Interfacial cracks between piezoelectric and elastic materials under

in-plane electric loading

M. Liu, K.J.Hsia*

Department of Theoretical and Applied Mechanics,
University of Illinois at Urbana-Champaign,

Urbana, IL 61801

* Corresponding author. Tel.: +1-217-333-2321; fax: +1-217-244-5707.
E-mail: kj-hsia@uiuc.edu (K. J. Hsia)



Abstract

Evaluation of crack tip driving force for interfacial cracks between piezoelectric actuators
and elastic substrates is crucial to successful applications of smart materials and smart structures.
Here the behavior of an interfacial crack between a piezoelectric material and an elastic material
under in-plane electric loading is studied. The displacement mismatch along a bonded interface
due to electric potential loading on the piezoelectric material is modeled by an array of uniformly
distributed dislocations along the interface. Using Fourier transformation method, the governing
equations are converted to an integral equation, which is then converted to a standard Hilbert
problem. A closed form solution for stresses, electric field, and electric displacements along the
bonded interface is obtained. The results agree very well with that from numerical simulations
using the finite element method. The results show that the closed form solution is not only
accurate for far field distributions of stresses and electric variables, but also accurate for the
asymptotic distributions near the crack tip. The solution also suggests the likelihood of domain

switch in the piezoelectric material near the crack tip.

Keywords: A. Interfacial crack; Crack tip asymptotic field; B. Piezoelectric material; In-plane

electric loading; C. Fourier transformation method



1. Introduction

Piezoelectric ceramics have recently been widely used in smart structures as electro-
mechanical sensors and actuators (Ashley, 1995; Chopra, 1996). Since ceramic materials are
brittle, fracture of piezoelectric ceramics has been a topic of extensive research. Researchers
have developed linear (Pak, 1992; Sosa, 1992; Park and Sun, 1995a) and nonlinear theories
(Yang and Suo, 1994; Gao et al., 1997; Zhu and Yang, 1999; Fotinich and Carman, 2000; Fulton
and Gao, 2001) for fracture of piezoelectric ceramics. Experimental work has also been done to
study fracture resistance and fracture mechanisms in piezoelectric materials (Park and Sun,
1995b; Heyer et al., 1998; Fu and Zhang, 2000; Busche and Hsia, 2001).

Interfacial fracture between piezoelectric actuators/sensors and elastic substrates presents an
important concern in multilayer devices (Winzer et al., 1989; Furuta and Uchino, 1993; Kim and
Jones, 1996), especially under mechanical and electric cyclic loading. Recent development of a
new experimental technique by Du et al (2001) aims specifically at addressing this issue.
However, evaluating the driving force at an interfacial crack tip between piezoelectric ceramics
and substrate is a nontrivial task.

Most research to date has focused on the interfacial cracks between two different
piezoelectric materials (Suo et al., 1992; Beom and Atluri, 1996; Shen et al., 1999; Gao and
Wang, 2001). Cracks between piezoelectric actuators and elastic substrates are rarely studied,
especially for in-plane, mode I/l cases. Narita and Shindo (1998) and Kwon and Lee (2000)
solved the anti-plane (mode II1) problem of an interfacial crack between a piezoelectric material
and an elastic material. There exist a few analyses of the in-plane problem for interfacial cracks
between piezoelectric materials and elastic materials (Parton, 1976; Ru, 2000; Govorukha and

Loboda, 2000; Wang and Meguid, 2000). However, they are generally for special cases or under



mechanical loading. A solution for an interfacial crack between piezoelectric and elastic
materials under in-plane electric loading does not exist.

In the present paper, the problem of an interfacial crack between a piezoelectric actuator and
an elastic substrate under in-plane electric loading is studied. A semi-infinite piezoelectric
medium bonded to a semi-infinite elastic medium along a segment of length 2a is considered.
Following the approach used by Erdogan (1965) for interfacial cracks under thermal loading,
electric field induced deformation mismatch between the piezoelectric medium and elastic
medium is formulated by inserting an array of dislocations along the bonded interface. The
approach used by Parton (1976) is employed to transform the governing partial differential
equations into an integral equation, which is solved as a Hilbert problem. A closed-form solution
for stresses, electric field, and electric displacements along the interface is obtained. The solution
is compared with numerical simulation result using the finite element method. Excellent
agreement between analytical and numerical solutions is achieved.

