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Nematic elastomers exhibit large, spontaneous shape changes at the transition from the high-
temperature isotropic phase to the low-temperature nematic phase. These finite deformations are
studied here in the context of a nonlinear, properly invariant, variational theory that couples the
orientational order and elastic deformation. The theory is based on the minimization of a free-
energy functional that consists of two contributions: a nematic one due to the interaction of the
mesogenic units and an elastic one arising from the stretching of the cross-linked polymer chains.
Suitable choices for these two contributions allow for large, reversible, spontaneous shape changes in
which the elastic deformation can affect the isotropic-nematic transition temperature. The change
in transition temperature as well as the magnitude of the resulting spontaneous deformation are
illustrated for various parameter values. The theory includes soft elasticity as a special case but is

not restricted to it.

I. INTRODUCTION

Liquid-crystal elastomers are a new class of materials
with unusual properties made possible by interactions be-
tween the elasticity of the polymer network chains and
the orientational order of the mesogenic groups. For
example, nematic elastomers exhibit phase transitions,
spontaneous shape changes, response to external fields,

and microstructures such as striped domains.

Unusual properties were first predicted by de Gennes”,

who also proposed a linear continuum theory in terms of
the nematic order tensor of the mesogenic groups and the
macroscopic, infinitesimal strain tensor. Importantly, de
Gennes included contributions to the free-energy den-
sity that couple rotations of the mesogenic groups to
the elastomeric network strain. Subsequently, Jarry &
Monnerie® and Deloche & Samulski® explored extensions
of de Gennes’s ideas for the special case of stretched uni-
axial specimens. Brand & Pleiner!? further generalized
de Gennes’s work to include dynamics as well as external
electric and magnetic fields.

Halperin!! discussed the importance of sample history
on the subsequent response of nematic gels. Noting that
the free-energy should be minimized in the configuration
occupied at the time of cross-linking, Halperin!! reasoned
that the alignment of the mesogenic groups in the config-
uration at the time of cross-linking is also energetically
important. To account for this possibility, he proposed a
contribution to the free-energy density that couples the
change in the scalar uniaxial order parameter to the in-
finitesimal strain tensor.

In an alternative approach, Warner et al.'? extended
classical Gaussian network theory to allow for anisotropic
distributions of the end-to-end vectors of the polymer
chains and derived the contribution to the free-energy
density due to elastic distortions of the network. Bladon
et al.!3!* further generalized this work to obtain a full

three-dimensional tensorial expression that allows for
isotropic, uniaxial, and biaxial phases. The resulting ex-
pression, called “neo-classical,” is nonlinear, properly in-
variant, and depends on the deformation gradient and a
symmetric and positive-definite tensorial measure of the
polymer chain shape, called the step-length (or conforma-
tion) tensor. In accord with Halperin’s ideas concerning
the importance of the reference configuration, the free-
energy density also depends explicitly on the correspond-
ing measure of the polymer chain shape in the reference
configuration. Bladon et al.'®1* took the additional en-
ergetic contribution from the mesogenic elements to be
that of the uncrosslinked melt and assumed a nonlin-
ear function of the mesogenic order-tensor, such as the
usual quartic Landau—de Gennes expansion. Their total
free-energy density is thus a function of the referential
and current polymer network shape as well as the align-
ment of the mesogenic groups, where these quantities are
represented by the deformation gradient, the referential
and current conformation tensors, and the current meso-
genic order-tensor. For special molecular models, the
conformation tensor has been related to the mesogenic
order-tensor (e.g., Bladon et al.!®, Finkelmann et al.®),
in which case the free-energy density reduces to a compli-
cated function of the deformation gradient, and the ref-
erential and current mesogenic order tensors. In general,
however, there is no simple relation that expresses the
coupling between the conformation tensor of the polymer
backbone and the nematic order tensor of the mesogenic
groups.

