation 3.46 represents a.set of nonlinear simultaneous equa-
~tions. The nonlinearity stems. from the fact that the incremental initial

load vector AF  1is a function of the state of stress which in general

does not remain constant during a loading increment.
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For a given loading increment, Eq. 3.46 can be solved using a
modi fied Newton-Raphson approach.“< First, an approximate value for the
incremental displacement vector A°U is obtained by solving the Tinear

equation
AF = K a®U (3.47)

Using the approximate value of the incremental displacement: vector A°U,
’ i
an initial-Toad vector A®F 1is calculated (see Eqs. 3.44 and 3.46). A

linear system of equations,
P “l
-~ A°F = Ka'U : (3.48)

is solved for a set of corrections A]U in the incremental displacement
[ ]

vector. An incremental initial load vector A]F “is computed and another

h

set of equations similar to Eq. 3.48 is solved. At the i° jteration,

<_thewfiermequationwcanMbemwritten as . ...

o M s .
AT = ksl (3.49)

The iterations are.terminated when the incremental initial-load.vector

2 (]
4'F has.become sufficiently small. The total increment in the displace-
mentvvector'is given by
sU = ¥ aTU (3.50)
r=0
The same procedure is followed for the analysis of other loading increments.

Figure 8 illustrates the Newton-Raphson method schematically for

a unfaxial loading.
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3.7 Application to the Isoparametric Element

The iterative scheme, as explained in the preceding.section, can
be applied to any finite element provided a suitable way of defining the
incremental initial stress field A;;; is available. In a partially yielded
element, the elasto-piastic boundary divides the element into two portions.
The value of &c;; will be zero in the unyielded portioh and it will have a
nonzero value in the portion which has been yielded.

Thé initial stress field is used in Eq. 3.45 in order to compute
the_equivaTent nodal Toads. In the isobarametrﬁc element, the volume inte-
gra?-on‘the right-hand side.ofiqu 3.45 is evaluated numerically. There-
fore, if is sufficfent tQ know the vaTQe of Ac%g at thg points of integra-
tion only. In order to compute the value of Ac;; at any point.Using the
incremental formvof_Eqa 3.14, one needs to know both the current state of
~stress and the state of stress at the beginning of the Toading increment.

" This means that the stresses must be computed af each point of integrafion
within an element and stored for future use for each loading increment.

Computing and storing stresses for several poihts of integration
in each e?ementvis an expensive process. Moreover, the stress field which,
in thié case, ié,defined as a. function of nodal displacements within an
element, s not continuous across the eTemeht'boundariesa ‘This may force
- some.of the element boundaries to become the elasto-plastic boundaries in
the continuum. Therefore, in view of these drawbacks, a "stress-interpo-

v Tatién”‘approach is employed.
In the stress-interpolation. approach, it is assumed that the

averaged nodal stresses are reasonably accurate representations of the

state of stress at those points. It is further assumed that any stress
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- field can be defined as an interpolation of averaged nodal stresses in an

element., Thus, a stress field can be defined as

o = NG (3.51)
where

¢ = = a component of the stresses

¢m‘ = value of ¢ at the element node m

N = interpolation function for node m, same as the shape

function-used in Eq. 2.1
The state of stress is examined-at each node in order to. deter-
mine whether it has undergone a plastic deformation during a particular
- loading increment. An element is partially br;fu11y,p1astic.if some or

all the nodes in the element have undergone a plastic deformation.: For a

o

| L - o 2

tic element, the incremental pseudo initia

1 cdhrnmcmms miam ~=T T adad o4
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C

pla
each node of the’e1ement~u$ing1Eq; 3.37. The incremental pseudo initial

stress field in the element is then defined according to Eq. 3.51.

i1 [

: = N" AT
Ao‘,ij = N L\G_ij (3552)

Similarly, the loading stress 9. and the effective stress g at any point

within the -element are obtained from

- .ymo_m LB
Oe = N S (3.53)
_amo.m
gy = N 9q (3.54)

Once the incremental pseudo initial stresses, the loading stresses and the
effective stresses have been computed at the integration points, Egs. 3.52 -
3.54, the incremental initial stresses for these points can be obtained

- from Egs. 3.38 - 3.40.
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Having determined the incremental initial stresses at the inte-
gration points, the computation of incremental initial Toads and the iter-
ative solution of the resulting.set of equations is carried out in the

manner explained in Section 3.6.
3.8 Summary of the Plastic Analysis

The initial stress method has been used for analyzing the struc-
. ture in the plastic range. The fundamental approach of the method has
been outlined in Section 3.5. The nonlinear set of load-displacement
- equations has been obtained in Section 3.6. It is shown that the iterative
. procedure followed in the initial stress method is a modified Newton-
raphson method for solving nonlinear simuitaneous:equationse The method
is adaptable to any finite element provided a procedure is set up to de-
fine the incremental initial stress field within the element. A stress
interpolation scheme is suggested in Section 3.7 for applying the method
- to the isoparametric element.

The computational procedure for carrying out the plastic analysis
using the initiaﬁ-stress method is summarized below.

- 1. Initiation of yielding
a. Apply the specified set of loads and determine %5

b. Calculate the loading stress 9. for all the nodes.

Obtain the highest value of O.s SAY O The

c/max’
scale factor s to initiate yielding is

¢}

S . = _a_.,.AZ__
Gc/max
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c¢. Apply the scale factor to the applied loads, displace-
ments, strains and stresses in order to determine their
state at the initiation of yielding

Elasto-plastic analysis

a. Apply a specified fraction of the yield load as the
next loading increment. Compute AG;j and Aaij at all

the nodes on the basis of an elastic analysis

B
b. Add Acﬁj and Agij~to existing values of 9 and e

J 13°
respectively, to obtain the current values of %33 and
Eij

c. Compute the current value of the Toading stress dz and
examine the state of plastic deformation at all the
nodes

d. Compute the incremental pseudo initial stresses at all
the nodes of the elements which have partialiy or

fully yielded

i3 at the

e. Compufe the incremental initial stressés Ao
joints which have yielded and subtract them from the
current state of stress

f. Compute the incremental initial load vector for the

‘structure, There are three possible cases:
1) If the elements of the Toad vector are sufficiently
- small, the convergence has been achieved. Proceed
with the next loading increment at step Za
2) If the elements of the load vector are large and the

specified number of iterations have not been exceeded,
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carry out an elastic analysis with the initial loads.

; and Aaijn Proceed with step 2b.
If the loads are large but the specified number of

H
Compute ho s

iterations have been exceeded, it can be assumed
that the convergence cannot possibly be achieved,
and the ultimate Toad has been exceeded. The

computations are terminated at this point.



Chapter 4
NUMERICAL - RESULTS
4,1 General

As has been mentioned in Chapter 1, the objective of the present
study 1s to develop a method for analyzing three-dimensional elasto-plastic
structures. The finite element method of analysis, used in the present
study, has been outiined in Chapter 2. A method for incorporating plastic
analysis into the three-dimensional finite element has been presented 1in
Chapter 3.

A critical examination of the method has been made from two
aspects, the adequacy of the discretized model representation of the medium,
and the applicability of the method of incorporating plastic analysis.

