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ABSTRACT

ABSTRACT

A string of partial results — aimed at shedding light on the be-
havior of dielectric elastomer composites — have been recently
reported in the literature for the macroscopic electroelastic re-
sponse and stability of layered composites with ideal elastic di-
electric phases. Such results have been restricted to two phases
and plane-strain loading conditions. It is the purpose of this the-
sis to place on record simple explicit expressions for the macro-
scopic electroelastic response and stability of layered composites
with any number of ideal elastic dielectric phases under general
electromechanical loading conditions. Inter alia, these expres-
sions provide insight into a variety of practical and theoretical
issues in relation to the modeling of elastic dielectric composites
with anisotropic microstructures, ranging from the choice of in-
variants to describe their free energy function to the effects of

interphasial phenomena.

This thesis also places on record the conditions of ordinary and

strong ellipticity for elastic dielectrics in full generality.
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CHAPTER 1

INTRODUCTION

Over the last decade, a number of experiments have demonstrated that di-
electric elastomer composites — comprising, in essence, a mechanically soft
matrix of low permittivity filled with high-permittivity inclusions — hold
great potential to enable a broad range of new technologies (see, e.g., Huang
et al., 2005; Zhang et al., 2007). To aid in the microscopic understanding
of this class of emerging materials, various theoretical results have been re-
cently reported in the literature for the macroscopic electroelastic response
and stability of layered composites with ideal elastic dielectric phases (see,
e.g., DeBotton et al., 2007; Bertoldi and Gei, 2011; Rudykh, 2011; Tian et al.,
2012). All such results have been restricted to two phases and plane-strain
loading conditions.

The purpose of this thesis is to place on record simple explicit expressions
for the macroscopic electroelastic response and stability of layered composites
with any number of ideal elastic dielectric phases under general electrome-
chanical loading conditions. The stability results presented here pertain ex-
clusively to “macroscopic” stability results', as characterized by the loss of
strong ellipticity of the free energy function of the composites. In this connec-
tion, this thesis also places on record the conditions of ordinary and strong
ellipticity for elastic dielectrics in full generality.

The thesis is organized as follows. Chapter 2 formulates the electroelasto-
statics problem defining the macroscopic response of layered composites with
any number of elastic dielectric phases under arbitrarily large electromechan-
ical loads. Section 2.3 presents the conditions of ordinary and strong ellip-
ticity for elastic dielectrics; the derivation of these conditions is deferred to
the Appendix. In Chapter 3, the generic problem formulated in Chapter 2

is specialized and solved explicitly for the specific case of layered composites

'For completeness, a brief discussion is also included on other types of instabilities,
such as “microscopic” instabilities, cavitation, debonding, and electric breakdown.



with ideal elastic dielectric phases. The specialization of the ellipticity con-
ditions of Section 2.3 to such layered composites is worked out in Section 3.2.
This section also includes the resulting criticality condition that defines the
electromechanical loads at which macroscopic instabilities ensue. Chapter 4
provides a summary of the results generated in Chapter 3 and Section 3.2 in
terms of the electric field as the independent electric variable, instead of the
electric displacement field. Finally, Chapter 5 provides several remarks on

practical and theoretical implications of the main results of this thesis.



CHAPTER 2

MACROSCOPIC RESPONSE OF ELASTIC
DIELECTRIC LAYERED COMPOSITES

2.1  Microscopic description of elastic dielectric layered
composites

Consider a composite material made up of perfectly bonded layers of an
arbitrarily large number M of different phases with initial layering (or lam-
ination) direction N. The domain occupied by the entire composite in its
ground state is denoted by )y and its boundary by 0. Similarly, Q(()T)
(r =1,2,..., M) denote the domains occupied collectively by the individual
phases so that Qy = Q(()l) U 982) U...J Q(()M) and their respective initial volume
fractions are given by c((f) = |Q(()T)| /|€20|. We assume that the distribution
of the phases is statistically uniform, the thicknesses of the layers are much
smaller than the size of )y, and, for convenience, choose units of length so
that )¢ has unit volume.

Upon the application of mechanical and electrical stimuli, the initial po-
sition vector X of a material point in {25 moves to a new position specified
by x = x(X), where x is a one-to-one mapping from € to the deformed
configuration {2. We assume that x is twice continuously differentiable, ex-
cept possibly on the layer-to-layer interfaces. The associated deformation
gradient is denoted by F = Grad x and its determinant by J = det F.

All M phases in the composite are elastic dielectrics. We find it convenient
to characterize their constitutive behaviors in a Lagrangian formulation by
“total” free energies W (") (suitably amended to include contributions from
the Maxwell stress) per unit undeformed volume, as introduced by Dorf-
mann and Ogden (2005). For clarity of presentation, we make use of the
deformation gradient F and Lagrangian electric displacement field D as the
independent variables up until Section 4, where, for completeness, we provide

a summary of the results in terms of F and the Lagrangian electric field E.



Thus, taking F and D as the independent variables, the first Piola-Kirchhoff

stress tensor S and Lagrangian electric field E are simply given by

oW oW
S$=-F(X.FD) and E=-S(XFD), (2.1)
where
M
W(X,F,D) =Y 6y (X)W (F,D) (2.2)

r=1

with GST)(X) denoting the characteristic function of the regions occupied by
phase 7 67)(X) = 1if X € QY and zero otherwise. Note that the total
Cauchy stress, Eulerian electric field, and polarization (per unit deformed
volume) fields are in turn given by T = J!SFT e = FTE, and p =

J 'FD — gye, where ¢, stands for the permittivity of vacuum.