One of the striking aspects of the neo-classical theory is
that it predicts soft elasticity, i.e., deformations involving
large strains but costing zero energy?®. As support for
soft deformations and the neo-classical model, Verwey,
Warner & Terentjev?! interpreted the observed formation
of stripes as a consequence of soft elasticity, which has
been further investigated by DeSimone & Dolzmann??



and Conti et al.?32?4, The recent experiments of Mar-
tinoty et al.2®, however, appear to contradict the assump-
tions of soft elasticity. They also find that the linear
theory of Brand & Pleiner!?, which makes no appeal to
soft elasticity, adequately describes the small-strain, low-
frequency shear behavior of nematic elastomers.

Liquid-crystal elastomers, like classical isotropic elas-
tomers, are able to undergo deformations involving sub-
stantial strains. A nonlinear theory is therefore needed to
fully account for the interaction of the large strains with
the orientation. While there is evidence of softness in
some nematic elastomers, the experiments of Martinoty
et al.?® indicate a need for a nonlinear theory not re-
stricted to soft elasticity.

As one step in this direction, Verwey & Warner
used the idea of compositional fluctuations to general-
ize the neo-classical expression. The resulting expres-
sion includes a small perturbation that eliminates the
perfect softness of the neo-classical expression. Warner
& Terentjev!” generalized this expression to one that is
quadratic in the deformation gradient.

Recently Carlson et al.?” showed that a certain ten-
sor that arises naturally in the neo-classical free-energy
density and involves an unusual combination of defor-
mation gradient and the referential and current confor-
mation tensors can be interpreted as a nonlinear rela-
tive strain tensor that indicates how the deformation of
the elastomeric microstructure deviates from the overall
macroscopic deformation. This led Fried & Sellers?® to
propose an alternative class of free-energy densities based
on simple invariance arguments and a dependence upon
two strain tensors: (i) the usual left Cauchy—Green ten-
sor that describes the overall macroscopic strain and (ii)
the relative microstructural strain tensor.
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The neo-classical expression then appears as a special
case in which the free-energy density is independent of
the overall macroscopic strain so that only the relative
strain of the microstructure provides an energy penalty.
Importantly, the class of free-energy densities proposed
by Fried & Sellers®® incorporates energetic penalties as-
sociated with both the overall macroscopic strain and the
relative microstructural strain. For such free-energy den-
sities, the only truly soft deformations are trivial rigid-
body rotations. In addition, Fried & Sellers®® took the
conformation tensor as the order parameter and, thus,
eliminated the need for an additional coupling relation.
This approach to nematic elastomers provides a simple,
nonlinear alternative that is not restricted to soft elastic-
ity but certainly allows for it as a special case.

Our goal here is to study the interaction of orienta-
tional order with nonlinear elasticity in nematic elas-
tomers as exemplified by spontaneous shape changes.
These unusual states of finite strain occur at the tran-
sition from the high-temperature isotropic phase to the
low-temperature uniaxial phase. They have been used
to measure material parameters, and they are currently
under investigation for possible applications. We follow
a nonlinear variational approach based on minimizing an

appropriate free-energy functional. In particular, we il-
lustrate the finite spontaneous deformations of a mon-
odomain specimen for two special cases of the free-energy
density proposed by Fried & Sellers?®. That free-energy
density consists of nematic and elastic contributions that
couple the nonlinear strain to the orientation. This cou-
pling in particular allows for the observed shape changes.

The theory also predicts a dependence of the transition
temperature on the elastic moduli. The elastic energy of
the spontaneous deformation raises the energy well of
the deformed configuration, thereby increasing the sta-
bility of the initial configuration and thus lowering the
isotropic-nematic transition temperature. We illustrate
the change in transition temperature as well as the mag-
nitude of the resulting spontaneous deformation for the
two different cases. The unusual effects studied here arise
directly from the dependence of the energy on the relative
strain tensor and, thus, can be attributed to the presence
of microstructure.

Recently, disordered nematic elastomers have been
studied by Uchida??3°. For simplicity, we consider here
only homogeneous monodomain samples and neglect any
contribution to the free energy arising from random dis-
order.