- Various problems have been solved in the elastic range of material behavior

]
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The method is then applied to solve elasto-plastic problems in order to
estabiish the suitability.of the model and the method described

in Chapter 3 for obtaining solutions in plastic range.
4,2 Elastic Solutions

A variety of problems have been solved in the elastic range.
Simple.one and two-dimensional structures have been considered in order
to compare the numerical results with the existing solutions. The hollow
circular cylinder and the beam are the one-dimensional problems presented
here. The rectangular plate, the Boussinesq problem and the axisymmetric

pressure vessle are examples of the two-dimensional structures used in

54



“the study. The general.applicability of the model to three-dimensional
structures has been demonstrated:by analyzing the end slab for a pre-

stressed concrete reactor vessel. This slab is a thick circular plate.
A number of penetrations in the form of circular openings pass. through

the slab.
4.,2.1 Hollow Circular Cylinder

A hollow circular.cylinder with a 10-in. internal radius and a
“T-in. shell thickness has been analyzed for an internal pressure of 100
psi. Due to.symmetry the problem is reduced to that of a pie-shaped
~segment with an internal angle of 10 degrees, Fig. 9. The segment is
divided into four elements. The material has a Poisson's ratio v = 0.
(the -analytical solution is independent of the Poisson's ratio). The
radial and the circumferential stresses g, and Tgs respectively, obtained
from the three-dimensional finite element solution are given in Fig. 9b.
Also shown are the theoretical curves®5 given by the elasticity solution.
The agreement is excellent, except at the boundaries. There, as is often

-~ true, the averaged nodal stresses are not sufficiently representative of

the state of stress.
4.2.2 Beam

ETastic solutions were obtained for beams with three different
thickness to span ratios. The beams are designated as EB-1, EB-Z and
"EB-3. The dimensions, the 1oadfng,'the properties of the beams, and com-
. parison of various solutions are given in Table 1. Each element has an
intermediate node in the longitudinal and the transverse directions. Due

to the flexible nature. of shallow and medium thick beams, and also due to
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- the wide disparity in the bending, compressive and the shear stiffnesses,
it was found that the solutions obtained using single precision calcula-
tions (IBM 360/75 computer) were in error. Therefore, all the beams were
analyzed using double precision and a marked improvement was observed.
There are two.types.of classical solutions which are available
for beams, viz., the simple beam solution using Bernoulli's assumption
- which neglects the effect:of shear stresses andvthe'norma1 stresses, and
-~ the theory of-elasticity solution in which the beam is treated as a plane
- stress problem.35. The difference in the two solutions is not very marked
in the case of the beams 'solved in the present study. However, it can be
seen from Table T that the numerical results of the present study Tie
- between the two solutions. 'In fact, the theory of elasticity solution is
exact, and the slight discrepancy in the numerically obtained results can
be attributed to the finite degrees of: freedom used in the finite &lement

sofutions.
4.,2.3 'Piate

Strictly speaking the Taterally Toaded plate is a three-
dimensional problem: of continuum mechanics. Kirchoff's assumptions make
it possible; however, to treat it as a plane stress problem. A normal
to the plate surface is assumed to remain normal, straight and uns trained
after deformation. The plane stress assumption in effect neglects the
- effect of shear stresses and the transverse stresses. The discrepancy due
to this assumption is negligible for medium thick and thin plates.
Reissner's plate theory does take into account the effect of shear stresses

and thus, is a better approximation to the real situation.
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A simply supported square plate (span = 8 in., thickness = 1 in.)
subjected to uniformly distributed lateral load of 1 psi is selected as
the test case. Since the 8-node element can be shown fo.function in an
excessively stiff fashion, intermediate nodes are used on both the internal
~and external edges. In the three-dimensional-analysis, three boundary
- conditions are required on each edge (as also in the Reissner's plate theory),
whereas an analysis based on Kirchoff's assumptions demands only two bound-
ary.conditions. -The boundary conditions for a simply supported plate can

‘be summarized. as follows:

- Kirchoff's Plate Theory

w . =0
(4.1)
Mn' = 0
Three-dimensional -Analysis and the Reissner's Plate Theory
‘Case a
w =0
Mn' = 0 - (4.2)
Ot = 0
Case b
w. = 0
Mn_ = O (4«.3)

Mnt
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Here
w = the lateral displacement
M_n = bending moment in the plane normal to the boundary
It = twist along the boundary
Mnt = twisting moment along the boundary

It should be noted here that the Kirchoff's plate theory does not‘dis-
- tinguish between céses a and b. |

. The finite element solutions obtained for casé‘a in the present
study, together with the corresponding solutions based 6n Kirchoff's plate
theory3¢ and Reissner's plate theory,”” are given in Table 2. It is ob-
served that the maximum bending stress is equal to one for Reissner's
plate theory and that the central deflection is closer to that obtained
for Reissner's theory than Kirchoff's theory. As can be seen from the
results for 2 x 2 and 4 x 4 girds, the tendency is that the central de-
flection may eventually converge to that for Reissner's plate theory as
the grid is refined.

A more detailed convergence study was made using the boundary

conditions of case b. The results are given in Table 3. The maximum
bending stress does not change (within three significant figures obtained)
as the grid is refined. Nevertheless, the central deflection increases
slightly as the grid is refined. A plot of the central deflection versﬁs
the inverse of the number of élements, Fig. 11, suggests that the central
-~ deflection should converge to 207.15/E. This is very close to the value
of central deflection obtained for the 6 x 6 grid. It should be noted
that the value of central deflection obtained for a 2 x 2 grid is only

2.5 percent less than the "converged" value. This indicates that even a
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2 x 2 grid is a.reliable model when judged on the basis of the engineering
accuracy usually. desired. .As should be expected, due to the effect of
shear stresses, the results obtained for the present study are slightly
higher than those obtained by Kirchoff's plate theory.

The.foregoing solutions for the plate were obtained using 20-node
elements (8 corner nodes, 12 intermediate nodes--one on each edge). Such
a model make it possible to solve plate problems without making any simpli-
. fying assumptions. If the intermediate nodes in the direction.of the
thickness are omitted, one of Kirchoff's assumptions, i.e., the normals
~remain straight after deformation is satisfied." The other twd assumptions,
the normals remain normal and unstrained cannot be applied to the three-
dimensional element in its present form. The 16-node element that results
~from-dropping the intermediate nodes at mid-depth was used to solve the
same. plate problem (case b).. The results obtained by using the element
and the. 20-node element, together with the results obtained by Kirchoff's
plate theory for Poisson's ratios of 0.0 and 0.3, are.given in Table 4.
It should have been expected that the central deflection. for the 16-node
- element would be between that obtained for the 20-node element and
‘Kirchoff's plate theory. On the contrary, for a Poisson's ratio of 0.3,
~ the central deflection obtained. for the.16-node element is nearly 5.per-
cent.less than that for Kirchoff's plate theory. No improvement is
achieved by refining the grid.

- For the 16-npde element, the computed va1ue51of.oZ,Afor.nonzero
values .of Poisson's ratio were grossly in.error (they were:very close to
the.applied external stresses in the case of 20-node element). -The error
is even mo%e pronounced. for higher Poisson's ratios. Even though the

effect of shear stresses tend to make the plate more flexible, it can be
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shown that the error in 5 results in a stiffer plate and therefore, in.

z
smaller displacements.
Whereas the preceding explanation seems to be satisfactory, it
does not support the use of 16-node element in the plate analysis.. Only
a 20-node three-dimensional isoparametric element can be used for this
‘purpose. A better alternative is to use the superparametric element,S®

which is formulated on the basis that a state of plane stress exists in

the plate (or shell).
4.2.4 Boussinesq Problem

The Boussinesq problem, solved in the present study, consists
of a semi-infinite body subjected to a normal concentrated load on the
boundary. Using Saint-Venant's principle,®> the stress distribution in
the neighborhood of the concentrated load can be determined by consid-
ering a finite portion of the semi-infinite body. The body thus consid-
ered can be of any shape. In the present analysis two shapes, a rectang-
ular prism and a cylinder, are considered.. Due to symmetry, only one- .
fourth of the prism is considered, Fig. 12a. In the case of»the.cylinder,_
‘an axial pie-shaped segment with a smail internal angle (10 degrees) is
analyzed, Fig. 12b.. The finite element grids for the two idealized
structures are shown in Figs. 12c and 12d, respectively.