2.2 The macroscopic response

In view of the assumed separation of length scales and statistical uniformity
of the microstructure, the above-defined elastic dielectric layered composite
— though microscopically heterogeneous — is expected to behave macroscop-
ically as a “homogenous” material. Following Hill (1972), its macroscopic or
overall response is defined as the relation between the volume averages of the
first Piola-Kirchhoff stress S and electric field E and the volume averages
of the deformation gradient F and electric displacement D over the unde-
formed configuration 2y under affine boundary conditions. Consistent with
our choice of F and D as the independent variables, we consider the following

boundary conditions
x =FX and D-£=D-¢ on 09, (2.3)

where the second-order tensor F and vector D stand for prescribed boundary
data, and where £ is the outward normal to 0€2y. Granted relations (2.3), the
divergence theorem warrants that [, F(X)dX = F and [, D(X)dX = D
and hence the derivation of the macroscopic response reduces to finding the
average stress S = fQo S(X)dX and average electric field E = fQo E(X)dX.

In direct analogy with the purely mechanical problem, the result can be



expediently written as

9,
0

|
=
I

g:

=
SE

(F,D) and (F,D), (2.4)

5!

where

W(F,D) = minmin [ W(X,F,D)dX (2.5)

corresponds physically to the total electroelastic energy (per unit undeformed
volume) stored in the composite material.

A standard calculation — making use of the facts that F is the gradient of
a vector field and that D is divergence-free — serves to show that the Euler-
Lagrange equations associated with the variational problem (2.5) are nothing
more than the equations of conservation of linear momentum and Faraday’s
law. It is also a simple matter to show that T = 7_1§FT, 6=F @ E, and
p= J'FD - go6, where T = |Q|™! [, T(x)dx, € = [Q|™* [, e(x)dx, and
P = |Q|7" |, p(x)dx are the volume averages of the total Cauchy stress T,
Eulerian electric field e, and polarization p over the deformed configuration
Q, and where use has been made of the notation J = det F. That is, as a con-
sequence of the above choice of macrovariables, the resulting relations among
Lagrangian and Eulerian macroscopic quantities are completely analogous to
the corresponding local relations.

For any continuous loading path with the ground state (F = I, D = 0 and
S =0, E = 0) as starting point, the solution of the Euler-Lagrange equations
associated with the variational problem (2.5) is uniquely given by deformation
gradient and electric displacement fields that are piecewise uniform up until
the onset of a first instability (see, e.g., Geymonat et al., 1993). Namely, up
until the onset of a first instability, the effective free energy function (2.5)
takes the form .
W(F,D) = minmin y_ ' wOF", D) (2.6)

a® g

with C—n - '
F'=F+aWaN ifXel
F?=F+a®@N ifXeqf

f(M )

—F+a™MgNif X e ™



and

(DY =D+ I-NaoNBV ifXeql
3% _ N (2 (2)
D” =D+(I-NaN it X € Q
D)~ ( o v ey
'—(M)_— (M) - (M)
DM =D+ (I-NeNBM if X e 0

\

where a(” and 8" (r =1,2,..., M) are constant vectors (i.e., independent

of X) subject to the constraints!

M M
Z c(()r)a(r) =0 and Z c(()r)ﬁ(’") =0. (2.9)
r=1 r=1

Note that the Euler-Lagrange equations associated with (2.6) are now a sys-
tem of nonlinear algebraic equations for a” and B (r=1,2,..., M) cor-
responding to the continuity of the tractions ([S]IN = 0) and the tangential
continuity of the electric field ([E] AN = 0) across layer-to-layer interfaces.

For sufficiently large electromechanical loads F and D, the piecewise uni-
form solution (2.7)—(2.8) may bifurcate into multiple solutions with different
total electroelastic energies. Physically, such bifurcations correspond to the
onset instabilities. Following the work of Triantafyllidis and collaborators
(see, e.g., Triantafyllidis and Maker, 1985; Geymonat et al., 1993), it is
useful to make the distinction between “microscopic” instabilities, that is,
instabilities with wavelengths that are of the order of the thicknesses of the
layers, and “macroscopic” instabilities, that is, instabilities with wavelengths
that are much larger than the thicknesses of the layers. The computation of
microscopic instabilities is in general a difficult task, though, if the spatial
distribution of the M different phases happens to be periodic, microscopic
instabilities may be computed elegantly with help of the Floquet theory for
ordinary differential equations (Triantafyllidis and Maker, 1985). On the
other hand, the computation of macroscopic instabilities is a much simpler
endeavor, since it is expected to be signaled — much like for the purely me-
chanical case (Geymonat et al., 1993; Bertoldi and Gei, 2011) — by the loss

of strong ellipticity of the effective free energy function (2.6) associated with

'Constraints (2.9) warrant that [, F(X)dX = M ch)F(T) =Fand [, D(X)dX =

M c((f)ﬁ(r) = D, as required by the affine boundary conditions (2.3).

r=1



the “principal” piecewise uniform solution (2.7)—(2.8).

As anticipated in the Introduction, the primary objective of this work is to
generate an explicit result for the effective free energy function (2.6) of a lay-
ered composite with a specific class of elastic dielectric phases: the so-called
ideal elastic dielectrics. And to establish explicit conditions at which such
an effective energy loses strong ellipticity, and thus at which macroscopic in-
stabilities may ensue in the composite. Before proceeding with the pertinent
calculations, we dedicate the next section to present in full generality the
conditions of ordinary and strong ellipticity for elastic dielectrics, as they

will be required in later sections.

