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I. INTRODUCTION

A. General Remarks

This thesis will deal with dynamical calculations of scatter-
ing amplitudes for multichannel problems. In these calculations we
should ideally employ the principles of relativistic invariance;
unitarity; analyticity or causality; and crossing symmetry. In
dynamical calculations the first three principles are usually taken
into account exactly. The last one is generally ignored. It is hoped
that once the masses and widths of the particles which are exchanged
in producing the forces are given, analyticity, unitarity, and single
particle exchange forces will then define a calculationd program from
which phase shifts can be obtained. However, this program has not
been completely successful.

The usual methods used in calculating scattering
amplitudes include the N/D method and 1its various approximations,
the Bethe-Salpeter equation, the Blankenbecler-Sugar equation, the
equivalent energy dependent potential method, and the strip approxi-
mation. We will briefly discuss all of these methods to examine their
advantages and disadvantages. In these discussions it will become
clear that there is certainly a need for other calculational techniques.

Our calculational method consists of solving a multichannel
relativistic Schrodinger equation. Starting from the usual decompo-

sition of the Hamiltonian H = Hb+V’ we obtain the integral equation for
1
3
’\/— - HO +Ai€

the T matrix T = V+VGT, where V is the input potential and G =




where /s 1s the total energy of the system and Ho 15 the free
Hamiltonian.

In order to make use of this equation in dynamical calcu-
lations we must make sure that relativistic invariance, unitarity,
and analyticity or causality are satisfied. In order to satisfy
the first principle we use the relativistic expressions for the parti-
cle energies in Ho' It can then be shown that relativistic invariance
is satisfied. Bakamjian and Thomas (1953) and also Fongand Sucher
(1963) have addressed themselves to this problem. The proof reduces
to explicitly exhibiting a set of generators of the Poincare group
with the usual Lie algebra relations which yield a covariant S matrix.
We shall discuss this further in Chapter III. Two particle unitaraity
also follows directly as discussed in Chapter IIT. The problem of
the causality properties of the equation is a more difficult one. This
problem was solved by Coester (1965), He showed that such an equation
obeys the principle of macrocausality which states that the behavior
of a system of particles will not be affected by other particles at a
great distance from the system.

Since the principles of relativistic invariance, unitarity,
and analyticity or causality are satisfied it follows that the
relativistic Schrodinger equation is an acceptable technique to ;e
used in dynamical calculations. Perhaps it may be a better method
than other techniques based oéh;he N/D method ssince 1t includes itera-

tions of the potential.

Te



B. Description of Thesis

The main consideration of this thesis will be to apply the rela-
tivistic Schrodinger equation to the multichannel scattering ;?gblem
of pseudoscalar meson baryon scattering in the four lowest partial
waves using broken SU(3) symmetry. Also we will compare our results
with other calculations where possible. In addition a brief discussion
of the other calculational methods will be given to compare the relati-
vistic Schrodinger equation with the other techniques. In Appendix A
we give the SU(3) calculations and results which were used in the
computation of the potentials. The notation used in computing the
momentum dependence of the potentials 1s given in Appendix B. A brief
discussion of the helicity formalism follows in Appen&ix C. Appendix

D deals with the momentum dependence of the potentials used in our

calculations, computed as discussed in Chapter III-



II. DETERMINATION OF SCATTERING AMPLITUDES

A. The N/D Method and Approximations Thereto

The method which 1s most commonly used in dynamical calcu-
lations is the N/D method. 1In this method one writes the amplitude

T as

T=nND L, 2.1)

where N and D are both matrices, N containing all left-hand and D all
right-hand singularities. Using these properties of N and D together
with the unitarity condition, we obtain the following system of

integral equations to be solved, denoting the right-~hand cut by RHC:

§~8 .
NE) = BGs) + 3 [ @t BN - g B | HEQRED (5
RHC o
and
D(S) =1 - S_:_g J‘ gv_gij%l_s ) P(s')N(s.’), (2'3)
RHC ( ( o

where B(s) is some input, usually taken to be a single particle
exchange graph, p (s) is a phase space factor and s, is the subtraction
point. We can then show that the T matrix so computed is automatically
a symmetric matrix if the input force matrix B is symmetric, and also
is independent of the subtraction point . There are several advan-
tages to the N/D method. Among these are the manifest relativistic
invariance, unitarity, and amnalyticity of the scattering amplitude,

which follow by construction. Also we need to know only the on




shell potential B(s); and, therefore, do not need a prescription for
how to go off shell.

Chief among the disadvantages of this method 1s that one
can add poles in D which are zeroes 1n T, since the dispersion
relation for T is then not altered. These are the well known CDD
ambiguities (Castillejo, Dalitz, Dysomn, 1956). This 1s only a
reminder that in dispersion theory the original system of equations
which must be solved to obtain the scattering amplitude 1s nonlinear.
Since the dispersion relations reflect only general properties such
as relativistic invariance, unitarity, and causality, they give no
details as to the specific mechanism of interaction. The N/D method
is nothing more than a technique used to linearize such a system.

In practical calculations it is customary to drop the CDD
poles. In so doing one must assume analyticity in the complex angular
momentum plane. One then shows the nonexistance of CDD poles by
studying the behavior of the scattering amplitude for large angular
momenta and analytically continuing to lower values (Jones, 1965).

Another disadvantage is that in certain calculatioms
(usually those involving particles with non-zero spin) the N/D method
leads to a non-Fredholm system of integral equations. One must then
use an arbitrary cutoff parameter to convert 1t into a Fredholm
system. This is because the Feynman diagram corresponding to high-
spin single particle exchange is highly divergent. 1In addition the
input potential B(g) is not iterated in the N/D method. We shall also

mention that there is the question of what should be the kinematic



structure of the partial wave amplitude, which 1s written as N/D, as
discussed by Martin and Uretsky (1963).

Next we will discuss some approximations to the N/D method.
A very frequently used simplification of the N/D method is the

determinantal approximation. This is written as

i

N(s) B(8) 2.4)

and

7% al 1 ' '
D(s) = 1-—— ] as ST P(s")B().  (2.5)

RHC

(]

This approximation method, although it does have the advantage of
being simpler, carries all of the disadvantages of the N/D method.

A further disadvantage is that the scattering amplitude T(s) is no
longer independent of the subtraction point. Also 1t 1s no longer
symmetric in a multichannel scattering problem, even when a symmetric
input is used. Furthermore Luming (1964) has shown by direct
calculation £for a soluble case that the determinantal method often
gives a poor approximation to the N/D method. Different suggestions
have been made to modify the determinantal method in order to avoid
the unsymmetrical nature of the scattering amplitude. One such

suggestion, due to Bjorken (1960), is to write

T =% [ep ™t + (D'l)TB]. (2.6)



Another approximation to the N/D method is the pole
approximation, which consists of representing the left hand cut by
poles, chosen in the nearby part of the left hand cut in such a way
as to obtain the maximum contribution to the force. The residues of
the poles are determined by matching the amplitude obtained from the
poles with the amplitude obtained from fixed energy dispersion relations
at some convenient point. This method insures a symmetric scattering
matrix, which is an advantage over the determinantal approximation.

Let us close this section by remarking that the proof of
the validity of the N/D method for a multichannel problem is not as
simple as for the single channel case, since the existance of the
determinant of D does not necessarily imply the existance of D
itself. Recently Hartle and Taylor (1967) have succeeded in giving a

formal proof of the multichannel N/D method.

B, The Bethe-Salpeter Equation

Consider the formal sum shown in Figure 251 . This sum can
be written in the form of an integral equation as shown in Figure 2-2
and 1s the Bethe-Salpeter equation in the ladder approximation (Bethe

and Salpeter, 1951). It is written in symbols as

d4k

F(p,q) = Vp(P,@) + if oy & VEOIROCE O T, (2.7)
uj




Fig. 2-1. Formal sum for a two particle scattering amplitude.
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Fig. 2-2.

Bethe-Salpéter equation in the ladder approximation. The
total energy momentum of the system 1s denoted by P, and
p, k,and q denote the relative energy momentum 1n the initaial,

intermediate, and final states respectively.
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where

4,04 1
i (2m "id (Pf-Pi) F

NIGE EEE. fi?
16E1E2E3E4

S =

£i 6f (2.8)

and where G(P,k) stands for the product of propagators corresponding
to the particles in the intermediate state, and VF for the sum of all
two particle irreducible graphs. In the case of spinless particles

and ignoring self energy graphs we may write

1

2.9)
7P \2 2] [ 7 7 g}a (
L(2+k) + (z-k) + m
where the masses of the corresponding particles are denoted by m, and

1
m, .

G(P,k) =

Among the advantages of the equation are the manifest relati-
vistic invariance, analyticity, and unitarity of the scattering
amplitude. A further advantage 1s that this equation includes itera-
tions of the potential.

An iwmportant practical disadvantage is that this equation
involves after angular momentum decomposition a two dimensional
integral equation which is difficult to solve numerically. Also
the equation contains a relative energy variable and overlapping

(1)

singularities which affect the compactness proof. A further dis-
advantage is that the two partaicle unitarity is satisfied only

below the three particle production threshodd. This is because the

1. Compactness of the kernel is a necessary condition for the solu-
tion of an integral equation by matrix inversion. To prove compact-
ness we must perform a Wick rotation which cannot be rigorously
justified.
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Bethe-Salpeter equation contains terms corresponding to graphs,

such as the ones shown in Figure 2-3 . These are the graphs
responsible for the extra relative energy variable and the over-
lapping singularities which affect the compactness proof. The
Bethe-Salpeter equation is a two particle equation, and these higher
intermediate states do not really belong in it. It is, therefore,
natural to eliminate such graphs. Next we will consider the

Blankenbecler-Sugar equation.

C. The Blankenbecler-Sugar Equation

1, '"Derivation" by using the Landau-Cutkosky's Rules and
Discussion

Starting with the Bethe-Salpeter equation we can now convert
it i1nto a one dimensional integral equation as was done by Blankenbecler
and Sugar (1966). We shall for simplicity consider the case of

scalar particles. We start with the Bethe-Salpeter equation

dak

F(p, D =V (p,@) + if === V_(p,k) G(B,k) F(k,q),  (2.10)

F 4 'F
(2m

and then reduce it to a three dimensional integral equation by replacing the

product of propagators by a function which is not singular except when

both particles are on the mass shell, as in accordance with the

Landau~Cutkosky rules (Landau (1959), Cutkosky (1960)). We then

reconstruct G(P,k) from the discontinuity across the two particle cut

by means of a dispersion relation



A

Figo 2-3-

Examples of multiparticle intermediate states included in

the Bethe-Salpeter equation.
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[=-]

G(P,k) = -Zﬂilé‘ Sds TR, k) + £(), (2,11)
(o]

where s = -P2, 5, is the lowest threshold, and

et = (m)BW 2 1 ady sW G 4 ud) 06,006,y 2.12)

With the choice of Lorentz frame given by Py = g € kl, where

{ -1 =2 we obtain

2
T, = @) 6“"((2 i) m1> <‘*><(— AT m2> 9N k>
PO
9(—3 - k°> . (2.13)

Of course, we could in principle choose a different Lorentz frame to

evaluate the dispersion integral (2.11). For example, if we choose
py =k
= P-k
P2

We then obtain

T, = el 8@ ale udy s (wlend) ) 8B k). (2.14)

Substituting the expression given for‘E(P,k) in equation (2.12) into

equation (2.11) we obtain
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P! P! .
6(?,k) = Zﬂlf e <—+ k>9(—22 - ko> 6(‘*)[- Zl st /st kK2 -k +

- Lot + VBT k4 K2-1E 4l (2.15)
o o 2
Defining
E =‘\/k2+m ’
1 1
= Vk2+m2 ’

and assuming without loss of ‘generality that E1 > E2 we obtain, upon

making use of the © functioms,

2 2
My =My

4

k >0 and k® < (2.16)
(o] (o]

Upon performing the integral in equation (2.15) with the above

restrictions we obtain

E.+ E
17 *2 1 1
G(P,k) = 1 > 8§ |k -=(.-E)|, (2.17)
<(E1+E2)2‘8 EE, [: oo 2 17 B ]

where we have assumed f(k)=0.
If instead we make use of the expression for'E(P,k) given

in equation (2.13) we obtain, upon substituting in equation (2.11);

G(2,k) = 2ﬂiJ" do s WP+ nd] 6 (e 2 +02] Bk 8(RI-k),

0
(2.18)

2

1

]
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and thus
E.+ E

s 1 2 1 - 7
G(P,k) = m(( S) £, 6 l:ko N +m1] , (2.19)

2.
E1+-E2) -

where we have assumed f(k) = 0.

We have assumed that the function £(k) is zero so that it
can be neglected. (Actually the real assumption 1s not that £(k) = 0,
but rather that J\% (P,k) £(k) F (k,q) = 0). . Nothing 1s known about
this integral since this would require solving the Bethe-Salpeter
equation. The results vary according to the Lorentz frame in which
we assume this function is zero. Thus we will have obtained the
Blankenbecler-Sugar equation which will also vary according to the

Lorentz frame in which we perform the reduction. We note that

E+ E, _ 1 [_ 1 + 1 'J (2.20)
) 2 ‘ y
(E,+ E)) “-s Ws - B -B, WE+E +E,

By substituting the expression for G(P,k) into the Bethe-Salpeter

equation, we then obtain

3

. 1 d’k 1 1
F(p,@ = V(D) + 3 | ~5=5 V (p,) -
° F ‘*I(zn)?’ wr [A/;-El-Ez J§+E1+E2]
= Bk, 9), (2.21)
15y

which is the Blankenbecler-Sugar equation.
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2. Another "Derivation”" of the Equation
To illustrate more clearly the ambiguities in the procedure
used to obtain the Blankenbecler-Sugar equation, we will give another
derivation of the equation. Again we start from the Bethe-Salpeter
equation for spinless particles:

d4k

F(p,q) = Vp(p,9) + if oy E(P OE0) T, (2.22)
2m

where

_ 1
R [ [

provided we ignore self energy terms.

(2.23)

We shall now perform the three dimensional reduction by

neglecting retardation effects. In the case of equal masses this 1s

[

clear. We merely set Po ko=()in Vi” For.unequal masses we shall

do this by setting

NG 1 1
0= By 7 Ty =B~ 5 Byt =5 (B-wy),
(2.24)
v 1 L oop !
ko = E2 - = E2 iy (E2+ (.02) =3 (Ez- UJZ) .

We then see that the right hand side of equation {(2.22) is
independent of P, Therefore, F(p',q) is independent of Py We can
do the integration in (2.22) by closing the contour in the upper half

plane. We obtain
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3 k
i A LVp,0) G(BROF () = if 255V (0,0 Flk,@) [ 522 62,0
(amy* (2m’

(2.25)
Using our expression for G(P,k), we then obtain
-1 1 71 1
j © Gl =i | + 1 . (2.26)
-k -5, AfotE +EA % EiE
1 2 1 2
which yields
d k 1
F(p,® = Vp(p,@) + J‘ ve(p k)[ T ]
- E -E2 +E1+E2
1
5 Fk,q). (2.27)
172

We observe that the equation has become the Blankenbecler-Sugar
equation. The above derivation illustrates more clearly the true
nature of the assumptions used in obtaining the equation and its

ambiguous nature.

D. The Equivalent Potential Approach

This method for computing scattering amplitudes was suggested
by Balazs (1964) as a generalization of a technique due to Charap and
Fubini (1959, 1960). In this method we assume as the potential an
energy dependent superposition of Yukawa potentials,which is used
in a nonrelativistic Schrodinger equation to obtain the scattering
amplitude. Such a potential is assumed because the scattering ampli-

tude computed from it satisfies the Mandelstam representation
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(Blankenbecler et al, 1960). Among the advantages of this method
are unitarity of the scattering amplitude and that the Mandelstam
representation is satisfied by construction. A strong disadvantage
is that the nonrelativistic Schrodinger equation, which in this
method is used to enforce unitarity, clearly has no physical signi-
ficance in the relativistic region. Further disadvantages are that
this method leads to divergent potentials in many cases of physical
interest, and it requires in principle the solution of a nonlinear
system of integral equation to obtain the potential. Moreover,

CDD ambiguities (as we have discussed in connection with the N/D

method) are also present in this method.

E. The Strip Approximation

This technique consists in approximating the non-zero parts
of the double spectral functions in the Mandelstam representation by
strips. The dispersion theory system of integral equations so
obtained can then be solved by using the N/D method. Chew (1963)
proposed a scheme based on the strip approximation usually referred
to as the new strip approximation. In this scheme one uses Regge
pole expressions in calculating the discontinuties of the scattering
amplitude in the crossed channels. The strip approximation method
has the advantage of incorporating crossing symmetry and Regge
behavior of the exchanged particles if so desired. Among the dis-
advantages we may mention the CDD ambiguities as already discussed

with the N/D method. Also the input potential is not iterated.
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Another disadvantage is that the strip width is an arbitrary para-
meter to be fixed only phenomenologically (it takes the role played

by an arbitrary cutoff parameter in other calculations).




III. RELATIVISTIC SCHRODINGER EQUATION

A. Two Particle Unitarity of the Equation

23

Suppose we consider two particle scattering as shown in

Figure 3-1. Starting from

b, o(4) AR
Sfl = 6f1- (2m 1 6( (Pf- ) 4a b o° d Wzf1

and defining

—

o 4m «f(ao+bo) (c0+do) .
fi f1°?

»,/mbm

d

we obtain for the differential cross section:

q
do _ 22 q2

where q and 9y denote the magnitude of the momenta 1n the
mass frame in the final and initial states, respectively.

we obtain
- S +DE O T,
V)
J
where
A =Aa-Ab; K = Ac -Ad.
The two particle unitarity condition reads

m m

e £ \o & 54, _
1(7'(1_1 %(13) = (2m z'»Z:Lk<8e f )’?Jks (pj Py

3.

(3.2)

(3.3)

center of

Expanding

(3.4)

(3.5)
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Fig. 3-1.

Scattering of arbitrary spin particles. The helicity of
particle j 1s denoted by XJ and the magnitude of the momentum
in the initial or final state 1is denoted by q; or q9

respectively.
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where the masses and energies of the particles in the intermediate
-

state are denoted by m,, m and f0 respectively. Using equation

£2 €o
(3.2) this becomes

Lm TJ

J %]
Achd; Xahb'-g%Tchd; Aehf Tef Tlekf; Aaib’ (3.7)

where 9. ¢ denotes the momentum of either particle in the two particle
channel ef in the center of mass frame.

In matrix notation we can rewrite the above equation in the
form

Im TJ = TJ q TJ+. (3.8)

Time reversal invariance implies that

Ticld; Aakb ~ Tiahb; Achad’ (.9
and thus we obtain
Im T = 721—1 (@ -1h, (3.10)
where we have used (3.9). Defining
™ = /g, TV, (3.11)
we obtain
;%_;J-T'_%f =21 . (3.12)
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Let
—%3= —%‘- i, (3.13)
T K
then
That 1s
k7= kI, (3.14)

J g J
Since T'" is symmetric, so is K'". Equation. (3.14) indicates K'Y is

real.
The relativistic Schrodinger equation can then be written
as
. d(E + w)
1J J 1 'J 'q’ Tq’ UN)
T (9,,99) = V' (495,99 - 3 Jv (q,,9) T (4,99

NS -F - w4+ i€
11 (3.15)
where V;, Eq and wq are the total energies of the system and of the

particles in the intermediate state, respectively. On shell we have

s = Bqyt Wg, = Eq,* %, - (3.16)

However, this is not true off shell,
It is now clear that the above equation obeys two particle

unitarity. In fact, using

1 1

P
8-F - ® + i€ S-E - W
Vr q q 1 Vr Eq q

- im G(Js'-Eq- ) (3.17)
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where P denotes the principal value, we obtain

7(ay,a;) = V' (a,,a[1+ 17" (qy,q,)] - P T—lr Jvea,. ;—%E%-w—q)——x
B
T.'J(q,ql)- (3.18)
By defining
K"J(qz,ql) = 1(q,, 001+ 117 (q, 017, (3.19)
we obtain
d(E + w )

! J

g'J 1s the so-called K' matrix as discussed by Dalitz and Tuan (1960).

From equation (3.20) we now see that K' is real and symmetric
provided V' is real and symmetric. Moreover, equation (3.19) can be

rewritten as

AL,

T'J KIJ

which is relation (3.13) and also the statement of two particle
unitarity.

Equation (3.15) can be written in terms of FJ. and'V;

defined by



J J
- &nll(ao+ bo)(c0+ do) ™ = F,

— J _J
- en-v%ao+ bo)(co+ d) vV =V,

as

d(Eq+ wq)

J J 1.
F(q,,9,) = Vilq,,q,) + = | Vo(q,,q)
2°% Fli209) TR d Y'Y G-E{(%+i8 %

or

a3q 1

L g 1
F(dy,9y) = Vpa,,9) + 7 J z—*- Vp(a,,9) ol

3
2m Ng-E - + 18
) 3 q wq q q

before we carry out the angular decomposition.

B. Comparison with the Blankenbecler-Sugar Equation

We recall the Blamkenbecler-Sugar equation

F( ) =V (a,.q) + T f-gzﬂ- v {q,,q ) L ]
92917 = Vpldp ) T Y (2m3 F 4p°9 F-E - o He
¢ q

L ] = F(q ,q,
M) )
NG *EF ot 18 Eq !
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(3.21)

L J
T o T (59,

(3.22)

F(q,9,),

(3.23)

(3.24)

By similar arguments as we have given in Chapter III section A, this

equation obeys two particle unitarity. Moreover, this equation is

nothing more than Schrodinger's equation with relativistic expressions

for the particle energies and an extra term corresponding to the energy
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1

s+Eq+wq

Blankenbecler-Sugar equation is computed according to the recipe of

denominator The corresponding potentiral function in the

replacing relative energies by their on shell value.

We now have a procedure for finding the potential, once the
corresponding potential for the Bethe-Salpeter equation is known, but
we can also carry out the reduction in any other frame. The result
is then a different procedure for finding the potential. Also we can
see that the term involving the energy denominator corresponds to a
six particle intermediate state, as shown in Figure 3-2. By our
approximations these higher order intermediate states do not really
belong 1in this two particle equation, Thus it 1s reasonable to drop
this term. The resulting equation is the relativistic Schrodinger
equation which we have briefly discussed in Chapter III, section A,
In our calculations, however, we are still left with the question of

what input potential to use in the equation.

C. Choice of Potential

Usual dynamical calculations of scattering amplitudes use
single particle exchanges as the input or "potential." 1If we assume
that the force is given by computing some particular Feynman diagram,
we still have an ambiguity in how to go off shell, since the Schrodinger
equation is a one dimensional off shell equation after carrying out
the angular momentum decomposition. In the choice of potential we

must assume that when the particles are on shell it reduces to the



31

Fig. 32,

Example of a six particle intermediate state included

in the Blankenbecler-Sugar equation.
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value obtained by computing the corresponding Feynman diagram according
to the usual rules.

In our calculations we compute the '"potential" by assuming
the particles involved are on the mass shell and by treating initial
and final particles symmetrically. The results of these calculations

for the cases considered are given in Appendices A and D

D. Formal Discussion of the Equation

In part A we have discussed the two particle unitarity pro-
perty of the relativistic Schrodinger equation. We will now discuss
its relativistic and casual properties. To do this we first introduce
the usual generators of the Poincaré’group with their commutation
relations and an alternative set usually referred to as the center of

mass set.

1. Generators of Lorentz Transformations
We first introduce the four components of the momentum four
vector Ph(“==l’2’3’4; P4= iH) representing translations in space time
and the six components of the antisymmetric tensor th representing

rotations in space time. They obey the commutation relations:
[Pu’Rv] =0
[Mu”’Ph] = i[Evéux- Ppavk]’ and (3.25)

My Mol = 158007 M Sust Madoe™ Musdads
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where

u’,'\) = 1,2’3s4n
The operator U(a,A) corresponding to an infinitesimal Lorentz
transformation may be written as?

aA) =1+=¢ M -ia P , 3.26
u(a,A) 3 Sty 132 (3.26)

where a and e are such that x' =a x4+ a ,anda =6 + ¢
wv 1% | vy W AV Y]

Wy’
It is convenient to separate the components of M v into the generators
J, of pure rotations about the i axis in three space and the generators

K, of pure Lorentz transformations along the i axis by

J = i e..k M.,k and

1 2 ij J
Ki = -iMih, . (3.27)
where

1,j,k = 1,2,3.

Expressing the commutation relations in terms of Pl, Ji’ K

i
and H, i=1,2,3, we obtain:
[Pl,Pj] = 0, [Pi,H] = 0, [Pi’Jj] = leljkPk’
[Ji,H] =0, [Jl,JJ] = 1eleJk, [Ji’KJ] = 1eiijk’ (3.28)

[Ki’PjJ = lsin’ [KI’H] = lPi’ and [Ki’Kj] = 'lGiijk.