A plot of vertical stresses at various depths obtained from the
- finite element solution together with the analytical curves®S are shown
in Fig. 13. Even with the steep gradient of displacements and stresses
near the axis of the concentrated Toad, and the relatively small number
of elements used in the idealization of the problem, the agreement between

the numerical results and the analytical solution is fairly good. A
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direct comparison. of displacements is not possible since a correction is
required to account for the fact that the base. of the region does not

extend to infinity.*!
4,2.5 Axisymmetric Pressure Vessel

. Pressure vessels and concrete reactor vessels are used for stor-
ing gas, and housing.of nuclear. reactors. Various kinds of vessels have
been employed in practice. The one analyzed for the present study consists
of a cylindrical -barrel enclosed.by thick flat slabs.

A section of the pressure vessel together with the finite ele-
‘ment grid used in the analysis are shown in Fig. 14. Since the vessel is
axisymmetric, only a pie~shaped:sec£or with an internal angel of 10 degrees
- is considered. The numerical results obtained by the present study are
- compared with those obtained by Mohraz and Schnobrich,5% Figs. 15,-16,
“and-17. In general, the agreement is excellent. The dimensions, the

material properties and the loading are-also given in the figure.
- 4,2.6 Prestressed Reactor Vessel with Circular.Openings:in the Slabs

The axisymmetric pressure vessel solved in Section 4.2.5 is

an idealized representafion of ‘the pressure vessels used in practice. As
-mentioned in Chapter 1, for access to the enclosed space of the vessel,
.openings are provided in various locations. The vessel analyzed here con-
'sists of the same structural elements as the one solved in the preceding
-section, except that it has circular openings - in the top slab, Fig. 18.
The Toading consists of an internal pressure of 3000 psi, a longitudinal
prestressing load of 26,000 psi distributed over the top of the cylinder,

and a circumferential prestressing load of 1200 psi applied around the
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outer surface. The stiffness of the prestressing cables have been neglected
since its effect on the stress distribution in the slabs is negligible.
Since this example was seiected to be similar to a specimen from a test
series,EO and.since those test specimens had a cover over the penetrations
to prevent pressure leaking out or even into the openings, the example
presented here also has such a 1id or cover over the hole. The internal
pressure on that 1id over the opening is transferred to the edge of the
opening as a line Toad. However, it was found during the study that a line load
on the edge of the free surface {i.e., the cylindrical surface of the
opening) is non-unique in the sense that the same set of generalized loads
~ can be obtained through other distribution of loads. This can be explained
with the aid of Fig. T9b which shows an enlarged view of an element at the
opening. -The 1ine load applied on the edge AB is transformed into general-
~ ized loads at the nodes on the edge. The same set of generalized loads
- can-be obtained for both a Tinearly distributed normal load on the face
ABCD, and a linearly distributed tractive load (shear) on the face ABFE.
. The non-uniqueness in'joading.resuits in a numerical solution which does
not satisfy the free stress condition on the. cylindrical boundary. To
overcome the situation, the edge Toad is distributed uniformly on the
bottom faces of the elements around the opening, for  example, on the face
ABCD of the element shown in Fig. 19b. In this manner, a much better
satisfaction of the stress boundary condition is achieved.

“The distribution of radial stress as calculated by the present
- finite element solution is shown in Fig. 20 for stress at the top and bot-
tom of the slab for two different section lines, one>thfough~theih01e and
the other midway between holes, with and without openings. A similar plot

. for the circumferential stress is presented in Fig. 21. At points of
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~discontinuity along a radial line passing through the center of the opening,
- the radial stresses become negligible.(nearly. zero) and.the. circumferential
- stresses tend to.be very large (theoretically, they can be infinite). As
should be expected, the radial stress approaches infinity at the inside

. junction. of the slab to the.cylinder. In Fig. 21, it is seen that the
circumferential stresses "oscillate! in a region near the opening. This
_.phenomenon is due  to the readjustment of stresses around the opening, and

. the:resulting inability of the neighboring regions to take sufficient
stress in the cifcumferentia1 direction.. Figure 22 shows the distribution
..of tangential stress around the opening. It should be noted that all the
curves in Figs. 20, 21, and 22 have been obtained by. "smoothing" the points
- given by the numerical solution.

One of the purposes of analyzing the prestressed reactor vessel
with openings in the end slab is to show the applicability of the three-
dimensional isoparametric element to a real three-dimensional problem.
Although comparison.of results was not possible because of the unavail-
abj1ity . of an existing solution, the plausible nature of results for this
problem and the close. agreement with the existing.solutions for other

- problems, substantiate the adequacy of the model.

4.3 - Elasto-Plastic. Solutions

;As:in the case.of elastic solutions, the first few problems solved
~ in the elasto-plastic range are those for which there are existing solu-
tions, and therefore, a comparison can be made. The thick hollow circular
.cylinder, the:beam, and the circular plate are problems in this category.

A thick circular plate with:openings.is the three-dimensional problem solved.
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4.3,1 . Thick Hollow Circular Cylinder

A hollow circular cylinder with infé%na] and external radii of
10 in. and 20 in., respectively, has been analyzed under increasing inter-
nal pressure. As in the case of the elastic analysis (Section 4.2.1)
only a pie=-shaped segment is considered. Eight elements, each with inter-
mediate nodes sufficient to allow a quadratic variation of displacements
in the radial direction were used.

The numerical resu!tsAobtained from the hresent study tdgethef
with the finite dffference solution* éke shown in Figs. 23 to 25. It is
seen from the load-displacement curve, Fig. 23, that the present study
“indicates a siight1y”stiffer structure in the plastic range.than does the
corresponding finite difference.solution. The distribution of radial,
circumferential, and axial stresses th%ough the thickness for a case in
which the plasticity has propaéated to a radius of 1.4 times the internal
radius is shown in Fig. 24; This case correspohds to an internal pressure
of 1.57 times the pressure correéponding‘to the initfation of yielding.

The variation of radial and circumferential stresses at a section 1.4 times

the internal radius is shown in Fig. 25 for an increasing internal pres-

. sure.