II. GENERAL THEORY

Here we briefly summarize the theory of Fried &
Sellers?®. As we are considering deformations involv-
ing finite strains, it is important to distinguish between
quantities that refer to the undeformed, reference con-
figuration from those that refer to the deformed, current
configuration (cf., e.g., Ogden®'). The kinematic state of
the elastomer is described by the macroscopic deforma-
tion x and a symmetric, positive-definite, second-order
conformation tensor A, which provides a measure of the
polymer chain shape in the current configuration. We
denote by A, the corresponding measure of the chain
shape in the reference configuration. The deformation
x maps the region B, of 3-dimensional space occupied
by the body in the reference configuration onto the re-
gion B of 3-dimensional space occupied by the body in
the current configuration. The conformation tensor A is
defined as the ensemble average of the tensorial second
moment of the polymer end-to-end vectors r: A = (r2r).
A is clearly symmetric and positive-definite. Denote by
F = Gradx the macroscopic deformation gradient. F
maps an infinitesimal material line element dx, in B,
into a line element dx = Fdx, in B. As is standard,
we assume that the elastomer is incompressible, which
requires that detF' = 1.

A basic postulate of the theory is that the free-energy
density 1 is determined by the deformation gradient F
and the conformation tensor A:

The dependence on the reference configuration is repre-



sented by the referential conformation A, and is indi-
cated explicitly. This assumed form expresses the view
that F' and A provide a consistent and complete descrip-
tion of network distortion and chain shape in the current
configuration. For main-chain elastomers, this assump-
tion appears to be quite reasonable. For side-chain elas-
tomers where the mesogenic units are pendant to a flex-
ible backbone, the side-chain order can be different from
the backbone order'®. Importantly, 1& cannot be arbi-
trary as it is subject to the invariance requirements im-
posed by material symmetry and objectivity. As shown
by Fried & Sellers?®, these requirements are met if and
only if there exists a reduced free-energy density function
1) such that

O(F,A;A,) =¢(FF,A"'FA,F",A).  (2)

The result (2) has an appealing interpretation. It al-
lows for a dependence on the left Cauchy—Green strain
tensor F'F', which, as in the theory of rubber elastic-
ity, serves as a nonlinear measure of overall macroscopic
strain. It also allows for a dependence on the quantity
A_IFA*FT7 which we can interpret as a relative strain
tensor (Carlson et al.?”, Fried & Sellers®®). Note that,
in a composite medium with anisotropic material mi-
crostructure, the microstructure will stretch and rotate
with the macroscopic continuum. If, in particular, the
microstructure is described by a symmetric and positive-
definite tensor, say M, the tensor FM F" describes the
deformation of the microstructure as it stretches and ro-
tates with the continnum. A nematic elastomer differs
from a composite in that its microstructure is nonma-
terial in the sense that the kinematics of A are inde-
pendent of the macroscopic deformation. The quantity
A" 'FA,F" is a natural nonlinear measure of the defor-
mation of the microstructure relative to the macroscopic
continuum. Thus, (2) shows that the free-energy den-
sity depends upon two distinct strain tensors (the over-
all macroscopic strain and the relative microstructural
strain) and the current conformation tensor.

A standard assumption for nematic elastomers is that
the free-energy density consists of two parts differing in
their physical origin and in their form:

1/) = wel + wn- (3)

The part 1) is due to the entropic elastic deformation of
the network and expresses the coupling of the nematic
order with the stretching of the cross-linked polymer
chains. The other part i, arises from the interaction
of the mesogens and determines the stability of the elas-
tomer phase in the reference configuration.