-
The center of mass set consists of operators B, h, 3, x defined by
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B-3,
H ="p2+h?
- - - -
J=xXp+ 3, and (3.29)
i (xH+ Hx ) _dxp
2 x j+H °
They satisfy the commutation relations:
[Pl’p_]] =0, [Pi’XJ] = 'laljs [pi’jk] = 0)
[xi,xj] = 0, [xi’Jk] = 0, [xi’h] = 0, (3.30)
[Pi:hj =0, [Jl’JjJ = 1eleJks and [jlah] = 0.

The Hilbert space of physical states can now be written as

a direct product:

K = ASX L(Z)’

(2)

where L is the Hilbert space of square integrable functions of the
total momentum ;; S is spammed by basis vectors which are eigenvectors
of h,-_'_]'3 and T, where T 1s anything else needed to define the basis.
That is, other quantum numbers. A representation u(a,) of the
Lorentz group induces in B a representation U(R) of the three dimen-

sional rotation group with generators 3 and in addition a representation

of the mass operator h.
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We shall next direct our attention to two particle states,
of masses my and m,. For simplicity we shall neglect spin, In the

absence of interactions and using a subscript "o'' to distinguish

operators referring to the free system, we may write for the generators

- 2 -
o I P

2
H= ¥ h, ,
o) i=1 1

(3.31)

- 2 - -
.%=]ElxiXpl, and
- 1 2 — —
K°= 5 ifl(xihl-khixi).

Denoting the four vector (fo,Ho) by P0 end introducing ho and the

relative moment k by

o
(3.32)
- 1 -1
k. == 3B " (p) (p,- p,)
2 0 \ 1 27’
i " o iy u
where
~ Poi ok
Bix® =6, + =5 (b HD,
° (3.33)
F i k=1
a = -1 Ofh ik= 32:3’
4“’ hO i W= ls2:3:4a
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1s designed so that
B@®G,h) = @_.u).

The center of mass generators of the Poincare group for the

two non-interacting particles may be explicitly represented by

Tl
]
o

h, = 2t + AR
7T =-Y%xY, ana (3.34)
o 1 k’ ‘
§0=i—j3;-.

apo

An interaction is defined by letting ho - h0+v and leaving the other

generators unaltered. Then we find

B - H = /p+h? (3.35)

where

h =4/1-‘c2+m%+,\/1_<‘2+m§+ v,

and v is a rotationally invariant function
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2. Existence of Moller Operators, Lorentz Invariance and Causality
In this section we shall briefly review the Lorentz in-
variance of the relativistic Schrodinger equation, its causal properties,
and the general conditions which v must satisfy in order to clearly
define the scattering problem,
We start by recalling the usual definition of the Moller
operators - —

1ht -ihot -
e

’

Q+ (h,h ) = slim e
o t— 4>

and (3.36)
ihot -iht
e

?

Q4+ (h ,h) = slim e
o £ oo
where ‘s denotes the strong limit, For a discussion of scattering
theory see Branig and Haag (1959). We can now make the following ~
statements for suitable potentials v,
The scattering problem is well defined. That is 1f both
0+ (h,ho) and Q + (ho,h) exist, then the strong limits Q + (H,Ho)

and Q + (HO,H) exist also and

Q% (H,E) =0+ (h,h), 0% (BB =04 (b h). (3.37)

The existance of the Moller operators has been proven under sufficient
conditions on the potential v set forth by Haag (1959), Kureda (1959),
and Kato (1963). These conditions can be summarized in the statement
that the potential v be of trace class. That is, it can be written
as sums of products of Schmidt class operators. (A Schmidt class

operator is one which has a finite trace norm),
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The equation is relativistically invariant, That is we can
explicitly exhibit a unitary representation of the Poincaré group in
- — the Hilbert space of physical states such that the resultant § matrix
is covariant., This point has been fully discussed by Fong and Sucher
(1963). We shall briefly review it,
They have defined unitary operators corresponding to a

Poincare transformation (a,A) by

&) +)
U (a,A) ¥ ' - = N Y./
+ 4,4, Lq, ;Lq,
and (3.38)
)
U- <a:/\) Yol (')
q4>9, = N ¥ =
1272 Lq; »Ld,>
where YQi).q CYQ:) — ) denotes the Heisenberg state corresponding

to a final (initial) two particle state configuration characterized
by momenta 31 and az, and Lal and LEZ denote the Lorentz transform by
(a,A) of qy and 32 regspectively. The normalization factor N is chosen

to make U, and U_ unitary., Using the normalization:

@ay 14,03, = 6@ -3 6P -3,, (3.39)

it follows that

E—. E.-’ b (3-40)
99 9

where the E's denote the corresponding energies.
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Since
vy&. - o®g 9y, (3.41)
9,9, 1’72
where ,31,32) denotes the two particle state in the absence of inter-

actions, it follows that in the absence of bound states

U+ (a,A) = QQt)uo(a,A) Qf(i), (3.42)

where Uo(a,A) is a unitary representation of the Poincare group in
the Hilbert space formed by considering direct sums of tensor products

of single particle states. If there are bound states, we write

U, (a,A) = qib " (a,A) + Uic (a,N), (3.43)

where U+C (a,A) refers to the continuum part of the spectrum as we
have al;;ady discussed, and U+b (a,A) is the restriction of U+ (a,A)
to the bound state subspace.

Clearly the operators U+(a,A) and U_(a,A) obey the commutation
relations of the Poincare group, because they are similarity transforms

of the operators Ub(a,A). The condition necessary for the covariance

of the S matrix,

[8,U,(a,A)] = 0, (3.44)
is then

t T
Q.U (2,)0, = 0_U (a,A)0. . (3.45)
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Thus out of all the possible class of generators of Lorentz trans-
formations which may be adjoined to 30, 30, H, only an equivalence

(1)

clagss of them yields a covariant S matrix. Therefore, stipulating

the Hamiltonian H = v;;-+h2 does in fact yield a covariant S matrix
as shown by Fong and Sucher. In addition they show that this 1s the
more general Hamiltonian which should be considered from the viewpoint
of scattering theory. If a two body covariant S matrix is the S matrix
of some direct interaction theory, there always exists a Hamiltonian

of the type H = v%g-th which yields the same § matrlx.(z)

The equation is macrocausal. By this we mean that when the
two particles are at a great distance from each other, they have
virtually no effect upon each other. In local quantum field theory,
however, one has strict microcausality, since one assumes that
observables commute with each other at space like distances for each
space-time point,.

The requirement of macrocausality, formulated as a strong

limit is

slim exp(ip'a) S exp(-ip'a) = 8'®s", (3.48)

[a|-e _

where p' is the total momentum of a subsystem of particles. Note that
in the above equation, we have used a strong limit. The above condition

has sometimes been formulated in the literature as a weak limit

(1) The equivalence class we refer to is that corresponding to the
set of Hamiltonians which produce the same S matrix.

(2) R. Fong and J. Sucher, J. Math Phys. 5, 465 (1963).
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(Wichmann and Chricton, 1963), The strong limit follows from the
weak one, since the S matrix is unitary. Coester proved equation
(3.48) under the condition that v is of trace class. His proof is

essentially a simple application of Cauchy Schwartz inequality,
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IV. PRACTICAL CONSIDERATIONS

A. Numerical Analysis

We start with the relativistic multichannel Schrodinger

equation for scattering states:

' 1 P . d(E+ w,) '
= _ £ ' —a 9 _
K'(qy,9,) = V'(ap.q)) - = {V (0) =K (0,9,  (4.1)
m q 9

d(E + w )

where K and V' are matrices, — 9 i5a diagonal matrix in
s -E - w
q

channel space,and Am is the lowest threshold. In order to solve this
integral equation numerically, we first map the infinite interval onto

the finite interval [0,1]. To do this we make the transformations

o X,

Eg ug), = 1"1‘1 +4;
and (4.2)
OlZi
Vs =TT Tt by

where the threshold for the corresponding channel i is Ai’ and where
o is a scale factor chosen to make the integrand peak around the
middle of the interval of integration. This is to obtain maximum
numerical accuracy.

We then obtain

1

K G,2) = V) -2 [ vt 2o L
o

. ——‘-—z; K (x',z). (4.3)
z=-x l-x
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To take care of the singularity, we write

1 ! 1 1 '
j‘ V'(X,X') dx_1-z K’(X’ ,z) = '.r V, (x,x‘)g—}s—r _1_"_2_'_ - V' (x,z) dx'
o z-x' 1-x' o z-x 1l-x z-X

’ ! dx' ’
K'(x',z) + Vv (x,z)j ; K'(x',z) . (4.4)
[o} Z=X
Then,

Il=

' 1 1 L dx'l t,
K (x,2z) = V (x,z)]|1 - I — K (x',2) |+
)

Z=X

1 1
I {Y'(x’x') dx 1-2z
o

z-x' 1-x'

- V' (x,z) X |]K'(x',z) . (4.5)
zZ-X
We define
L 1 d 1 -1
u'(x,z) = K'(x,2) [l - ;rf =y (x' ,z)] . (4.6)
o z-x'

Then we obtain

u'(x,z) = V'(x,z) -

=

1 , |
f [V' (x,x') Q}ﬁ_’_ .1.:.%.'.. - v (x,2) dx :lu'(x',z).
0

z-x l-x z-x'

(4.7)

This equation can now easily be solved by standard techniques. After
solving equation (4.7) we then obtain K' by inverting equation (4.6).

That is, by using
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1 ' -1
R'x,2) = o (x,z) |14 2 [ oy (x',z)] : (4.8)
m 0o 2Z-X
To compute
1 d ' ' '
J =o', (4.9)
o 2Z2-X

we again take care of the singularity by writing

dx ' 1 L dx ' ! ' ' l-z
I " u (% ,2) = I " [u (x ,2)-u (z,2)] - log (—;—) u'(z,z).
0 2zZ-x o z-%

(4.10)

In order to solve the integral equation (4.7) we approximate
the integral by a sum, and then solve the system of linear equations
so obtained for the unknown function u' (x,z). In approximating the
integral by a sum we use the technique of Gaussian quadratures. We
can then use few terms in the sum. Thus the matrices we have to invert
in solving the system of linear equations for the unknown function u'
can be solved on most computers.

In the technique of Gaussian quadratures the abscissas and
weights are preassigned in an optimal way to obtain a polynomial fit .
of degree 2n-l, when we use n points., This technique is fully
discussed in any standard numerical analysis textbook, such as
Hildebrand (1958) or Kopal (1961).

We give equation (4.7) with the integral approximated by a

sum and all matrix indices:
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l-z
ve (1) v (1) )yt (1) (m)y —_“r_
r
u'(xé

az‘e)
(m) ’

z - X
r X

v @tz ] (4.11)

where the corresponding Gaussian weights are denoted by Aﬁm).
Superscripts stand for the preassigned Gaussian abscissas; subscripts
stand for the corresponding channel indices,

Once we solve for u'(x§i),z£) we then obtain u'(xi,zl) by
again using equation (4.11). The quantity u'(xi’zﬂ) 1s u' with
the momenta of the incoming and outgoing particles both on the mass
shell., We then use equation (4.6) to obtain K'(xj,zz). In computing
the integral (4.9) appearing in equation (4.6) we also use the tech-
nique of Gaussian quadratures.

A computer program was written for the IBM 7094 computer to
accomplish this procedure. In our numerical calculations sufficient
accuracy was obtained with the use of approximately ten Gaussian
quadrature points, with a value of the scale factor of about 0.5 BeV.

To check the validity of our programs, we used this tech-
nique to solve a nonrelativistic multichannel Schrodinger equation
in momentum space for a Yukawa potential in a broken SU(3) symmetry
model. This equation had an energy dependent reduced mass to take
some account of relativistic kinematics. This problem was first
solved by Wyld (1967) who wrote the multichannel Schrodinger differential

(L

equations directly in position space. The results obtained by

1. His model is further discussed in Chapter V, where we compare his
results with those obtained by solving the relativistic Schrodinger
equation, to take full account of the relativistic kinematics,
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solving the equations in momentum gpace agreed with those of Wyld who
used position space.

In the case of bound states, the inhomogeneous term in
equation (4.1) is not present, The solution of the equation is then
reduced to finding its energy eigenvalues V5 or what is equivalent
to finding the eigenvalues z, since these are related by equation
(4.2).

We must then find the eigenvalues of the equation

1 ' [}
K'(x,z) = - i I V'(x,x') dx "l:£7 K (x ,2z) . (4.12)
o z-x l-x

Upon writing the above equation as a sum, all indices included, we

obtain
v, (1) 1 (m) .+, (1) (m) 1_zr K'(xim)’?z)
K (XJ ,Zﬂ,) = - -1'-1' rﬁ Ar v (XJ X ) 1-x(m> ) -x(m) , (4.13)
r r'r

where the corresponding Gaussian weights are denoted by Aim) and
superscripts stand for the preassigned Gaussian abscissas; subscripts
stand for the corresponding channel indices., The eigenvalues z of
the above equation are then obtained by finding the zeroes of the
corresponding determinant function. In other words we compute the

values zr so that

1-z
RS ) oo (L) (m) r 1 _
+ 11' Ar V (xj ,xr ) 1-x(m) . _x(m)] - 0. (4.14)
r r r

detls. 6,
im jr
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In cases where we solve the Blankenbecler-Sugar equation

for scattering states, we start from the equation

. . P @ . d(Eq+ @g) d(Ed+ W) '
R'(q,,q9,) = V' (qy,q;) - = Zr v ayel = = X' (g,q,),
-E -W +E + w0
m e q YT %
(4.15)
d(E + w ) d(E + w )
where both and are diagonal matrices in
J's-Eq- o Vs + Bt 0

channel. space and Am is the lowest threshold.
In the bound state case the above equation can be written

in the form

w
d(Eq-l- g) d(Eq-i- wq)

1K (g,q).

R'(q,,q,) = - T [V ap®
, (4.16)

-E - +E +
Js a “q Vs q4 4q

We solve these integral equations by making transformation (4.2) and
proceeding in the same way as before,

In cases where we solve any of the above equations with a
cutoff matrix function Fij(q) we modify the original kernel of these
integral equations by multiplying by this matrix fumction. We then
solve these equations by making transformation (4.2) and proceeding
as before. As an example of a cutoff matrix function Fij(q) we use

L EH u- 0,170

Fij(q) = 6ije , (4.17)

where ) is properly chosen and Aj is the threshold for the jth channel,
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In cases where we solve the relativistic Schrodinger
equation or the Blankenbecler-Sugar equation with a cutoff parameter A

we make the transformations

EF o)y = (-adx; + 4y
and (4.18)

ﬁc = ()\'Ai)zi + Ai

and proceed as we have already discussed.

B, Justification of Numerical Analysis

With no loss of generality let us consider equation (4.1),
The same reasoning can be applied to the other cases, We write this

equation in symbolic form as

T = V+VGOT, (4.19)

where
1

s -H
(o}

Basic to our treatment is the existance of the Schmidt norm defined by

r(s) = ||ve |*=Trve Y (ve )] (4.20)

That is, writing (4.20) in full<2>

2. Defining the Schmidt norm in this manner we avoid the inessential
complications due to the pole at VE = Eq+ u)q.
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' !
w(s) = Jdp[dq | V (p,a)-V (g.q9) <€_+_q_) ,2 o (4.21)
A/E-Eq- wq W

q q
This is based on the theorem which states that a completely
continuous operator W can be uniformly approximated by a finite rank

3),@)

operator U . (This theorem is shown, for example, in Riesz

and Nagy (1955)). In symbols, if W is completely continuous there

exists a finite rank operator U such that

[w-1u] <€ (4.22)
for any given € >o0. We write

W= U+Z (4.23)

1]

\e
)

where U 1s of finite rank. Using (4.22) we see that |Z| <E.

Then we write
T = V+VGOT = V+ (I+Z)T = V4 UT +ZT, (4.24)

and see that

T(1-Z) = V +UT. (4.25)

3. An operator W is called completely continuous if it maps weakly
converging sequences onto strongly converging ones, The existance of
the Schmidt norm is a sufficient, but not a necessary condition for the
complete continuity of the operator W. In the theory of integral equa-
tions, operators of finite Schmidt norm are called Fredholm.

4. An operator U is said to be of finite rank if 1ts range is of

finite dimension, It is easily shown as for example in Rickart (1960)
that anjoperator U of finite rank r can be written in the form

Ux = 3 fj(x)ui, where the uj's are linearly independent vectors, the
£i's absllinear functionals, and x denotes any vector in the domain of U,



Defining the resolvent of Z by

-1
(1-2) " =1+ Rz’

we obtain

T=(1l+ Rz)(V + UT).

Defining
V=a +R_IV
and
T = (1+R )V
we then obtain
T=V+ T .
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(4.26)

(4.27)

(4.28)

(4.29)

The solution to (4.29) is then seen to approach the desired solution

since IZ] < € by (4,22),



52

V. INTRODUCTORY REMARKS, NOTATION, AND S WAVE RESULTS

A. Introductory Remarks

In this and the remaining chapters we will discuss numerical
results obtained by solving the multichannel relativistic Schrodinger
equation in the case of pseudoscalar meson baryon scattering in a
broken SU(3) symmetry model and in the four lowest partial waves,

Also we will compare our results with those of other calculations

where possible. We use the potentials obtained from single particle
exchange processes computed usipg the usual Feynman rules and extra-
polated off shell following the procedure discussed in Chapter III,

Part C It is worthwhile to emphasize that extrapolating the potential
off shell is certainly not a unique process and is one of the most
serious disadvantages of our calculational procedure, However, we

would hope that the qualitative features of the model be roughly
independent of the way we extrapolate the potential off shell. This

has been the case in our calculations. In calculating the potentials

we use interaction Lagrangians obtained by assuming SU(3) invariance

so as to obtain relations between otherwise unrelated coupling constants,
However, we break the symmetry in the sense that we use actual experi-
mental masses for both the exchanged particles and also the incoming

or outgoing particles. The crossing coefficients so obtained are

given in Appendix A, where we also discuss in detail the procedure
followed in obtaining them, The momentum dependence of the potentials
is given in Appendix D. The assumptions of our model can best be
illustrated through a brief discussion of earlier approaches to the

problem,
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The technique which has been most widely used in the theo-
retical investigation of pion nucleon scattering 1s the N/D method
and its approximations. In order to take some account of inelastic
channels, many of these calculations have made use of the multichannel
N/D method or the Frye-Warnock equations (1963).(1) Generally these
two methods are not equivalent. Bander, Coulter, and Shaw (1965) have
considered a simple model and have shown that the results obtained by
using multichannel N/D equations do not in general agree with those
obtained using the Frye-Warnock equations when there are bound. states
present.

Among the calculations which have made use of the N/D equa-
tions we may mention the calculations performed by Martin and Wali
(1963; 1964).(2) Their method of calculation consisted in using
Bjorken's determinantal approximation to the multichannel N/D
equations., The forces were approximated by considering the contribu-
tions due to allowed single particle exchange processes. The inter-
action Lagrangians were obtained by assuming SU(3) invariance., In
M.W. 1 they considered the problem of P wave pseudoscalar meson-
baryon scattering for all states such that J = % with only the contri-
bution due to baryon exchange as the input potential, In M.W. 2 they
considered the four lowest partial waves and the contribution due to

the other possible single particle exchanges. Also we will mention

1. Single channel N/D equations with an inelasticity parameter are
usually referred to as Frye-Warnock equations,

2., Hereafter referred to as MW, 1 and M.W, 2 respectively.
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the calculations of Coulter and Shaw (1966). They solved the Frye-
Warnock equations for pion nucleon scattering in cases such that

J < 3/2. The inelasticity parameter was taken from experiment and

for the input potential they considered the contribution due to P,

N, and N* exchange. More recently the multichannel N/D equations for
pseudoscalar meson baryon scattering were also considered by Brehm

and Kane (1966) who solved them using an approximation procedure first
suggested by Pagels (1965).

Dispersion relation methods have also been used in studying
pion nucleon scattering problems. One such technique, used by
Donnachie, Hamilton, and Lea (1964) and also Donnachie and Hamilton
(1965) was to write dispersion relations for f£+ /k2£ where f£+ 1s
the scattering amplitude and k the momentum.(B) The factor kzz was
introduced to suppress the contributions of short range forces. The
contribution of the nearby singularities was obtained by evaluating
the long range part of p, N, N and n-r I = O, J = O exchange.
Experimental data was used to evaluate the contribution of these
processes., The contribution of the distant singularities was approxi-
mated by poles. The S wave problem was not considered by these authors
since short range forces are then expected to provide an important
contribution which cannot be neglected.

Pseudoscalar meson baryon scattering has also been treated
recently within the framework of the Schrodinger equation by Wyld as

we have briefly discussed in Chapter IV. He addressed himself to the

3. Hereafter referred to as D.H.L. and D.H, respectively,
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S wave problem and considered a multichannel Yukawa potential in a
broken SU(3) symmetry model as the input potential. To take some
account of the relativistic kinematics he used an energy dependent
reduced mass, In the next section we will compare his results with
those obtained in our model, taking full account of the relativistic
kinematics and actual experimental particle masses. His calculation
was repeated within the framework of the multichannel N/D equations
by Brehm (1966), who solved these equations using Pagel's method.

Due to kinematical complications he could address himself only to the
pion nucleon scattering case., His results remotely agreed with those
of Wyld, but there is certainly not a quantitative agreement, Also
the Argand diagrams given by Brehm were in violent disagreement with
experimental evidence,

The effective potential method due to Balazs was used
recently by Finkelstein (1966) in the problem of meson nucleon scat-
tering. The advantages and disadvantages of this technique have
already been discussed in Chapter II. Another practical disadvantage
was that he could not address himself to all possible states since he
encountered divergent potentirals in all those cases for which
J=4 - %. Also he considered a one channel problem and completely
neglected inelastic effects. The main success of his model was,
however, that the scattering length corresponding to the S11 state

(4)

was positive, in agreement with experiment. This was in contrast

4, We shall use the notation L21 27 to denote a state of orbital

angular momentum L , 1sospin I, and total angular momentum J. We shall
occassionally also use the symbol L; to denote any isospin state with
orbital angular momentum L and the total angular momentum J.
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to calculations based on the N/D method, even after taking account of
inelasticity. As an example we may consider the calculations of
Coulter and Shaw, which predicted a negative scattering length unless

a CDD pole in the solution to the N/D equations was introduced.

B. Notation

We start with the multichannel relativistic Schrodinger

equation for scattering states

K'(q,5qy) = V'(qy,9y) - ;1; P JV'(a,,9) 7 . K'(q,9y),  (5.1)

or with the Blankenbecler-Sugar equation for scattering states

d(E + wg)
K'(q,,97) = V'(q,,9y) - 4 o F Jv! (qz,q)[A/_+ — -
a q
d(E, + w_ )
1 ]K'<q,q1), (5.2)

+E_ +
Js +E +u

where K' is the K' matrix and V' is the input potential matrix. In
the bound state case the inhomogeneous term is not present and the
above system of integral equations reduces to an eigenvalue equation
for the energyAJ;.

For scattering states once we find K' we then find its

(5)

eigenvalues and eigenvectors, denoted by tan 6& and Vig respectively.

5. This section follows rather closely the discussion given by Wyld
(1967).
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The 6& are the eigenphases, the multichannel generalization of phase
shifts. The T' matrix, which is the T matrix with a kinematical

factor removed is then
8
K! L o/
] - —————— — 7
Ty = (1-1K'>Ji =¥ Vig Ve ©  sind,. (5-3)

From this we obtain the cross section

am_

2
c = 2(2J+1)|T3i| , (5.4)

J1 Kk
1

where i refers to the initial and j to the final state.
We give our results by discussing several kinds of graphs.

To keep the size of this thesis manageable we will in general only

exhibit explicitly graphs corresponding to the case of pion nucleon
scattering. The other cases will also be discussed but usually no
graphical 1llustration will be presented. First we have Argand dia-
grams such as Figure 5-1 of the real versus the imaginary part of the
scattering amplitude

2k = 2e16°'§in6a= 21! | (5.5)

as a function of energy. Here 6 = 6r + 161 is the complex phase

shift in some specified channel, ﬁr and 51 denote its real and imaginary
parts, and 2kf 1s twice a diagonal element of the T' matrix. Unitarity
limits 2kf to the interior of a circle with unit radius about the point
i. If only one channel is open so that the scattering is elastic, 2kf

lies on the unit circle; if two or more channels are open so that the
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Im(2kf)

Ew+l"/2

Re (2kf)

FIG. 5-1 ARGAND DIAGRAM.



scattering 1s inelastic, 2kf lies inside the unit circle. The
scattering cross section Us,'the reaction cross section Gr, and the

total cross section ct are given by

@ +1) | a2,
o = (27 +1) (1-]bl%, and (5.6)
o, =~ (2J+1)]cl,

with a, b, and ¢ as in Figure 5-1.