2.3 The conditions of ordinary and strong ellipticity
for elastic dielectrics

Following a derivation akin to the standard derivation in the purely mechan-
ical case (see, e.g., Hill, 1979; Chapter 6.2.7 in Ogden, 1997 and references
therein), the “generalized” acoustic tensor of an unconstrained elastic dielec-
tric with arbitrary effective free energy function W = W (F, D ) can be shown
to be given by

2

I'uwF,D)=K—- —— __R|(trB)I-B|R”, 2.10
( ) B E (trB)T- B (2.10)

where K = K(u; F,D), the acoustic tensor, R = R(u;F,D), the electro-
acoustic tensor, and the projection tensor T= T(u) and projected imperme-
ability tensor B = ]§(u; F,D) are given (in component form) in terms of the

unit vector u by

Ky, = Lorugug,

Rix = Mijru;,

Ly, = i — wyuy,

Bix = (85 — 1) By (8gi — tquiy,) (2.11)



with

— — — 0w —
Lim=J FiuFpy——o(F,D),

Jkl J lbaFiaaFkb( )
— T2 /A—
M’L — a — F7D )

jk Jad' bk (9Fm8Db( )

— 1 OPW - —

J ai bj aDang( ) ( )

denoting the components of the incremental moduli of the elastic dielectric
in updated Lagrangian form, i.e., using as reference configuration the current
configuration with deformation gradient F and electric displacement D. A
brief derivation of the above result is provided in the appendix.

Having established the generalized acoustic tensor (2.10), the definitions
of ordinary and strong ellipticity for elastic dielectrics follow readily (see
the appendix). Thus, an elastic dielectric with effective free energy function

W =W (F,D) is said to be elliptic if its acoustic tensor is nonsingular:
detT'(w;F,D) # 0 (2.13)

for all unit vectors u and all F, D. Furthermore, an elastic dielectric with
effective free energy function W = W (F, D) is said to be strongly elliptic if

its acoustic tensor is positive definite:
v-T(u;F,D)v >0 (2.14)

for all unit vectors u, v and all F, D. Similar to the purely mechanical case,
strong ellipticity (2.14) implies ellipticity (2.13), but the converse is not true

in general.

2.3.1 Incompressible materials

When dealing with soft dielectrics, such as elastomers, it is often assumed
that they are incompressible. As detailed in the appendix, the generalized
acoustic tensor of an incompressible elastic dielectric, with arbitrary effective
free energy function of the form W = W(F,D) if J = 1 and W = +o0



otherwise, adopts the more specialized form

~ . 2 . o~

I'wF,D)=K- —— __ R |(trB)I-B|R” 2.15
(wF.D) B E (rB)T- B (2.15)

with K = TKT and R = /I\Ri where K, R, /I\, B are given by expressions
(2.11)(2.12) with J = 1. Tt then follows (see the appendix) that an incom-
pressible elastic dielectric is elliptic if its acoustic tensor is nonsingular on

the two-dimensional space normal to u:
PN ~ _
(trl"(u; F,D)) I (wF,D)#£0 (2.16)

for all unit vectors u and all F with J = 1, D. Similarly, an incompressible
elastic dielectric is strongly elliptic if its acoustic tensor is positive definite

on the two-dimensional space normal to u:

v-L(w;F,D)v >0 (2.17)

for all unit vectors u, v such that u-v = 0 and all F with J =1, D.



CHAPTER 3

EXPLICIT RESULTS FOR IDEAL
DIELECTRIC PHASES

3.1 Local fields, macroscopic response, and
incremental moduli

In the sequel, we work out specific results for a layered composite with phases

that are ideal elastic dielectrics characterized by the free energy functions

ut)

1 .
(F-F-3)+ —oFD-FD if J=1

+00 otherwise

W (F, D) =

r = 1,2,..,M. In this expression, the material parameters x > 0 and
g™ = (1+x)eg > 0 stand for the shear modulus and permittivity of phase
r in its ground state with y(") denoting its electric susceptibility. The elastic
dielectric described by (3.1) is referred to as “ideal” in the sense that it is me-
chanically a Gaussian rubber whose polarization p remains linearly propor-
tional to the underlying Eulerian electric field e independently of the applied
deformation: p = FD — g,F "TOW")(F, D)/0D = ¢oxF TE = goxMe.
In addition to its theoretical appeal and mathematical simplicity, the model
(3.1) has been shown to describe reasonably well the electromechanical re-
sponse of a variety of soft dielectrics over small-to-moderate ranges of de-
formations and large ranges of electric fields (see, e.g., Kofod et al., 2003;
Wissler and Mazza, 2007).

Local fields For free energy functions (3.1), the minimizing vectors (")

and B in (2.6) can be determined explicitly. They read as

MR 1
In — ) — T
a™ = (“(R) - 1) FN-—F  F'N (3.2)
plr F 'N.F'N



and

Ev e

i (r) D N — e
(Mf) - >__T ——F F N (3.3)
p &) FIN-FN

Mo\ T
fip = <Z 0 )) (3.4)

stands for the harmonic average of the shear moduli of the M phases in the

layered composite, while

M M (1) -1
— — (7") (7") — — 0
gy Zlco € and ER <2 5(7")> (3.5)
stand, respectively, for the arithmetic and harmonic averages of the permit-
tivities.
In view of the above expressions, the local deformation gradients (2.7) and
electric displacement fields (2.8) within each of the phases r = 1,2,..., M can

be compactly written in closed form as

HFr o
—(r — m — (r) —_
F”:F+<%— )FN@N—_# __—F NoN (3.6)
f F 'N.F'N
and

=0 _ V= (Tig 5
D" =""D- ~1)(D-N)N +

gy /L(T)

T (r) D-N i
(“R _ £ )__T — _F F N (3.7)
p o B ) FIN.F N

Here, it is interesting to remark that the local deformation gradients (3.6)
depend on the shear moduli of the phases but not on their permittivities. On
the other hand, the local electric displacements (3.7) do depend on the shear
moduli of the phases, in addition, of course, to their permittivities. Note
also that corresponding closed-form results for the local stresses and electric

fields within each of the phases in the composite are readily computable from

11



knowledge of the local fields (3.6)—(3.7).