For 1, Fried & Sellers®® proposed a simple expression
linear in the two strain tensors:

el = %tr(FFT 1)+ %{tr(AleA*FD I)
—logdet(A™'FA.F")}, (4)

where pq and uo are nonnegative elastic moduli. This
free-energy density vanishes in the reference configura-
tion when FF = I and A = A,. The logarithmic
term is needed to give a vanishing internal body force
in the reference configuration. In the isotropic case,
where A = A, « I, (4) reduces to the classical neo-
Hookean expression of rubber elasticity, with shear mod-
ulus p = pq + po. Further, when py vanishes, (4) corre-
sponds to the neo-classical expression derived by Bladon
et al.'>!* in their extension of Gaussian network the-
ory. Thus the neo-classical expression is seen to be a
special case where the free-energy density is independent
of the overall macroscopic strain F.F'. For this special
case, there is no elastic energy penalty for material de-
formations where the microstructure (represented by A)
stretches and rotates with the macroscopic continuum.
Such deformations have been called soft as there is no
resistance to the deformation. A non-zero p; provides
an energy penalty for the material deformations, thereby
eliminating perfect softness. Without the term involving
the logarithm, (4) can be viewed as a special case of the
generic free-energy density function (7.50) introduced by
Warner & Terentjev!”.

As in non-linear elasticity, additional, higher-order
terms involving the two strain tensors can be included
in the elastic energy. Here we consider only the sim-
ple relation (4) with two elastic moduli. Warner &
Terentjev!” have presented an alternative argument for
the elastic energy in which they add an additional contri-
bution quadratic in F' to the neo-classical elastic energy
density.

For the nematic free-energy density 1, Fried &
Sellers?® proposed a Landau-de Gennes power-series ex-
pansion in terms of an order parameter. As order param-
eter, they chose the traceless part of the conformation
tensor:

Ag=A- AL (5)

Invariance requires that 1, be an isotropic function, so
that it reduces to a function of the two scalar invariants
tr(A3) and tr(AJ). A standard fourth-order polynomial
expansion of ¥, in terms of Ag is

alT
Un =5 (T - 1>tr(A§) + gtr(Ag) + %(trAg)z, (6)
where «, (3, and v are material constants and T, is a
fixed temperature (typically slightly below the transition
temperature). For simplicity, the only temperature de-
pendence is through the first term.

In the absence of external fields, the governing equi-
librium equations are the Euler-Lagrange equations as-
sociated with minimizing the total free-energy fB* P dv
in conjunction with representations (3), (4), and (6).
The resulting equations allow for biaxial, uniaxial, and
isotropic phases. In the sequel we assume uniaxial sym-
metry with variable degree of alignment, an assumption
corresponding to common experimental situations.



III. UNIAXIAL SYMMETRY

We now focus on applications involving uniaxial sym-
metry. In so doing, we consider two models. The most
basic of these has been used in studies on the effect
of deformation on the striping instability (DeSimone &
Dolzmann?? and Conti et al.?%24). As this model may
not accurately reflect the changes in the microstructure
over a large range of temperatures, we also consider an
alternative model where the nematic elastomer is treated
as a freely-jointed chain (e.g., Finkelmann et al.16).

A. Basic model

DeSimone & Dolzmann?? and Conti et al.232* consid-
ered nematic elastomers subject to the constraint det A =
det A,. Essentially, this normalization imposes the re-
quirement that the volume occupied by a generic poly-
mer chain remains unchanged regardless of shape changes
and, thus, embodies what might be considered a con-
straint of microstructural incompressibility. In this case,
the last term in (4) vanishes. Further, when such a ma-
terial has uniaxial symmetry in both the reference and
deformed configurations, the conformation tensors can be
expressed as

g1/ a—
A= (I+(a—1)n®@n), } o

A, = a;1/3(I + (ax — )N, ®@n,),

where a is scalar a measure of the uniaxial alignment
in the current configuration and m is the uniaxial direc-
tor. The quantities a and n appearing in (7); satisfy
a > 0 and |n| = 1, with a < 1 being the oblate phase,
a > 1 the prolate phase, and a = 1 the isotropic phase.
The corresponding quantities evaluated in the reference
configuration are denoted by a, and m.. Note that the
representations for A and A, in (7) are normalized with
det A = det A, = 1. We also have

AT =g!/3 at—1)nen),
(I+( nen) } )

Ag=a*a-1)(n@n-1iI).