There are various ways of defining a resonance. In case of
a single channel problem we have the condition that the (rgal) phase
shift increases through 90°, This corresponds to the amplitude 2kf
traversing the top of the unitarity circle in Figure 5-1 in a counter-
clockwise direction. In case of a multichannel problem, 1f a resonance
can be represented by a Breit Wigner term plus a constant complex
background term, the Argand diagram of 2kf will be semicircular in

(6)

a counterclockwise sense. The energy at the top of the semicircle 1s
the resonance energy Er; the energies at the edges of the semicircle

r
are E_ + 7, where I' is the width of the resonance. Another possible

condition for a resonance in a multichannel problem is that omne of

6. A simple proof that this follows from causality was given by
Wigner (1955). Wigner's proof applies to elastic resonances but the
anticlockwise condition is also true in the presence of inelastic
channels. Dalitz (1963) gave a more rigorous discussion which is
appropriate to the general case.
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the (necessarily real) eigenphases GQ goes through 90°. The resonance
energy E; would then be the energy at which this occurs.(7) Both
Er and E; are generally different, but relatively close. The experi-
mentalists give the resonance energy as the energy of the peak an
a mass distribution. A related, although somewhat shifted peak is
also obtained in a scattering cross section.

Unless otherwise stated we use the following values for the

coupling constants and the F/D ratio:

g2
-——N—
= 14.6,
F/D = 0.33,
5.7
Borm Bowy _ |
47 T
and 82
N*TTN 2
7 = 22.6/Bev”.

Based on universality (Sakurai, 1966) we could use somewhat larger

g g
values for the product —EEE;-BEE .

the F/D ratio is somewhat uncertain at present. Similarly we could

Also the experimental value of

also use slightly different values for the other coupling constants.
However, our results are not very sensitive to such variations. We

believe this is one of the main advantages of ocur model.

C. S Wave Results
1. Experimental Situation
Experimental results concerning S wave pion nucleon scattering

in the cases I =3/2, Y=1 (831) and I = %, Y=1 (Sll) are given

7. We define thg resonance energy E; as the energy at which the eigen-
phase crosses 90 . The width of the resonance is defined by L. 57.3 X%
(dw/ds ). 2



61

in Figures 5-2 and 5-3 respectively. 1In Figure 5-2 we present Argand
diagrams obtained by Bareyre et al.(1965) and Donnachie et al. (1964)
in the case of 831. In Figure 5-3 we present Argand diagrams as
obtained by Bareyre et al. and Bransden et al. (1965) in the case of

S,,. Analysis of Figure 5-2 shows the interesting behavior of S

11 31

wave. It starts off as a repulsive wave and continues as such to
about 1400 MeV (center of mass energy). The Argand diagram then shows
a loop above this repulsive background. The analysis of Figure 5-3

shows the behavior of the S wave. A strong cusp 1s seen at the ]

11
production threshold. The Argand diagram then displays a circular
shape. This is the behavior which establishes the existence of the
N;(lS?O) resonance, Also the Argand diagram of Figure 5-3 seems to

show some evidence for a higher S11 resonance at a center of mass

energy of approximately 1700 MeV.

2. Review of Wyld's Calculations

It 18 clear from the analysis of the Argand diagrams, as
shown in Figures 5-2 and 5-3, that in attempting to explain the behavior
of the S wave scattering amplitude, we must take account of inelas-
ticity. Wyld did this using a broken SU(3) symmetric Yukawa potential
with an energy dependent reduced mass. The use of a Yukawa potential
can be justified as the nonrelativistic limit of a vector exchange
process, It is clear that his model could not account for the existence

of an S,, resonance, since the crossing coefficients for this case

31
yield a repulsive potential. However, he accounted for the N;(1570)
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Fig. 5-2,

The experimental Argand diagram for the S,, MN scattering

31
amplitude. The numbers are center of mass energies in MeV.

The solid curve gives the results of Bareyre et al. The

dashed curve gives the results of Donnachie et al.
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Im (2kf)

Re(2 kf)

— Bareyre et al
--- Donnachie et al
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Fig. 5-~3. The experimental Argand diagram for the S11 TN scattering
amplitude. The solid curve gives the results of Baryere et al.
The dashed and dot-dash curves give the two solutions obtained

by Bransden et al.



Im(2kf)

Re (2kf)
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and interpreted it as a bound state in the KX channel. His model
also accounted for the Yg (1405) , Yg (1670) , and predicted a Ez (1615).
No Y{ resonance appeared in this model. 1In Figures 5-4 and 5-5 we
show (in dotted lines) the eigenphases and Argand diagram respectively

corresponding to the S11 partial wave amplitude as obtained by Wyld.

3. Electric Vector Exchange Contribution to the Driving Force
a. The Sll Partial Amplitude

In our calculations we first consider as our input potential
the y“ contribution of the vector exchange process as shown in Appendix
A, Figure A-1., First we compute the space part of this potential as
we have discussed in Appendix D. We then note that using this input
potential equation (5.1) becomes a non-Fredholm system of coupled
integral equations.

Upon further analysis we observe that this is due to the
presence of the factor a, + bo + c, + do in equations D.3 and D.4 in
Appendix D. We then recall that only the on shell potential is known,
and its extrapolation off shell is arbitrary. Since this factor is
twice the energy (2 A ) when the particles are on shell, we can then
make the replacement a + bo + <, + do -+ 248 . With this replacement,
equation (5.1) becomes a Fredholm system of coupled integral equations.
In this manner we avoid the introduction of an arbitrary cutoff para-
meter at this point.

We recall that in the calculations performed by Wyld, he

g g
used for the coupling constant a value of _EEE#TEEH = 0.91 in most
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Fig. 5-4.

Eigenphases for the I = %, Y = +1, S% state. The solid curves
give the eigenphases obtained considering only the contribution
from the YM part of the vector exchange process to the input
potential. The dashed curves give the eigenphases obtained by

g g
Wyld. Both of these calculations used _Bﬂﬁzﬁgﬁﬂ = 0.91.
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Fig. 5-5.

Argand diagrams for TN scattering in the I = %, Y = +1,

S'15 state, The solid curve gives the Argand diagram obtained
following the procedure discussed in Figure 5-4. The dashed

curve gives the Argand diagram obtained by Wyld. Both of

g g
these calculations used -EHEE—EEE = 0.91.
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cases. We use this value to analyze what happens in his model when
the full relativistic kinematics and breaking of the SU(3) symmetry
are introduced. The results of these calculations are shown 1in
Figures 5-4 and 5-5. The first of these shows the eigenphases for both
his results (in dotted lines) and ours (in solid lines) for the S11
wave, Figure 5-5 compares the Argand diagrams obtained in both calcu-
lations. Analyzing Figure 5-4 we observe that the results of both
calculations certainly show qualitative agreement. However, for the
same value of the coupling constant, our model predicts the Ng resonance
to appear at an energy of 1679 MeV in contrast to Wyld's value of
approximately 1501 MeV. Also analysis of the Argand diagram of
Figure 5-5 shows that the Argand diagram corresponding to this model
resembles experiment less than the one obtained by Wyld.

Clearly we can move the position of the resonance down 1in
energy by increasing the value of the coupling constant EEEEEEBEH .
By increasing its value to 1.0, we lower the position of the resonance
from 1679 MeV to 1673 MeV. If we further increase the value of the
coupling constant to 1.25, we note that the position of the resonance
moves down to an energy of 1535 MeV, Thus our results are consistent
with those of Wyld, However, inclusion of the relativistic kinematics
in the way we have discussed seems to make the, potential weaker, since
we need a larger value of the coupling constant than the one in Wyld's
model to position the resonance at about the right experimental energy.
Both models seem to agree in the sense that they only account for one

resonance in the S11 partial wave amplitude. Thus these models do not
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account for N*% (1700) which seems to be present in the Argand diagram

of Figure 5-3.

b. Other Isospin States

If we next consider the other isospin states, we again note
that the resonances obtained from this model appear at a larger value
of the energy than those in Wyld's model. However, both results
qualitatively agree, For example, in Wyld's model and in the case
I =0, Y=0 the coupling constant EEEEZSREE = 0.91 used for the other
states is too large; it led to a bound state. With a coupling
constant of 0.56 the bound state disappeared, and the eigenphase
crossed 90° at 1409 MeV. With a coupling constant of 0.91 the bound
state corresponded to the Yg (1405) , and Wyld observed that the eigen-
phase also crossed 270o at an energy of 1630 MeV. In our model when
the coupling constant is 0.91 we observe a bound state corresponding
to the Yg, similar to his conclusions. However, no higher resonance
is observed. With a coupling constant of 0.56 we observe a Yg at an
energy of 1704 MeV. Again by increasing the coupling constant, we
can produce the Yg at the right value ?f the energy (1405 MeV).
Similar conclusions are made with the other states. In summary, full
inclusion of the relativistic kinematics seems to weaken the potential,
but the qualitative behavior agrees with that investigated by Wyld.

If we next consider the 831 resonance, 1t is clear that the
YH contribution of the vector exchange process camnot account for this

resonance. This is so, since this contribution of the vector exchange
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process yields a repulsive potential, which can be seen by observing the

signs of the crossing coefficients in Appendix A.

4. Other Contributions to the Driving Force

a. Vector, Baryon, and Decuplet Exchange Contributions

In addition to vector exchange, we can also have baryon and
decuplet exchanges. Moreover, the contribution of thecpv term in the
vector exchange process (which vanishes in the nonrelativistic limit)
must also be included in the relativistic calculation., Addition of
these terms clearly makes the potential divergent. We can no longer
convert equation (5.) into a Fredholm system of couped integral equa-
tions by making the replacement ag + bo + s + do -2 VEZ

However, another way of converting this system of integral
equations into a Fredholm system is to introduce a cutoff parameter.
By so doing and then analyzing the relative strengths and signs of
the forces corresponding to the different exchanges, we see the vector
exchange process yields a moderately attractive force. The baryon
exchange process produces an extremely attractive force. The decuplet
exchange process yields a repulsive force which tends to compensate
the strong attraction due to the baryon exchange proces. The net
result is a very attractive force.

However, the agreement with experiment now worsens., If we
assume that the cutoff must be larger than the KX threshold (since this
is the most massive channel which contributes to the I = %, Y = 1 state)

we observe that it is impossible to adjust the cutoff in order to
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produce the S11 resonance above the TN threshold, The S11 resonance
now moves down into a bound state of negative energy. Therefore,
trying to make a more elaborate calculation of the S wave resonances
does not improve the results obtained by considering the YH part of
the vector exchange contribution and making the replacement a + b0 +
Cy + do ~ 245 to compute the potential matrix.

Next we consider the 8 resonance. Due to the signs of

31
the crossing coefficients in the potential matrix, we cannot account
for this resonance in the same way as we have accounted for the S11
resonance. Again if we consider the full contribution due to vector
exchange (both Y“ and qu couplingg), baryon, and decuplet exchange ,
we observe that the strength of the potential i1s increased, and we can
still not account for the S,, resonance.

31

b. The 831 and S11 Partial Wave Amplitudes in the Cook-Lee Model

To construct a model that might explain the behavior of the
S31 wave, we turn to the Cook~Lee model (Cook and Lee, 1962). The
basic idea of this model is the assumption that a large contribution
to the force in pion nucleon scattering is due to one pion exchange
coupling to the PN channel. Also the elastic channel contribution is
neglected by merely setting it equal to zero. The obvious extension
to our case is to assume that the main contribution to the force in
pseudoscalar meson baryon scattering is due to single pseudoscalar

meson coupling to the vector baryon channels. Also the elastic channel

contributions are neglected by setting them equal to zero. Again due
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to divergences we must use a cutoff to perform these calculations.

In the case of the 831 partial wave amplitude we must then solve a
six channel problem. This is so because although four SU(3) channels
contribute to this process (TN, KX, PN, and K*Z) both PN and K*¥% can
be an S or D wave state for a pseudoscalar meson baryon system in an
S wave state.

We then note that for a proper choice of the cutoff para-
meter, we can obtain the 531 resonance at the correct experimental
energy. In Figure 5-6 we see the eigenphases obtained with a cutoff
of 8.7 BeV and a coupling constant value of Eﬂﬂgﬁgﬁﬂﬁ = 5.4.(8) We
note that the TIN eigenphase crosses 90° at about 1784 MeV. However,
the corresponding Argand diagram does not show the initial repulsive
loop and the resonating background which can be observed in Figure 5-2.
In fact the curve in the Argand diagram starts counterclockwise and
remains so as the energy is increased and traces a semicircular shaped
loop near the top of the unitarity circle corresponding to the 331
resonance.

An obvious way of trying to obtain a repulsive background
would be to consider the contribution of the v

"

exchange process in the elastic channels (rather than setting these
A

elements of the potential matrix equal to zero). This is so since

part of the vector

this part of the vector exchange process yields a repulsive contribution.

8. This 1s the value of the cutoff which is mecessary to produce the
N§/ {1236) at the correct experimental energy, considering only the
ene%gy independent baryon exchange force.
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Fig. 5-6,

Eigenphases for the I = %, Y= +1, S35 state in the Cook-Lee

g
—EEEZgEEH = 5.4. A cutoff

model for the coupling constant

value of 8.7 BeV 1s used in this calculation.
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If we do this, we then observe that the corresponding Argand diagram
does start off repulsive as it should. However, the corresponding
curve moves around the unitarity circle in a clockwise direction, and
then flips, starts to move counterclockwise, and then goes through a
resonance. Analysis of the Argand diagram also shows that the corres-
ponding curve leaves the unitarity circle at an energy larger than
the experimental energy for which this happens. This is in disagree-
ment with the experimental results shown in Figure 5-2.

To try to increase the attraction and to provide an oppor-
tunity for the curve in the Argand diagram to leave the unitarity
circle at a lower energy, we then include the contribution due to
the inelastic pseudoscalar meson decuplet channels. To compute the
main contribution to this force, we consider the single vector

exchange contribution with both the YM and o .. couplings. This idea

v
is analagous to the Cook-Lee idea. The VBB¥ coupling is treated in
accordance with the Stodolsky-Sakurai model (1962). Since in addition
to the elastic and vector baryon channels, we are also considering

the contribution of the pseudoscalar meson decuplet channels, it
follows that we now have seven SU(3) chamnels (TN, KI, pN, KX, TN*,
KY*, and NN¥). Since there are two linearly independent amplitudes
for the vector meson baryon chanmels, we’must solve a nine channel
problem. As expected, inclusion of the pseudoscalar meson decuplet
channels increases the attraction. However, only a slight increase

in the attraction is observed, This is presumably so because the

pseudoscalar meson decuplet channels are in a D wave state when the
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pseudoscalar meson baryon channels are in an S wave state. Thus, no
better agreement with the experimental Argand diagram 1s obtained.

We can also use the Cook-Lee model to study the S11 partial
wave amplitude., We then assume the main contribution to the driving
force 1is obtained by considering inelastic coupling to the vector
baryon channels via pseudoscalar meson exchange. We must solve a
twelve channel problem, since there are eight SU(3) channels which
contribute (TN, TN, KA, KX, pN, PoNs K*¥A, and K*¥I), and there are
two linearly independent amplitudes for the vector baryon channels
which must be considered.

However, the corresponding Argand diagram still does not
resemble the experimental one. The Argand diagram now displays a
semicircular shaped loop near the top of the unitarity circle similar
to the one seen in the experimental S11 Argand diagram shown in
Figure 5-3 and which corresponds to N¥(1700). However, there is no
circular loop just above the TIN threshold which is also present in
that figure and corresponds to N§(1570).

We conclude this chapter on the behavior of S waves by noting
that this has always been a notoriously difficult problem. The main
reason for this is that short range forces are expected to play an
important role in the study of 5 waves. Not much is known about
these forces and thus there is no general way of including them. We
recall this was precisely the reason due to which Donnachie et al.

did not consider the S wave problem in their calculations.
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VIi. P WAVE RESULTS

A. Experimental Situation

Analyses of the experimental P wave amplitudes show the exis-
tence of the well-known baryon cctet of spin parity %+ consisting of
N(939) , A(1115), Z(1193), and =(1318). In addition there seems to be
some experimental evidence for the existence of another %+ resonance
at an energy of about 1400 MeV. This 1s the so-called N;(1400).

This resonance has not yet been seen in total cross section measure-
ments or bubble chamber pictures. However, the phase shift analysis of

Roper (1965) seems to indicate that the real part of the P 1 phase

1
shift starts out at 180°. It then decreases,at low energy and reaches
a minimum of about 178° at a center of mass eneréy of about 1160 MeV.
It then increases and becomes 180° at about 1225 MeV and 270° at about
1400 MeV.

At present there are no likely SU(3) partners for this
resonance. From SU(3) arguments (considering only the lowest irre-
ducible representations) N%*(1400) could be part of_an octet (8) or
an adjoint ten dimensional irreducible representation of SU(3) (TB).

If we assume the validity of the quark model, then we would expect

this resonance to be a bound state of three quarks (with L = 0).

Thus it must be a member of an octet, decuplet, or singlet. Since we
know that 1ts isospin and hypercharge are I = % and Y = 1 respectively,
it then follows that the quark model implies that it must be a member

of an octet. However, Brehm and Kane have recently suggested (based

*
on dynamical calculations which they performed) that the N%(1400) might
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be a member of a 10 and not an 8. If this is true, it would defi-
nitely invalidate all of the conclusions based on the quark model.

P wave analyses also show the existence of an SU(3) decuplet
of spin parity 3/2+ resonances consisting of N:/z
E*(1529), and Q7 (1675). We should recall that after SU(3) became

(1236) , Y”{(1385) ,

prominent, it was the discovery of the 027 (1675) at an energy in
accordance with the mass formula of Gellmann (1962) and Okubo (1962)
which clarified the validity of SU(3) as a dynamical group for strong

interaction symmetries.

B. Results of Other Calculations

No discussion of the P waves would be complete without men-
tioning the Chew-Low model (Chew and Low, 1956) and the bootstrap
hypothesis. This hypothesis assumes that all particles are composite
systems bound by forces arising from the exchange of the particles
themselves. This idea was first suggested by Chew and Low from their
consideration of a reciprocal self-sustaining mechanism for the N and
N* and was later generalized. Their calculation made use of unitarity
as the basis for the dynamics. The static approximation was employed.
This required a cutoff to avoid divergence difficulties. Improved
calculations of the N and N¥ bootstrap have been made by Frautschi and
Walecka (1960), Abers and Zemach (1963), and Ball and Wong (1964).
These calculations were based on a many pole approximation in the N/D
technique. The main result of these calculations was that the N and

N* reciprocal bootstrap hypothesis is qualitatively successful.
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However, the bootstrap hypothesis is very stringent. It
cannot be formulated independently of dynamical equations whose
validity must be assumed. Also it is not clear that a different set
of dynamical equations would yield the same solutions. A weaker ver-
sion of this hypothesis is the traditional one in which the effects of
certain selected graphs are examined in a dynamical model. Calculations
based on this version make use of input masses and coupling constants
taken from experiment rather than determining them by identification
with the output masses and coupling constants. Our calculations are
based on this view point.

We next review the P wave results of some other calculations
which are based on this weaker version. The calculations of Coulter
and Shaw yielded results which agree reasonably well with the experi-
mental low energy phase shifts except for the Pll partial wave ampli-
tudes. To fit this Pll phase shift they needed to add a CDD pole
corresponding to the nucleon state to the solutions of the Frye-
Warnock equations. The N* appeared in their model with a width some-
what larger than the experimental value even after including
1nelastic effects. These effects reduced the N* width from 235 MeV
to 195 MeV. This is to be compared with the experimental width of 120
MeV.

The results of the calculations of D.H.L. and D.H. generally
agreed with experiment. However, SU(3) was not incorporated in their
calculations and thus they only considered the case of pion nucleon

scattering. Analysis of their P wave results showed the existence of
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the N* resonance at an energy of roughly 1370 MeV. This is to be
compared with the experimental energy of 1236 MeV.

Next we consider the results of Martin and Wali and Brehm
and Kaﬁe. In their calculations SU(3) symmetry was taken into account
in contrast to the calculations of Coulter and Shaw and Donnachie et al.,
which did not incorporate SU(3) symmetry. In M.W.l the authors
concluded that within the framework of Bjorken's determinantal approxi-
mation to the broken SU(3) multichannel N/D equations and considering
only the baryon exchange force, it was possible to account for the
8U(3) decuplet of 3/2+ resonances. Their results are briefly summarized
in column 4 of table 6-1. In M.W. 2 they considered other single
particle exchange contributions to the driving force , a cutoff was
introduced to avoid divergences, and exact SU(3) symmetry was assumed.
That 1s, average masses were used for both the exchanged and the
incoming or outgoing particles. Therefore, they could not speak
meaningfully of resonance positions and widths in their model. Their

results indicated the existence of a PJE baryon octet and a P decuplet.

3/2
Thus their model did not account for any higher P% resonances.,
Brehm and Kane considered the problem of pseudoscalar meson
baryon scattering in a perfect SU(3) symmetry model. They solved the
multichannel N/D equations making use of Pagel's method. For the
input potential they considered the contribution due to the elastic
pseudoscalar meson baryon chamnnels and the inelastic scalar meson

baryon channels. The elastic channel forces were assumed to arise

from the baryon and decuplet exchanpes. The 1inelastic channel forces
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Table 6-1.

Summary of results for the 3/2+ decuplet. Particle

masses and widths are given in MeV. The mass of particle

i 1s denoted by Mi' Branching ratios for the decays

Y#= AT and Y%~ Im are denoted by I'(Am) and I'(Jm) respectively. The
values of the cutoff (in BeV) used in those calculaticns

which made use of it are given (in parenthesis) in the first

row. The energy depengent baryon exchange process (for a

coupling constant of gng = 38) is denoted by B@ﬁb. Vector

exchange, energy independent baryon exchange, and decuplet
exchange are denoted by V, B, and B¥ respectively. The

terms B4 &S and G.C.F. are used as abbreviations for the
Blackenbecler-Sugar equation with a cutoff and the Blackenbecler-
Sugar equation with a Gaussian cutoff matrix function

respectively.



Exp | mw. |BVS) |B(87)|B(9.3)BU0O) “iny kencesl (oom | B2~ | VBB
- MASS | 1236 | 1388 | 1236 | 1238 | 1180 | 1125 | 1236 | 1238 | 123( | 1197 | 1153
WIDTH| 120 | 146 | 176 | 167 | 69 | 23 | 170 [ 208 | 260 | 199 | 69
MASS | 1385 | 1605 (1444 | 1492 {1440 | 385 | 1464 |1425 | 1400 [ 1390 {1305
WIDTH| 35 | Jven | 83 [ 137 | 81 | 48 | 111 | 83 | 95 | 92 | 14
v M(AT) | 91%| 94% | 99%| 9% | 99% | 99% | 99%| 94%| 99%| 99%| 100%
rEm | 9%| 6% | 1% | 1% | 1% | 1% | 1% | 6% | 1% | 1% | 0%
| MASS | 1529 | 1749 |1629 |1720 |I678 |1624 |1674 |1620 | |1680
WIDTH| 73 | 115 | 30 | 129 | 76 | 26 | 90 | 35 10
MASS | 1675 | 1872 | 180l 2130 | 1924 | 1859 | 1714 (MISSING)
Q| oraree| YES | NO | YES |missne| NO | NO | NO | YES | JEoURes A CUT ofF &
Peoet NO | YES | NO caveam| YES | YES | NQ |77 #RESHINCE SNERST OF
My*—Mysl 149 | 217 | 208 | 254 | 260 | 260 | 228 | 187 | 169 | 193 | 152
Mys—Mgq 144 | 144 | 185 | 228 | 238 | 238 | 210 | 177 | — | — | 375
ME*—Mg| 146 | 123 | 172 | — | 452 | 300 | 185 | 112

g8
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were assumed to arise from pseudoscalar meson exchange. The conclusion
was that decuplet exchange alone was sufficient to produce a resonant
10 when it gives a bound nucleon.octet. Therefore,theN§(14GD appeared 1in
their model as a member of a 10 in contrast to quark model predictions
of its inclusion in an octet of resonances. Based on their idea we

have analyzed the predictions of our model when we consider the 10

representation.

C. The 3/2+ Decuplet

1. Energy Dependent Baryon Exchange Contribution to the Driving
Force

We first consider a calculation similar in principle to the
one discussed in M.W, 1. That is, we start by assuming the existence
of baryons and mesons as members of SU(3) octets. However, actual
physical masses are employed. We then consider the contribution to
the force from baryon exchange in pseudoscalar meson baryon scattering
and ask whether it is possible to produce the 3/2+ decuplet as a
dynamical consequence. We differ from M.W.l in that we use the multi-
channel relativistic Schrodinger equation as our dynamical equation.
Of course calculations of this type cannot be expected to predict
exact locations and widths of resonances, since they are known to be
sensitive to many dynamical effects which are not fully understood.