Even with eight elements, the agreement between the results Qf .
the present study and those obtained using finite differences, as is evi-
dent in Fig. 23 to 25, is very good. S?ight discrepancy between two solu-
tions exists at higher Toad 1eve1ég This discrepancy may be overcome'by'

using higher numbers of elements.
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-4.,3,2 Beam

A simply supported, moderately deep beam with a 32-in. span

and a é—tna depth has been analyzed. It is assumed that one-half of the
total mnitormiy distributed load has been applied on both the top and the
bottom surfaces. This makes it possible to consider only one-fourth of
the beam in the analysis, OACB in Fig. 26. This portion has-been divided
into 64 elements, 16 aTdng the half span 0A, and 4 along the half depth
0B. A1l the eTemehtsvhave one~thtermediate node 1in the Tongitudinal direc-
tion énd none in the lateral direction. As in other examples, it has been
assumed that the sthain'hardenihg coetttcieht is zero.

| The theoret1ca] e]asto p]ast1c boundary (obtained: by equating
the . static moment and the moment of res1stance of any- sect1on) for three
Toad levels, 1.22, 1.32 and 1.36 times the yield load, are presented in
- Fig. 26. A150 shown are the nodes end the element centroids which have
reached yteiding aceohdihg to the present studyt(shown by solid circies)
and those which shoqu have y1e1ded but did not do so. (shown by solid
squares) For a 1oad level of 1. 22 times the yield 1oad all the nodes
and eTemeht centroids w1th1h the theoretical p1ast1f1ed region have
reached yielding. However, a Few nodes and element centro1ds did not
‘reach yielding at 10ad levels equal to 1.32 and 1.36 times the yield load.
It is seen from-FTgs 26 that the discrepancy 1ies in the lateral direc-
tion rather than in the longitudinal direction, This means that the plasti-
ficatﬁoh into the depth is takihg place at a s1omer héte‘ whereas the outer
f1bers reach y1e}dmng a:mcst at the same 1oad level as that predicted by
the theoret1ca1 ana?ys1s The reason for the d1spar1ty is that as the

pTast1F1catmon propagates deeper into the depth, the stress gradient along
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the depth becomes. very steep and the method of stress interpolation,
Section 3.7, is in error. This can be explained further with the aid of
Fig. 27, which shows the possible stress distributions along the depth

in two elements, one adjoining the neutral axis, element. I, and the other
adjoining the outermost surface, element IV, during the application of a

- particular 1éad step. Stress distribution 1, ABCD, is the possible stress
distribution at the beginning. of the Toad increment.. It is assumed that
the maximum stress AD has already reached the yield stress‘gy, Stress
distribution 2, ABC'D', is obtained after carrying. on an elastic analysis
- for the Toad increment. The region DED' represents the distribution of
initial stress.. In the stress distribution 3, ABC'ED represents the dis-
tribution. of stress after the initial stress has been subtracted.  However,
- since only the nodal stresses are stored and the stress distribution
within the element ié defined using the Lagrangian interpolation, the
method’compufes the stress distribufion as represented by ABC'D, which
results in a "loss' of stresses shown by the triangle DC'E. The loss is
"more pronounced in case of element I which has a much steeper stress gra-
dient than in case of element IV where the stress gradient is not so steep.
It is apparent that the phenomenon.of slow penetration of yielding through
the depth-is caused by the loss of stresses with the present method of
interpolation. One possible solution is to use finer grid in the direc-
tion of. the steep stress gradient.

Figure 28 shows the Toad-displacement curve for the beam under
consideration. The solid curve is based: upon the numerical values up to |
1.4 times the yield load, beyond which the curve has been extrapolated and
joined tangentia]ly with the ideal hinge curve. It can be observed that

beyond the Toad level of 1.4 times the yield load, the numerical results
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predict that the structure is overstiff. This can again.be. explained on
the basis.of underplastification through the depth due to the stress loss

discussed previously.
4.3.3 Circular Plate

A clamped circular plate (20 in. in diameter, and i-in. thick-
‘ness), subjected to a uniformly distributed lateral load has been analyzed.
~ A Poisson's ratio of 0.24 and the strain hardening coeFFicient:of,zero'_
have been assumed. This problem-is the same as the one solved by Popov
and Khojesteh-Bakht.13 Due to the axisymmetric nature of the problem,
only a pie-shaped segment is considered.

Chronologically, this problem was solved. (for the present study)

‘before studying in detail the phenomenon.of the Tloss of stresses in the
beam under steep gradient, which-is characteristic of bending problems
(see: preceding section). -The plate was divided into a.relatively. fewer
number of elements, 5 elements in radial direction and 4 elements through
the tota1‘thickness (2:elements on each side of the middle surface),

- Fig.:29a. With the present:method of stress interpolation, this discreti-

zation is rather crude and the results can only be viewed on a qualitative

. Figures 29b and ¢ show the plastified regions obtained from the
nodes and the element centroids-at load levels of 1.3-and 1.5 times the
. yield load, respectively. It is expected that the propagation of the
plastic region towards the middle surface is slow and some stress losses
have occurred, as in the case of the beam. The load displacement curve

obtained from the present study and the corresponding one reported by
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Popov and Khojesteh-Bakht!3 are shown in Fig. 30. The deviation of the two
curves is noticeably marked as expected, because in the latter solution,
the plate has been divided into a 20 x 40 grid (40 elements through the .
depth), as compared to a 5 x 4 grid in the present study. Popov and
Khojesteh-Bakht have repofted their results up to 1.77 times the yield

load and the collapse does not take place within this range. The collapse
Toad obtained by the present numerical solution is about 1.93 times the
yield Toad. An.approximate value for the collapse Toad can be obtained
using the.yield line theory. According.to the yield Tine theory,. the

. collapse load is given by

12m
:—-.-E-: b_z
S Gc a2 3 (a) oy (4.12)
where
mp = the fully plastic moment
h = thickness of the plate
a = radius of the plate

- The load at the initiation of the yield can be obtained by applying the
von Mises yield criterion to the radial and circumferential stresses at

the fixed support given by Timoshenko.S3*. Thus, the yield Toad is

.=885—§- 148h2y (4.13)

where my is the yield moment. Equations 4.12 and 4.13 give
9. = 2.03 ay - (4.14)

Despite the few number of elements used and the approximate
manner in which the stress interpolation is carried out, the predicted

collapse Toad by the present study is close to that obtained by yield
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1ine theory. Interestingly enough, it is also closely within the concept

of Tower bound on the collapse Toad as suggested by Zienkiewicz, et al.>5"
4.3.4 Thick Circular Plate with Circular Openings

The thick circular plate with openings is an example of a three-
dimensional problem. The plate solved for the present study has a radius
of 14 in. and a thickness of 6 in. There are six. circular.openings, 2 in.
in radius, with their centers placed.symmetrically at a distance of 9 in.
from the center of the plate, Fig. 31. The inside surface of the plate
is.subjected to an increasing uniformly distributed load. Due to symmetry
a pie-shaped. segment hasvbéen considered for the analysis.

Like in the circular plate without openings, this problem was
also solved in time before carrying out the detailed study of the beam.
. Therefore, the finite element idealization of the structure, shown 1in
- Fig. 31, is too coarse for a pilastic analysis, and the results should be
- viewed in a.quaiitative rather than quantitative manner.

" Figure 32 shows the plastified regions in the structure at 1.75
and 1.95 times the yield Toad. The boundaries of plastified regions were
~drawn by enveloping the plastified nodes and element centroids obtained
- from the numerical solution. There are two imminent modes of failure for
such a plate. One possibility is that the plate fails in flexure in a
manner similar to that predicted by the yier line theory. This possibil-
ity is suggested by the spread of plastified region in the neighborhood
of the support near the top and the bottom surfaces. The other possi-
bility is a shear type failure in the neighborhood of the opening. An

examination of the yielding sequence reveals that the yielding is
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initiated at a point on the middle surface in the opening. At a Toad level
equal to 1.75 times the yield Toad, the plastified region at the opening -
has penetrated deeper into the thickness than that near the support. At

a load Tevel equal to 1.95 times the yield load, the region near the
.opening has experienced a complete plastification through the thickness.

In addition, a small zone near the center of the plate has undergone

- plastic action and the plastified region near the support has spread,

Fig. 32. Although due to the crude idealization of the structure, one
cannot ascertain the actual mode of failure, it is probable that a shear

type mode of failure can develop for the problem considered.