2. Problem Formulation

Here we consider two semi-infinite media occupying upper and lower half-planes, $* and S?,

respectively (Fig.1a), with a piezoelectric material “4” in the upper plane and an elastic material

“B” in the lower plane. The interface is located at y =0 and the two materials are perfectly
bonded along the interface on —a < x < a. The poling direction of the piezoelectric material “4”
is along the positive y-axis. The electric potential ¢ is fixed to be zero along the interface and
—-yE, as y — +oo, S0 the average electric field in material “4” is always £, .

The theory of piezoelectricity is briefly reviewed in Appendix A, in which x; denotes the x-
direction and x,denotes the y-direction in Fig. 1. Under plane strain condition, the constitutive

equations for the piezoelectric material (material “4”") can be written as
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where u”,v* and ¢* are the displacements in the x-direction, y-direction and the electric

potential, respectively. The superscript ‘4’ denotes the quantities in material “4”. The physical

meaning of material constants C*, e and /7° are explained in Appendix A.

Combining Egs. (A1), (A4) and (A5), we can show that the equilibrium equations can then

be expressed in terms of displacement components and electric potential as,
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Similarly, the constitutive law and the equilibrium equations for material “B” are
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where, C,,,C,,,C,, and C,, are elastic constants for material “B”.

Since Egs. (1-4) are linear, we can apply the principle of superposition. The problem in Fig.
la is equivalent to the superposition of two problems. The first is shown in Fig. 1b, where the
upper and the lower half planes are not bonded, and the upper half plane is subjected to the same
electric potential as that in Fig. 1a. The solution to this problem can be easily obtained as,

E! =0,E! =E,, D! =0, D} =00, E,,
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B
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This solution has a strain discontinuity across the interface.

The second problem is illustrated in Fig. 1c, where the upper and lower planes are bonded
along —a < x < a. To cancel the strain discontinuity caused by the piezoelectric strain under the
applied electric field (Fig. 1b), an array of dislocations are uniformly placed along the interface.

Therefore, the boundary conditions along the interface (y = 0) are given as the following,

K< a vA(x, 0)=v(x,0)=0, u'(x,0)-u’(x,0)=-dyE,x  (6a)
> a ol (x,0)=08 (x,0)=0 (x,0)=0" (x,0)=0 (6b)
<a ol (x,0)=02 (x,0), o!(x,00=0"(x,0) (6c)
x| < o0 ¢*(x,0)=0 (6d)

While, as y — oo, the far field boundary conditions are



u'(x,y) =v(x,y) =u’(x,y) =v(x,y) =¢"(x,y) =0 (6e)

3. An Analytical Solution

To solve the problem posed in Fig. 1a, we firstly seek the solution to the problem posed in
Fig. 1c. By using Fourier transformation method, we obtain the solutions to the governing Egs.
(2) and (4) in terms of 5 unknown functions. By applying the boundary conditions, the control
equations of the unknown functions are derived and reduced to a singular integral equation,
which can be solved as a standard Hilbert problem. The final solution of the problem in Fig. 1a
can then be obtained by superposing this solution and that given by Eq. (5).
3.1 General forms of the solution
The piezoelectric material “A”.

Using Fourier transformation, the displacements and electric potential in the piezoelectric

material (y = 0), can be expressed as
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where U (p,py),V*(p.py) and &*(p,py)are the Fourier transforms of the displacements and the

electric potential. These functions are referred to as kernel functions in the following.
Substituting the above equations into Eq. (2), the equilibrium equations are reduced to a set of

ordinary differential equations of the kernel functions,



d*u“

ay“ )d<pA
dy?

Cﬁ _CﬁUA _(Cé +Cﬁ1)d_Y_(esl teg)— =

du”’ d? d’o”
(C]g + Cﬁ)d—Y + C3E3 d7 - CﬁVA + €33 T _615@A = O, (8)

du d?y . dPot |
(es1 +els)d—Y+833W_e15VA_D33 W"‘ 05, @* =0.

where Y = py.