Substitution into (4) and (6) yields the explicit rela-
tions valid for uniaxial phases

Yo = g {|F|” =3} + gpz(a/an) P{|FP?
(@ = )IF B + (0, — 1) Fnf?
+(a. —)(a ' = 1)|n-Fn.* -3} (9)

FIG. 1: The nematic contribution v, to the free-energy den-
sity as a function of temperature T" and order parameter a.
At high temperatures, the free-energy density has a single
minimum at the isotropic phase a = 1. At low temperatures,
there are two relative minima with the absolute minimum at
the prolate phase a > 1.

The governing Euler—Lagrange equations become:

Div (g;{) = F'Gradp,
_ o _ (11)
(I-n®n) o 0,
oy
Eri

in conjunction with representations (9) and (10). The La-
grange multiplier p in the mechanical force-balance (11);
arises from the constraint detF' = 1 of macroscopic in-
compressibility. In particular, we can identify the Piola
stress as S = —pl + 0y /0F. Further, the projection
operator I — n®mn in the director equation (11)y arises
from the director constraint |n| = 1. The last equation
(11)3 arises from variations in the parameter a.

B. Freely-jointed chain

We now consider an alternative model that allows for
microscopic volume changes. For a freely-jointed chain,
Finkelmann et al.'® relate the conformation tensor A to
the classical order tensor S of the mesogens. In particu-
lar, for mesogens with length normalized to unity,

A=1T1+3S. (12)
And in the uniaxial case®®, § = S(n ® n — I), with

S = (P3(cos9)).
Since S is traceless, (12) implies the constraint tr A =



FIG. 2: The elastic contribution 1. to the free-energy density,
due to the spontaneous elastic deformation as a function of
temperature and order parameter. Here, 11 = p2 = constant,
so that explicit temperature dependence is absent. The min-
imum is at the isotropic reference configuration a = a. = 1.
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FIG. 3: The total free-energy density ¢ as a function of tem-
perature T and order parameter a for the basic model. For
the assumed parameter values, the nematic contribution dom-
inates the elastic contribution except in the vicinity of the
transition temperature.

3. Furthermore, we have the results:
A=(1-9I+35n®n,
Ay =38,
At =(1-8"YT-351+25)"'n@n),
detA = (1 — S)%(1+29).

(13)

Analogous results relate A, to the order tensor S, =
Se(ny @M, — %I ) in the reference configuration. Impor-
tantly, det A, is equal to (1 — S,)?(1 + 2S,) and, thus,
generally differs from det A = (1 — 9)?(1 + 25).

In particular, the relation (12) allows one to replace
the dependence of the free energy on A by S. The two
contributions to the free-energy density take the form:

Yy = 52{3a<§ - 1) +28S + 9752}> (14)
and

1-5,
va = g {IFP - 3 + 2205

(1-29)
3§ . 38, ,
BTl L
95
— x . Fn,|? —
=81 125) ™ Frl 3}

(1—8,)%(1+28S,)
(1-9)2(1+29) °

In this case, the governing Euler-Lagrange equations
are (11)1 2 and

— 3hzlog (15)

oy
28
in conjunction with (14) and (15).

Pereira & Warner'? and Warner & Terentjev'” discuss
in detail how the material parameters appearing above
can be related to experiments on the specific heats, the
order parameter curve, and the phase transition temper-
ature.

0, (16)

C. Relation between the two models

The two models are based on different constitutive as-
sumptions, so that they can imply different behavior,
for example det A # det A, for the freely-jointed chain.
However, by (15), it follows that for the model based on
the freely-jointed chain, detA = detA, + O(S? — S2)
when S ~ S,. Thus, if the order parameter S in the
current configuration differs only slightly from that S, in
the reference configuration, the constraint det A = det A,
underlying the basic model is met. Furthermore, by (7),
it follows that for the model based on microscopic in-
compressibility, trA — 3 as a — 1, which is consistent
with (15); for all S. Thus we see that the freely-jointed
model and the basic model become consistent in the case
of weak deviations between the alignment S and its refer-
ential counterpart S,. In this limit, the two models then
show similar behavior.