Chapter 5

CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER STUDIES

-+5.1 General

As has been mentioned in Section 4.1 of the preceding chapter,
there are two aspects to the present study. One is to establish a suit-
able discrete model for the three-dimensional analysis.  This is important
 since an.appropriate model is needed to predict satisfactorily the response
of the structure. The other aspect of the study is the development of a
‘method for plastic analysis of three-dimensional structures. Both these

aspects are discussed individually in the following sections.

5.2 Adequacy of the Model

. The finite element method;of.ana1ysié in conjunction-with the
three-dimensional-isoparametric élement has been used in this study. A
measure of - the adequacy.of mode1.representation of the continuum has beén
. established by obtaining numerical solutions to a variety.of problems. in
- the elastic range of material.behavior.

- A fairly good degree of accuracy can be achieved in many. pro-
blems even by using relatively few number of elements. As few-as four
. elements have been used for solving the hollow circular. cylinder and the
. plate problem. The convergence study on the plate problem reveals that
~ the central deflection obtained by usﬁné four eTements;is only 2.5 percent
~ less than-the "converged" value. Even for a truly three-dimensional pro-
blem, the prestressed reactor vessel with circular openings in the slab,

. 48 elements were used and a satisfactory solution was obtained.
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The use of intermediate nodes makes it possible to approximate
the curved geometric boundaries and to idealize the regions of high stress
gradient more accurately. Since the intermediate nodes can be included
on any edge of the element by choice, uneconomical use of these nodes can
be dvoided in the regions where the curved boundaries or a sharp stress
gradient do not exist. This flexibility adds to the versatility of the
element. '

One class of problems, in which intermediate nodes are advanta~

. .geous to use, is that of bending problems. For instance, for plate behd—
ing problems, the 20-node e?ément (8 corner nodes, 12 intermediate nodes--
one on each edge) works. very efficiently. In medium thick plates, it is .
usually sufficient to use only one element through the thickness of the
plate. A 16-node element (without intermediate nodes in the direction

of the thickness) is not suitable for plate bending, when only one élement
is usedbthrough the thickness. This is because the values of transverse
stresses obtained by such an idealization are, in general, grosstkin
error and result in a stiffer structure.

The axisymmetric pressure vessel and the prestressed reactor
vessel with openings in the slabs are the examples of bending problems
with relatively large shear sfresses in the slabs. In order to obtain a
more accurate distribution of shear stresses, more than one element is
needed through the thickness of the slab. For such cases, it is not
necessary to provide intermediate nodes in the direction of the thick-

ness. As is well known, using less number of intermediate nodes reduces

the band width.
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5.3 Plastic Analysis

The 1nitial stress method in conjunction with a Lagrangian stress
interpolation.approach has been used for the elasto-plastic analysis. |
Applicability of the method is demonstrated on the basis of the excellent
agreement obtained between the numerical solution and the existing solu-
tion in case of the thick holliow circular cylinder.

For bending problems, the results obtained from the present study
are not in as good an agreement with the available solutions. as those for
the thick hollow circular.cylinder. The method does not allow the plasti-

. fication to penetrate deep enough into the depth as the load is increased

‘beyond the initiation of yielding. This is evidenced from the load-
displacement curves, which show that the structure is not sufficiently

~ flexible in the plastic range. ' A detailed study was made in case of a

- beam to determine the cause for slow penetration of the plastified region

dala om b dels A
Gi

through the th. It was found that after the structure is partially

yielded, a loss of stresses takes place in the critical région as the incre-
ments of load are applied. This loss in stresses is more pronounced when
the stress gradient is steep. As a possible solution of this problem, it
is suggested that a finer grid should be used in the direction of the
~ steep stress gradient.

In the case of the beam, a relatively fine grid has been used
through the depth. The numerical results obtained are comparatively
better in the initial stages of plastification, where the stress gradient
is not so steep. However, as the plastic region penetrates into the
depth, the elements near the middle surface have a very steep stress

- gradient and thus a large stress loss. A deep plastification through
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the depth cannot be reached with the number of layers which were used in
this study. A much finer grid is needed.

The circular plates {with and withqutvopenings) were ana1yzed‘
before a detailed study for the stress losses was made for the beam. There-
- fore, the finite element grids used for these problems are rather coarse,
and the results obtained can be viewed only qualitatively. Despite the
crude idealization for the circular plate without openings, it is seen
that the collapse load obtained numerically by the present study is very
- close to that computed on the basis of the yield line theory.

~The present method gives a clear indication of the possible
modes of Failure for the thick circular plate with openings. Although
the actual mode of failure cannot be ascertained with confidence due to
the coarse discretization, the numerical results indicate that a shear
- rather than a flexural type failure is more imminent. This possibility
is of particular interest because such a failure is caused by the pre-
sence of the openings and the efféct of shear stresses. Therefore, an
idealized analysis which would neglect either the presence of the open-

ings or the effect of shear stresses is likely to be .grossly in error.

5.4 Recommendations for Further Study

In future studies, different methods of defining the stress field
within an element, which would eliminate the stress loss in the plastic
range, should be investigated. One possible approach is that of defining
the stresses at the integration points, Section 3.7. A drawback of such
an approach will be the Targe amount of computational effort and input-

output operation (or the core storage) involved in computing and storing
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the stresses.at several points of integration. It may be possible to make
- some savings in this respect.if a Tower order Gaussian quadrature can be
used.” This possibility should be investigated.

.0ther methods of elasto-plastic analysis in conjunction with
the three-dimensional isoparametric element-should also be investigated,
- The initial strain method can be used for the materials having a pro-
nounced degree of strain hardening.,‘The.tangent*stiffness;method-can-be
used for elasto-plastic materials with or without strain hardening. The
use of reduced order of integration, for computing stiffness matrices,
has:been suggested.by Zienkiewicz, Taylor and Too.®! The concept.of: re-
duced integration in computing the tangent stiffness matrix should be
- studied. .If this:is possible, the computational effort involved in modify-
- ing the equations of.equilibrium: for each loading increment-in the plastic
range of material .behavior will be greatly reduced, which may favor the
use:of the tangent stiffness method.

"The efficiency and the.vefsati1ity4of the isoparametric element
~-is . well established in the elastic range.of material behavior. Such a
conclusion cannot be drawn for the.plastic analysis. It is much simpler
- to.apply the concepts.of.plastic.behavior to the constant:strain.tetra-
hedron. A comparative study between: the tﬁree-dimensiona1'isoparametric
. element-and the constant.strain tetrahedron should.be made to determine
. the:relative.efficiency and accuracy.of these elements in obtaining solu-

_ tions in the plastic range.



Table 1

Comparison of the Results of Analysis of the Simply Supported Beams

Present Study

Theory

Desig- Simple Beam Theory of Elasticity?>>
nation h a q n Ew g Ew o Ew =
EB-1 1.0 | 40.0 | 40.0 10 &).0 g4 .J 80.0 24.0 80.1 24.0
EB-2 1;0 20.0 | 40.0 5 <.01 5.01 5.00 6.00 5.02 6.30
EB-3 2.0 | 20.0 | 40.0 5 0.635 i.51 0.625 1.50 0.637 1.50
h = thickness of the beam in inches

a = span of the beam in inches

q = Tload in 1bs per inch

n = number of elements in the half span .