The solution to the above differential equations can be expressed in the following form
(See Appendix B),

A

Utlp.py)| o a;
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where L“(p) is a real function and M “(p) is a complex function to be determined from the

boundary conditions. The real coefficients a,', B/, y;', ;' and the complex coefficients

a;, B, vi, ki are functions of the material properties, which are obtained by solving an

eigenvalue problem (Appendix B).
The elastic material “B”.
Similarly, using the first two Fourier transforms in Eq. (7), the equilibrium equations for the

elastic material (y <0) can be reduced to two ordinary differential equations of the kernel
functions U” (p, py) and V?(p, py) ,
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For isotropic materials A =C,;, 4 =C,,, where A and p are the Lamé constants, the kernel

functions can then be determined as (See Appendix C),
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where L*(p) and M *(p) are real functions.

3.2. Interfacial boundary conditions

(11)

Combining Egs. (1,3,7,9,11), we show that quantities along the interface (y :O) can be

expressed as the following,
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where Q,, P, are real numbers and Q,, P, are complex numbers, given as
0, =~Cilalni' + B!)exr'. 0, =~Chlaini + B)-ewyi.
B =Ciay' —Cok B —euk'yy P, =Cpa; —Cyky By — ek Yy
It should be clear that 7, Q,, P,, and Q,are constants related to material constants alone. The

only unknown variables are the five real functions Z*(p), Z* (p), Re(M*(p)). Im(pa*(p)), and

M*(p).

In most research work to date (Narita and Shindo, 1998; Kwon and Lee, 2000; Wang and
Meguid, 2000), a uniform electric field or an electric displacement is applied to the piezoelectric
medium instead of electric potentials. This simplifies the problem significantly. It can be proved
that for mode 11l case (Narita and Shindo, 1998; Kwon and Lee, 2000), an application of a
uniform electric field is equivalent to an application of an electric potential because of the
uncoupled governing equations. However, this is not the case for the in-plane problem studied
here. A uniform electric field loading can be easily implemented by letting Eq. (12d) equal to
zero. In the present study, however, only the electric potential loading is considered since it is the
case in experimental studies (Park and Sun, 1995b; Heyer et al., 1998; Fu and Zhang, 2000; Du
etal., 2001)

By applying the boundary conditions in Egs. (6b-d), it can be shown that only two of the
five unknown functions are linearly independent. If we select L (p) and Re{MA(p} as the

independent functions, the others can be expressed in the following,
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Furthermore, boundary conditions (6a,b) require that L’ (p) and Re{MA(p} must satisfy the

following integral equations along the interface (y = 0),
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where, J;, (j = 1—8) are constants and given in Appendix D.

|x| < a (14b)

3.3. The solution

Define a complex stress function f(x) as

fx)=0,(x 0)+ig,0,(x,0) (15)

where i =+/-1. We can then rewrite Egs. (14a) and (14b) into a single, governing integral
equation (See Appendix E),

J' dl‘ d31E (16)
7Tl ar—Xx g

where g, g, and g, are constants determined from the material properties given in Appendix E

To solve Eqg. (16), we define a complex function of complex variable z = x +iy, given as

11



F(z)= Zil - _(’Z) dr (17)

F(z) is analytic in the whole plane except for —a<x<a, y=0.

Using the Sokhotski-Plemelj formulae,

_ 1 1)
F'(x)== dr, F =-= dt 18
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Equation (16) can be converted into a standard Hilbert problem, given as
fy-_8&~1 - dyE,
Frx)= -8  p () + —afo_ (19)

g+l g (g +1)
where the ‘+’ and '-' signs denote the limiting values of F(z) at y =0 from the positive and
negative y-axis, respectively.
g-

For real materials, g >1, therefore ——+i<0. The solution to Eqg. (19) can then be
g

obtained as the following (Muskhelishvili, 1953),

Xx(2) I dy,E, 1

21Ti agl(g +1) (t—Z)X+(x)dt+COX(Z) (20)

F(z)=
where X/(z) is the solution for the homogeneous Hilbert problem, given as
1 . 1 .
X(Z) = (Z + a)_f"7 (z - a)_i_"7 (21)

1 -1). . . . .
where 17 = 2—Iog(g—+J is a parameter related to the elastic and piezoelectric properties of the
s

two materials. In Eq. (21), the branch limz X (z) =1 of x(z) is taken.