The macroscopic response After direct substitution of expressions (3.6)—

(3.7) in relation (2.6), some algebraic manipulation, and use of the notation
M
Ry = Z ey (3.8)
r=1

for the arithmetic average of the shear moduli, the effective free energy func-

tion of the layered composite takes the remarkably simple form

( 7l 1 o
—~“[F-F-3]+—FD-FD-
2 28\/
I = 1
Hy HURr |:FN . FN — — — 4
L 2 F _N.-F N
W(F,D) = 1(1 1) (D-N) G T
2\& &/F'N.F'N
| +oo otherwise

(3.9)
Interestingly, the result (3.9) depends on the shear moduli and permittivities
of the underlying phases only through their arithmetic and harmonic averages
v, Bg, €v, Er, which, again, are given explicitly by expressions (3.8) and
(3.4)—(3.5). As expected, the local incompressibility of all M phases (3.1)
implies that the composite itself is incompressible and thus its effective free
energy function (3.9) is subject to the macroscopic kinematical constraint
C(F) = detF —1 = 0. Also as expected, the effective free energy function
(3.9) is transversely isotropic with the layering direction N denoting its axis

of symmetry. In terms of the standard invariants

I,=F-F, I,=F .F ', T,=FN.FN, T,=F FN.F FN,
Is=D-D, I,=FD-FD, Iy—F FD-F FD,
Tg — ﬁ N, 710 = Fﬁ FN, (310)

12



the finite branch of the effective free energy (3.9) can be rewritten as

1 N 1
72 — 7174 + 75 ZgV

W@E:ﬂﬁrﬂ—ﬁiﬁp4 n

2

1 1\ =
AT
€R v

o[- L+ 15

(3.11)

Thus, unlike the local free energy functions (3.1), the resulting effective free
energy function (3.11) is not of the separable form W = W 4(I1, I3, I, I5)+
W eee(Is, I7, I, I, I19). What is more, the purely mechanical contribution
in (3.11) is not of the separable form W = W, (11, I5) + W ani(14, Is), which
is often assumed in the literature on a purely phenomenological basis.
Having established the explicit result (3.9), it is a simple matter to compute
the constitutive relations (2.4) relating the macroscopic first Piola-Kirchhoff
stress S and electric field E to the macroscopic deformation gradient F and

electric displacement field D. They read as

§:8—I£/—QF_T
OF
_ _ _ 1 — —
=7, F —gF T—(EV—ﬁR)FN®N+g—FD®D+
Vv
1 1 2
oy, — e + - — — D N :|><
G (G 5) @
F NoF 'F'N
(3.12)
and - _
_ 9 l—re— (1 1 D-N
E:—_:_—FTFD—l—(_——_—)__T — N, (3.13)
oD &y ER ¢t/ F N-F N

where the scalar g in (3.12) stands for the Lagrange multiplier associated
with the overall incompressibility constraint of the composite. Corresponding
simple explicit expressions for the Cauchy stress T, Eulerian electric field €,
and polarization p follow trivially from the connections T = §FT, e =
F 'E andp=FD —sE.

13



The incremental moduli For subsequent use in the analysis of macro-
scopic stability, we record next the incremental moduli (2.12) associated with
the effective free energy function (3.9). In component form, they are given

explicitly by

_ . _ _ 1 .
Lijk =fy0iEF i F 1 — (T — Bp)0ikE ja Na 1Ny + g_éiijaDaFlbDb‘i‘
1%

4 N FNFNF, NF,'N,—
(F N-F N)
. 1 1 — 2
Ay — fig + (g— - g—) (D-N) I
RV 6qF N, F._ N+
T _T 2 pk *'PT rj
(F N-F N)
——1,,=-1 -1, —=-1
5ijpi NPFTZ NT‘ +6lepi NpFrk NT}7
(3.14)
_ 1 . .
Mz]k - g_ 1ijaDa + Fszm5]k) +
1%
1 1
2R SV D N.Fy NyFy N,F,'N,, (3.15)
<F N-F'N
and
1 1
B Vaij 4 F_g; F&‘ZTN F,'N,F,,' N, (3.16)