E = modulus of elasticity in psi

w = midspan deflection in inches

Poisson's ratio = 0

maximum bending stress at midspan in psi

9L
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Table 2

Comparison of Results of Analysis of the Simply
Supported Plate (Case a, Section 4.2.3)

Solution Ew
Fresent stuay, 2 x 2 grid 189 16.5
Present study, 4 x 4 grid 190 18.5
Kirchoff's Plate Theory3® 182 18.4
Peissner's Plate Theory-” 194 18.5
Snan = 8 in. &
Thickness = 1 in. l
Lateral load = 1 psi 3 ¢
Poisson's ratio = 0.3

nodulus of elasticity in psi
central deflection in inches
maximum bending stress at

the center of the plate in psi

nonw o
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Table 3

Convergence Study for Simply Supportecd Plate {Case b, Section 4.2.3)

Present Study Grid Size Converger.ce
e Study,
Kirchoff's Theory>'y 2 x 2 3 x 4 x 4 5% 5 5 % 6 Figure &
Ew 182 202 205 206 206 207 207 .15
g 184 19.7 19.7 19.7 19.7 19.7 -
¢ € ¢ ¢ ¢
l | | | |
- : N - . ¢
7 1 !
237 | P
% 7 A
Ll e '7242»4227 Ol
2 x 2 Grid 3 x 3 Grid 4 x 4 Grid 5 x5 Grid 6 x 6 Grid
Span = 8 1in. E = modulus ofelasticity in psi
Thickness =1 in. w =  central deflection in inches
Lateral Toad = 1 psi = maximum bending stress at the
Poisson's ratio = 0.3 center of the plate in psi

8.



Table 4

Comparison of Results of Analysis
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of the Simply Supported Plate (Case b,
Section 4.2.3) using 16-Node Elements

- 20-Node Element

Section AA
16-Node Element

So]uytion . v = 0.0 v o= 0.3
Ew c Ew g
Kirchoff's plate theory3® 199 14.2 182 18.4
Present study, 20-node element, : .
2 x 2 grid 230 15.6 202 19.7
Present study, 16-node element, ¥
2 x 2 grid : ' 230 . 15.6 168 21.6
¢
Span = 8 1in. !___
Thickness = T in. 3
Lateral load = 1 psi q
‘ 4 A - - A
E = modulus of e]asticity in psi
= Poisson's ratio
“w = central deflection in inches .
¢ = maximum bending stress at the 2 x 2 Grid
' center of the plate in psi
Section AA
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(a) 20-Node (b) 32-Node

Figure 2. Higher Order Isoparametric Elements

Figure 3. A Mixed Isoparametric Element
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Figure 8. Modified Newton-Raphson Approach for Elasto- P]ast1c
Analysis Under Uniaxial Loading
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Figure 9. Finite Element Grid for the Hollow Circular
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Figure 14. Axisymmetric Pressure Vesse?v
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APPENDIX A
~ COMPUTATION OF ‘THE NUMERICALLY INTEGRATED STIFFNESS MATRIX

- A.1- General

It was indicated in Chapter 2 that the closed form integration
for the evaluation of the stiffness matrix of an isoparametric element-is
a prohibitive task. Ih such cases, a numerical integration scheme is
employed. Although . numerical integration for the evaluation of the
element :stiffness matrix:is -both simp]eband‘adaptab1e‘to computer:pro-

- gramming, it increases_the;computations,to:be.perforhed-significant]y.

- The increase in computations presents an economic disadvantage, espec-
“ially for large three-dimensional problems. ' For this:reason, it is impor-
“tant to emp]dy‘efficient schemes . for. reducing the number. of computations
~within the computer.®2 2

It was . found during the course of this study that the formula-
tion of the element stiffness matrix:-in:index notation results in a
better organization of computations. ~A method of computation is pre-
_.sented in the following.section. ‘Later a.comparisonlbetween the proposed
_.method’andtthetcohventiona]&method.of;computation;isfmade:intérder to

ascertain their relative.efficiencies.
A.2. Computational Procedure

. In,gehera1, the e]ement.stiffness.matrix:qan be .evaluated.by
numerically ihtegrating,Eq. 2;45,or.Eq..2;42-for5ﬁsotropicraﬁdraniso-

~ tropic material properties,. respectively. .Sincé;each,set,of,computation
."1s repeated at~eveny:p§int.of integration in the element, one can reduce
the number - of operations significantly by taking_the  terms which are
not functions of the.position coordinateS'outside.of‘the'integra1tsign

110
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when possible. For homogeneous materials, the elements of the material

_.property tensor E; .are not functions of the position coordinates. 'In

1jke
‘such cases, an integration array W?g which is given by
m .yn
mn aN™T NT Ly
. = — = ()
wij ef IX. 3X. d/ (A.T)
v T

is first evaluated. The result is then multiplied by the material pro-
~ perty tensor to give the desired element stiffness matrix.. For-an:iso-

tropic elastic material,

oM L mn o, o L mn _ , ‘
‘vgij S 'AWij + g(wkk sﬁj + wji> (A.2)

and for an anisotropic elastic material

Lomn mn .
ki3 = Eikgs M | | (A-3)

For nonhomogeneous materials the elements of the material prop-

. erty. tensor E are functions.of the position coordinates.. Therefore,

1k
“the material property.tensor cannot be taken outside of the integral sign
and it must be included in the integration.. For:such cases the number.of
operations For‘eva?uatﬁng‘the.e?émentvstiffness matrix is significantly
increased. . However, as.is shown in the.hext.section,;the amount.of com-
. putation;is‘stﬁ11~considerab]y.1ess,fhan that required by the conventional

_.procedure.
A.3 Comparison of Numerical:Computations

~In the conventional approach,.the formulation of the element

stiffness matrix-is.given by

k= J[BTDBdV | | : O (A.4)

v
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-~ where

B

- a.geometry matrix relating strains to displacements

D material property matrix

- For numerical integration the weight coefficient associated with every

- point of integration is first multiplied into the material property
matrix. -The'product'BTDB-isvthen~eva1uated.at the.integration points
through the element. The individual terms:are added to. give the elements
.of the stiffness matrix. The steps and the number:of. operations (addi-
tions and multiplications) for evaluating the. stiffness matrix of a

. three-dimensional element are given in Table A.T1. If I and 1 denote

the number of:additions and multiplications, respectively, one obtains

py= g (637 4 237r)1
(A.5)
ny o= (27vf #1170+ 36)1
~ where -
'r = number of nodes. in the element
I = number.of'integrationApointstin‘the element

.“In the proposed.procedure for the case in which'the‘élements‘of
. the métériaT:ﬁroperty;tensorAEiij are -not. functions of position coordin-
“ates (anisotropic material. property is considered. for generality), the
weight coefficients:at,everytintegration;point:through the element

are first multiplied:into the.derivatives.of.shape:functions.:,The'indi-
vidual.terms:of.the integration.array'W?? are. then added and the result

. 1s multiplied.by the elasticity tensor.to give the elements of the stiff-
ness matrix.. The steps and the number of additions and multipTlications

__for a.three-dimensional element:are:given in Table A.2. Thus,
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fy, = o (1 +9)(F )
(A.6)

(1 +9)(r%+ r) + 3rl

i
|

T2
For isotropic elastic material where the material property tensor
can be expressed in terms of Lamé's constant and modulus of rigidity,
Eq. 2.44, the number of operations can be somewhat decreased. However,
the decrease is not very significant.
A similar procedure for the evaluation. of. the stiffness matrix in
. whicﬁ the .elements of the material property tensor are functions of posi-
~tion cdordinates‘(honhomogeneOUS material) is given in Table A.3. The

number of additions and multiplications for a three-dimensional element

..are

18[v(r + 1)] I + 81rI

[oel
]

(A7)

=
t

‘-Z% [r(r+ 1)1 +81(1 + 1)1

In order to obtain a measure for. the amount of computation. in-
volved in various procedures, a simple three-dimensional element (eight
nodes) and a high order three-dimensional element with two intermediate
nodes on each side (thirty-two nodes). are considered,.In both cases, it
- is assumed. that. fourth order Gaussian quadrature. is used for the numerical
. integration’(siXty-fouw.integration:boints;1n.the element).. The number. of
additions and multiplications.for various procedures are given in Table
A.4.