z0

Since there is no net external forces applied to the body, ¢, =0 (Erdogan, 1965). The

solution to Eqg. (19) is then

12
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Using the Sokhotski-Plemelj formulae, the stresses along the bonded interface (y = 0,|x| < a)

=
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where Q, = —32
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Substituting Eq. (23) into Egs. (E1-E3) and using Egs. (1,7,9,13,18), the electric variables

can then be obtained as

E, (x,O) = Do ( £ —qz] {Zaq cos(n log 4 ;ij + xsin(n log a _xﬂ

2 _y2\gg a a+x
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880
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880

where ¢, (j =1-6) are constants given in Appendix D.

3.4 Superposition of the solutions
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Equations (23-25) give the solution to the problem posed in Fig. 1c. The solution to the
problem illustrated in Fig. 1b is given in Eq. (5). Therefore, the complete solution to the problem

posed in Fig. 1a can be obtained by simply superposing the uniform electric field £, = E, and

electric displacement D, =[5, E, onto Eqs. (24) and (25) respectively. It is seen that, near the

crack tip, the solution is dominated by the singular term; whereas far away from the crack tip, the
uniform field prevails.
4. Results and Discussion

The solution obtained in the previous section can be used to evaluate the distributions of the
stresses, electric displacements, and electric field along the bonded interface between the
piezoelectric material and elastic material. To be consistent with our experimental study (Du et
al., 2001), here we choose a PZT ceramic as the piezoelectric material and aluminum as the
elastic material. The elastic and piezoelectric constants for these two materials are listed in Table
1.

Furthermore, numerical results are obtained using the commercial finite element package
ANSYS5.7. Due to symmetry, only half of the configuration is considered in the simulation. The
geometry and the finite element mesh used in the computation are shown in Figs. 2a-b. About
7000 four-node elements are used in the simulation. The size of the smallest element at the crack
tip is about 5x10° of the half length of bonded region, a. To simulate an infinite body, we
choose w/a = 100, h/a = 20. To determine whether the configuration is sufficiently large to
approximate an infinite body, a case of w/a = 20 is also computed. The differences in all
variables between the two cases are always less than one percent. In the calculations, the bottom
boundary of PZT has a fixed potential of ¢ =0, and the top boundary is electrically loaded to a

potential of ¢ =100kV , which results in an average field of £, =10kV/cm (with w =10cm).

14



Results of the normal and shear stresses along the bonded interface are plotted in Figs. 3a
and 3b. The solid line is the analytic solution, Eq. (23), and the dots are the numerical simulation
result. Figures. 3a and 3b show that excellent agreement between the analytical solution and
numerical simulation is reached not only in the far field away from the crack tip, but also in the
vicinity of the crack tip. Moreover, these stress distributions exhibit very similar trend as that of
shear force transfer between fibers and matrix in a fiber-reinforced composite material, a
phenomenon well documented in literature (see, for example, Carrara and McGarry, 1968;
Broutman and Agarwal, 1974).

From the analytical solution, the asymptotic stress distributions near the crack tip can be

expressed in terms of the distance from the crack, » =a —x, as,

o, (r0)= \/;FRe{K(éJW}, ny(r,O):—gi \/Zlﬁlm{K(éjw} (26)

where the complex stress intensity factor

K=K, +ik, :_Qo\/%(zﬂ_i)- (27)

It is not surprising that, like all asymptotic solutions of a crack between two dissimilar elastic

in
media, this asymptotic field has a 1 singularity and an oscillatory term, (ZLJ . For a crack

Jr a

between two different, isotropic elastic materials, Rice (1988) obtained an expression of
asymptotic stress distribution, as

o, =~ Rellk, +ik,)r"}, o, = m{(K, +iKk,)r"} (28)

Compare Egs. (26) and (28), it is noted that the expressions differ from each other by a factor of

_t for the shear stress distribution, where g,, given in Appendix E, is related to the
8o
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piezoelectric and elastic properties of the two materials. Furthermore, the oscillatory term in Eqg.