14



3.2 Macroscopic stability

Direct use of the incremental moduli (3.14)—(3.16) of the layered composite

into the general expressions (2.11) leads to the following results

K=1KI= [ﬁVFTu Flu— (5, — ip)(FN -u)? +

_ — 2
(F 'N.F TN) F N-F N
IF 'N®IF 'N, (3.17)
e 1
R=IRI=_— (FD -ul+
gv
— =T
1 1\ D-NF 'Nwoe 1. ~eo
2(_——_—>( I WiF "NoIF N, (3.18)
fr Ev (F TN-F‘TN>
11
B=1BT=_—T1+_—% %V 7F 'NeIF 'N, (3.19)
& FN.-F'N

for the acoustic tensor K, electro-elastic acoustic tensor R, and imperme-

ability tensor ]§, where it is recalled that I = I — u® u. The corresponding

15



generalized acoustic tensor (2.15) takes then the form

T(wF,D) = {7 F u-F u— (i - ig) (PN - u)? | T+
1 1 2
ipt(——-—)(D N
_ F 'N-u)? Hv “R+(§ Ev>( )
4(fy — ig) — 7 N\3 o 1 N2 +
(F N.F N) <F N.F N)
(L]
Ern  Ev (D -N2F 'N-u)?
1+TF_TN-TF_TN <§V 1) FIN ﬁ_TN>3
F 'N.F 'N \fr
FD - u)? D-N)FD-u)(F 'N- e e
_ST ‘_1)4, _ (D-N)(FD - u)( 2 W 3 F "N o IF N
AF N.-F N (F*TN.F*TN>
(3.20)

Now, it is not difficult to deduce that (3.20) has two non-trivial eigenvalues

on the two-dimensional space normal to u given by

M(wF,D) =7 F u-F u— (fy — i) (FN - u)’ (3.21)

16



and

4(Ay —7ig) ——————5(F N-u)-
(F N-F N)
_ IF 'NIF N
(Biy — Bg) — . — 7. N2
(F N-F'N
AT AT
1 1\ IF 'N.-IF 'N
<_——_—) S—— 2(D-N)2—|—
€r v (F*N-F*N
T D
4<_——_—>IF "N.IF 'N
€R v %
FN-FIN+ (Y 1) IF 'N.-IF 'N
ER
D-NF 'N-u? 1 __
(D NAE_Now +7(FD - uy-
(F_N‘F_ N)
D -N)FD -u)(F 'N-u)
— — (3.22)
F'N.F'N

Accordingly, the ordinary ellipticity condition (2.16) reduces in this case to

the product of the above two eigenvalues being non-zero:

Moreover, the strong ellipticity condition (2.17) reduces to the above two

eigenvalues being strictly positive:
M (w;F,D) >0 and A2(w; F,D) > 0. (3.24)

Clearly, 7; > 0 for all unit vectors u, deformation gradients F, and electric
displacements D, since fi;; > Jip > 0 and ||N|| = 1. Moreover, 7, > 0 for
all unit vectors u when F = I and D = 0, but need not be positive more
generally. Thus, the overall behavior of the layered composite is strongly
elliptic in its ground state when F =1, D =0 (and S = 0, E = 0). But —
in spite of the fact that the underlying phases (3.1) are strongly elliptic — it

17



may lose ordinary and strong ellipticity at sufficiently large electromechanical
loads. More specifically, the set of critical pairs (F, D ) and associated critical
vectors u at which the layered composite first loses ellipticity is characterized
by the equation 75 = 0. After some algebraic manipulation of expression
(3.22) to reveal explicitly its dependence on u, this criticality equation can

be rewritten as

(-2 0-2)

— — _. 2 —_ —_ _

@_1_(1_2) DN A/ S FE N
ERMy (F "N-F N)3

— J— — — e . 2
(5_5—3—9) (1—5—R>+ (?’_g—R—f—V—2)w
Ey Liv_ €_V ER Uy Ev (F TN . u)4 _

z N
F N-u+——>"2 (FD-u)(F N-u)-
wyevF N-F N
4(1—f—R)D N
v FD - u)(f 'N-u)+
HyEev
2)() (2 o
STANE E T A
F N.-F N
{FTu-FTu—< _E_R) (FN -u)? + & (f_v_1> (Fﬁ-u)ﬂ «
Hyv EvHyv \E€R
F'N.F'N=0 (3.25)

In terms of u, as expected from the definition of the generalized acoustic
tensor (2.15), equation (3.25) is a polynomial of degree 6. Consequently, an
explicit formula for the entire set of critical pairs (F, D ) that is separate of the
associated critical vectors u at which the layered composite loses ellipticity
is unlikely to exist. At any rate, it is an easy task to generate such a set
numerically: starting at (F = I, D = 0) and marching along any path of
choice in the (F, D )-space, equation (3.25) can be checked at every marching
increment — via a scanning process — for the existence of unit vectors u for
which it holds. Once the set of critical pairs (F, D) has been computed, the
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corresponding critical stresses S and critical electric fields E can be readily
determined from expressions (3.12) and (3.13), thus providing a complete

characterization of the macroscopic stability of the layered composite.

3.2.1 Some special loading conditions

There are special loading conditions of practical relevance for which condition
(3.25) renders separate explicit formulae for the critical pairs (F,D) and
critical vectors u at which the layered composite loses ellipticity. That is
the case, for instance, for the experimentally standard conditions of uniaxial
electric displacement combined with mechanical stretches in the transverse
directions (see, e.g., Section 2.25 in Stratton, 1941; Pelrine et al., 1998). In

the present notation, this corresponds to setting

- — — 1 —
F = )\181 X e + )\262 X ey + X X (S X €3 and D= Dgeg, (326)
112

where e1, ey, e3 stand for the Cartesian laboratory axes and A\; > 0, Ao > 0,
Ds are loading parameters denoting the applied transverse stretches and

electric displacement.

TN o X =1/,

M}( 7.

Figure 3.1: Schematics of the loading conditions (3.26) applied to the
layered composite for the cases when the layers are (a) transverse (N = e3)
and (b) aligned (N = e) with the applied electric displacement.