- The results presented in Table A.4 indicate that the number of

.operations for the evaluation of the stiffness matrix by the proposed
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method is approximately one-sixth of that required by the conventional
procedure. The computational ratio (the ratio of the addition or the
multiplication in the proposed method to those of the conventional pro-
cedure) does not change significantly when the number of nodes in the
“element is increased. For cases in which the elements of the material
“property tensor are functions of position coordinates, the computational
ratio is in order of 0.6, Tab1e‘An4,,resu1ting in a 40 percent. reduction
in the computational effort.

A plot of the total computational ratio (addition and multipli-
~cation) versus. the order of Gaussian quadrature. integration for both the
. eight node and the thirty-two node. elements is . given.in Fig. A.1. For
the constant material properties,. the ratio decreases as the order of
.Gaussian quadrature is increased. The total computational ratio.is larger
~than unity for only the first order integration. This indicates that for
- such a case, where the integration is simply the.volume of the element,
no computational.saving is. achieved. by theAproposed.procedure, ‘However,

. the first order quadrature.is seldom used. for. integration. The fourth
~order.quadrature is.the one usually recommended.for the.numerical.inte-
~gration of the element stiffness matrix. 37

. For.the variab1e:materia1“properties, the total computational

. ratio.remains.constant.regardless.of the order of integration. Although,
~ significantly more computational.effort. is needed for elements with vari-
- able material properties, the. number.of computations. is.still.well below
 that of the conventional.procedure.

“No extra.storage.is needed. for the evaluation. of the . integration

3array‘W?g,.Eqs.Ao1, as it uses the same storage.space.as the stiffness
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matrix k?§= A 3 x 3 array is the only space needed for the calculations
contained in Egqs. A.2, A.3. In additiom,»W?? and K?? can be stored in a
column array to avoid the unnecessary multiple indexing.

‘There are two factors which contribute to reduction in the number
of computations in the proposed method. One is the organization.of the
formulation which is easily achieved by the index notation.. The other is
the realization that the material property tensor can. be multiplied out- -

. side. of the integral sign for cases in which the terms. in the material

. property . tensor are.not functions of. position coordinates.




Table A.1

Operations Required.for the Evaluation.of the Element Stiffness Matrix
- Three-Dimensional Element.(Conventional Procedure)

. Number of Number of
Computation Step Additions Multiplications
For each point of integration
a. Product of weight coefficients and
. material property matrix D .6 x6
b. Obtaining the product DB 6 x 6 x 3r 6 x 6 x 3r

c. Obtaining‘BTDB4(upper'triangu1ar
. portion only)

Total for step 1

Repeating the operations in step 1 for
I integration points

Summing up the individual elements.of
. the . stiffness matrix evaluated.at I
integration points

Total number of operations to obtain
the element stiffness matrix (steps 2
and 3)

%{6 x 3r(3r + 1)]

27v% + 117r

2

(27v" + 117r)1

%{Br(Sr + ]I

2

| %{63r + 237p)1

%{6 x 3r(3r + 1)]
2

27v + 117r + 36

2

(27v= + 117r + 36)1

2

(27v= + 117y + 36)1

It

number of nodes in the element

1]

number of integration points in the element

9Ll



. Table A.2

Operations.Required.for the Evaluation of the Element Stiffness Matrix
Three-Dimensional Element.(Proposed Procedure - Constant Material Properties)

Computation Step . Rgg?%goﬁg ‘Mu1t?gT?igt$gns
For each point of integration
a. Productof weight coeffic;enti.and‘%§; 3r
bo Qptaining the product %,%Ng | SLr(r + 1103 x 3)
Total for step 1 ‘ %{9r2 + 15v)
fepesting, the coerations fn step | for o+ 1500

Summing . up the individual elements of
the array W?g evaluated.at I integration | %{r(r + NI
~ points ’ '

P mn B 9 ,
Multiplying Eika Wy 2[r(r + 1)1(3 x 3)

nojwo

[r(r + 1)1(3 x 3)

Total number of.opefationS’to obtain v 2
the element stiffness matrix (steps 2, ' §(I +9)(r" + r)
'3, and 4)

O

(1+9)(¥2 + r) + 3¢

rojwo

If

number of nodes in the element

1

number of integration points in the element

L1l




Table A.3

. Operations Required for:the Evaluation: of the Element
‘Three-Dimensional Element (Proposed Procedure - Variable

Stiffness Matrix
Material Properties)

o tation St Number. of Number of
- vomputation Step | Additions Multiplications
For each point of integration
a. >Pr6ducf.ofdweight~coefficients and Eijkn 81
| o
b. ‘Obt§1n1ng the product Eikjl % 8lr 81r

c. Obtaining the product
BNm BNn ( 5
B s === (n=mtor)
| .;1k32 9y 83X, ‘
Total for step 1

Repeating the operations in step 1 for
- I integration points

. Summing up the individual elements of
~ the stiffness matrix evaluated at I
integration points

o Tbta];number,of.operations to obtain the
.element stiffness matrix (steps 2 and 3)

130r(e + 1)2(3)

Er(r+ 1)1 + 8

g%fr(r + ]I+

130e(r + 1)1

18[r(r + 1)]1 +.

81rl

81rl

r(r + 1)1(3)

Er(r+ 1)1+ 8101 + 1)

Er(r + 1)1 + 81(1 + 1)1

-@%[r(r + 1)+ 81(1 + v)I

1)

number. of nodes in the element

1

number of integration points in thevelement

8LL



Table A.4

Comparison of Computatfons.for:Determination.of Element.Stiffness Matrix
. (Three-Dimensional Element with 64 Integration Points)

N .. 8.nodes . 32.nodes
Procedure ~Addition |.Multiplication “Addition . |Multiplication
Conventional 189,696 - 172,800 2,307,072 |. 2,011,392
.| Proposed
Constant Eijkz 23,652 25,188 - 346,896 353,040 .
.| % Conventional 13 15 15 18
Proposed -
Variable Eijkz 124,416 108,864 1,382,400 | 1,083,456
% Conventional 66 63 60 54

6LL
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Appendix B
THE ISOPARAMETRIC ELEMENT IN.CURVILINEAR:COORDINATES

B.1 General

The isoparametricle1ement,:as presented.1n“Chaptérvé,,has been

. formulated in a.cartesian;coordfnate.system, fThe:curVed.surfaces:are.idea]-
A‘ized.by:definﬁng:intermediate'nodes.on‘appropriate:edgese.iIntermediate,nodeS
~are also used.if a higher order‘dispTacement;fie1d.is.desifed. If a.curvi-
_1inear'coordinate.systemvwhichvdéffnes.the.geometfy ofvthe.sffucture,cén.be_

. .selected,.one need.not use intermediate.nodes. for defining.the.geometry. of

.. the structure.. .For example,.for cylindrical type structures,.one.can avoid
,uintermediate:nodes,by:using*a:cyTindricé1.coordinate,system...Similar]y,

..spherical coordinates may.be.employed. for.sphere.type structures.