(26) is non-dimensionalized, whereas the oscillatory term »*7 in Eq. (28) is dependent on the

unit with which » is measured. It is also noted that in plotting Figs. 3a and 3b, the data points

closest to the crack tip are at a distance T = 2x10™ from the crack tip. At this distance from the
a

crack tip, no oscillatory behavior is visible either in the numerical solution or in the analytical
solution. For a bonded length of a« = 5mm, this distance represents a point about 1um from the
crack tip, which is well within the region where local microstructure of the material may affect
the stress distributions. Therefore, the oscillatory behavior within about 1um from the crack tip
IS unimportant.

The results for the electric field and electric displacements are plotted in Fig. 4, Figs. 5a and

5Db, respectively. The figures show that, although the magnitude of D_ increases rapidly near the
crack tip in a similar manner as the singular behavior of the stresses, the magnitudes of £ and
D, decrease near the crack tip because of the prescribed boundary conditions. Reaching a

critical electric displacement has been proposed as a criterion for domain switch (Fotinich and

Carman, 2000). Due to the rapidly increasing nature of D_ and decreasing of D, near the crack

tip, 90°-domain switch from the poling direction (y-direction) to the direction parallel to the
crack is likely to happen. Such 90°-domain switch will then affect the stress distribution near the
crack tip (Zhu and Yang, 1999; Busche and Hsia, 2001), which will in turn affect the fracture
resistance of interface.
5. Conclusion

In this paper, the behavior of an interfacial crack between a semi-infinite elastic material and
a semi-infinite piezoelectric material under in-plane electric potential loading is studied. Using
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Fourier transformation, the governing equations are reduced to an integral equation, which is
then converted to a standard Hilbert problem. A closed-form solution for stresses, electric field
and electric displacements is obtained. The results of stress, electric field, and electric
displacement distributions along the bonded interface are presented. The results agree very well
with that of numerical simulations using the finite element method.

The results indicate that, unlike in the anti-plane case (Narita and Shindo, 1998; Kwon and
Lee, 2000), the solution for prescribed electric potential at the boundary and that for prescribed
uniform electric field throughout the piezoelectric material are different, primarily due to the
coupling of in-plane variables. Such coupling makes the problem significantly more complex.
The solution obtained in this paper is the full field solution, applicable not only to regions far
away from the crack tip but also to the near tip region. The asymptotic distributions of stresses,
electric field, and electric displacements show an oscillatory singularity similar to that for
interfacial cracks between two different elastic media, albeit additional factors specific to the
piezoelectric properties of the material are present. The normal and shear stress distributions
along the bonded interface resemble that of the shear force transfer between fiber and matrix in
fiber-reinforced composites. While the electric displacement component parallel to the crack
exhibits singular increase near the crack tip, electric field and electric displacement component
perpendicular to the crack decrease in magnitude near the crack tip. Such distributions will likely
give rise to 90°-domain switch of the piezoelectric material in the near tip region, thus altering
the crack tip stress distribution as well as fracture resistance. This problem can only be addressed
using nonlinear analysis, which is beyond the scope of the current work.
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Appendix A

Most poled piezoelectric ceramics exhibit transversely isotropic elastic behavior with
hexagonal symmetry with x, as the poling direction and x, —x, plane as the isotropic plane
(Pak, 1992). The constitutive equations for such piezoelectric materials can be written as

og=Cfe-e'E

(Al)
D=ee+[F E

where the superscript ‘T’ stands for the transpose of a vector or a matrix and

- T _ T - T
a-_{o-ll 022 033 JSZ JSl 0-12} ! 8_{811 822 833 2832 2831 2812} ! D_{Dl DZ D3}
and E={E, E, E}" stand for the stress, strain, electric displacement and electric field

vectors, respectively. C*, e and /7 denote the stiffness matrix measured at zero electric field,

the piezoelectric stress constant matrix and the dielectric constant matrix measured at zero strain,

respectively. They can be written in the following forms,

Ci Cp Cy O
c, ¢ ¢ o0
IR (G
C"=v0 o0 o0 cg
0o 0 0 0 Cf

0
0
0
0

o O O o O

0 0 0 0 0 %(cfl -ct)
0 0 0 0 e O 0, 0 0
e=10 0 0 e 0 0+ [F={0 [, 0
ey ey e, 0 0 0 0 0 /7