Now, for the case schematically depicted in Fig. 3.1(a) when the layers are

transverse to the applied electric displacement (3.26)a,
N = es, (3.27)
it is not difficult to deduce from (3.25) that the critical stretches A, Ag,
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electric displacement Ds, and associated vector u at which ellipticity is lost

are simply given by

—2

—2— M D

)\12)\; =1- /j—R + =3 (1 — S—R) and u = te, (3.28)
Hy  ERHy

if A\; > Xy, and by

=2
i D
MA, =1 — bRy 8 (1 - 5—3) and  u=te (3.29)

if, on the other hand, A\; < X,. Furthermore, for the case schematically
depicted in Fig. 3.1(b) when the layers are aligned! with the applied electric
displacement (3.26),

N = ey, (3.30)

the critical stretches \;, Mg, electric displacement D, and associated vector

u can be shown to be given by

- in\"' D Zr i)'
)\1/\2: 1—_— + —= 1—_— 1—_— and u:j:eg
Hy Hvev tv Hy

(3.31)
A2 E; €R .
it Ay Ay >14+ —=(1— — |, whereas they are given by
Ky ev cv
o1 and u=te (3.32)
Ay Hy

=2
— 4 D g
if, on the other hand, )\f)\; <143 (1 — R ). The more general case

HyEv Ev

when the layers are not transverse nor aligned with the applied electric dis-
placement does not seem to admit separate results for the critical loading A;,
X2, D3 and associated vector u. Howbeit, as explained above, it is straight-
forward to carry out such calculations numerically.

For the case of two phases (M = 2) and plane-strain loading conditions
(A1 = 1), the “macroscopic failure surfaces” defined by (3.28); and (3.31);
reduce to those found earlier by Bertoldi and Gei (2011) and Rudykh (2011).

If, in addition, no electric displacement is applied (D3 = 0), these surfaces

LChoosing N = e; is of course equivalent to choosing N = e,.
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reduce further to the classical result of Triantafyllidis and Maker (1985).
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CHAPTER 4

THE F AND E FORMULATION

Depending on the specific problem at hand, it may be more convenient to
utilize the Lagrangian electric field E as the independent electric variable
instead of D. In the sequel, for the sake of completeness, we summarize
the explicit results generated in Chapters 4 and 5 for ideal dielectric layered

composites in terms of this alternative variable.

The macroscopic response By introducing the partial Legendre trans-

form
W' (F,E) = —sgp{ﬁ-E—W(F,ﬁ)}
(Y F.F-3]-YF "E-F BE-
2 2 1
i {FN FN—- —— }Jr it J=1
F'N.F'N
- FE.FN) 4.1
=z (F'E-F'N) (4.1)

[ oo otherwise

of the effective free energy function (3.9), it follows that the macroscopic
first Piola-Kirchhoff stress S and electric displacement field D for the layered

composite with M ideal elastic dielectric phases can be written in terms of
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the macroscopic deformation gradient F and electric field E simply as

where, again, the parameters Ty, i, v, g are given by expressions (3.8),
(3.4)—(3.5) and the scalar § in (4.2) denotes the Lagrange multiplier asso-
ciated with the overall incompressibility constraint. As for the F and D
version of the result, corresponding expressions for the Cauchy stress T, Eu-
lerian electric displacement d, and polarization P follow trivially from the
connections T = §FT, d=FD,andp=d—¢F TE.

In terms of the standard invariants

I,-F.F, I,=F .F ', T,=FN.FN, T,=F FN.F FN,
I.=E-E, I.=FE-FE, [,=F FE.-F FBE,
I,=E-N, I,,=FE-FN, (4.4)

it is interesting to recognize that the finite branch of the effective free energy
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function (4.1) reads as

e Ty Ty — Tig [~ 1
B = B (1) - P e
%V [727;_717;+7;] +
(EV;ER)X

= = =% = —x = —% = —% — = = =% =% —=x2]2
[111416 AT~ Tl — TI — T~ TsT, — To + 1102}

Fz — LI+ 75] 7;2

)

(4.5)

which, much like its F and D counterpart (3.11), is not of the separable
form W' = Woas(T1, T9, 14, I5) + W oo (Tg, I, Tg, 19, I1o). What is more, the
functional dependence on the electric invariants T, through I}, is admittedly
cumbersome. This suggests that the standard set of invariants (4.4) may
not be the most appropriate choice to model transversely isotropic elastic

dielectrics (see, e.g., Bustamante, 2009). The alternative set

I,=F-F, I,=F .F ', T,=FN.FN, T,=F FN.F FN,
J.=E-E, /.=F E-F 'E, J,=F F E.-F F E,
Jo=E-N, J,,=F E-F 'N (4.6)

may prove more appropriate, as it leads to the more compact form

ii7ala nil ot A A 2 By — IR |5 1 Ey ==
WEE ="V -3 - Fry7 - | V.
( ) 9 |: 1 i| 2 4 [2—[1I4+I5 9 7

_ o —=x*2
(v —Er)J1g

2Tl + 1]

(4.7)

Macroscopic stability Making use of expression (4.3) in equation (3.25)
allows to rewrite the criticality condition for the loss of ellipticity of the

layered composite in terms of the electric field E instead of D. The result
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reads as

Br _(1_3_3 er(F "E-F N)2+
iy Ev iy
4 (1 . ﬁ—R) (1 _ R
Hy V/FTN-u)b +
F'N.-F 'N)3

— X
F 'N.-F 'N)2
F 'N-u)'—
__T_

=N\ [ T z(F  E-u)?
1—E—R) FuFu—(l—ﬁR)(FN u)2+€V( — u) X

gv Hyv Hy
F 'N-u?+

—-T

%R [Ty FR\ —=-Tm =T ——T— N - u)?
ﬁ(i—V—S—R)(F "EFNE B |JE N )
Hy \€r Ev F N-F N
F 'N-u)+
(6_ gR) (1 - ﬁR) - (45R 3R 1) = (F 'E-F N