IV. EXAMPLE: SPONTANEOUS SHAPE
CHANGES

Nematic elastomers are known to exhibit sponta-
neous shape changes at the transition from the high-
temperature isotropic phase to the low-temperature ne-
matic phase. These states of large strain can be eas-
ily modeled with the above variational theory. Here, we
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FIG. 4: The spontaneous stretch A as a function of the order
parameter a from (21). The largest strains occur when ps >
pi. For pe < pi, the free-energy density approximates that
of a neo-Hookean material, so that the spontaneous shape
changes become less significant.

FIG. 5: The spontaneous stretch A as a function of the order
parameter S from (22). Again, the largest strains occur when
H2 > .

consider a nematic elastomer sample initially in the high-
temperature isotropic phase. In terms of the order pa-
rameters, we have a, = 1 and A, = I for the basic model
or S, =0 and S, = 0 for the freely-jointed chain model.
We further assume that the temperature of the reference
configuration is sufficiently above the transition point so
that the reference configuration is stable witha = a, =1
(S = S, = 0) the absolute minimum of the free-energy
density. We further assume that, as the temperature is
lowered, the elastomer transforms to the prolate uniaxial
phase—so that @ > 1 (S > 0), which requires § < 0.
In this case, the sample extends without rotation in the
direction of the director and contracts in the direction
orthogonal to the director. Let A > 0 be the stretch
in the direction of the director n (which, in the present
discussion, equals n,). The deformation gradient of the
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FIG. 6: The relative stretch AX = (A — Aapprox)/A as given by
(21) and the asymptotic formulas (23). When the ratio of the
elastic moduli is small, the expansions provide an excellent
approximation.
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FIG. 7: The spontaneous stretch A as a function of tempera-
ture T for the basic model. For fixed 1y, increasing the ratio
u2/p1 increases the transition temperature.

spontaneous shape change becomes
F=X'"2T+ (A= Xx"Y"n,on,. (17)

Substituting (17) in (9), we obtain

et = 5 (11 +p2a” PN (i + p2a /PN = 5 (1 + )
(18)
for the basic model and
1 2 _
ol = = )\2 A 1
Ve =5 < 1+ 25) ( 1— S>
3

f( 1+u2)+—|og{ 1+28)(1—-S5)*} (19)

for the freely-jointed chain model.

Figures 1-3 depict the nematic contribution ), the
elastic contribution . and total free-energy density
for this special case of the basic model. At high temper-
atures i, has a single minimum at the isotropic phase
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FIG. 8: The spontaneous stretch A\ as a function of temper-
ature for the freely-jointed chain model. In contrast to the
basic model, the stretch is asymptotically linear as the tem-
perature decreases. The larger strains are due to the non-
vanishing of the logarithmic term in the elastic energy (15).
Further, the shift in transition temperature as well as the
jump in A is less for the freely-jointed chain model.

a = 1. At sufficiently low temperatures v, has two rel-
ative minima corresponding to the prolate and oblate
phases. For the assumed parameter values®*, the pro-
late phase a > 1 has lower energy. In the absence of any
deformation, the stable phase would correspond to the
absolute minimum of v,,. Figure 2 shows that the elastic
contribution 1 has a single minimum at the reference
configuration, here taken to be the isotropic phase®®. The
effect of 1. here is therefore to penalize changes from the
isotropic phase. A shape change due to the phase transi-
tion may consequently increase the total free-energy den-
sity, which can alter the location and relative depths of
the energy wells. In particular, the transition tempera-
ture can be altered. The more 1, dominates 1, how-
ever, the smaller is the effect on the transition tempera-
ture.

We further assume that the elastomer is subjected only
to the hydrostatic pressure (with Cauchy stress tensor
—plI), which requires that

o)
S5 =0. (20)

Consequently the mechanical force balance (11); is auto-
matically satisfied. Solving (20) for A yields

A3 — w1+ paat/3 (21)
p1 + pa=2/3

for the basic model and

W3 (-5
pa A+ p2(1+28)1

(22)

for the the freely-jointed chain model, which shows that
the spontaneous stretch is coupled to the elastic moduli
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FIG. 9: The order parameter a as a function of temperature
for the basic model. The elastic moduli have little effect on
the jump in a at the transition temperature. Also a tends to
a value independent of the ratio of the elastic moduli as the
temperature decreases.