The constitutive equations can be expressed in another form, which is

e=Sfg+d"E

(A2)
D=do+[° E
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where S*, d and [7° denote the compliance matrix measured at zero electric field, piezoelectric
strain constant matrix and dielectric constant matrix measured at zero stress, respectively. They

are related to C*, e and /7 as the following,

sf=(Cct)*, d=eS”, = [ +ed” (A3)

The strain-displacement and the electric field-electric potential relations can be written as

Ou .
e =[O 0| oo _0¢ j, k=123 (A4)
k

T2\ ox, O, / Ox,

where u;and ¢ are the displacement components and electric potential respectively.
If there are no body force and body charge, the equilibrium equations can be written as
0,,=0,D,,=0 (j,k=123) (AS)
Appendix B
The solution of Eq. (8) has the form of
U’ = O,Ae—KAY’ yA = ﬁAe—KAY’ O = yAe—KAY (B1)
where a”, B*, y* and k* satisfy the following eigenvalue problem,

. G a ||

0
Tdp Uy Ay ﬁA =40 (B2)
0

_ y
Qi3 Ay ag | |V

in which

_Ef, 4\ E —_(~E E), A — A
ayy —C44(K ) -Cy, ap _(C13+C44)K I CE _(631"'615)/( '

(B3)
A2 =C3€>(KA)2 —Chy ay =e33(KA)2 —es,  ayp =~ (KA)Z"'DE

For a non-trivial solution to exist, the coefficient matrix of Eq. (B2) must satisfy

det[aij:O. In case of real piezoelectric materials, «* has six different roots, +{ and
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+(0+iw), where ¢, and « are positive real numbers. For future convenience, we denote

them as Kj‘, (j :1—6), which are given by

J, ki =0+iw ki =0-iw,
(B4)
-, ki =—-(0+iw) k! =—(0 - iw)

K
Ky

To simplify the derivation of the kernels, we define three functions in the following
O, (KA ) = Ay,0, — A34,,, O, (KA ) = —a,,a, —a,d,;, O, (KA ) =ay,a,, +al,. (B5)
When y - oo, all the field variables approach zero, Eq. (6e). As a result, only Kf
(j =1 2, 3) that have positive real part need to be considered. Therefore, by letting
aj :@1(’(;1)’ B/ :@2(’(;1)’ v :93(’(;1)1 (/=12) (B6)
the kernel functions can be expressed as Eq. (9).
Appendix C

By letting U”? =a®e™,V? = %™, differential equations, Eq. (10), become

Culk?f -y (€ +Cu)k? ] {03} _ {0} 1)

2
_(C13 +C44)KB C33(KB) _C44 ﬂB 0
The non-trivial solution requires the determinant of the coefficient matrix to be zero. For
real anisotropic materials, this requirement leads to two pairs of conjugate complex roots,

k? =+(d+iw), (j =1-4). For isotropic materials, however, this requirement will lead to two

double roots «,’, =1 and «;, =—1. In this paper, the attentions will be focused on the isotropic

materials, but it should be noted that there is no difficulty in applying this method to anisotropic

materials.
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Since the elastic plane is below x-axis, the vanishing far field boundary condition requires

that «;, = -1 should be used. Noted that «,, = -1 is a double root, the solutions of U” and V"*

are in the form of

(C2)

where /\j(p),(j:l—4) are arbitrary real functions. Substituting (C2) into Eqg. (10) and

rewriting A,(p), A,(p) as L®(p), M*(p) respectively, the kernel functions can then be

determined as Eq. (11).
Appendix D

Constants for Eq. (13) and (14a,b),

=0+ foynio} . o =reo)+ XY mlo).

Imiy;’

5,=p+ Y imp), 5, =Re{P} + RV im(p)
o m ' ! Imiy; '

i W A6 (A+2u)s,
%A mlm{ﬂZ} 200 +p) 2u(r+p)’

_ A _Re Vs A9 _(/\ +2,u)54
56—Re{,32} imly? |m{/82} 200+ 1) 2u(A + )

o, _(A+2u)s,

}_2(/\+ﬂ) 2u(A+u)’

_ 4 _Rey; 4l _ o, _(/""2/'1)52
% = Relar) Imlyfr i} 200 +p) 2pu(A+p)

Constants for Eq. (24) and (25),

yA
5, =al ——f— Im{a;
Imy;

— 9,0y — 9,0, — 0,0y ~ 9,0, — 9,0y ~ 0,0,

q, A q, A v 43 A
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— 52511 B 51512 — 54513 B 53514 — 51514 B 52513
Q4 - A [} q5 - A [} q6 - A ]
yA
mlyA Im{K;‘yj} ,

2

— A
Oy = Vi Ky ~

6, = Refy} - et imfcy).