Ev Ay &y Ev Ay «

F'N.F'N
F 'N-u?+
{FTU Flu— < _ E_R) (FN-u)? + 2 (f_V _ 1) (F_TE-u)Q] .
Ry HPv \€r

F'N.F 'N=0 (4.8)

For electromechanical loadings analogous to (3.26) with

- — — 1 —
F = )\161 X e; + /\282 X es + X X e; X es and E= E3e3, (49)
112

the general condition (4.8) renders results for the critical pairs (F,E) that
are separate from the associated critical vectors u. Indeed, for the case
with N = e3 when the layers are transverse to the applied electric field, it
follows from (4.8) that the critical stretches A, Mg, electric field E3, and

associated vector u at which the layered composite loses ellipticity under
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loading conditions of the form (4.9) are given by

_ _ ~4+4—=2 _
xfxgzl_g_R+M<1_€_R

— > and u=te, (4.10)
Hy Hy

€y

if Xl > Xg, and by

_ _ ~4+4—=2 _
xijzl_@+M<1_f_R

— > and u=te; (4.11)
Hy Hy

5%
if \; < Xy. Similarly, for the case with N = e, when the layers are aligned
with the applied electric field, it follows from (4.8) that the critical stretches
A1, Ao, electric field E3, and associated vector u at which ellipticity is lost

are given by

— -1 _ ~4+-4=2 —
o M, E
AfA24:< _@) [HM(l_f_R)] and  u = +e;

Hy Ay ev
(4.12)
-
—4— M A E
if )\f)\; > 14 22273 (5, — Eg), whereas they are given by
Hy
X, [0
Mo1-Br and u= e (4.13)
Ag Hy
442
— AN E
if )\14)\22 <14 1_2 3 (gv —51{)
Hyv
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CHAPTER 5

CONCLUDING REMARKS

The exact homogenization results (3.11), (4.5), (4.7) provide insight into the
identification of the invariants that dominate the effective free energy func-
tions of elastic dielectrics with transversely isotropic microstructures. Indeed,
when using the electric displacement field D as the independent electric vari-
able, the result (3.11) suggests that the dominant electric invariants are sim-
ply the standard 7; = FD-FD =d-dand Iy = D -N =d - F N
When using the electric field E as the independent electric variable, on the
other hand, the result (4.5) appears to suggest that all standard electric in-
variants (4.4)5-(4.4)19 are required and equally important in the modeling of
transversely isotropic elastic dielectrics. Rewriting the effective free energy
function in the form (4.7) reveals, however, that only the alternative invari-
ants ., =F E-F E=g-sandJ,y=F E-F N=g-F N may
be of importance. Further studies of elastic dielectrics with richer anisotropic
microstructures are under way to corroborate these initial findings (Lopez-
Pamies, 2014).

While only results for the onset of macroscopic instabilities have been re-
ported here, the results (3.6) and (3.7) for the local deformation gradient and
electric displacement fields within each of the phases in the layered compos-
ite allow to readily compute the onset of other types of instabilities. These
include geometric instabilities of microscopic wavelengths (for the case when
the phases are periodically distributed), as well as material instabilities such
as cavitation, debonding, and electric breakdown (see, e.g., Michel et al.,
2010; Lopez-Pamies et al., 2011). Focusing on the latter, for instance, electric
breakdown is often presumed to initiate when the magnitude of the electric
field at a material point reaches a critical value, E,, say (see, e.g., Plante and
Dubowsky, 2006; Moscardo et al., 2008). By combining the results (4.3) and
(3.7), the local electric field within each of the phases r = 1,2,..., M in the

27



layered composite can be simply written as

—T—= T

—) = (B — 3 irk\F E-F N
E”:E+(“R—1>(E-N)N+(€—R “R> i

(") O 1) FIN.FIN N. (5.1)
Thus, the onset of electric breakdown in the layered composite could be
readily computed by monitoring failure of the conditions HE(T)H < E,, for
allr=1,2,..., M.

We conclude by remarking that the results (3.9) and (3.25) — or equiva-
lently (4.1) and (4.8) — can be utilized to shed light on the intricate effects
that interphases can have on the macroscopic response and stability of di-
electric elastomer composites (Lewis, 2004; Roy et al., 2005). To see this,
it suffices to consider the case of a three-phase layered composite (M = 3)
where layers of material » = 1 are contiguous only to layers of material » = 3
sandwiching layers of material » = 2, in such a manner that material r = 3
acts as an interphase between materials » = 1 and r = 2. Because the re-
sults (3.9) and (3.25) depend on the shear modulus p® and permittivity
£ of the interphase via the arithmetic and harmonic averages (3.8), (3.4)
(3.5), large or small values of u® and £® can have a substantial effect on
these results even when the volume fraction cé?’) of the interphase is small.
The interested reader is referred to Bertoldi and Lopez-Pamies (2012) for a
)

parametric analysis of the effects of u® and 083 in the purely mechanical

context.
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APPENDIX A

DERIVATION OF THE ELLIPTICITY
CONDITIONS

In this appendix, we provide a brief derivation of the ellipticity conditions
(2.13)—(2.14) and (2.16)—(2.17) for elastic dielectric presented in Section 2.3.
Before proceeding with the technical details, it is fitting to mention that a
condition equivalent to (2.14) for the mathematically identical problem of
magnetoelasticity was apparently first put forward by Kankanala and Tri-
antafyllidis (2004). A condition equivalent to (2.17), also within the problem
of magnetoelasticity, was later given by Destrade and Ogden (2011) for in-
compressible materials. This latter condition has been recently adapted for
elastic dielectrics by Bertoldi and Gei (2011) and Rudykh (2011) for the
special case of plane-strain loading conditions.