FIG. 10: The order parameter S as a function of temperature
for the freely-jointed chain model. In contrast to the basic
model, S does not tend to a value independent of the ratio of
the elastic moduli as the temperature decreases.

and the order parameter. In view of (21), the sponta-
neous stretch A is nontrivial only if the coupling term in
the elastic free-energy density is nonzero (ug # 0) and
the phase changes (a # 1 or S # 0).

Figures 4 and 5 illustrate the spontaneous stretch A for
various values of the ratio uy/pe for the two models. In
both cases, the stretch X is very sensitive to this ratio.
When p1 > p2, A remains close to 1, so that the shape
change is small. In this case, the free-energy density dif-
fers little from that of a neo-Hookean material (for which
a spontaneous shape change is impossible). On the other
hand, when po > p1, the stretch A can reach 1.6 or more
for highly aligned elastomers in the prolate phase. It is
the presence of the term involving pe that allows for the
spontaneous shape change. The larger us is relative to
11, the larger the spontaneous stretch at the transition.



These two asymptotic cases can be of practical interest.
For example, when ps < pp, the elastomer is weakly
nematic and the elastic free energy deviates slightly from
that of an isotropic neo-Hookean material. Alternatively,
soft elasticity implies that 1 < po. The result (21) can
be easily approximated in these two limiting cases.

N =a+a?3(1 - a)& —i—o('ul);
H2 H2

N =1+a3(1—a1)L2 +0<u2>.
H1 H1

(23)

Figure 6 shows that the expressions (23) provide very
good approximations to the stretch when the appropriate
ratio of the moduli p; and ps is small.

For the two limiting cases exhibited in (23), the rel-
evant ratio of u; and po can be related to measurable
parameters. Assuming that a # 1 for the basic model,
we obtain

A —a
& ~ 2/377 & < ]_;
p2 a?3(1—a) H2 (24)
M2 A —1 p1
A — 2os.
pr o at/3(1—at) p2

Similar relations can also be obtained from (22) in terms
of the order parameter S for the freely-jointed chain:

A3 (S —1)+1+2S
M~ ( J 41t ) B
H2 3S(1+25) 2 (25)
LS Yol s
A== 04297 m

As the elastic moduli must be non-negative, the theory
places restrictions on possible stretches A and order pa-
rameters. Consider, for example, (24);. For A > 1, (24),
requires that A < a!/3 in the prolate phase a > 1. How-
ever, for 0 < A < 1, (24); requires A\ > a'/? in the oblate
phase a < 1. Similar restrictions follow from (24)q. It is
not yet clear if either of the limiting cases leading to (23)
and (24) can be expected in general.

Tt is easily seen that the Euler—Lagrange equation (11)y
is automatically satisfied with the deformation gradient
F is as given in (17) and when n = n,. The only equa-
tion remaining to be solved is (11)3 or (16), which pro-
vides an additional relation involving the appropriate or-
der parameter and the stretch A. In conjunction with
(21), the spontaneous stretch can then be determined as
a function of the temperature 7. Numerical solutions of
the full equations for various parameters are given in Fig-
ures 7 through 10, which illustrate the different responses
of the two models for different ratios of elastic moduli.

V. DISCUSSION

The original linear theory of de Gennes” allowed for
spontaneous strains but that was restricted to infinites-
imal strains. Observed strains, however, can be 200%

FIG. 11: The order parameter S as a function of temperature
for the freely-jointed chain model. A smooth transition is
obtained by including a linear term in the free-energy density.
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FIG. 12: The spontaneous stretch A as a function of tempera-
ture T for the freely-jointed chain model. A smooth transition
is obtained by including a linear term in the free-energy den-
sity.

or more. To adequately describe such large strains, a
properly invariant nonlinear theory is needed.