. B.2..Stiffness Matrix
_.In.curvi?inearvcoordinates,tthe:Straih.tenSOr eijtisfdefined.as

o
e = o= (Usge F Usys B.
R N (u1iJ .uJ]1) (8.1)

where uiij.represents the.covariant.derivative“of.ui with. respect to xja
It is. implied that xjArepresents.the,curvi1inear“system.of.coordinatés

. under.consideration.. The . covariant. derivative ueln,is.obtained.from'

13
- 9Yy
Mgt Rigk Uk (8.2)
. ih,which}Rijk,denotes.the.ChristoffeT,symbol.of;the,secondukind;63
. Equations B.1,.B.2 and:2.2.yield
eyt Tigc U (8.3)
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where

m 1 ,aNm m
Zisk = 7 (85K 850 % 844 851 5?;‘* Risk N

(B.4)

Using the principle.of virtua].disp]acement,asiin.Chapter.Z,‘the

- element stiffness matrix. can be.formulated...Thus,

omn . ..m .n )
' kij' - J[.qur512pqi zrsj dv (B.5)
v .
B.3 Application to the.Cy1indrical,Coordinate.System

It.is.seen. from.the.preceding.section.that in.curvilinear coord-
inates the strain tensor is.defined differently.from. that in.the cartesian
_ coordinates.. .The difference. between the. two.is. the additional term con-
..taining the Christoffel.symbol. in the‘geometric:arraijTjk (see Egs. B.4 -
..and.B.S).'
| .In.cylindrical coordinates, Fig..B.1,. the elements of the

Christoffel.symbol can. be. written as

Rypy = ;%— ~ - (B.6a)
Rigg = PRojp = ;ﬁE%T (Bjsb)
and all other
= 0

R ik (8.6¢)

Once the elements . of Christoffel symbol are.known, the element

..stiffness matrix.can.be evaluated in a manner similar.to.that explained

. in.Appendix A.
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B.4 Numerical Result

An axisymmetric pressure. vessel, identical to the one analyzed
in Section 4.2.5 is solved in,cy1ind}ica1 coordinates.. A similar grid
spacing.as the one in Section 4.2.5. 1s used, Fig. T4. Since intermediate
nodes in the circumferential. direction. are not required.for conforming to
the cylindrical boundaries, they are omitted. The numerical. results ob-
tained.using the cylindrical coordinates are identical.to those obtained,

using cartesian coordinates, Figs. 15 - 17.

.B.5. Discussion

.. It may be advantageous.to use the isoparametric element. in.curvi-
. Tinear coordinates .because it would Targely eliminate. the necessity. of
introducing intermediate nodes.for conforming. to the. curved boundaries.
- This will, in.turn, decrease.the total number of unknown displacements.

| There. are two.factors which may 1imit.the usefulness of employ-
ing curvilinear coordinates...It.can be shown that, in general,.the dis-
..placement.field in.curvilinear coordinates.does not satisfy the condition
_.of rigid body motion nor does it provide. for constant strain. Therefore,
a.great deal of care must be taken to use the element only for cases in
which the error due to the violation of the above mentioned conditions is
negligible or minimized. Another drawback of the curvilinear isoparametric
. element is that the expression for the element stiffness matrix, Eq. B.5,
~is relatively complex. This will tend to increase the number of computa-
- tions in evaluating the stiffness matrix. On the other hand, since the
~decrease in the number of unknown. displacements reduces the computational

..effort required. for solving the equations, it is.possible that for certain
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.problems the use of.the curvilinear isoparametric.element results in sub-

- stantial.saving in.the computer time.
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Figure B.1  Cylindrical Coordinates



Appendix.C

.TRANSCENDENTAL SHAPE FUNCTIONS

“C.1 General

In the formulation of the isoparametric. element, generally poly-
nomial shape functions have been used. The use dF.po1ynomia1 shape. func-
tions assures the existence of the rigid:body motion and the state of con-
- stant strain. in the dispTacement field, Section 2.3. For higher order
elements, .Section 2.5, the displacement. field is considered as consisting
of two. parts, a linear displacement field as defined by the corner nodes,
and the departure from the:Tinear field on individual edges as defined by
intermediate nodes. . In this case, conditions of rigid body motion and
- constant strain are satisifed.by using. polynomial shape functions for the
corner nodes alone, regardless of the variation.of the departure from
- linearity as.defined by the intermediate nodes. This means that one has
. freedom in the selection.of the shape. functions. for the intermediate
nodes. Polynomial functions are one possibi1fty and have been already
_.employed. Another. possibility is the use of transcendental shape. functions,

This selection is developed in the. following section.
C.2 Development of the.Transcendental Shape.Functions

An individual edge AB of an element, Fig. 4d, with I intermediate
nodes is considered. As in Chapter 2, let ¢ denote a component of coordin-

ates or displacements. The value of ¢ on the edge AB-is denoted by ¢AB°

The variation of ¢AB along the edge is defined by .Eq. 2.16. The term AAB¢

AB

denotes the departure of ¢  from the linear variation defined by the cor-

ner nodes A and B. In general, one can write
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where

a set of I unknown coefficients, and

<
1]

I functions of the isoparametric coordinates along the

w
1]

.~ edge AB, £ in this case.
The right-hand side.of the Eq. C.T1 can be 1ooked.Upon.aS‘a trun-
cated series. A polynomial series which resulted ih;poiynohﬁa]vshape,fﬁhc—
‘tions was used in Chapter 2. .Other series expansions may also be used.
. A Fourier series expansion, due to its rapid'convergence.property,‘13‘con— ’
- sidered here. Again, as in Chapter 2, each of the individual functions g°
should satisfy the constraints*imposed[upon“AAB¢;'nameTy they should

N term of the Fourier

vanish at the corner nodes A and B (gT = £1). The st
. series which satisfy this constraint is given by

gs‘ = sin ——virvo——;L— : | - o (C.2)
Once the functions gs‘have,been defined, the steps used in Eqs. 2.26 -

2.31 can be followed in order to obtain the shape functions and the modi-

- fied nodal values of ¢.
C.3 Numerical Result

A simple .problem has been solved in order to demonstrate the use
of transcendental shape. functions. A thick hollow circular.cylinder (inter-
nal and external radii of 10 in. and 20 in., respectively) subjected to a
uniform internal pressure is analyzed. Due to symmetry, a pie-shaped seg-
~ment is considered and is divided into 5 elements with intermediate nodes

in the radial and circumferential directions. The distributions of the
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radial and circumferential stresses obtained.by the present method and
those obtained by the theory of elastiticy®> are given in Fig. C.1. As

can be seen, the agreement between the two is excellent.
C.4 Discussion

The application of transcendental shape functions in isopara-
metric element has been demonétrated, Its relative efficiency as compared
to. polynomial shape functions is a matter requiring more detailed investi-
gation,

For a two-dimensional rectangular element with one intermediate
node on each edge, the traces of the two element stiffness matrices ob-
tained by using fhe,polynomia]‘and‘transcendental shape functions, respec-
tively, were computed, and.are in ratio. of 1.273:1.0. This comparison,
although. Timited to two-dimensional rectangular elements, indicates that

the transcendental shape”funCtions*a11ow the element to be more flexible.
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Figure C.1 Distribution of Radial and Circumferential Stresses
in a Thick Hollow Circular Cylinder
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