Study of the space part of the baryon exchange process shows
that if we make use of this process as an 1nput potential in the
multichannel relativistic Schrodinger equation, a non-Fredholm system

of coupled integral equations for the scattering amplitude is obtained.
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Upon further analysis we can see this system of linear integral equa-
tions can be converted into a Fredholm system by making the replacement
a, + bo + <, + do - /8 in equations D.3 and D.4 in Appendix D. This
is the same replacement which we made when we considered the contri-
bution to S wave scattering from the Yu part of the vector exchange
process. It is possible i1n principle since all that 1s assumed to

be known is the on shell potential,

1) I=3/2, ¥=1 state.

In this part of the calculation we assume the F/D ratio 1s

given andequal to 0.33. The coupling constant g;:N 1s taken as a
variable parameter, to be adjusted to produce the N¥ at the correct
experimental position. We then find that we must use a value of

§Z%§ 38.0 1n order to obtain the N* at the correct energy. Plots
of the eigenphase and cross section for this case are given in Figures
6-1 and 6-2. The experimental N* phase shift as taken from Behrends
et al. (1967) is shown in Figure 6-3. Study of Figure 6-1 shows that
the N* width is then about 176 MeV in comparison with the experimental

width of about 120 MeV. Our results for this case and the other

1sospin states are summarized in column 5 of table 6-1.

ii) Other Isospin States.

If we consider the other isospin states, we note that
Y&, &%, and 0 appear at energies in agreement with the experimental®™
values. They appear at energies of 1444, 1629, and 1801 MeV in our

calculations and at energies of 1385, 1529, and 1675 MeV in experiments.
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Fig. 6-1. Eigenphase gor the I = 3/2, ¥Y=+1, P state for the coupling

3/2
& TNN .
constant I = 38. Only the contribution from the energy

dependent baryon exchange process to the input potential is

considered.



89

OIgl

06721

042l

0G<2l|

ogel

(A3W) AOH3N3

o r4

o6ll

741!

OSl|

ogil

oui

060l

N4
§0.L0I

=

T

I

- o,v.l

06
<00l

ocl

(s894b68p) ISYHINIOII



90

Fig. 6-2. The cross section for TN scattering in the I = 3/2, Y = +1,

TINN
4m

contribution from the energy dependent baryon exchange process

P3/2 state for the coupling constant 38. Only the

to the input potential is considered.
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Fig. 6-3. Experimental phase shift for the I = 3/2, Y = +1, P state,

3/2

as given by Behrends et al.
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The Q appears in this model as a bound state. This in in agreement

with experiment, since the ¥= threshold (1814 MeV) is above the (1

mass (1675 MeV). This contrasts with the calculations given in

M.W. 1, in which the Q appeared as a resonance in the I =0, Y= -2
state with an energy of 1872 MeV. 1In Figure 6-4 we show the behavior
of the determinant whose zero must be computed in order to find the bound
state position of the {1 as a function of energy. This is an example
of a typical bound state calculation. In addition the widths of the

Y% and the =% are predicted to be about 83 and 30 MeV respectively.

The experimental widths are about 35 and 8 MeV respectively. Even
though these widths are larger than the experimentally observed values,
they arenot very sensitive to the F/D ratio. In this way our results
differ from those given in M.W. 1, in which a small change in the

F/D ratio yielded large changes in the resonance positions and widths.

Also it is encouraging that the width ordering as obtained from this

model is in agreement with experimental observations.

iii) Equal Spacing Rule.
Since members of an SU(3) decuplet obey the relation
I =Y/2 + 1, the Gellmann Okubo mass formula predicts an equal spacing

between consecutive members of the decuplet

Mypem M = Moyem Myye = M- - M, (6.1)

This is in agreement with experiment. The validity of the Gellmann

Okubo mass formula is remarkable since it relates space time properties



95

Fig. 6-4.

Determinant whose zero must be computed to find the bound state

& NN
e = 38. Only the

position of 17 for the coupling constant
contribution from the energy dependent baryon exchange process

to the input potential is considered.
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of a physical system (mass) to its internal symmetry properties,
(isospin and hypercharge). Its validity is even more surprising when
the assumptions used in deriving this relation are considered.

The validity of a Lagrangian field theory 1s assumed. We

then write

H=H +H ., (6.2)

where Ho is the free Hamiltonian and Hint is the interaction which is

responsible for the symmetry breaking. Hint can be expanded

n, = % g® , (6.3)
int (1) int (0,0,0)

(1 =T =Y = i
where Hint(OOO) denotes the I = Iz = Y = 0 component of irreducible

(&) h
int(IIzY)

irreducible representation of SU(3). (Only this component must be

SU(3) operators H which transform according to the it
considered due to isospin and hypercharge conservation) . Mass correc-
tions are then obtained as power series in the interaction Hamiltonian
Hint’ The first assumption used in deriving the Gellmann Okubo mass
formula is the validity of the first order perturbation theory so

that the interaction Hamiltonian Hint (also known as the mass operator
responsible for the SU(3) breaking) transforms in the same way as the
mass differences Om due to the SU(3) breaking. We can then write

_ 1)
§m = E.Grg ©,0.0)° (6.4)
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The second main assumption is that only one term must be included in
the above sum. This term is 6&8%000). From these assumptions the
Gellmann Okubo mass formula then follows in the usual way.

It is worthwhile to ask to what extent the equal mass

spacing rule is a consequence of dynamical calculations. The results

given in M.W. 1 were

217 MeV,

Mpw = My
M, - My*

M- - M, = 123 MeV,

144 MeV, and (6.5)

U}

This is to be compared with the experimental values

Myp - My = 149 MeV,
M, = My, = 144 MeV, and (6.6)
146 MeV.

S,
)
l!l.'g
%
[

The baryon exchange process computed using the replacement

a, + bo +ec, + do - 2 yields

My, - My, = 208 MeV,
M, - My, = 185 MeV, and (6.7)
= 172 MeV.

- ns*

It is thus apparent that the discrepancy from the equal mass

spacing rule is slightly smaller in this model than in the model given

in M.W., 1. However, it is surprising that both models seem to predict
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masses in rough agreement with the equal spacing rule. One of the
assumptions used in the derivation of the Gellmann Okubo mass formula
is the validity of first order perturbation theory. However, in
models of the kind discussed by M. W. and in this thesis, first order
perturbation theory should clearly not be valid since terms corres-
ponding to higher order corrections are also taken into account.

This is precisely one of the arguments which can be given against
models of this kind, since the Gellmann Okubo mass formula is extremely
well satisfied experimentally. 1In later sections of this thesis we
shall observe that some of our calculations satisfy the Gellmann Okubo
mass formula better than others. However, we observe no general rule
as to when the equal spacing rule is satisfied or when there is a

large disagreement from it.

iv) Y* Branching Ratios.
The decay of the Y* allowed by energy, Iz’ Iz, and Y con~

servation are

Y* = AT
and Y+ = Zm,

On the basis of pure unitary symmetry we would expect

()

Rate (Y% = AT _ A2

Rate(Y* Zf) + Rate(Y*—~AM) ( 1 >2 1 \2 -
+< )

V3

T(m =

(6.8)
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where I' (AT) denotes the branching ratio for the decay of Y* into the

ATt channel, and where L and ;%%' are the corresponding isoscalar

V2

factors for the two processes. The above result is in disagreement
with the experimental value of about 91%.

Usually to obtain agreement with experiment, kinematical
corrections are then supplied. Thus we write
r (/\TT) =

X (phase factoxr) = = 90%. (6.9

3 3
5 5

'OI'U
MW> w

In the above, PA and PZ are defined as the momenta in the center of
mass frame of the AT and 21T channels respectively. They appear cubed

since the threshold behavior for P waves is p2£+1

where 4=1. Very
good agreement with experiment is now obtained.

However, it is certainly worthwhile to ask the extent to which
branching ratios are a .consequence of dynamical calculations. In the
case of the Y* we find '(AT) = 99%. This is compared to the experi-
mental result of about 91% and the result given in M.W. 1 (94%). Thus
we note that ¥% as obtained in these dynamical models decays mainly
into the AT chamnel. We observe that the branching ratio for the
decay Y*x = Am(Y* = ZT) is larger (smaller) in these dynamical models
than the branching ratio obtained using SU(3) and phase space argu-~
ments, This discrepancy can be understood since in these models both
the AT and Zm channels are no longer members of a pure SU(3) decuplet,

as is assumed to obtain expressions (6.8 and (6.9. In fact the AT and

Zm channels in these dynamical models are mixtures of many irreducible



101

SU(3) representations, of which the decuplet representation is just

one of the many representations which contribute.

2. Energy Independent Baryon Exchange Contribution to the Driving
Force.
a. Solving the Multichannel Relativistic Schrodinger Equation
with a Cutoff Parameter.

In an earlier section of this chapter we discussed the 3/2+
decuplet by considering the baryon exchange force as the input potential
and making the replacement a +b,tec * do -~ Ws. We recall this was
done to obtain a Fredholm system of coupled linear integral equations.

In this part of the calculation we choose a different
approach. Instead of making this replacement, we will make the
system of integral equations Fredholm by introducing a cutoff parameter.
The coupling constant EZEN and the F/D ratio are held fixed at their

experimental values (14.6 and 0.33 respectively).

i) I =3/2, ¥ =1 state.

We assume the cutoff to be an arbitrary parameter chosen to
fix the N* at the correct experimental energy. This requires a cutoff
of 8.7 BeV. The corresponding eigenphase for this state is shown in
Figure 6-5. Analysis of that figure shows that for a cutoff of
8.7 BeV, the N* appears at the correct experimental position with a
width of about 167 MeV. Figure 6-5 also shows eigenphases for cutoff
values of 9.3 and 10 BeV. For a cutoff value of 9.3 BeV the N¥

appears at an energy of 1180 MeV.with a width of about 69 MeV. For a
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Fig. 6-5.

state for the coupling

Eigenphaseszfor the I = 3/2, Y = +1, P3/2
g
constant 42NN = 14.6. Only the contribution from the energy

independent baryon exchange process to the input potential is

considered. The solid curve gives the eigenphase for a cutoff
of 8.7 BeV., The dashed curve gives the eigenphase for a cutoff
of 9.3 BeV. The dot-dash curve gives the eigenphase for a cut-

off of 10 BeV.
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cutoff value of 10 BeV the N* appears at an energy of 1125 MeV with a
width of about 23 MeV, 1In columns 6, 7, and 8 of table 5-1 we summarize
our results for cutoffs of 8.7, 9.3 and 10 BeV, both for the N¥ and the

other isospin states.

ii) Other Isospin States.

We first consider the other isospin states obtained by
using a cutoff of 8.7 BeV, the one required to produce the N* at its
experimental energy. For this value we observe that both the Y* and
the =* appear at energies of 1492 and 1629 respectively. Their
respective widths are about 137 and 129 MeV. However, the Q does
not appear with this cutoff parameter. In Figure 6-6 we show the
eigenphases for the I = 0, ¥ = -2 state, both for this value of the
cutoff parameter and also for cutoffs of 9.3 and 10 BeV.

In order to investigate the behavior of the Q, we 1increase
the cutoff until the eigenphase corresponding to the I = 0, ¥ = -2
state crosses 900. This requires a cutoff of 9.3 BeV. The eigenphase
crosses 90° at an energy of 2130 MeV, but does it so slowly that we
cannot call this a resonance. With this cutoff parameter the Y% and
the &% appear at energies of 1440 and 1678 MeV respectively. Their
respective widths are 81 and 76 MeV. For this value of the cutoff
parameter we observe that the width of the N¥ (69 MeV) becomes
smaller than both the widths of the Y* (8l MeV) and the =% (76 MeV)
which contradicts the experiments.

If we further increase the cutoff parameter to 10 BeV, the

Y* now appears at its experimental energy (1385 MeV). The =% and the
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Figa 6-60

state for the coupling

Elgenphasezzfor the I =0, Y= -2, P3/2
constant AENN = 14.6. Only the contribution from the energy

independent baryon exchange process to the input potential is

considered. The solid curve gives the eigenphase for a cutoff
of 8.7 BeV. The dashed curve gives the eigenphase for a cutoff
of 9.3 BeV. The dot-dash curve gives the eigenphase for a cut-

off of 10 BeV.
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0" now appears at energies of 1624 and 1924 MeV respectively. The
widths of the Y# and the =% are now 48 and 26 respectively. However,
the N* width is still smaller than the width of the other members of

the decuplet.

iii) * Equal Spacing Rule.

Table 6~1 shows that for a cutoff of 8.7 BeV the mass dif-
ferences between consecutive numbers of the decuplet which appear with
this value of the cutoff agree with the equal spacing rule to about
12%. ¥For a cutoff value of 9.3 BeV the mass differences between the
0 and the =% is about 1,7 larger than it should be to satisfy the
equal spacing rule. This is not surprising since for this cutoff
parameter, the eigenphase for the I = 0, Y = -2 state reaches 90° very
slowly. Thus we should not identify the reaching of 90° with the
existence of a resomnance.

We observe that for a cutoff of 10 BeV, the equal spacaing
rule is satisfied more closely than for a cutoff of 9.3 BeV. However
there is still a discrepancy from this rule.

The reason for which the equal spacing rule seems to be
better satisfied with this cutoff than with a cutoff of 9.3 BeV is
probably that the eigenphase for the I = 0, Y = -2 state clearly shows
the existance of a resonance corresponding to the Q" for a cutoff of

10 BeV, while such is not the case for a cutoff of.9.3 BeV.

iv) Y* Branching Ratios.
The introduction of a cutoff parameter does not seem to

affect the predicted branching ratios for the Y*¥ decay. For cutoffs
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of 8.7, 9.3 and 10 BeV, the model predicts the Y* decays mainly into
the AT channel (99%) with only a small fraction decaying into the Zm
channel (1%). This isin rough agreement with the experimental evidence

as previously discussed.

b. Solving the Multichannel Relativistic Schrzdinger Equataion ¢
with a Gaussian Cutoff Matrix Function
In this section we discuss a different cutoff procedure and
its effect upon the solutions to the relativistic Schrodinger equation
for the case discussed in part a. Rather than introducing a straight

cutoff parameter, we introduce a Gaussian cutoff matrix function

FiJ (© by

2,2
-l (Eq+wq-A) J] /A

=& .
Fi@ T (6.10)

where i1 and j are channel indices, Aj is the threshold for the Jth

channel, and A is chosen to obtain the N* at the correct experimental
energy.

To obtain the N* at the observed experimental energy, we
need a value of A = 6.14 BeV, In Figure 6-7 we show the corresponding
eigenphase. Analysis of this figure shows that with this choice of
the cutoff the N*¥ appears with a width of about 146 MeV and agrees
with its experimental value.

We next consider the other isospin states, keeping the cutoff
A fixed at 6.14 BeV. We observe that they appear at larger values of

the energy and with a larger width than we had obtained by solving the
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Fig. 6-7.

state for the coupling

Eigenphase gor the I = 3/2, Y = +1, P3/2
g
constant 4gNN = 14.6. Only the contribution from the energy

1ndependent baryon exchange process to the input potential 1is
considered. The eigenphase is obtained solving the relativistic
Schrodinger equation with a Gaussian cutoff matrix function for
A = 6.14 BeV. (We use the same definition of X as in equation

6.13.)
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relativistic Schrodinger equation with a straight cutoff parameter.
For example the Y% now appears at an energy of 1675 MeV and its width
1s about 280 MeV, Thus we note that the Y* width so obtained is larger
than the N* width., However, its branching ratios into the Am and Zm
channels are the same as we had obtained by using a straight cutoff,

Thus we see that cutting off the integrals in this fashiom
y1eld§ similar qualitative results. However, the exact numerical
results change. We also reiterate that the introduction of a Gaussian
cutoff matrix function yields an N¥ of a width which agrees closely
with the experimental width. However, this is not the case for the
other 1sospin states.

¢. Solving the Multichannel Blankenbecler-Sugar Equation with a
Cutoff Parameter

In this section we solve the Blankenbecler-Sugar equation
with a cutoff with the input potential discussed in part a. We intro-
duce a cutoff parameter to convert the coupled system of linear

integral equations for the scattering amplitude into a Fredholm system.

i) I =3/2, ¥ =1 state.
Again we choose the cutoff to produce the N*# at the correct
4

experimental energy, The presence of the extra energy denominator
. =1

NEHEGH
more attractive than it would be if it were used as an input potential

in the Blankenbecler-Sugar equation makes the potential

in the relativistic Schrodinger equation. Thus we expect the cutoff
required to produce the N* at the correct experimental position is
smaller than the cutoff needed in solving the relativistic Schrodinger

equation for the same case. In fact, this is what happens. To produce
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the N* at the observed experimental energy we now use a cutoff para-
meter of 3.2 BeV. The corresponding eigenphase is shown in Figure 6-8.
Our results for this state and for the other states are given 1in
column 9 of table 6-1. Study of Figure 6-8 shows that the N* rescnance
now appears with a width of about 170 MeV. This is about the same
width we had obtained when we solved the relativistic SchrBdinger

equation for this case with a cutoff of 8.7 BeV.

ii) Other Isospin States.

If we consider the other isospin states we note that Y, =¥,
and Q now appear at energies of 1464, 1674, and 1859 MeV. The corres-
ponding widths for the Y* and the =% states are 111 and 90 MeV respec-
tively. We note that in this case the N* width obtained by solving
the Blankenbecler~-Sugar equation with a cutoff of 3.2 BeV is about
the same as the N* width obtained by solving the relativistic
Schrodinger equation with a cutoff of 8.7 BeV. The widths for the
other members of the decuplet are somewhat smaller.

We also note that the eigenphase corresponding to the I = 0,
Y = -2 state (Q) goes through 90° at an energy of 1859 MeV. Thus the
o) appears in this model as a resonance.. We recall when the relativistic
Schrodinger equation is solved for this state with a cutoff of 8.7
BeV, an attractive scattering amplitude 1s obtained. However, no
resonance is observed corresponding to the Q-, unless the cutoff
parameter is increased. There is no simple reason why this should be

the case.
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Fig. 6-8.

Eigenphase gor the I = 3/2, Y = +1, P3/2 state for the coupling
g
constant 4:NN = 14.6. Only the contribution from the energy

independent baryon exchange process to the input potential is
considered. The eigenphase is cbtained solving the Blankenbecler-

Sugar equation with a cutoff of 3.2 BeV.
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ii1) Equal Spacing Rule,
Table 6-1 shows that the equal spacing rule 1s satisfied in

this model to about 12%.

1v) Y* Branching Ratios.

The model predicts Y* decays mainly into the AT channel with
a branching ratio of about 99%. Thus only a small fraction of the
Y*'s decay into the & chanmel (1%). This is the same result as we

have obtained in solving the relativistic Schrodinger equation.

d. Solving the Multichannel Blankenbecler-Sugar Equation with a
Gaussian Cutoff Matrax Function
We discuss the effects of a Gaussian cutoff matrix function
on the solutions to the Blankenbecler-Sugar equation for the case
discussed in part c¢. This function is of the same form as the one
introduced in part b. in the discussion of the relativistic Schrodinger

equation, That is, we introduce a Gaussian cutoff function

L(E 4w, -0) 1N
FL@ = e R (6.11)

where the notation is as before.

We choose A to produce the N* at the correct experimental
position. This requires A = 1.63 BeV. Our results for this and other

states are summarized in column 10 of table 6.1l. 1In Figure 6-9 we
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Fig. 6-9.

Eigenphase for the I = 3/2, ¥ = +1, P state for the coupling
2

3/2
8
4gNN = 14.6. Only the contribution from the energy

constant
independent baryon exchange process to the input potential is
considered. The eigenphase is obtained solving the Blankenbecler-
Sugar equation with a Gaussian cutoff matrix function for A =

1.63 BeV. (We use the same definition of A as in equation 6.13.)
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show the eigenphase corresponding ta the N¥ resonance, obtained by
using A = 1.63 BeV. Analysis of that figure indicates the N* now
appears at the correct experimental energy with a width of about
200 MeV, which is somewhat larger than the experimental value.

Considering the other isospin states, we observe that
Y%, &%, and Q now appear at energies of 1425, 1602, and 1714 MeV
respectively, The widths of Y* and =% are 83 and 35 MeV respectively.
We see that even though the N* width is somewhat larger than the one
obtained in solving the relativistic Schrodinger equation with the
same input potential, the widths for Y* and 5% are definitely much
smaller, This is probably due to the introduction of a cutoff matrix
function, which introduces some channel dependence. With a straight
cutoff parameter in the energy variable, no such dependence is intro-
duced.

It is interesting that the Q appears in this model as a
bound state in agreement with the experimental situation. We note
that only one other of our previous calculations has yielded the ol
as a bound state. This was the calculation in which we solved the
relativistic Schrodinger equation with an energy dependent potential
due to baryon exchange.

The equal spacing rule 1s also roughly satisfied in this
model as can be seen from table 6-1.

Finally we remark that the Y* branching ratios as obtained
from this model also agree with experiment. The obtained values are
T'(AT) = 94% and I'(ZM) = 6%. These are precisely the same values given

in M.W. 1.
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3. Vector, Baryon, and Decuplet Exchange Contributions to the
Driving Force
a. Solving the Multichannel Relativistic Schrodinger Equation
with a Cutoff Parameter
Here we will reinvestigate the 3/2+ decuplet by considering
the contrubition due to baryon, vector, and decuplet exchange to the
input potential. For the vector exchange process we include both the
electric and magnetic VBB coupling. It is clear that the coupled
system of linear integral equations for the scattering amplitude
which we obtain is a non-Fredholm system. This is due to the large
spins of the vector mesons and the decuplet, which are 1 and 3/2
respectively. Therefore, the corresponding potential functions
diverge for large values of the momenta. To convert this system of
linear integral equations into a Fredholm system, we introduce a

cutoff parameter.

i) I = 3/2, Y =1 State.

We choose the cutoff parameter to obtain the N*¥ at the correct
experimental energy. This requires a cutoff of 1.88 BeV. In Figure
6-10 the eigenphases for cutoffs of 1.88, 1.90, 2, and 2.1 BeV are
shown. Analysis of this figure shows that for a cutoff of 1.88 the
N* appears at the experimentally observed energy, but its width is
260 MeV, which is larger than the experimental value. For cutoff
values of 1.90, 2.0, and 2.1 BeV the N* appears at energies of 1197,
1153, and 1110 MeV respectively. The N* width as obtained for each of

these values of the cutoff is 199, 69, and 10 MeV respectively. Our
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Fig. 6-10. Eigenphases gor the I = 3/2, Y= +1, P3/2

R Bommr BonN 8 NHNT
constants o = 14.6, = = 1, and = 22.6
2

BeV ~. The contributions from vector, baryon, and decuplet

statezfor the coupling

exchange to the input potential are considered. The eigen-
phases for cutoffs of 1.88, 1.90, 2.0, and 2,1 BeV are given
by the dashed, solid, two sized dashed, and dot-dash curves

respectively.
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results, both for the N* and the other isospin states, are summarized
in columns 11, 12, and 13 of table 6-1 for cutoff values of 1.88, 1.9,
and 2 BeV respectively.

We will now compare the results obtained by considering
the contribution to the input potential from baryon, vector, and
decuplet exchange with the results obtained by considering only the
baryon exchange contribution. The cutoff necessary to produce the
N* at 1ts experimentally observed value decreases by a factor of
about 4.6. In fact the cutoff decreases from about 8.7 BeV to about
1.88 BeV. This is encouraging, since we no longer need a large
cutoff to produce the N*,

The model now becomes much more cutoff dependent. For
example, changing the cutoff parameter from 1.90 to 2.0 BeV changes the
N* width from about 200 MeV to about 70 MeV. This is not surprising
and 1s due to the large momentum dependence introduced by the decuplet
exchange and the anomalous part of the vector exchange. However,
we again emphasize that the qualitative features of the model are
unaffected by the addition of these exchanges.