The variational theory proposed here provides a consis-
tent, nonlinear description of the mechanical interaction
of deformation and orientation in nematic elastomers. It
presumes the existence of a free-energy density depending
on the deformation gradient and the conformation ten-
sor. Proposed constitutive expressions for the nematic
and elastic contributions to the free-energy density cap-
ture well the phase changes as well as the large, spon-
taneous shape changes observed in nematic elastomers.
The theory also predicts an effect of the deformation on
the transition temperature. As the theory involves only
the deformation gradient and the conformation tensor,
no additional closure relation is needed, although a clo-
sure relation can be introduced when available for special
cases such as the freely-jointed chain. The theory is, fur-
thermore, not restricted to soft elasticity, although soft



elasticity is included as a special case (u; = 0). Addi-
tional higher-order terms in the strain tensors can also
be systematically included, though for simplicity we have
not done so here.

Of key importance in the theory is the elastic modu-
lus po, which arises from the presence of microstructure.
Both spontaneous deformations and a shift in the transi-
tion temperature occur only when s is nonzero. In par-
ticular, the ratio of the two elastic moduli determines the
extent of the spontaneous deformation. The greater us is
in comparison to pp the larger is the spontaneous strain
as well as the shift in transition temperature. The pres-
ence of microstructure that can deform independently
of the overall macroscopic deformation therefore induces
the unusual properties of nematic elastomers.

The theory predicts sharp transitions with jumps in
the spontaneous stretch and order parameter. Experi-
mental data indicate however that the actual transitions
are smooth. Such discrepancies led Pereira & Warner!?
to suggest that the elastomer behaves as if it were under
effective external fields, which are however internal in ori-
gin. This motivated them to include a term linear in S in
the energy, as would be expected if an external field were
present. They also suggested that the additional contri-
bution to the elastic energy 1. proposed by Verwey &
Warner?® would give rise to such a linear term. As shown
by Pereira & Warner!'?, however, this extra linear term
vanishes for the case where the elastomer is crosslinked
in the isotropic state, which is the problem studied here.

Alternatively, Selinger et al.3? attribute the smooth
transition to heterogeneities arising from quenched dis-
order. The considered a Gaussian distribution of tran-
sition temperatures and obtained a good fit to the data
over a large range of temperatures. Further, the pres-
ence of heterogeneities would imply spatial gradients in
the order parameters, which may also contribute to the
free energy and affect the sharpness of the transition. At
this point, the exact cause of the smooth transitions is
unclear. Experimentally, additional contributions to the
free energy appear be important and could arise from

various effects. Figures 11 and 12 illustrate the effect
of including a small, ad hoc linear term for the freely-
jointed chain model. Clearly the effect of such a term is
to smooth the transition. A similar result holds for the
basic model.

For main-chain elastomers, the chain elements compos-
ing the backbone are the mesogenic units. Thus the order
of the backbone is determined by the order of the meso-
genic units. For side-chain elastomers, the mesogenic
units are typically rods pendant to a flexible backbone,
so that the relation between the backbone order and the
order in the mesogenic side-chain units is unknown. This
is one of the difficulties with the interpretation of data for
side-chain elastomers. If the birefringence is determined
mainly by the polarisable side chains, then measurements
of the birefringence would only provide the order of the
side-chain units. The conformation tensor A is a mea-
sure, however, of the backbone order. Our theory is based
on A as the measure of the microstructure, and hence ne-
glects this complication. Finkelmann et al.'® addressed
this problem by assuming a linear relation between the
two measures of order. Assuming that pe was the only
modulus in the elastic energy (neo-classical model), they
inverted (22) to obtain the backbone order as a func-
tion of the measured spontaneous stretch. Comparison
to birefringence measurements supported the linear as-
sumption for this special model. The effect of a more
general model of the elastic energy with additional mod-
uli was not discussed. As we have shown, however, the ra-
tio of the moduli can significantly affect the spontaneous
stretch and could be important in the interpretation of
the data.
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