When describing the constitutive response of an elastic dielectric by its
“total” free energy function® W = W(F,D), as introduced by Dorfmann
and Ogden (2005), the conservation of momentum and Maxwell equations
governing its incremental quasi-static response at finitely deformed states

can be expediently written in updated Lagrangian form as (Ogden, 2009)
divS =0, curlE=0, divD =0. (A1)

Here, the div and curl operators are with respect to x, and the infinitesimal
increments in the first Piola-Kirchhoff stress S and Lagrangian electric field

E are given in component form by
Sij = Lijudrs + MijiDy, E; = M, + Bi;D;, (A.2)

in terms of the infinitesimal increments in the deformation x and Lagrangian

IThe use of bars over the variables W, F, D, S, E to indicate macroscopic quantities
is unnecessary here, and hence dropped for simplicity.
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electric displacement D, where

02
o = JF =2 p D
Lijhi T Fieb o (B D),
82”r
v = FoF 2" _(FD
Ml]k Jat bk aEaan( ) )7
62”/'
= JF 'Rl (F,D A.
B] J ai bj aDaan< ) ) ( 3)

stand for the incremental moduli.

In order to deduce the conditions of ordinary and strong ellipticity —
akin to the purely mechanical problem (see, e.g., Hill, 1979; Chapter 6.2.7
in Ogden, 1997 and references therein) — we now consider the underlying
configuration in the incremental problem (A.1) to be uniform, with homo-
geneous deformation gradient F and electric displacement field D, and seek

solutions of the form
x=vf(u-x), D =wg(u-x), (A.4)

where u, v, w are constant unit vectors while f and ¢ are scalar-valued
functions of their argument. Direct use of expressions (A.4) allows to rewrite
equations (A.1) as

va/l + RW g/ — 0, i\ [RTVf” _l_ ngl} = 07 IW =W, (AE))

where we have introduced the acoustic tensor K and electro-acoustic tensor

R, given in component form by
K, = Eijklujula Ry, = Mijk“ja (A‘6>
and made use of the notation f” = d?f(s)/ds?, ¢ = dg(s)/ds, and
I=I-u®u (A7)

Solving equations (A.5)s and (A.5)3 for w yields

2 PN /\ T f//
T JEREm 2 [(trB)I - B] R’v_ (A.8)
tr —tr
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where

B =1BL (A.9)
Substituting (A.8) in (A.5); yields in turn the following equation for v:
I'(w;F,D)v =0, (A.10)

where

2
(tr B)2 — tr B2

I(wF,D)=K - R [(trﬁ)f—ﬁ} R (A.11)

corresponds to the generalized acoustic tensor of the elastic dielectric. Clearly,
non-trivial solutions of the form (A.4) to the incremental problem (A.1) can-
not exist if

detT'(w; F,D) #0 (A.12)

for all unit vectors u and all F, D. Noting that I'" = T, a stronger condition

that prevents non-trivial solutions of the form (A.4) is given by
v-I'(w;F,D)v >0 (A.13)

for all unit vectors u, v and all F, D. Conditions (A.12) and (A.13) consti-
tute, respectively, the conditions of ordinary and strong ellipticity for uncon-

strained elastic dielectrics.

Incompressible materials For the case of incompressible materials, when
the free energy function of the elastic dielectric is of the constrained form
W =W(F,D)if J =1and W = +oo otherwise, the vector v in (A.4) is
constrained according to

Iv=v, (A.14)

and the incremental equations (A.1) specialize further to

IKvf"+Rwg]=0, I [R'vf"+Bwg'] =0, Tw=w (A.15)
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with J = 1 in (A.3). Substituting relations (A.14) and (A.15)3 in equation
(A.15)5 and then solving for w leads to the explicit result

2 PN "
W [(trB)I - B] R™v %, (A.16)

(trB)? — trB2

where R = TRT and B is recalled to be given by (A.9). Substituting (A.14)
and (A.16) in (A.15); leads in turn to the following equation for v:

A~

I'(u;F,D)v =0, (A.17)

where

N N 9 N - a1~
F(wF,D)=K - —— _ R[(trB)I—B} R (A.18)
(trB)?2 — tr B2

with K = TKT. Expression (A.18) corresponds to the generalized acoustic
tensor of the incompressible elastic dielectric. Clearly, f‘T =T and thus T
has two non-trivial real eigenvalues on the two-dimensional space normal to
u. Since, according to (A.14), the vector v also lies on the two-dimensional
space normal to u, it follows from (A.17) that non-trivial solutions of the

localization type (A.4) to the incremental problem (A.1) cannot exist if
~ 2 ~
(trI‘(u;F,D)) T (wF,D) #0 (A.19)

for all unit vectors u and all F with J = 1, D. A stronger condition that

prevents the existence of non-trivial solutions is given by
v-T(w;F,D)v >0 (A.20)

for all unit vectors u, v such that u-v =0 and all F with J =1, D. Con-
ditions (A.19) and (A.20) constitute, respectively, the conditions of ordinary

and strong ellipticity for incompressible elastic dielectrics.
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