Analysis of the effect due to each of these exchanges shows
that the main contribution to the force is due to baryon and decuplet
exchange. The contribution due to vector exchange 1s small. Considera-
tion of the I = 3/2, Y = 1 state shows that both the baryon and decuplet
exchange produce an attractive force. Vector exchange yields a

slightly repulsive force. The net effect is consequently attractive.
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ii) Other Isospin States

Consideration of the other isospin states shows the following
features., For a cutoff of 1.88 BeV, the Y* appears at an energy of
1400 MeV, with a width of about 95 MeV. However, both the =* and the
Q" do not appear. Increasing the cutoff further, we observe that for
a cutoff of 1.9 BeV the Y* moves down to 1390 MeV, and its width
decreases to about 92 MeV. However, the =% and the Q" still do not
appear. Increasing the cutoff further, we note that for a cutoff of
2 BeV the Y* appears at an energy of 1305 MeV, with a width of 14 MeV.
The =% 1s now also present at an energy of 1680 MeV and with a width
of about 10 MeV. The Q 1s still absent. In order to produce the o
we must increase the cutoff further . For a cutoff of 2.1 BeV the 0
now appears as a narrow resonance at an energy of 1897 MeV. However,
the other members of the deéuplet now appear with small widths. For
example, the N* appears with a width of about 10 MeV. The eigenphases
corresponding to the Y*, =%, and Q) states are shown in Figures 6-11,
6-12, and 6-13 xespectively for the different values of the cutoff

parameter.

iii) Equal Spacing Rule.

For a cutoff parameter of 2 BeV, for example, we obtain

MY* - MN* = 152 MeV

and (6.12)

ME* - M&* = 375 MeV.
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Fig. 6-11.

Eigenphases for the I =1, Y=0, P state fo; the coupling
2

3/2
B NN Bomm BonN 8™ NxNT
constants 2o 14.6, e = 1, and A 22.6
-2

BeV ©. The contributions from vector, baryon, and decuplet

exchange to the input potential are considered. The eigen-
phases for cutoffs of 1,9 and 2 BeV are given by the solid and

dashed curves respectively.
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Fig. 6-12.

Eigenphases gor the I = 1/2, Y= -1, P statezfor the coupling

3/2

8 NN Borm EonN 8" N
constants mo 14.6, s = 1, and T = 22.6
BeV-z. The contributions from vector, baryon, and decuplet

exchange to the input potential are considered. The eigen-
phases for cutoffs of 1.9 and 2 BeV are given by the solid and

dashed curves respectively.
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Fig. 6-13.

Eigenphases gor the I=0, ¥Y=-2,P state fgr the coupling

3/2

8 NN Borm_BpNN & wrnm
constants o 14.6, _E—ZE—__— = 1, and i 22.6
BeV-z, The contributions from vector, baryon, and decuplet

exchange to the input potential are considered. The eigen-
phases for cutoffs of 2.0 and 2.1 BeV are given by the solid

and dashed curves respectively.
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The above quantities seem to indicate that the equal spacing rule is
violated by a factor of about 2.5. Thus it seems that the addition of
the vector and decuplet exchange increases the disagreement with the
equal spacing rule. Martin and Wali claimed that addition of more
exchanges would improve the validity of the equal spacing rule. Our

results seem to disagree with this assertion.

iv) ¥Y* Branching Ratios.

For a cutoff value of 1.88 BeV the corresponding Y* branching
ratios are '(AM) = 99% and I'(ZM) = 1%. Increasing the cutoff to 1.9
BeV, the branching ratios remain about the same. For a cutoff of 2
BeV the Y% appears at an energy of 1308 MeV. That is, it appears
below the ¥m threshold. Thus for this Qalue of the cutoff, the model
predicts the Y* to be a pure AT resonance, and thus it can only decay
into the AT channel,

In concluding this section on the Y* branching ratios, we
indicate that all the models for the 3/2+ decuplet which we have
discussed in this thesis seem to give very similar results for the Y#*
decay branching ratios. Addition of more exchanges does not seem
to alter the branching ratios obtained by considering only the baryon

exchange force.

b. Solving the Multichannel Blankenbecler-Sugar Equation with a
Gaussian Cutoff Matrix Function
-

We recall that consideration of the baryon exchange force

in the Blankenbecler-Sugar equation with a Gaussian cutoff matrix
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function yields a 3/2+ decuplet with no missing members. In addition
the Q0 appears as a bound state,

In this section we will investigate the results of adding both
the vector and decuplet exchange to the baryon exchange force in the
input potential. We fix A to obtain the N¥ at the correct experi-
mental energy. We observe that this requires A = 0.60 BeV. Thus
the addition of vector and decuplet exchanges to the baryon exchange
force causes A to decrease from 3,2 BeV to 0.60 BeV. However, our
results are made worse. For example, the N¥ now appears with an
extremely large width (about 668 MeV). The corresponding eigenphase

is shown in Figure 6-14,

D, The 1/2+ Resonances
1. The Baryon Octet

Here we will consider the P wave amplitudes corresponding
to total angular momentum J = %. As discussed in Section A, we
expect to observe an octet of bound states corresponding to the baryon
octet, Our results for different values of the cutoff parameter are
summarized in table 6-2.

Analysis of this table shows that for a cutoff of 1.88 BeV,
the nucleon appears as a bound state at an energy of 810 MeV. The
experimentally observed energy for the nucleon 1s 939 MeV. We recall
that this was the value of the cutoff required to produce the N* at the
correct experimental energy. Thus choosing the cutoff to produce the

N* at the observed experimental energy, also produces the nucleon near
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Fig, 6-14. Eigenphase fgr the I = 3/2, Y = +1, P3/2

g g g £ 1
constants azNN = 14,6, —21%5;-&HH = 1, and —-%EEE = 22.6
-2

BeV ©. The contributions from vector, baryon, and decuplet

state gor the couplaing

exchange. to the input potential are considered. The eigen-
phase is obtained solving the Blankenbecler-Sugar equation
with a Gaussian cutoff matrix function for A = 0.60 BeV. (We

use the same definition of A as in equation 6.13.)
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Table 6-2.

Summary of results for the %+ baryon octet. The mass (in

MeV) of particle i is denoted by Mi'

Column 2 gives the ex-
perimental masses, Columns 3 to 6 give the results obtained
for the same coupling constants and exchanges as in the

preceding figure for cutoff values of 1.88, 1.89, 1.9, and

2 BeV, respectively,
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EXP. { 1188 | .89 | 190 | 20

N 939 | 8l0 | 795 | 745 | BI3

A Ms | 1329 | 1323 | 1313 | 1148

) 193 | 1627 | 1624 | 162! | 1595

1318 [ 1758 | I735 | 1730 | 1715

11

MN+ Mz
1129 | 1284 | 1275 | 1238 1114

3,
MMl 135 | 1403 | 1398 1390 | 1260
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the correct experimental energy. This 1s in agreement with the Chew
Low reciprocal bootstrap hypothesis, By further increasing the cutoff,
we note that for cutoffs of 1.89, 1.9, and 2 BeV, the nucleon appears
at energies of 795, 745, and 513 MeV respectively.

Analysis of the contributions to the force from vector,
baryon, and decuplet exchange shows that both the vector and decuplet
exchange contributions are attractive. The baryon exchange process
yields a repulsive force. The main contribution to the force is from
the decuplet exchange. Both vector and baryon exchange yield some-

what smaller contributions, The net effect is an attractive force.

ii) Other Isospin States.

Considering the other members of the baryon octet, we observe
that for a cutoff of 1.88 BeV, the A, £, and = appear at energies
of 1329, 1627, and 1758 MeV respectively. Their experimentally
observed energies are 1115, 1193, and 1318 MeV respectively. For a
cutoff of 1.89 they appear at energies of 1323, 1624, and 1755 MeV
respectively. By increasing the cutoff to 1.9 BeV, they now appear
at energies of 1313, 1621, and 1730 MeV respectively. For a cutoff
of 2 BeV the energies become 1118, 1595, and 1715 MeV respectively,

We note that both the nucleon and the A appear as bound
states in this model. This is because the lowest thresholds for the
I =2%, Y= 1 state and the I = 0, ¥ = 0 state are the TN threshold
(at an energy of 1077 MeV) and the mX threshol (at an energy of 1331
MeV) .

We also note that £ and S appear in this model as resonances.

That is, they appear at energies above the lowest thresholds for the
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I=1,Y=0and the I = %, Y = -1 states respectively. These lowest thres-

holds are at the TA threshold (at an energy of 1253 MeV)and the ™= threshold

(at an energy of 1456 MeV).

iii) Mass Formula.

The Gellmann Okubo mass formula for the baryon octet can be

written as

MN + M M, + Mo
7 = 7 . (6.13)
This expression is well satisfied experimentally as shown in rows
6 and 7 of table 6-2.
The values predicted by our model are given in columns 3
to 6 of table 6-2 for values of the cutoff of 1.88, 1.89, 1.9, and
2 BeV. By looking at this table we note that the Gellmann Okubo mass
formula for the baryon coctet seems to be satisfied in our calculations

to about 12%.

2. Other %+ Resonances.

As we have discussed in Section A, there seems to be experi-
mental evidence for the existence of a higher %+ resonance. This is
the so-called Ng(l&OO). In Section B we have discussed Brehm and
Kane's suggestion that this resonance might be the member of a 10 and
not 8, in disagreement with the quark model.

Our model does not predict the existence of any higher %+
resonances. In Figure 6-15 the scattering eigenphase predicted by

our model for the P11 partial wave amplitude is shown. The
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Fig. 6-15. Eigenphase for the I = %, Y = +1, P1/2 state. The solid curve
gives the results obtained using the same coupling constants
and exchanges as in Figure 6.14 with a cutoff of 2 BeV. The
dotted curve gives the experimental phase shift as obtained

by Roper.
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experimentally observed eigenphase is also shown in the same figure.
We note that both eigenphases start at 180° since there is a bound
state corresponding to the nucleon., However, while the experimental
eigenphase rises, the eigenphase obtained from our model falls. By
increasing the cutoff to 2.5 BeV we can make the eigenphase rise and
go through 900, corresponding to N2(1400). However, the nucleon
then appears as a negative energy bound state.

To further investigate the possibility of the existence of
a resonating'Ia, we consider the largest hypercharge state in the 10
representation of SU(3). This is the I = 0, Y = 2 state. The only
channel whaich contributes to this state is the KN channel. The
eigenphase obtained for this case is shown in Figure 6-16. We see that
an attractive scattering amplitude is obtained for this isospin state.
However, insufficient attraction is obtained to produce a resonance,
unless we further increase the cutoff. Thus we find that vector,
baryon, and decuplet exchange produce attractive forces in the 10
irreducible representation of SU(3). However, the attraction is not
sufficient to produce resonances, In this sense our results seem to
agree with those given in M.W. 2.

However, these results are in disagreement with the conclusions
of Brehm and Kane. They concluded that decuplet exchange alone was
sufficient to produce a resonant 10 representation. This is not too
surprising, since as we may recall all of these methods make use of
different approximations. Martin and Wali made use of Bjorken's

determinantal approximation to the multichannel N/D equations. Brehm
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Fig. 6~16. Eigenphase for the I = 0, Y = 42, P% state for the same coupling
constants and exchanges as in Figure 6-14, with a cutoff of

2 BeV.
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and Kane solved the multichannel N/D equations using Pagel's method.

We solved the multichannel relativistic Schrodinger equation.

E. Study of Nonresonant P Wave Amplitudes

In addition to predicting the observed P wave resonances, it
is equally important that the model shows that there are no resonances
in the remaining isospin amplitudes. We next consider them in the case
of pion nucleon scattering. It will then become apparent that no
resonances appear in these amplitudes, in agreement with experiment,
Moreover, phase shifts for these amplitudes seem to be in qualitative

agreement with experiment,

1. The P31 Amplitude
Both baryon and vector exchange provide a strong repulsive
force in thas partial wave amplitude. The contribution due to decuplet
exchange is strongly attractive. The mnet effect is a repulsive force.
Both the experimentally observed phase shifts and our phase shifts are
shown in Figure 6-17 for different cutoff values. We note that both

the experimental and our phase shifts have the same sign and are in

good qualitative agreement.

2. The P13 Amplitude
Both vector and decuplet exchange yield attractive forces.
However, baryon exchange produces a strongly repulsive force. The net
effect is a repulsive force. In Figure 6~18 we compare the experi-
mental phase shift with the phase shift predicted by our model for

different values of the cutoff parameter. We note that both the experi-

mental and also our phase shift have the same sign and are small.
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Fig, 6-17.

Eigenphases for the I = 3/2, Y = +1, P% state for the same
coupling constants and exchanges as in Figure 6-14. The solid
and dashed curves give the eigenphases for cutoffs of 1.88

and 2 BeV respectively, The dot-dash curve gives the experi-

mental phase shift as given by Behrends et al.
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Fig. 6-18. Eigenphases for the I = %, Y= +1, P state for the same

3/2
coupling constants and exchanges as in Figure 6-14, The solid
and dashed curves give the phase shifts for cutoffs of 1.88
and 2 BeV respectively. The dot-dash curve gives the experi-

mental phase shift as given by Behrends et al.
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V1I. REGGE RECURRENCES AND HIGHER WAVE RESULTS

A. Experimental Situation

Analysis of pseudoscalar meson baryon scattering experiments
seem to 1ndicate the existence of four families (Regge trajectories)
of baryon resonances. There are two vector families distinguished

by the spatial character of the decuplet exchange process, which 1s

2.

attractive for odd £ and repulsive for even We call these

vector families because the main contribution to the force in the
partial wave amplitudes to which their members belong is from the
vector exchange process. The first vector family consists of the P% octet

and the FS/Z resonances.(z) The second vector family consists of the

D3/2 resonances. Next there 1s a baryon family which consists of the

P3/2 decuplet and the F resonances. The baryon family is so

7/2

designated because baryon exchange is the main contribution for P3/2.

However, both vector and baryon exchanges give important contributions

for F7/2. There is also another family of baryon resonances consisting
of the S% and D5/2 resonances.
The F5/2 resonances consist of Ng(l688), Y§(1910), Yo*(1820),

and possibly 5%(1930). However, there is as yet not enough experimental
information about the spin and parity of =#(1930). If =%(1930) is
found to have spin parity 5/2+, then there would be a complete octet

of F5/2 resonances. The existence of such an octet is expected on the

1. This is discussed in D.H.

2. We restrict our attention to the four lowest partial waves.
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basis of SU(3) symmetry and the quark model. The F resonances in

5/2
the order listed above have widths of about 110, 60, 83, and 140 MeV
respectively., The main decay mode of N¥(1688) 1s the TN channel. The
corresponding branching ratio 1s about 65%. Other pseudoscalar meson
baryon channels into which it decays are the KA and TN channels.
However, the corresponding branching ratios are small. The P.B.
decay modes of Y§(1910) are the Aﬂ,'EN, and 7 channels respectively.(3)
The respective branching ratios for these channels are about 10%, 8%,
and 3% respectively. The Ya*(lézo) main P.B. decay mode 1s the KN
channel. The corresponding branching ratio 1s about 70%. 1Its other
P.B. decay modes are the Zm and AT channels. with branching ratios of
about 11% and 1%. The P.B. decay modes of =(1930) are into the ™=

and KA channels. There 1s not enough experimental information on the

branching ratios for these channels.

The only experimentally known F7/2 resonances are N§/2(1920)
g . ; : .
and Y1(2035) However, since F7/2 is the Regge recurrence of P3/2, it
seems plausible to expect the eixstence of a decuplet of F resonances.

7/2
This would also be expected on the basis of SU(3) and quark model

arguments. However, there 1s not yet enough experimental evidence
about the existence of the other members of this possible decuplet.
The widths of N§/2(1920) and Y¥(2035) are about 200 and 160 MeV. The
main decay mode for N§/2(1920) is the TN channel. The corresponding

branching ratio is about 50%. Another P.B. decay mode for N§/2(1920)

3. We use the term P.B. channel as an abbreviation for "pseudoscalar
meson baryon channel,"
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1s the K& channel. However, the corresponding branching ratio 1s
small and has not yet been measured. The Y§(2035) decays mainly
into the AT and KN channels with branching ratios of about 25% and
16%. This resonance has also been observed to decay into the Zim
channel. However, the corresponding branching ratio has not yet been
experimentally measured.

The experimentally known D3/2 resonances consist of N§(1525),
Yﬁ(1660), and Yo*(1520). Also =% (1815 mght be a member of the set

of D resonances, However, 1ts spin and parity have not yet

3/2
been measured experimentally. On the basis of the Gellman Okubo
mass formula we do not expect YO*(1520) to be 2 member of an
octet of D3/2 resonances. Therefore, SU(3) considerations
indicate the exaistance of another I =0, Y =20 D3/2 resonance whach

with Yo*(1520) and the other D resonances would then form a nonet

3/2
of resonances. This other I = 0, Y = O resonance might be identified

(4)

with YO*(1700). However, the spin and parity of Yo*(1700) are
experimentally uncertain at present. 'The widths of Ng(lSZS), Yl*(1660),
Yo*(1520), and =%(1815) are 105, 50, 16, and 1648 MeV respectively.

The N§(1525) decays mainly into the TN channel with a branching ratio
of about 65%. The Yl*(1660) decays mainly into Yo*(1405)ﬁ. and its

P.B. decay modes are small. The main P.B. decay mode of Yo*(1520)

is the Zm channel with a branching ratio of about 51%. 1Its other P.B.

decay mode 1is the KN channel with a branching ratio of about 39%.

4. Note that the physical particles Yy*(1520) and Y #(1700) are each
mixtures of a D3/p unitary singlet and the I = 0, Y = 0 member of a
D3/2 octet. The reason for this is the same as that in the case of
@-w mixing.
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The =*(1815) decays into the ™= and KA channels. However, the corres-
ponding branching ratios have not yet been determined.

The known D5/2 resonances consist of Ng(l670) and Yl*(1770).
On the basis of SU(3) and quark model arguments, we would expect the
existence of an octet of D5/2 resonances. However other members of
this possible octet are not yet experimentally knmown. The width of
N§(1670) 1s about 140 MeV. The Yl*(1770) has a width of about 89 MeV.
The main decay mode of N§(1670) is the TN channel with a branching
ratio of about 40%. 1Its other P.B. decay modes are small. The main
P.B. decay mode of Yl*(1770) is into the KN channel with a branching
ratio of about 49%. TIts other P.B. decay modes are the AT, 2T, and
2 channels with the corresponding branchiag catios of about 17%, 2%,

and 1%.

B. Results of Other Calculations

In this section we will briefly review the D and T wave
results of the calculations of Coulter and Shaw, Martin and Wali, and
Donnachie and Hamilton. Coulter and Shaw restricted themselves to
pion nucleon partial wave amplitudes with J < 3/2. Thus the only
higher waves which they considered were those corresponding to the
D13 and D33 partial wave amplitudes. The D13 phase shifts obtained in
their model agree with the experimental phase shifts up to an energy
of about 1380 MeV. Above that energy their phase shift started to

decrease. This contradicted the experimental phase shift which keeps

increasing and goes through 90° at about 1518 MeV. The D33 phase
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shifts which they obtained agreed with the experimental phase shifts
up to an energy of about 1160 MeV. However, the experimental phase
shift then rise , while theirs became negatively decreasing.

The calculations discussed in M.W. 2 indicated the existence
of a singlet D3/2 resonance. However, no other D or F resonances
were found in their model.

The calculations of D. H. indicated the existence of pion
nucleon resonances in the D139 FlS’ and F37 partial wave amplitudes.
The center of mass energies at which these resonances appeared in
their model were roughly 1638, 1792, and 1994 MeV respectively. The
experimental energies are 1525, 1688, and 1920 Me7 respectively,
Their model did not account for the known pion nucleon resonance in
the D15 partial wave amplitude. Also they did not Laocorporate SU¢3)
symmetry. Therefore, they could discuss only the pion aucleon
I=% Y=1, and I = 3/2, Y = 1 meson baryon resonances. We also
mention that the low energy phase shifts obtained in their model
seemed to be 1n good agreement with experiment. Analysis of the
main contributions to these partial wave amplitudes in their model
seemed to indicate that Boih P and N=x exchanges were the main contri-
bution to D13. The main contriburion to F15 was due to P exchange.

Their analysis of the F,. amplitude showed that both f and N exchange

37

yielded the main contributions in this case.
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C. D Wave Results
1. The 3/2+Resonances

Here we will consider the contributions from vector, baryon,
and decuplet exchange as the input potential. We investigate the
3/2+«resonances by solving the multichannel relativistic Schrodinger
equation with this input potential. A cutoff is introduced to convert
the coupled system of integral equations for the scattering amplitude
into a Fredholm system. We use a cutoff value of 2 BeV. We recall

this value was also used 1n our discussions of the P waves.

1) I =%, Y= 1 state,

The eigenphase corresponding to the I = %, ¥ = 1 amplitude
1s shown in Figure 7-1. This figure shows that the corresponding eigen-
phase goes through 90° at an energy of about 1669 MeV, with which we
compare the experimental energy of about 1518 MeV. however, N§(1525)
appears in our model as a narrow resonance.

Analysis of the signs and strengths of the different ex-
changes which contribute to this state shows that both baryon and
decuplet exchange are repulsive. Vector exchange yields an attractive
contribution. Vector exchanges yields a strong attractive both force

and decuplet. The contribution of both the baryon and decuplet exchange

are of a smaller absolute value. The net result is an attractive force.

iiz. Other Isospin States.

Analysis of the other isospin states shows the model predicts

a nonet of IB/Z resonances, i.e., an octet and a unitary singlet.
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Fig. 7-1,

Eigenphase fgr the I = %, Y = +1, Dyy state for the coupling

constant
BeV-z.
exchange

of 2 BeV

8 TINN Bomm Bonn 8 Nx N
S Tmm = 4.6, o = 1, and A

The contributions from vector, baryon, and decuplet

= 22.6

to the input potential are considered. A cutoff

is used.
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The experimental values are N¥(1525), Yl*(1660), Yo*(1700), Yo*(1520),
and =% (1815). In our model they appear as narrow resonances at

energies of about 1669, 1770, 1879, 1752, and 1950 MeV respectively.

iii) Mass Formula.'

This model predicts

Mowt Mowe
—5 = 1808 MeV - -
(7.1)
The experimental result is
Myt Mon
—5— = 1670 MeV. (7.2)
(8)
3MY1*+ MY %
Not much can be said experimentally about the quantity Z = ,

which on the basis of the Gellmann Okubo mass formula should have

the same numerical value as that given in 7.2.(5) Such 1s the case

(8)

because the only way to determine %

is by equating the

above quantity to the value given in 7.2 and then solving.

1v) Branching Ratios.
*
The N% (1525) appears in our model as a resonance which
decays mainly into the TN channel. Branching ratios for its decay

into other P.B. channels are negligible.

5. We denote the mass of the I = 0, Y = 0 member of the D
by My #(8),
0

3/2 octet



157

The Yl*(1660) decays mostly into the TA and T% channels.

The corresponding branching ratios are about equal to each other and
each is about 387%. It can also decay into the KN channel. The corres-
ponding branching ratio is about 23%. The branching ratio for its
decay into the TMX channel is small (about 1%).

The Yo*(1700) decays mainly into the TZ channel. The cor-
responding branching ratio is about 84%. It can also decay into the
KN channel. The corresponding branching ratio is about 14%. The
branching ratio for its decay into the TA channel is about 2%. Even
though its decay into the K= 1s energetically allowed, the correspond-
ing branching ratio is almost negligible,

The Y_*(1520) decays mainly into the TZ channel. The
corresponding branching ratio is about 63%. It can also decay into
the KN channel. The corresponding branching ratio is about 35%.

Since in our model Yo*(1520) appears above the TA threshold, i1t can
also decay into this channel. However, the corresponding branching
ratio is small (about 2%).

The =*(1815) appears in our model as a resonance which decays
mainly into the ™= channel with a branching ratio of about 95%. It
can also decay into the XA channel. The corresponding branching ratio
1s about 5%. Branching ratios for its decay into other SU(3) channels

are negligible.

2. The 5/2-Resonances
Experiments seem to indicate the existence of two D5 /9

resonances. These are N§(1670) and Yl*(1770). On the basis of the
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quark model we would expect the existence of an octet of such resonances.
As of yet there 1s no experimental evidence for the existence of the
other members of this possible octet.

The phase shift obtained in our model for the D5/2 states
do not seem to exhibit a resonant behavior. Thus these resonances do
not appear in our model.

The experimental phase shift for the D.. state is positively

15
increasing. It reaches 3° at an energy of about 1368 MeV. For larger
values of the energy the real part of the phase shift then continues
to rise, reaching 90° at an energy of about 1512 MeV.

Our phase shift is positively increasing but small. At an
energy of about 1250 MeV it reaches a value of about 3°. It then
starts decreasing up to an energy of about 1350 MeV, where 1t becomes
zero. It then increases slowly and negatively. For example, at an
energy of about 1468 MeV our phase shift becomes about -2.050. This
is contrast with the experimental phase shift, which reaches a value
of 3o at this energy.