2

A
5. = —aikA - B+ Vi Imik a2 + B2}
11 11 ﬁl m {2 2 ﬁz}
Rety;'
5, =-Relk/a; + ) ﬁy% imfiia; + B},
2

5 = eu| @t —imfad} Vi |+ enl - Bkt + Y imficipd} e, 5
3 — €| Oy ma, myA €33 1 Ky Wszﬁz 33 Jg s
2

Imyy;

A A
g =ex{ e} - ) PV e[ el )+ R e} o,
2

my,

Appendix E

Equation (14a) can be reformulated as

\/%Lw[51LA (p)+ 0, Re{MA (p}]psin(px)dp =0, (x, 0)
2 L1801 (0)+ 8, rer (pHlpeos(a =0, 1.0

x| <o (E1)

Making use of the following integrals

fsin(pt)cos(px)dp: Zt 5
" —x , (E2)

%fm@%Mmmﬁ%fwﬁﬂwﬁﬂ®:ﬂ“0

and noting that
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o (x.0)= 7% [, (,0)[sin(px)sin(pr)dp dr

(E3)
2 (a o
g, (x,0)= p _[any (z, 0)_[0 cos(px)cos(pz)dp dt
Equation (14b) can be changed to
2 a xdt
——8},0, (z, o)t2 — 80, (x,0)=0 (E4)
2 tdt
8.0, (x, O)+7_Tg2 J-OUX}( 0)t2 — 2 =dyE, (ES)
where
_ 0,0, 90,6 _ 0,0, — 9,0,
1= A 1 gZ - A ]
gszw’ g4:%’ A=9,0,-9,0,
Since g, (-2,0)= g, (z,0) and g, (-2,0)= -0, (z,0), it can be proved that
a xdt a O—yv (t, O)dt a xdl‘ a O'Xy(t, O)dt
2[0,(,0)7—=[ = 2[00, (t,0)7——= ] —=——— (E6)

1" —x t—x " —x —a t—x

We define g, = /% g =&go and Eqg. (15). Egs. (E4) and (E5) can then be combined to
8183

84

obtain Eq. (16).
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Table 1. Material Constants

PZT CL=1.38x10"Pa CE =1.29x10"Pa
CL=8.83x10"Pa CL=9.39x10"Pa CL=2.45x10"Pa
e31=1.02C/m? e33=30.7C/m? e15 = 14.0C/m?
¢, =1.51x10°C/(Vm)  [If,=1.30x10°C/(Vm)
AL A=C;3=453x10"%a = Cu=2.33x10'"%Pa
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¢=-yE;, y > +

S*: Piezoelectric

Poling

S % Elastic

S Piezoelectric g :
S“ : Piezoelectric

Poling

Poling

$=0

S % Elastic

S % Elastic

(©)

(b)
Fig. 1 An interfacial crack between a piezoelectric material and an elastic material under in-

plane electric potential loading: (a) configuration to be analyzed; (b) constraint-free body

under electric loading; (c) interfacial crack with distributed dislocations.
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Fig. 2 (a) Configuration used in the finite element analysis; (b) the finite element mesh.

29



ayy(MPa)

. Numerical Solution
-30 - ——— Analytic Solution 7
0% oer  osm  osm 1
x/a
(a)

-50

0, (MPa)

00

-150

. Numerical Solution

—— Analytic Solution

0.96 0.57 0.58 0.99 1
x/a
(b)
Fig. 3 Stress distribution along the bonded interface: (a) normal stresso,, distribution;
(b) shear stress o, distribution.
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Fig. 4 Distribution of electric field in the poling direction £, along the bonded interface.
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Fig. 5 Distributions of Electric displacements along the bonded interface: (a) in x-

direction D,; (b) in y-direction D,