Analysis of the signs and magnitudes of the force in this
state due to the different exchanges shows that both baryon and vectox
exchange provide an attractive force. The decuplet contribution is

repulsive and strong. The net effect 1s a slightly attractive force

up to about 1350 MeV. It then becomes slightly repulsive.
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3. Nonresonant D Wave Amplitudes
a. The D35 Amplitude
The experimental phase shift for this state is increasing
negatively. It starts at zero and becomes -7° at an energy of about
1368 MeV. Our phase shifts are small and negatively increasing. For
example, at an energy of 1165 MeV we obtain a phase shift of -0.3°% 1n
comparison with the experimental one of about -5°,
Analysis of the signs and magnitudes of the forces in this
state from the different exchanges shows that both the baryon and
decuplet exchange contributions are attractive. The vector exchange

contribution is repulsive but larger than the baryon and decuplet

exchange contributions. The net effect is a repulsive force.

b. The D,, Amplitude

33
The experimental phase shift starts at zero and then increases
positively. At an energy of 1368 1t reaches about 7°.
Qur phase shift is small and positive up to an energy of
about 1208 MeV where it reaches about 0.05°. It then starts to
decrease up to an energy of about 1290 MeV, where it reaches zero,
At somewhat larger values of the energy, i1t is negative and small.
For example, at an energy of about 1368 MeV our phase shift is about
-0.270, in comparison with the experimental phase shift of about 70.
Analysis of the signs and magnitudes of the forces in this
case from the different exchanges shows that vector and decuplet

exchange, yield a repulsiye force. The baryon exchange contribution

is attractive. Baryon exchange dominates up to about 1280 MeV. At
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this energy both vector and decuplet exchange dJdominate over the baryon

exchange force. The net effect is then a slightly repulsive force.

D. F Wave Results
1. The 7/2+ Resonances
a. Electric (Y“) Vector and Baryon Exchange Contributions to the
Draiving Force.
Here we consider as the input potential the contribution
from the y“ part of the vector exchange process and the contribution

(6)

from baryon exchange. We then 1investigate the 7/2+ baryon resonances
by solving the multichannel relativistic Schrodinger equation for the
F7/2 partial wave amplitudes.

A cutoff of 8.7 BeV is introduced to convert the coupled
system of linear integral equations for the scattering amplitude into
a Fredholm system. We recall that this was the value of the cutoff
required to produce N§/2(1236) at its observed experimental energy
when only the contribution from baryon exchange was considered as the
input potential. We would like to note that in our present calcu-
lation a cutoff is not really necessary. The system of integral
equations for the scattering amplitude can also be made Fredholm by
making the replacement a + bo + <, + do ~ /s in equations D.3 and
D.4. As we have discussed in Chapter V, the effect of such a replace-

ment is to make the potential weaker. Therefore, after making such

a replacement we need larger values of the coupling constants to

6. The calculations of D.H. showed that both p and N exchange were
the main contrabution to the force in the F37 partial wave amplitude.
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position a given resonance at its observed experimental energy.
However, the qualitative results are the same. Thus results similar
to those which we discuss in this section can be obtained without a
cutoff. Note that if we introduce the cﬁV term of the vector exchange
process, we can no longer convert the system of integral equations
into a Fredholm system by making the above replacement. This is the

main reason we do mnot take this term into account in this part of

the calculation.

1) I = 3/2, ¥Y=1State.

8orm Epmy

Both the coupling constant Zm and the cutoff are

fixed at values of 1 and 8.7 BeV. We take the coupling constant

iy
4nN as a variable parameter, to be fixed by requiring the corresponding

eigenphase in this state to go through 90° at an energy of about 1920

MeV. Such a resonance corresponds to N%

3/

corresponding eigenphases for values of the coupling constant of 24,

2(1920). In Figure 7-2 the

24.6, and 25 are shown. Analysis of that figure shows that for a value

g
of 42N = 24, the eigenphase goes through 90° at an energy of about
1978 MeV.

For coupling constants of 24.6 and 25 the N§/2(1920) appears

at energies of 1913 and 1872 MeV. We note that increasing the coupling

constant from 24 to 25 makes the N¥ (1920) resonance energy move

3/2
down by about 5%. For coupling constants of 24, 24,6, and 25, the
N§/2(1920) appears with a width of 115, 80, or 69 MeV.respectively.

Thus we see that increasing the coupling constant from 24 to 25

decreases the width of the resonance by about 40%.
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Fig. 7-2.

Eigenphases for the I = 3/2, Y = 41, F state. Only the con-

7/2

tribution from the YM part of the vector exchange process and
baryon exchange to the input potential are considered. The

solid curve gives the results obtained for the coupling constant

2
gzﬁgﬂ = 25. The dashed curve gives the results obtained for the
coupling constant gégNN = 24.6. The dot-daghed curve gives the
result obtained for the coupling constant gézNN = 24, We used
EEEEzSREE = 1 1n these calculations.
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i1) Other Isospin States.

If we next consider the other 1sospin states, we note for
a coupling constant of 24 both Yl*(2035) and Q° appear at energies
of 1932 and 2444 MeV respectively. However, =* does not appear for
this wvalue of the coupling constant. By increasing the coupling
constant to 24.6, we then note that all the members of this possible
decuplet now appear. With this coupling constant Yl*(2035), =% and
Q0" now appear at energies of 1844, 2108, and 2384 MeV respectively.
With a coupling constant of 25 the energies of Yl*(2035), =% and O
are now 1924, 2104, and 2360 MeV respectively. For coupling constants
of 24, 24.6, or 25 the width of Yl*(2035) is 58, 48, or 42 MeV
respectively., The width of the =* is about 26 or 24 MeV for coupling
constants for 24.6 or 25 respectively. The Q0 width is 79, 76, or 75
MeV for coupling constants of 24, 24.6, or 25 respectively. The main
conclusion of the model discussed in this section 1s that both =% and

Q" seem to be predicted by the model.

iii) Equal Spacing Rule.

As we have discussed in connection with the 3/24 decuplet,
the Gellmann Okubo mass formula predicts an equal spacing rule
between consecutive members of a decuplet. Since there are only two
members of the possible 7/2+ decuplet which are know experimentally,
not much can be deduced from experiment about such a rule in this
case. The experimental energy difference between Yl*(2035) and Ng/z
(1920) is about 115 MeV. Thus the equal spacing rule would predict
the existence of S* and 1 at energies of about 2150 and 2265 MeV.

Consideration of our results shows the following mass

differences
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MY* - MN* -70 or MeV,

M 'MY*

My T e

for coupling constants of 24.6 or 25.

264 or 80 MeV, and (7.3)
276 or 256 MeV,

Analysis of these results shows that even though =%, Y,
and Q seem to follow an equal spacing rule, N* does not. The equal
spacing rule is not satisfied since the ¥* resonance energy appears
below the resonance energy for the N* for coupling constants of 24 or
24.6, rather than above, as the experimental results seem to indicate.
For a coupling constant of 25, ¥* appears above N* as it should. How-

ever, consideration of the =%, Y*, and Q0 does seem to indicate a rough

validity of the equal spacing rule, at least for these members of the

decuplet.
1v) Branching Ratios.
Here we will discuss the branching ratios predicted by this

model for each of the members of the 7/2+ decuplet. The model predicts

the N§72(1920) to decay mostly into the TN channel. The corresponding

branching ratio is almost 100%. The N§/2

the KX channel is very small (less than 1%). This agrees with the

(1920) branching ratio into

experimental results, which indicate that the TN channel is the main

P.B. decay mode for this resonance. Note that the width predicted by

our model for N§/2(1920) is in agreement with the experimental width
since this resonance is experimentally known to decay about 50% 1into

the TN channel, and its width is about 200 MeV. Therefore, consideration
of only the P.B. channels would yield an experimental width of about

100 MeV for this resonance, which agrees with the width predicted by

our model.
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Consideration of the Yl*(2035) in our model shows that its
main decay mode is the AT channel. This agrees with experiment. For
coupling constants of 24.6 and 25 we obtain branching ratios for the
decay into the AT channel of about 88% and 95%. The Yl*(2035) decay
branching ratios into the Xm and KN channels are smaller. Its decay
into the TA and K= chamnels 1s negligible. The I decay branching
ratio is about 10% for a coupling constant of 24.6., For a coupling
constant of 25 it decreases to about 4%. For a coupling constant of
24.6 the KN decay branching ratio is about 2%. It decreases to 1%
by increasing the coupling constant to 25. Experimentally Yl*(2035)
decays mainly into the A1 channel with a branching ratio of about
25%. The corresponding branching ratio into the KN channel is about
16%. The M branching ratio is smaller and has not yet been measured.
Other P.B. decay modes are negligible. Comnsidering only P.B. channels,
we would thus expect to obtain for the Yl*(2035) about 50% of its
experimental width., Thus considering only P.B. channels, we would
expect 1ts width to be about 80 MeV. This agrees with the width
predicted by this model.

Consideration of =% shows that this model predicts this state
to decay mainly into the ™= channel. The corresponding branching ratio
is about 95% for a coupling constant of 24,6 or about 97% for a
coupling comstant of 25. It can also decay into the KA and KS channels,
but with much smaller branching ratios. For a coupling constant of
24.6 the branching ratios into the KA and K% channels are about 2%

and 17 respectively. In principle it can also decay into the Ts
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channel, since the resonance energy for =% is above the Te threshold.
However, the corresponding branching ratio predicted by this model

is negligible., We also note that the =% predicted by this model has

a P.B. width of about 26 MeV. Therefore, 1f =% 1s seen experimentally,
we would expect its P.B. width to be smaller than both the N¥* and

Y% widths.

Consideration of the 3 shows that this model predicts this
resonance to be a 100% K= resonance. This is so, since this is the
only P.B, channel which contributes to the I = 0, Y = -2 state. The
corresponding Q width is about 76 MeV. Thus on the basis of this
model, we would expect the Q to appear experimentally with an P.B.
width larger than both the Yl*(2035) width and the =% width. However,

we expect its width to be smaller than the N§/2(1920) width.

b. Vector Baryon, and Decuplet Exchange Contributions to the

Driving Force

In this section we reinvestigate the 7/2+ baryon resonances
by considering the contributions to the input potential due to vector,
baryon, and decuplet exchanges. This discussion differs from section a
in that the contribution of the CMV part of the vector exchange process
and also the 3/2+ decuplet exchange contribution are considered. We have
stated these last two contributions lead to a divergent potential.

Thus to solve the multichannel relativistic Schrodinger equation, we

must introduce a cutoff. We choose a cutoff value of 2 BeV. The

&m
values for the coupling constants which we use are QHNN = 14,6,
g g g -
P PRN _ y ang —EENT _ 99 6 Bev 2

4T 47 )
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iy I = 3/2, ¥ = +1 State.

The results for the I = 3/2 , Y = 1 amplitude are shown in
Figure 7-3. We note that N§/2(1920) now appears in our model at an
energy of about 1777 MeV. 1In addition to requiring a smaller cutoff,
the introduction of the additional contributions to the potential
due to the GMV part of the vector exchange process and the 3/2+
decuplet exchange has been to decrease the resonance energies. Also
the width of the decuplet members is now greatly reduced. They now
appear as narrow resonances.

Analysis of the magnitudes and signs of the forces in this
state from the different exchanges shows that vector and baryon
exchange provide a strong attractive force. Decuplet emchange also
yields an attractive force, but 1s somewhat smaller than the other

forces.

i1) Other Isospin States.

Analysis of other isospin states shows the energy at which they
appear is also reduced. For example, Y* appears an an energy of
1814 MeV. We recall that when only the YH part of the vector exchange
process and baryon exchange were considered as the input potential,

Y* appeared at an energy of about 1844 MeV, when a coupling constant

8 N
4

additional contributions to the potential matrix has decreased the

value of 24.6 was used. Thus we note that the effect of the

Y* resonance energy by about 30 MeV. We recall that when only the Yu
contribution of the vector exchange process and the baryon exchange

process are taken as the input potential, Y* appeared at a somewhat
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state for coupling

Fig. 7-3. Eigenphase for Ehe I=23/2, Y=+41, F7/2
8 NN Borm BonN 8™ NN
constants of o 14.6, W = 1, and i 22.6

BeV_z. The contributions from vector, baryon, and decuplet

exchange to the input potential are considered. A cutoff of

2 BeV is used.
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2
BN
smaller energy than N§/2.for coupling constants e of 24 and 24.6.
However, after the duv part of the vector exchange process and the 3/2+
decuplet ekchange contyibutions are added to the potential, this feature

2
is no longer.present when, we. fix ;gﬂ at ,its experimental value. In fact,
Y* now appears at an energy of 1814 MeV, which is above the energy at
which N§/2(1920) appears as a resonance in this model (about 1777 MeV).
Also =% and 0 now appear at energies of about 2070 and 2285 MeV.

We note that the mass differences between members of the

decuplet are now

)

My, = My, = 37 Mev,
My - My*

Mh- - ME* 215 MeV.

256 MeV, and (7.4)

Thus the equal spacing rule 1s approximately satisfied for

Y%

-~ 2

=% and Q . However, this is not the case for N¢. This is the

same conclusion we had made when discussing both the yu contribution

of the vector exchange process and the baryon exchange contribution

to the input potential. We note that even though Y* is now heavier

than N* (in contrast to the case when only the yp part of the vector
exchange process and baryon exchange were considered and the value _Zg =

24 or 24.6 was used) the edual spacing rule is still not satisfied in thismode

Analysis of the branching ratios shows that N¥%, (1920)

%
3/2
appears as mostly a TN resonance. The decay branching ratio into

this channel is almost 100%. This is similar to our results when we

considered the Y“ part of the vector exchange force and the baryon
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exchange contributions. It is in agreement with the experimental
results.

Analysis of the other isospin states shows that Y % decays
mostly into the AT channel. The corresponding branching ratio is
about 62%. It can also decay into the TM and KN channels. The
corresponding branching ratios are about 37% and 17%. The branching
ratios into the T\ and K= channels 1s negligible. We note that thais
is the same qualitative conclusion we had reached when considering
only the contribution from the ¥

[V
and baryon exchange to the input potential,

part of the vector exchange process

Similarly consideration of the =% shows that its main decay mode
is the ™= channel, It can also decay into the KA channel. However,
the corresponding branching ratio is much smaller. The branching
ratio for its decay into the K& channel 1s even smaller. Even though
it can also decay into the TE channel, the corresponding branching
rat1o is negligible. These are the same conclusions we had reached
before.

Since only one channel contributes to the 1 state (E?), we
conclude that the model predicts the 0 to decay 100% into the =

channel.

2. The 5/2+ Resonances
a. Electric (Yu) Vector Exchange Contributions to the Driving Force

Here we consider the contribution from the YN part of the

(N

vector exchange process as the input potential. We then investigate

7. The calculations of D.H. showed that f exchange was the main con-
tribution to the force in the Fy5 partial wave amplitude.
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the 5/2+ baryon resonances by solving the multichannel relativistic
Schrodinger equation for the FS/2 partial wave amplitudes. A cutoff

of 8.7 BeV 1s introduced to convert the system of coupled integral
equations for the scattering amplitude into a Fredholm system. We
recall this was the value of the cutoff required to produce the
N3/2*(1236) at 1ts observed experimental energy when only the contri-
bution from baryon exchange was considered as the input potential.

This was discussed in Chapter VI. We consider only the YH contraibution

of the vector exchange process for the same reason as discussed in

connection with the 7/2+ resonances.

1) I =%, Y= 1 State,

The cutoff is fixed at a value of 8.7 BeV. We take the
coupling constant EEEE;%BHH as a variable parameter. In Figure
7-4 the eigenphases for the I = %, ¥ = 1 state for coupling constant
values of 1.0 and 2.0 are shown. We note that for a coupling constant
of one, the eigenphase increases slowly. We obtain a broad resonance
at a very large energy. For a coupling constant of 2.0, we
obtain a resonance corresponding to N§(1688) at an energy of about
2390 MeV. By further increasing the coupling constant we can move

- - Borm Eonn

the resonance down. However, this requires a value of 4T much
larger than the experimental value. Analysis of Figure 7-4 indicates
the eigenphase corresponding to the TIN channel seems to resonate even
for a coupling constant of 2.0. To lower the resonance position of
N; (considering only the ¥ part of the vector exchange process as the

"

input potential) we must increase the attraction by a large amount.
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Fig. 7-4. Eigenphases for the I = %, Y = +1, F5/2 state. Only the contri-

bution from the yu part of the vector exchange process to the
input potential 1s considered. The solid curve given the results

g g
obtained for the coupling constant —EEEE-EHE = 1. The dotted

curve gives the results obtained for the coupling constant

o Bown _
4 -
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For a coupling constant of 2.0, N%(1688) appears with a width of about

333 MeV.

ii) Other Isospin States.

Analysis of the other isospin states shows that for a
coupling constant of 2.0, all the members of the octet appear with
energies and widths larger than the experimental values. The Yl*(1910),
YO*(1820)q and =*(1930) appear at energies of 2600, 2540, and 3064
respectively. Their corresponding widths are 309, 900, and 690 MeV,

We wish to note that the mass ordering 1s the same as the experimental
one. The width ordering is the same as the experimental one, except

in the case of Yl*(1910) and =%(1930). 1In the model #(1930) appears
with a larger width than Yl*(1910) which is not the case experimentally.

The model predicts

Mg+ Mo
— 5 = 2727 MeV and

(7.5)
M. * + %*
MYo MY1
= 2555 MeV.
4
This is compared with experimental values of
Mgy Mo
— = 1809 MeV and
(7.6)

3MY°* + MYI*

4

= 1842 MeV-



177

We observe that the masses obtained in this model seem to
satisfy the Gellmann Okubo mass formula to about 6%.

The W¢%(1688) 1s predicted by this model to decay mainly
into the mN channel. The corresponding branching ratio obtained with
a coupling constant of 2.0, is about 94%. It can also decay into the
TN, KA, and KE channels. The correspornding branching ratios are much
smaller. For a coupling constant of 2.0 these branching ratios have
the numerical values of about 3%, 2%, and 1% respectively.

The Y1*(1910) 1s predicted by this modei to decay mainly 1into
the At channel. For a coupling constant of 2.0 the corresponding branch-
ing ratie 1s about 68%. Another chanrel in which 1t can decay is the
KN channel. The corresponding branching ratio obtained with a coupling
constant of 2.0 is about 20%. The Y1%{1910) can also decay into the Im
and TE channels. The corresponding branching ratios obtained with the
same value of the coupling constant ace about 9% and 37.

The Y, %(1820) is predicted by this model o decay mainly
into the MZ and KN channels. The corresponding branching ratios ob-
tained with a coupling constant of 2.0 are about 59% and 33%. It can
also decay into the TW and K= channels., The correspoading branching
ratios are smaller. For the same value of trhe coupling constant they

have the numerical values of about 7% and 1% respectively.

The S%(1930) 1s predicted to decay mainly into the M= channel.
For a coupling constant of 2.0 the corresponding branching ratio is
about 96%. It can also decay into the FA and RE channels. The cor-

responding branching ratios obtained with the same coupling constant
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are about 3% and 1%. Even though the decay of F%(1930) into the TF
channel is also energetically allowed, the corresponding branching

ratio i1s negligible.

b. Vector, Baryon, and Decuplet Exchange Contriburions to the
Driving Force

In this section we reinvestigate the 5/2+ resonances by con-
sidering the contributions to the input potential due to vector, bar-
yon, and decuplet exchange . We differ from section a in that we
have added the contributions from the Oyy part of the vector exchange
process and baryon and decuplet exchange . We solve rthe multichannel
relativistic Schrodinger equation wih tfis Lnput potential. We use a
cutoff value of 2 Bev. This is the same cutoff we used whea discussing

the 7/2+ decuplet. The values for the coupling constants which we use

2N = . = 2
are g 14.6, ggﬂjﬁgNN = 1, and & Nepnm = 22.6 Bev

&

i) 1 =%, ¥ = +1 State.

The results for this case of the I = %, ¥ = +1 amplitude are
shown in figure 6-5. We note that the N%(1688) now appears at an energy
of 1665 Mev. Thus we observe that the effect of introducing the addi-
tional exchanges has been to decrease the cutoff and the energies at
which the resonances appear. We recall that considering only the 'y
contribution of the vector exchange process with a cutoff of 8.7 Bev,
we obtained N¥%(1688) at an energy of 2390 Mev. After inclusion of the
additional exchanges, the cutoff moves down to 2 Bev, and the resonance

energy decreases from 2390 Mev to about 1665 Mev. Also we are now using
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EpmmEANN = 1, rather than 2, as we used 1n the previous calculation.
41

We must also note that inclusion of the additional exchanges decreases

the width considerably. The F. resonances NOwW appear as narrow

resonances.

ii) Other Isospin States.

Considering the other isospin states we observe that Y;%{1910)
and Y,*(1820) appear in our model at energies of 1841 Mev and 1810 Mev.
Also =% appears at an energy of about 1970 Mev. This 1s compared with

its experimental energy of about 1930 Mev.

1i1) Mass Formula.

From this model we obtain

Myt Ma o 1817 Mev and
e

3My % + Myr* (7.6)
= 1818 Mev.

A
This is compared with the experimental results of
My o+ Maw_ 1809 Mev and
(7.7
M-
BMYQ* + &'1*

A

= 1842 Mev.

Thus we see that the Gellmann Okubo mass formula seems to be satisfied

for this octet of resonances to better than 1%.

iv) Branching Ratios.
The N*%(1688) appears in this model as a resonance which de-

cays mainly into the TN channel. The corresponding branching ratio is
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Fig. 7-5. Eigenphase for the I = %, ¥ = 1, F5/2 state for the coupling con-

2 2 -
stants gomyy = 14.6, BprmBpNN = 1, and © N#NT = 22.6 Bev 2. The
41 4t 4

contributions from vector, baryon, and decuplet exchange to the

input potential are considered. A cutoff of 2 Bev is used.
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almost 100%. The branching ratios of the other possible P.B. channels
in which it can decay are negligible.

The Yl*(1910) appears in this model as a resonance which de-
cays mainly into the TA channel. The corresponding branching ratio is
about 68%. Another P.B. channel in which 1t can decay is the KN chan-
nel. The corresponding branching ratio is about 14%. It can also decay
into the TZ and 7Z channels. The corresponding branching ratios are
about 11% and 7%.

The model predicts YO*(1820) to be a resonance which decays
mainly into the K N channel. The corresponding branching ratio is
about 99%. It can also decay into the TXZ and TAchannels. However, the
corresponding branching ratios for each of these channels 1s small
(about %7). The branching ratio into the K= channel is negligible.

The =%(1930) is predicted by the model to be a resonance which
decays mainly into the ™= channel. The corresponding branching ratio
1s large (about 98%). The branching ratios into the ﬁA, RY, and TE

channels are small and of the same order of magnitude (less than 1%).

3. Nonresonant F Wave Amplitudes

a, The F17 Amplitude

The experimental phase shift for this state is small
(practically zero) and positive up to an energy of about 1368 Mev. Our
phase shifts are positive and small but increase slightly for larger
energies. For example, at an energy of 1188 Mev our phase shift 1is

about 0.00230. At an energy of 1368 Mev our phase shift 1is now
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slightly larger (0.690). Analysis of the contributions to this ampli-
tude from the different exchanges shows that both vector and decuplet
exchange give attractive forces. The baryon exchange contribution is
strong and repulsive. The contributions from the vector and decuplet
exchange are of the same order of magnitude. The net result is a slight-

ly attractive force.

b. The F,. Amplitude

35

The experimental phase shift start at zero and increase
positively to an energy of about 1180 Mev. At this energy it reaches
a maximum of about 0.080. It then starts decreasing and reaches zero
at an energy of about 1267 Mev. At energies larger than 1267 Mev the
phase shift then increases negatively and slowly. At an energy of about
1368 Mev, it is about -0,15°,

Our phase shifts are negatively increasing and small. For ex-
ample, at an energy of 1368 Mev our phase shift is about -0.20O in com-
parison with the experimental phase shift of about -0.150.

Analysis of the contributions to this amplitude from the dif-
ferent exchanges shows that both vector and baryon exchange yield a
repulsive contribution, The contribution from decuplet exchange is

attractive. Each of these contributions is essentially of the same

order of magnitude. Thus the net effect is a slightly repulsive force.
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VIII. SUMMARY AND CONCLUSIONS

We have studied a model for scattering of the pseudoscalar
meson octet by the baryon octet in the four lowest partial waves. Ac-
tual physical masses of the particles were used, so that SU(3) symmetry
was broken. Our model made use of the relativistic Schrﬁdlnger equation
as the dynamical equation. The potential which we used in this equation
was obtained by computing allowed single particle exchange processes for
which the exchange particles have spin less than or equal to 3/2, fol-
lowing some simple rules.

Different techniques which are generally used in determining
scattering amplitudes were reviewed. 1In this review emphasis was placed
on their advantages and disadvantages. The purpose of this discussion
was to note that as of yet there are no perfect calculational tools,
and there is certainly a need for other techniques. The relataivistic
Schrodinger equation was then considered as an example of another pos-
sible technique. To justify the possible use of the relativistic
Schrodinger equation to obtain scattering amplitudes a brief discussion
of 1ts properties was given. We noted that this equation obeyed two
particle unitarity, relativistic invariance, and macrocausality. We
then concluded that this equation was an acceptable tool to be used in
determining scattering amplitudes. 1In fact, we indicated that it may
even be a better approximation than other techniques based on the N/D

method, since it includes iterations of the potential,
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The Blankenbecler-Sugar equation and its relation to the
relativistic Schrodinger equation was discussed. It was observed that
the Blankenbecler-Sugur equation is nothing more than a relativistic
Schrodinger equation with a special prescription for computing the
potential and the propagator. However, we noted that such a prescrip-
tion is not unique. It depends on the choice of coordinate frame.
Thus no simple rule for determining the potential can be "derived"
starting from two particle unitarity and the Bethe-Salpeter equationm.

We should not expect simple dynamical models to predict
exact locations and widths of resonances, since they are known to be
sensitive to many dynamical effects which are not fully understood.

We wish to emphasize our opinion that the main point to be learned
from our calculations is that use of the multichannel relativistic
SchrBdinger equation yields results which are Ln qualitative agreement
with those obtained using other techniques such as the N/D method.
Thus the qualitative features of the results obtained in these calcu-
lations seem to be roughly independent of the technique employed in
performing them.

Our results indicate that phase shifts, resonance positions,
and branching ratios obtained in this model are usually in rough
agreement with experiment. However, widths did not always agree with
experiment. The main triumph of the model consisted in accounting
for most of the experimentally known baryon resonances.

Study of the S, amplitudes showed the existence of a unitary

¥
singlet (the Yo*(1405)), an octet of resonances (with both the I = 1,
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Y=0, and I = 0, Y = 0 states missing) to which N§(1570) belongs, and
a decuplet of resonances to which N§/2(1670) belongs.

Study of the P’JE amplitudes showed the existence of an octet
of states consisting of N(939) , A(1115), X(1193), and =(1318).
No resonance corresponding to N;(l&OO) was obtained.

Study of the P3/2 amplitudes showed the existence of a
decuplet of resonances consisting of N§/2(1236), Yl*(1385), =%(1529),
and Q (1675).

Study of the D amplitudes showed the existence of a nonet

3/2
of resonances consisting of Ng(lSZS), Yl*(1660), Yo*(1520), Yo*(1700),

and =% (1815) .

Study of the D amplitudes did not show any resonant behavior.

5/2
Study of the F5/2 amplitudes showed the existence of an octet

%
of resonances consisting of N§(1688), Yo*(1820), Yl*(1910), and =(1930) .

Study of the F amplitudes showed the existence of a

7/2
decuplet of resonances consisting of N§/2(1920), Yl*(2035), =% (2150),

and Q (2265) .
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Appendix A, SU(2) and SU(3) Comsiderations

1. General Considerations and Notation

This appendix will give the appropriate crossing coefficients
by which we must multiply the momentum dependence of the potentials
given in Appendix D to obtain the complete potentials. To reiterate,
we shall assume invariance under the three dimensional unitary group
SU(3) insofar as to obtain relations between coupling constants, but
we break the symmetry in the sense that we use physical masses for
both the exchanged and the incoming and outgoing particles. The SU(3)
crossing coefficients can be obtained by merely writing out the
Lagrangian and multiplying the coupling constants for particles in
the'process in question by the appropriate isotopic spin factor.

In the case of perfect SU(3) symmetry, however, it is easier
to compute the SU(3) crossing coefficients directly by expanding the
SU(3) field operators in the exchange diagram into SU(3) irreducible
tensors in the s channel and then taking matrix elements between
physical states.

We compute our coefficients by a combination of both methods.
In fact in many cases only one particle is exchanged, due to simple
conservation laws like isospin, G parity and hypercharge. Thus once
we compute the crossing coefficient in the limit of perfect SU(3) we
already have 1t in the broken case.

In other cases, however, more than one particle can be
exchanged. An example of this is the case of A and & exchange. Then

we must compute the crossing coefficient directly as explained before.
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We denote the baryon octet by B;,the pseudoscalar meson

i
k

to 3 and 4 is a Lorentz index characterizing the vector mesons. The

octet by P and the vector meson octet by V;, where 1, k run from 1

explicit elements of each of the above are more conveniently shown in

terms of the usual matrices which follow

. Q
B, = 5" SE L :
N2 W6
2
- - =5 A
—_— - O
— = '\/g
TTO
LRSS t it
N2 A6
(o]
P:; = -n-- - I <+ "n— Ko , and
J2 e
- - 2
K K° - ==
A6
o P w
e Lo o ot KT
J2 M6 B
~d _ o P w
Vl 0 - Lp + o] + [o] Kko
J 2 6 A3
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In the above the symbols stand for the field operators which
destroy the corresponding particles. We have denoted the vector
meson matrix by'g; rather than V? because we have introduced the

singlet vector meson w, - The octet part V§ 18 obtained by merely

subtracting this term divided by4J§ along the diagonal.

2. ©, yw mixing.
We will now review the so-called ¢, @ mixing (Sakurai, 1962) .

Since both 9, and W, have identical quantum numbers, one expects
mixing between them. The physical states ¢ and @ are related to @,

and (.Do by

RS
]

cosy wo + sing wo

and (A.1D)

-sing %, + cosx wo

€
n

and are eigenstates of the total Hamiltonian

H = Ho + Hl

where H0 is invariant under SU(3) and H1 is a perturbation.

One is then led to diagonalize the mass submatrix given

by
MZ + €
8 T €11 12
2
€1 M)+ €y

where €19 = €yy = (8|H1]1), €1 = (8|H1|8), 622 = (1|M1|1), and where
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Mg and Mi represent the corresponding SU(3) limit masses for the octet

and the singlet respectively.
Requiring ¢ and W to be eigenstates of the above matrix we

obtain

(talrloz)2 = 2= (A.2)

where mg = mg + €17 1S the value given by the mass formula for the

octet
2 3 2 1 2
ka* =3 mg + > mP .
By inserting the known values of L and m, one obtains
ms’w 930 MeV, Substituting into (A.2) we obtain

y2 - 1020 - 930

930 - 783 — 0-61.

(tany

The value obtained using the quark model with the usual assumptions

is (tana)2 = 0.50. We shall, for simplicity, merely use this result.

_]zJI
?="\3 % + 3 %

and (A.3)

/1 ’2
W =y [= —
3 CPo + 3 ¥ -

Thus we have
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Expressing V; in terms of physical particles, we then obtain

V2 W2 \
’;/"i. = p- 'p—— el S
] Vi i
K*"' "12*0 Qo |

3. Direct Product of Two Octets

If we consider the direct product of two octets characterized

by irreducible tensors Y} and w% respectively, we obtain(l)

—;;— [-ze%els‘z- zazes + 36 %, o) + 38 e ]

+ [ =L sigk lskjs+LeW Pk 4 L. pik g

23 = 850,
w2 6\5 3 J2

P14

ST

1 k 1 i k
——— - .
+ [5jeaz 5,9 J], (A.4)

V6

where

)

1. This corresponds to the well-known reduction:

8§®8=1+ 81 + 8 + 10 + 10 + 27.
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i _ 13yt ot _ 2 iy B
0y 1o 4 * 5% - 5 078 9

1L et oyt
a3 V3 (a5 = ¥y

1jk 1 - dioB ik 1P k3 1o k1 joB ik
pHt = —
o C NP TE YT ET YWt e Y%
+ EkaB ¢t 3, kaB ¢ i
B TE ) 1s
= 1 o B o B o B o B
Dle - N [ elaﬁvj¢k + €ioB kaj + ejaa Yo, + EjQB ¥i%
o B o B
+ ekaB Yi ¢J + EkaB YJ ml], and
ik 1.,1 k_ ki ik, Jk i 1 -1,k a k
T = q LYy Ot Yy Ot Y Yy @) - 55 (8,0, @)+ ¥y @)

k, 1 o o 1 i,k o o k k,,1 o o .1
+ 6J(Ya 9, + ¥, wa) + sz(vd ¢j + wJ @d) + sz(Yd ¢j + Yj @, ]

1 1 .k ik B o
+ 75 [éj §, + 62 6j ]Ya P

4, General Expression for SU(2) Crossing Coefficients
For completeness we will discuss in this section the general
expressions for SU(2) crossing coefficients in terms of Racah coef-
ficients as given by Mandelstam et al, (1962) and Carruthers and

Krisch (1965). Consider two body reactions of the type
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s channel: a+ b-c+4d,
t channel: a + ¢ - b+ d, and

u channel: a4+ d—-c+ b .

This is shown in Figure A-1,

Crossing symmetry asserts that if the invariants s, t, and
u are continued to the physical domain of a crossed channel, the
continued amplitude describes the process in question. Explicitly that

is

"

(cd]Tslab) gsu (cElTu]aa) (A.5)

and

(ed|T_|ab)

S, (BT |ad), (A.6)

where gsu and Est are phases which are determined by requiring states
to transform according to the Condon and Shortley phase convention so
as to allow us to use the usual tables of Clebsch Gordan coefficients.

We then use isospin conservation to write

(cd|T_|ab) =5 T (s') C(abs'; oB) C(cds'; b)), (A.7)
S

(cBlTulaE) =3 Tu(u') C(adu'; ¢ - 8) C(ebu'; v - B), A.8)
ul

and

(Bd|Tt|aE> =32 T (t') clact'; o - v) C(bdt'; - BE), (A.9)
tl
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s channel—e-

o
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t channel—»-
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u channel—»

d b

FIG. A<l CONNECTION BETWEEN THE s, t
AND u CHANNELS.



195

where Tu(u') denotes the amplitude for scattering in isospin u' in
channel y, the C's denote the Clebsch-Gordan coefficients in the
notation of Rose (1957) and @, B8, v, and 8 denote the z components of
isospin for particles a, b, ¢, and d respectively.

We then use the following standard formulas involving the

»
¥

Racah coefficients:
C(abs'; o ) G(eds'; y8) = T (2s'+1) (-)Y‘“+a'CW(abdc; s'u')
u
X c(adu'; og~6) C(cdu’; vy-B) and (A.10)

)6-a/+ a+d W(as't'd; be)

C(abs'; oB ) C(cds'; v8) = 'z:;,(ZS'-i-l) (-
X C(bdt'; -86) c(act'; o -vy) . (A.1D)

It is from this that we obtain the crossing matrices X a's'’ X

s t's!
defined by
Tu(u') = 2' Xy1g Ts(s') (A.12)
and
1y - v
Tt(t ) = E' Xt's“ Ts(s ) . (A.13)

Taking care of the phases E we then obtain the corresponding

crossing matrices

oF o gIII _ (yatb-c+d
us us

(2s + 1) W(abde; su), (A.14)



196

Ky, = Xooh = (M (95 4 1) H(astds be), (A.15)
xis = (=)@ P (52 4 1) W(abde; su), and (A.16)
xii = (_)a-b+c+d (25 + 1) W(astd; be), A.17)

where I, II, and IlI are used to differentiate between the cases in which ,
the crossed particles are both self conjugate, both conjugate doublets,
or one is self conjugate and the other is a conjugate doublet.

There exist convenient tables of Racah coefficients so the
problem of computing SU(2) croasing coefficients 1s reduced to the
problem of looking up these coefficients. We mention Biedenharn,Blatt,
and Rose (1952) as an example of these tables. They give explicit

analytic expressions for most Racah coefficients for simple cases.

R
5, The reaction 0 +-§ - 0 +-5
a. Baryon exchange
We first consider baryon exchange in the u channel as shown

in Figure A-2. The BPB interaction Lagrangian is given by

= A ]
-£int-1.\/—gﬂNB Y[ (1-2£) B P +B P)Y. (A.18)
where &N is the pion nucleon coupling constant and £, the so-called
F/D ratio, is more or less known experimentally.

If we expand the above, we have



}
NI;
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2

FIG. A-2 BARYON EXCHANGE IN THE
u CHANNEL.
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)

=4}
!
=
+
™Ml
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int = EgnNN T g,\nz(rr AL + h.c.) - g o T° (
{

+
[1)°]
=
m
Ay
m

+ 8AKN (NAK 4+ h.c.) + gZKN(N T-$K+ h.c.)

1
=]
u

N
m

+

c - = _C -—
BAgs = AK +h.c.)+gzK_:__ :T-ZK +h.c.)+gNnNNN’T]

g ﬂKA+anZ n§-2+g.=.n5,n§a], (A.19)

AT A

where we have omitted the iys, and where

BN = BN’
8\ J—;—a-m g
smy = 2fg1'rN’

Bz ge= (1-20) g

Boxy = (1-2£) g N

1
- (1"4f) g‘n’N’

gAK; = v@

gZK;__- = g’n‘N’

g, = - == (1-4£) g

NT N J3 TN’
= -2 -0 g

EAma 3 N’



199

gET\):! = ,\/-—;— (i-f) By and

1
g m. - == (1+2f) .
LY. o

In addition we have defined
NT- NT = (pp-na)T° + ~2 (mpm™ + oo™
TAD 4 hee = AEH T 4 T 4 2°00) 4 Errt + T+ TrOA,
1(—"2; X ;) e G - s @S- T O s @ 2 - T £ynt,

g - - J— — ——— - -] -
TG = -2029m° +42 =2 +35% mhy,

mi

-
'n' .
TAK+hoc. = APK + 1KY + GKT + kA,

78 ke hoc. = GKT - FKOZC + 42 (GK'T 4 527%% + TO(pK - 1K)

-z~l-—o

4+ 42 & 0K + T pK?),

AKS 4 hoc. = AKT +29%% + @K+ =TKOA,

N N\ = (pp + nm) T,

A A = A AT,

o
L

= (f"Z"' + 352 + %%,
= =M= —"=" 4+ == )T, and
TTTRC . == (EFC - TR + 42 ERT 42K T) - BE% - ="K

+ A2 (TZ-" 0=" +§+K+E°),
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where the symbols stand for the field operators which destroy the
corresponding particles. For example,zf+ denotes the field operator
which destroys the positively charged 2+. Also a bar placed over

a symbol.as for example E*-, denotes the field operator which creates

the corresponding particle. We use

_ el _1 k
B By = (6,8 =736 8, (A.20)
and
_ _ e P 1 ok k 1. _ _ =4 o1
£ . =2 gy B,[(1-20) B B+ B By =2 gy (1-20) B; P} +
Br Pf'.] B3 (A.21)
I/ N :

where we have dropped the iYS.We then obtain as the result of the contracti

for the process in consideration

2g (ra-20 ) 275+ 8X etlyra- 2f)B P, + B} P]
2 ra-26) Bl P “J‘ k }[(1 2f)B P£+B P]}. (A.22)
Using relation (A.4) we obtain
B?P*ka( ji&—]T><T| ]es><eS]--:1;|s><S|-|D><D|+
+|D>< D, (A.23)

where we have used the outer product notation and where |S >, ,Gs>,
|9a>, lD > 15 >, and |T > denote the normalized scalar, symmetric octet,

antisymmetric octet, 10,-16, and 27 states respectively.
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Similarly we obtain

=1 ) k4 2 1 T
By P By P = lT>< 7| 1o >< ol 5 18> < s| + |p > <p|-|Dp><p],
(A.24)

T 3 8

By P, B Pl =3 Ies> <eS|- > [ea> <ea|¢ : ls ><s], (A.25)

b oty ko1 =itk 3 o4

B P By Py =B, P B P, (A.26)

and

"ﬁf P+3‘ Bl Py = |T>< TI+ISS><QSIJ~[S><S(-lﬁ><BI-ID><D|
-loe><e|. (A.27)

Substituting relations (A.21) to (A.24) into (A.22) we obtain

{2 26+ Dl <al - 262 26 +1) [0 > < 8 |+ 2ags 108
8 2 8, .2 -, =
- 5)|ea> < eal - 30 £-)fp> < |+ 3(E°- 51+ 1 |p> < D

b, 2 VP
- £+ 10£ - 5 s> < S,Jérm . (A.28)

The contribution to the relevant isotopic spin, hypercharge
states is easily computed once we have the crossing matrix given above
by using De Swart's tables (1963) . Exceptions occur in those cases
when we have A and Z exchange in which we compute the crossing coef-
ficient directly by multiplying the relevant coupling constant by
the isotopic spin factor, as has been discussed in Part 3 of this
appendix. In so doing we must use properly normalized field operator

expressions for the isotopic spin states.
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We list SU(3) crossing coefficients for each hypercharge and
1sotapic spin state as a matrix whose (i, j) element represents the
crossing coefficient for the scattering from channel i to channel j,
and where the symbol in parentheses next to each crossing coefficient
represents the particles being exchanged. Due to symmetry we need
only list half of the off diagonal terms. We denote the 1isotopic spin

and hypercharge by I and Y respectively.

KN
KN( - %(1+4f+-’+f2) Ny + 3(1-6E+4ED) (?3))5_2.3TN >

I =3/2, ¥Y=1

TN KX

N/ 2(N) - %(1+f-2f2) Ny - 2(£-2£2) (D)

By
K& 2(=)



I = —32[- Y=1

TN N KA KX \,
TN -1 (1-4E) (N) -2(1-380267) @) J(E-26) ) - 2026-48) @)
™ -31(1-3f+16f2) ) -§-(1+f-2f2) ) 2(1-3£42£2) (D)

2
1 2 L

KA F(-8£+168) () -(1-48) ()
K& -1(5) 4
I=1,¥Y¥=0

A\ L)Y KN TZ K=
n/\"§(1—zf+f2) ) 4\/§ (1428) (D) \/—§ 12D - 3 (12648 (N) @ (1-6£48£2) (=)

o

- %(1‘2f1:f2) ™ + 482D 2(1-20) W -4\/‘3' (£-£5) @ -2(1-2) (=)

2 2 1 2
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X= (-31 (1-8£+16£2) (A) + 3(2))gfm.

b. Decuplet Exchange

We next consider decu
in Figure A-3.

In this case, since a

plet exchange in the u channel as shown

11 members of the decuplet have different

hypercharge, knowledge of the crossing coefficients in the case of

perfect SU(3) symmetry gives us
broken SU(3). This is because
each process.

We can write for the

n _o¢ —4
Bﬂ Pm kad

—

Imk O
-8 = By [E 5—}5

int
where W denotesa Lorentz index,
(as computed from the width of

Levi Cevita tensor given by

+1 1f (fmk) 1s
Ezmk = -1 if (4uk) is
0 otherwise.

also the crossing coefficients in

only one particle can be exchanged for
B*¥BP coupling the interaction Lagrangian

+ €

2 Eﬁ p" ka], (A.29)

4mk axu o

By denotes the N* pi+ coupling constant

the N*) and € is the antisymmetric

Lk

an even permutation of (123),

an odd permutation of (123),

If we expand the above SU(3) Lagrangian omitting space time

complications, we obtain



206

S
nNjw
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FIG. A-3 DECUPLET EXCHANGE IN
THE u CHANNEL.
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ne = gmHPJE ﬁ*{(Nn)B/z- (ZK)3/2} +-;%— _f( TN+K T =
G EXT -ABAT+BEN) = (7.8 kS T7 = 4 45 KA
NE)
A3=M +4/20 %] +h.c.,

(A.30)

where we have defined

N PTT++—1"
++

V3

)
We(NM) 4 /5=

— — - —r -
N («/5 p1'r°- rm+) + — N _(prT +42 n’rro) +N nT ,
+ ﬁ o -

with a similar expression for N¥ (2K)

3/2° The rest of the terms are

defined as on page 12.
For the diagram of Figure A-3 we obtain
2 r k'n'a'= = B Y8k m tw
gN%[D Dkno.':l €§Bk'Bn' Pa' € By P6

(A.31)
B ’
6

We then obtain for the above expression in the s channel
2

[-15|s> <s| + 6|es> <esl - BJ;([GS> <ea| + |6a>< Gs[)
+3|p> < |+ 3> <D + |T>< 1],
where the notation 1s as before.

(A.32)

We then obtain for the crossing coefficientgin the different
isotopic spin and hypercharge states the following results:
I =



I1=23/2,¥Y=1
Ty kS
1 1
N/ 3 (%) -5 (%)
2
1 gN* H
KZ -5 (=%)
I=1/2, Y =1
TN IN KA K%
4 1 21
W3 AW 0 g () 3 (%)
N 0 0 2 (Y*)
8 2
B >
KA 2 @) -2
1
K= s (Y*)
I=1,Y=0
i " TN i
A -21- (%) - “/—E— (x*) 0 0
1 2 V6
ury 5 (1% 3 (W) - (¥
KN 0 0
\ 1
Tz 2 (%)
K=
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I =0,Y=0
" K

o -2 (Y*) 213 (N*)

3 3
KN 0
™"
K=
I =1/2, ¥ = -1

7= KA
= - % =%) %’(Y*)
KA 0
K=
T =0, Y =-2

Xs

k=G @) &, .

c. Vector Exchange

E?

]
Wi

(¥%)

(N¥)

w e

N fims

N f=
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gN* H

gN* 2
(Y*)

(=*)

We next consider vector meson exchange in the t channel as

gshown in Figure A-4.

For the VPP interaction (denoting the pTmmT

coupling constant by gp) we may write the following SU(3) Lagrangian:



1t Lt
2 2

FIG. A4 VECTOR MESON EXCHANGE IN THE
t CHANNEL.
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g s jaP'l; « OB g 1[otige_ptk b3
Line = 75w |fk ox, Ey 9 = (pm"“"zu)vuJE KFiTE g P;' ‘

(A.33)

Note that the above term is zero if we consider the singlet vector

meson. Thus the singlet vector meson does not couple to two pseudo-
scalar mesons. We also note that the interaction is pure F type due
to the assumed invariance of the Lagrangian under charge conjugation.

If we expand the above (omitting space time complications)

we obtain

b d -t — . ’r-—. *1‘-—0 -—d
L= gp[p-(ﬂ XT+iK T K + (1K' T KT + h.c.)
%t t
+43 (K" KN + h.c.) +4/3 ®_ 1K K], (A.34)

where we have used the same notation as before.
For the VBB interaction, denoting the NN coupling constant

by gé, we may write the following SU(3) interaction Lagrangian:

- = o - -1 .k -k 1 . . - _k -l i j
€ ine = g2 (La-20) B By + B 3 +5L(1-26,)B B + B3 1vy,

(A.35)

where we have dropped the iYM in the first term and the 10hvev in the
second term.(z) In addition we have dropped the singlet exchange part
since 1t does not couple to two pseudoscalar mesons. Assuming as
usual that the 1-1 component of the traceless octet is the electro-

magnetic current, we obtain f1=1. This is so since the 1-1 component

of the traceless octet corresponding to the first term is

2. The &, appearing in iOyyey denotes the Vth component of momentum
transfer as defined in Appendix 8.
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=1 _k , =k
[(1-2£,)B B + B;

1 gk
. By B, - z 5 (- fl) B, (A.36)

We recall that the form for the YM part of the electromagnetic current
is given by
=1EB«( l-B’\(B] (A.37)
e k '
Therefore, both of them agree provided fl = 1, 1In addition

f2 1s determined from the ratio of the magnetic moments of the neutron

and proton.

We obtain
X 2(1-£,)
n 2
s T 142f : (A.38)
P 2

Upon using(Kn = ~1,91, M$ = 1.79 in nuclear magnetons (n.m), we obtain

= 0.226.

Also since the magnetic moment of the proton is 2.79 n.m., we obtain
W1 - 2(1-£)] =% _ = 2.79 n.m (A.39)
3 2 b . .M.,

from which we obtain

¥=3.70 n.m.

Therefore, we use for the interaction Lagrangian

i_ 8BS 3.70 k i h|
S ne" 8 «/'[{B B, - B B }+ L {(12f2)3 BJ+BJB}JV

(A.40)
where f2 = 0.226.
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We then obtain for the process inquestion unitary spin

factors of the form

Pt oK ok pI1rrmk pi . TL oKy L 3.70 f g 0e 3L ok L Tk o
gpgp[P AR PkJ[{BJ B, - B Bj] + = {(1-2£,) 3 B + B, B 1.

(A.41)
By expanding the above expression into the appropriate

irreducible s channel tensors, this becomes
! > < > < - >
gogal(6ls > <s| +3le><0 | +3]e><0 | -2[T><1)

e (6 f2|S ><s| +3 £,]8 >< esl +3 f216a>< eal - 2f2IT><Tl

-

-5 (1-£,) Ies> < eal -5 (1-f2)|6a> < esl - 2(1-£,)) Ip > < p

+ 2(1-£,) D> <D, (A.42)

where we have replaced 2m by mb + md in the broken SU(3) case.

We note that the second term can be written as the first

term times f2 plus
' - - - - - -
ggpl-/5 (-0 > <0 | -5 (1-gyle><0 | - 20-) [ > < 1l

+ 2(1-£,) D > < 7|1, (A.43)

where we have omitted the common factor 3.70/(mb+md). We will,

therefore, only tabulate the crossing coefficients corresponding to

g’lels ><s| +3le ><08 | +3le><]| -2lr><1] (A.44)
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and
2
g (-5 (-gple><0 | -5 (1-g)l0><e | - 2(1-£,) D > < p|

+2(1-£,) |D > <1|],

(A.45)
1 1
2 . gpgp 8,8 .
where g denotes gpgp, brmd 3Cf2 or E%;%ETC. We obtain for the

crossing coefficients corresponding to (A.44) the following results:

KN

TN KZ
N -1(p) -1(K*)

’ Loy -1
KE - 30 - 7@



I=1/2,¥=1

N N KA
™ [ 20 0 2 (k)
i 0 - 2H)
KA 0
KE
T=1,Y=0

mA 7% KN
mA [0 0 - [ZQ(K*)
e 2(p) -1 (K*)
XN - L) + 2@+ @
2 2

=
K__.__-
T=1/2, ¥ = -1

s KA T
m [ o2y 2w - 2@H)
KA 0 0
o> © 3o+ 1)

\ 3+ 3

KE

- S (k)
- 2wy
0

3 1
3(p) + 3(w)

ne

V6

- —5(1(*)

- (k%)

- ()

’

KE

- L8 ey
1(K#)
0

/6

- —Z-(K*)

1 1 .
- 2O+ F@O+@
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g,



ne KN
g 4(P) - M%(K*)
N 20+ 3@+ @
™'
-

I1=0,Y=-2

no coupling.

™ =
0 [ZQ(K*)
%(K*) 0 ;2

3 1
SO+ SO +®

For the crossing coefficients corresponding to(A.45) we obtain the

following results:

KN

N -1(p) +1(K#%)

1 1
KZ - 50 - 3

2
g (l'fz) Y
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I =1/2, ¥ =1

™N N KA
N [ 2(p) 0 ':,,_1'(1(*)
™ 0o - %(K*)
RA - 50 - W+ 2@
KZ
I=1,¥=0
A e KN
oo -2y Ll
i) 0 1(K*)
KN ~1()
e
-
1=0,Y=0
i KN ™
g 0 £g(we) 0
R 23+ 2wr-00 2aewy
N 0
K=

1
7 (k%)
2 &)

-1(%)

1 1
- ’2'(9)~ 7@ ,

=

/6

" (K¥)

N/
=5 (K¥)

V6

— (&)

1(K*)

/6

"2

1(9)

(K*)

3 1
-5 ) - SW)+©)
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2
g (leZ),

2

2
g (1-f2):
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I=1/2, Y=1

= KA KE =
. 1 1
= [ -200) (¥ = 5 (K¥) 0
KA IR+ T 2@ 1@ STCONA
‘ g (1'f2) ’
- 1 1 3
K2 - E(P)- 7 5 (K*)

K=(-1(p) - 1(9))g(1-£,)

6. The Reaction 0~ +3+ -1 + !5+

Here we will consider pseudoscalar meson exchange in the t channel
as shown in Figure A-5. We write the SU(3) Lagrangian which we have
already discussed and consider the appropriate s channel expansion,

We find

2
klagle ><o | + 36> <6 | -5 (1-0) 6 > < o,
- A5 (1-£) |8 > <eS| - 201-f)|p>< | +20-6|D > < D|

+ 6f|s > <s| - 28]l7 > < 7], (A.46)

where f is as we have already defined for the PBB Lagrangian and k2 is
the product of the PTT coupling constant and the TNN coupling constant.

We obtain the following results:
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+
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FIG, A-5 PSEUDOSCALAR MESON EXCHANGE
IN THE t CHANNEL.
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I=1/2, ¥ = -1

p= E*E E*/\ ¢ =
m= -2(1-2£) () 0 %(l-&f) ® - -;-(K)
B[ 34D 0 A4HE  -(-HM  -(1-5) M ,
k™,
[RNETE 2Ky -@eD M) 2£MHI-D
T 0 ~o 2040 ® 2@

7. The Reaction 0 + %% - 0 + 3/2+

Here we will consider only 1 exchange as shown in Figure
A-6., The SU(3) interaction Lagrangians used for this process have
already been discugsed. We will consider only the I = 3/2, Y= 1 case.
We obtain, denoting by 1% the product Bp Eyp * where 8yis the pMMcoupling
constant and Biysep is the Ni+ pp+ coupling constant ' the following

results:

TN N Ky*
1 1
N - —() 0 - == (K*)
V15 G n2.
KT Ly  Bay —L) + -+ L

213 2 26 W WG
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FIG. A-6 VECTOR EXCHANGE IN THE t CHANNEL.
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Appendix B. NOTATION

1.
a, For the Dirac matrices we use:
0 -10'k
Yk- ]
1ck 0

and

1
dpv = 21(Yﬁ Yo = Yy YM)’
where B,V = 1 to 4.
b. For the spin % baryons we use the Dirac spinor u(B) such that
(xyp + Wu(p) = 0 and u(plu(p) = u+(p)va u(p) .= 1. (B.1)

The explicit form of the spinor is

- po+m ]
U(P) = 2m - - ] (B.Z)
R X
ptm 7]

where xj is a Pauli spinor.
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c, The vector mesons are represented by a polarization four
vector Gu such that €'k = 0, k being the four momentum of the vector

mesons. In the 'rest frame of the vector particle, the € corresponding

0
to the creation of a particle with z components of spin m are

€_-i€
ne 1, <_x__z>
N2

m= 0, Ez; and (B.3)

€ €
0 _1’<__x___1> .
N2

The E& for other directions and frames are obtained from these by a

Lorentz transformation.

d. For the spin 3/2 baryons we use the Rarita-Schwinger for-

malism, The particle is represented by Uu(b) where

(1yp+ ¥ U, () = 0,

(B.4)
v,0,®= 0, and pj, U= 0.

I1f we define the unit polarization vectors

— — -— 1 - -
€x=F (€ +1€) = € =¢

A/E o 3’

the three vector parts of U(l)

M can be written as
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+ U1
i . j%_ —é+ “2"’@ go(ﬁ)ul’
(B.5)
5(3) _ i‘i- e “ﬁ@go Gu,, and
59 2,

where u,y and uy denote the Dirac spinors corresponding to spin up or

down, respectively, The time part is

2O w®,

where
U(1) =0,
o
2y 2 p
s "\F.S’ M1
(B.6)
(3) _JZ P
Uo =J3 M u2, and
U(4) = 0,
(o]

These equations are valid provided the z direction is taken along the
direction of the particle motion. 1In the above we have denoted by
.E and M the energy and mass respectively of the spin 3/2 particle.

The propagator for a spin 3/2 particle is then

_..N_'[:..jL P , (3.7)
rolep®y W
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where

By =[P = 3 YW + 3 (uPut (NP WP + ;iipupv] . (8.8)
It seems worthwhile to point out that insofar as the spin 3/2
particle can be off shell, it is not strictly true to say that the
propagator is ambiguous, because one can arbitrarily add terms that
become zero at p2 = -M?. In fact to obtain the propagator, all we
need is < OlT[Yu(x) Yv(y)]lo > vwhich can most easily be obtained

from finding a matrix Cuv such that

G Day = Gkvﬁl-M?], (B.9)

where th Yv =0 1s the Rarita-Schwinger equation. Once we

have CMV we obtain the propagator in momentum space merely by

. ip(x~y)
<oltly o ¥, llo>=-—— [d e "¢ (), (B.10)
(o Y (2ﬁ)4 p2+M?-iE [TAV

as discussed by Peierls (1952).

2. We consider the reaction

a+b~c+d

where the particles and four momenta are represented by the letters a,
b, ¢, and d respectively as shown in Figure B-1l, The pseudoscalar

meson is represented by 'a', "b" represents the nucleon, "¢" represents
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a spin 0 or 1 meson, and "d" represents a spin % or 3/2 baryon.
We define the momentum transfer e by e = b-d. The scalar product of
two vectors a = (a,ay), b = (b,b)) 1s a *+ b= a-b - aobo. The usual

Mandelstam variables are

8§ = -(a+b)2 = -(c+d)2,
t = -(a=c)® = -(b-d)2, and (B.11)
u = -(a-d)2 = -(b-c)z.

We shall in our calculations work in the center of mass frame.

3) The S matrix and the invariant amplitude are related by

fi
m, @ i
=5 - 4. 64 p b d .
Sgy =%gs T @M AP RPN T e d e (8.12)
000 O

where
1Yy o = (B.13)

(fi = u(pf)u(Pl)

If we define
Mgy = - e Tes (B.14)

w
the cross section is given by
do .. q
2
= o gl (B.15)
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a(0™) clO™ or I7)

b(4h) dis* or 3%

FIG. Bl DESIGNATION OF PARTICLES.
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The states i and £ may be taken as helicity states, and we use

<cd; Ac Ad |T| ab; Aa Ap >

or simply

Tlckd; Aa\b®

We shall assume @ = 0 by taking the y axis normal to the production
plane.

In addition we shall define Tif by
1 -
Tif —»\/qi T:\/qf (B.16)

where qi and qf stand for the momenta in the incident and outgoing
channels,

We now construct appropriate linear combinations of the helicity
states to obtain states of definite parity and total angular momentum
€ and J respectively. The amplitude TZif)E corresponding to total
angular momentum J and parity € so obtained 1s then a linear combina-
The i and £ in T!

. . 1 J
tion of the amplitudes Ti (i£)€ correspond to the

f.
initial and outgoing particles, helicity indices being subsumed in

J,€. The two particle unitary condition is

! J = IJ 1J
ImTieyve = & Time T(me)€ - (B.17)

We shall discuss in more detail the procedure to obtain definite

angular momentum and parity amplitudes in Appendix C.
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Appendix C. ANGULAR MOMENTUM DECOMPOSITION

In this appendix we shall briefly review the helicity for-

malism of Jacob and Wick (1959) and other related points.

1. Normalizations

We introduce |§ Aa Ab > to denote a two particle state in which
particle a is moving the direction p and particles a and b have
helicities Aa and Ab respectively.

We also introduce ‘Jm Aa Ab > to denote a two particle state
mwhich thetwo particles a and b have helicities Aa and Ab as before.

The 1rreducible representation of the rotation group in the Hilbert
space of physical states according to which this state transforms is
denoted by j, and the states within an i1rreducible representation are

distinguished by m. The normalization conditions are

A ~ ] 1 - A_l\
< Ma Ab|p'ra’ Ab'> = 5 et Snpnyt O BB (c.1)
where
8(p-p') = 8 (cos® - cos®') b (p.- @),
and
<j'm' Ka'lb"Jm Aa\b> = st' Gmm' Ghaka' &hbkb" (C.2)
2. Expansions and Definitions of e Functions

A state lﬁ Aalb> can be expanded

|5 Aa\b > = Z |jm Aakb > %ﬁl pl, (©,8,0) . (c.3)

jm
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In the above D;A(@,G,O) is a Wigner D function (Wigner, 1959) corres-

ponding to A = Aa-Ab, and the arguments in parenthesis denote its

Euler angles. We can invert relation (C.1) to obtain

| im Aa Ab > =\/-2-2‘71i;—1 [ a0 D:‘)-z ©,8,0) |5 rarb > . (C.4)

We obtain
— : J % j
Ty chd; Aakb = f 3 T 2 g, rarb Dp @:8:0) (G.5)

making use of the rotational invariance. In the above Ticld; \a\b
denotes the corresponding matrix element for the transition in a definite
angular momentum state j from the two particle state with helicities

Aa and Ab into the two particle state with helicities Ac and Ad, and
where we have defined A = Aa-Ab and ¥ = Ac-Ad. Choosing ©® = 0, )

the above becomes:

= : ] J
Tvehd; Aakb = 3 @3D Tag, aap S ®> (c.6)

where the diu(e) are given for example by Jacob and Wick. Solving

] .
for chkd; A akb we obtain

1
7] == | d(cos®) & (8) T (c.7)
AcAd; Aakb ~ 2 21 AL Achd; Aalb’

An arbitrary Born amplitude calculated from a Feynman graph
can be written in the form

peTy | Al
(sin 6/2) t(cos®) (c.8)

chkd; Aap = (oS ®/2) z-cos@
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where t(cos®) is a polynomial in cos® and z is a function of the magni-

tudes of momenta and the exchanged mass. We then write

et et [hsal -

(cos 8/2) (sin 8/2) r-c0sB = (cos 8/2) (sin 6/2)

z-cosf

[—t(&)‘— + c(coseﬂ . (C.9)

This we can do most easily by merely writing cos® = z-(z-cosB).

(D

We next define the e functions by

Ll b

2 2
] ki _ {1Hcosd (l-cose 1
ng (2J+1)e)\.p‘(z) d)\p‘(cose) "'( 1+Z ) \ Z“l Z"Cose’
(C.10)

where M= max (lxl.luI) and z > 1. From this we obktain

| At . [N-p] | A+ [pep -
( 8/2) (sin 8/2) iz z-1 2 J ]
cos sin _< ) > ) JEM(ZJ+1)GXH(Z) dlu(cose)

z-cos® 2
(c.11)
Also we can expand
[N el v
(cos 8/2) (sin 6/2) ¢ (cos®) = JEM o d{u(cose), (C.12)

where N-M is the degree of the polynomial c(cosf).

l. It is aimportant to note that the € functions here defined differ
from those given by Andrews and Gunson (1964) by a phase factor.
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Comparing (C.6) (C.8), and (C.1ll) we see that

ey A~

2 2
3 o (12 z-1 1
Tichd; Aakb ( 2 ) < 2 > Fu@ @ + 7 e .

(C.13)

The integral representation for the e functions is, for ,ul <A

P | Al
Al A
Mgy o (MR TGN T E (1) z-l) 2 oA
=5 = O GG <2> (‘5‘" %
where (C.14)
1
@ = 2" ) Ve P [ en - s e, (c.19)
-1

In addition the e functions obey the symmetry properties

e);u(z) =(-)A-p‘e?>\(z) = (-)}\-Mej\’-“(z) - e;“")‘(z). (C.16)

3. Parity Amplitudes

The result of the parity operator P onIJm Aahb> 1s

J-Sa- Sb
PIJm Aalb > = naﬂb(-) IJm - Xa ~ Ab >, (C.17)

where ﬂa and ﬂb are the intrinsic parities of particles a and b and Sa

and S, denote their spin.

b
Assuming parity conservation, we then obtain
oy a1y 5.8
<->\c-?\d|TJ]- Aa -Ab > = i, ) <)\c7nd|le7\a)\b > .

(C.18)
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States of definite parity and angular momentum are then

J~Sa-S

,Gerlkalllb,> = ;;%— [IJm Aalb > + ﬂaﬂb(-) b jm=-ha-Ab >], (C.19)

2
where & denotes the parity eigenvalue, and where we choose the + or
- si1gn on the right hand side of the above equation according to
- l“
whether € 1s + or -, and ¥ = Aa Ab enumerates the distinct possible
states. We then see that

j-8 -8

< |Acl INdlT [TJI IAal lAblx > = < AcAdITJl Aakb > £ 10 () 2 b

< AchleJl - Xa-Ab >, (C. 20)

for each r and r'.
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Appendix D. MOMENTUM DEPENDENCE OF THE POTENTIALS

Here we shall consider the momentum dependence of the potentials
to be used. The resultant potential used in our calculations is then
obtained by multiplying the momentum dependent part (here computed
using the Lagrangians discussed 1in Appendix A) by the corresponding

crossing coefficients as given in the same appendix.

T

1. The Reaction 0 + '2- -0 + 2
We write
\ _ =3 a+tc -
it £ = u(d) l:- Q@ +1y (\—2 )6] u(b) . (0.1)
We can rewrite the above as

(b +mb) (d +m))
_ o o _d +
£i° \/ XaaX g Y Xpe (D.2)

4mbmd

where X\ g and X\ a denote the Pauli spinors corresponding to helicities

Ad and Aa respectively. We have defined

x=1[-aqa- % {a0+bo+co+do - m.b-md}] (D.3)

and

(bo-mb) (do-md)
(bo+mb) (d°+md) '

Y = [g - % {ao+bo+co+do+mb+md}:l (D.4)

We define

1
(X!')=%J‘dx <x P, (). (D.5)
YE -1 Y
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1
Denoting by Tk+ and Tk_ the parity amplitudes corresponding

to =4 +% and j =4 - % as already defined in Appendix B, we use
e X[ 1 .1
T = <2Tlz>x<glrl- 2>, (D.6)
and
J _ 1
cos 6/2 d%’%(e) =75 [Pz(cose) + P£+1(cose)], (D.7)
1
J=£+'§'
i 1
sin 6/2 df%’%(e) =3 [Pz(cosﬁ) - P£+1(cose)], (D.8)
where
1 TR — 1
T!. = - = m. V|D| V]3| Vm: (D.9)
£ 4n T f1 1 /{a +b ) (c +d)
o o ‘Yo o
to obtain
(b +m ) (d +m,)
_ o b o d 113
LY 41T\/(ao+bo)(c0+do) Jellal Ty, ) (b-10)

Denoting the Born approximations.to W, T, Il, @, and 8 by M, V, Vl,

A and B respectively, we then obtain the following results.
a, Baryon exchange ' ‘
We will consider the process shown in Figure A-2, We obtain

using the Lagrangian discussed in Appendix A

mb+md 1 .
As=cimem T3 ==7 1 Z . 2 (D.11)
(bt+d) ™ - 4 (bo-ao—co+do) + M
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and
B= - 1 (D.12)
- = 2 1 2 > ‘
(b+d) " - % (bo-ao—co+d0)
where the mass of the baryon being exchanged is denoted by m .
Upon defining
P, (x)
Q@) = jdx —~— (D.13)
-1
we obtain
+m 4+1
A, = [jme - 2 d] Cl—— q,(2) (D.14)
2[v| | <l

and
B, = o Q, (), (D.15)

2] |4
where

=2 12 1 2 2

Bl + 4| - = (@ ~b -d+c ) + u
7 = 4 Yo o o o e (D.16)

2| |4l

b, Decuplet exchange
Here we will consider the process shown in Figure A-3.

Using the Lagrangian discussed in Appendix A, we obtain

2
m g 1 e T B
{b d [m-+ ] + bec 3 md+ Iy w s mé + 3

(DNIO-UJ
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2 3 2
1 m'bmd] [1 7 P 1M 1% md]
t3 T (tady et Tt e T3 3t3 T 3
m e m m
€ e e
R I ,1.___d 1™ ] 1 1 2
+ b'c a d[S me + 3 2 3 m mbm + = mb 4
mbzmz mbma mbsm mb2m3 mbmz
1 2 d _ 1 d _1 a 1 d_, 1 d]}
e ™ %t T 6 m 6 m_ T3 2 T3 2
e e e m
e
{ : }
==2 1, ~ 2. 2
(b+d) ™~ - 4 (bo ao+do co) + m,
and
m Mo, M
_{. 1 d_2 d] [_1.__._2__:]
B = bd+b-c[3 S5+ a3 s
e me
2

][y 1023
+a‘db'°[m2+ 3™" "3 n, 3w

{== TRET IS

(b+d) - (bo-ao+do-co) + m

where the mass of the particle exchanged is denoted by m .

dl = me + 2 ’
m2 m m3 m2
1 ,2% 1M 1M 1™
Y =3t e m "6 m T3 273 2 °
e e m m
e e
mb2 m mb3 m.bzm
10,1 1M 1™ "
¥ =3+t e ™m "6 m T3 2737 32
e e me me

(D.18)

Defining
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N S i I '
% =3m T3 2*t3 72> (D.19)
e m m
e e
S22 o3
= = L 2 b d _1_bd_
°’5“3‘““‘“‘+6“‘b‘“d+6“‘b‘“d+ o 6 m,
2 2 3 32
1%% 15 % 1 D%
6 m 3 2 3 2
e m m
e e
Bl=1,
2
B__l...r_n.‘i_.g_.ﬁ_
2 3m 3 2°
e m
e
mbz
1 2
1 b _2_b D.20
B3 Im 3 2 °? ( )
e m
e
21
Bo=3 35>
m
e
2 L2 2
R ;“‘b 1D% 2%
553 ™% T3 n 3 m 3 2 °
e e m

2 2 1 2
|6]% + [3]“ - % (ao-b°+co-do)

2| 5] 14|

s
t

1 . -
12 {cil 012 013 + (aodo + bc,c0 bdz)a4],

A
[

T
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1
IRl

S
0

(o C-Ibl1dlz - ba T +o,Clol]dlz - be]

+ aBCIEHEIz -ad ]+ 04[('13'[2 - 191134] (ad, + b c)zll, @.21)

>‘1 =% {51- ﬂz- 53+ (aodo +bec, - bdz)34} s
.l_. - -
N, =% Iv]ldl g,
and
]_ -, - -] -
A, = ——=—— {B.[-|5]ld]z - bd 1+ 8. LIpld|z - bc]
3 Z'bHdl 1 o o 2 oo

(D.22)
+ 53“.1_)" lglz - aodo] + 54”3' 2,3,2 - IB'HE’I (aod0 + boco)ZJ}’

we obtain

2
AZ = Klé.%o +'}C26£1 + 3(:3(-) Qz(z) (D.23)
and

£
Bﬂ, = 7\1620 + )\26‘!’1 + k3(-) Qz(z) (D.24)

¢ Vector exchange

Here we consider the effect of the diagram shown in Figure
A-4. Both the 'yu (electric)and the o, (magnetic) parts of the VBB
coupling are considered. We first consider the contribution due to

the 'Yu coupling.
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i) Electric WI-L) contribution

Here we obtain

2.2
A = 1 <ma T >(mb-m) (D.25)
- 23 2 _ 1 n o 2 2 2 d '
(b-d) 4 (ao bo c0+do) + m,

e
and
B=- =0 2 — (D.26)
(b-d)" - i (ao-b ~c +d ) + m,
Thus we have
2
1 Ma -mc
Az = - ]_, 2 (mb-md) Q‘c(z) (D.27)
2|s] 4] n
and
B, = - Q,(2) (D.28)
T
where
ﬁ;lz + |312 + me2 - 711.' (ao--bo-c:o+do)2
zZ = . (D.29)

2|5 |l

ii) Magnetic (0 ) contribution

v v
We will next consider the contribution due to theanomalous magnetic

moment of the baryons (o coupling) . Using the relation

uv

u (ﬁ)c

vy u(d) = ﬁ(-d')[y“‘ (mtm) + i(b+d) ] u(b) , (D.30)

we can reduce the o _e . term to the sum of two terms.

TIVRAY



The first term has the same spatial structure as the YH

considered. For the second term we drop the factor 1/(mb+md)
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term already

which we have included in  the « SU(3) considerations and

obtain

(m 2_m 2)(m Z_me)
(ate) * (btd) + —2—~Lm—d
A= - Mg
= - - 2 _]-; B _ 2 2 3
(b-d)"~ - 4 (a0 bo co+do) + m

1
Ve = 5 (atbte +d ),

and defining

2 2 (mza_mzc) (mzd-mzb)
}C1=m.a+mb+mc+md-25+ 2 )
me
N ol I e { A b - 2
I}Cz = |bl |dl + 2 (ao b, co+do) , and
3c3 =X~ 1,

we obtain

_ 1

A, = - ———— [3¢, Q,(2) - 2|3ll3z q (Z)+2|§||3|5 1,
£ 2|b“d| 3 4 £ do

(D.31)

(D.35)

(D.36)

(D.37)

(D.38)
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where
1312 + IEIZ -4 (a_-b -¢c Hd )2 + m 2
.- & (Bomhgegty) * M (0.3
2|5/ |4l
and B, = 0. (D.40)

2) The reaction 0 + %+ -1 + %+
This reaction is shown in Figure A-5 with pseudoscalar meson
exchange. We obtain for M:

1L Q)

+a
.2 ’
my -t

M= -2i 3(d) ysu(E') (D.41)

A
where e( ) is the polarization vector for the vec¢tor meson. Choosing
the z axis parallel to the direction of a, the y axis perpendicular to
the production plane, and denoting the helicity of the vector meson by

hc, we obtain

<- L cosb, - L R 5ind s 0) , )\c = +1
2 N2 W2
) ¢, K
e = — sind, 0, =" cos®, i — s kc =0 (D.42)




Therefore, we obtain the following result for e

|2|sine
_jig_—_ s lc = +1
(k ) f3|c |:|a
e “a= <. 2 cosb - = , A =0
m m, c
|;|sin6 o
»\/E ,)\c=-1.
We define
(b _4m ) (d_+m))
Y R i i Y
+ 4mbmd b d
where
. 5] . |4l
= and =
b bo+mb d do+md ?

and obtain

(@) Ygud) = -2hy 8 0

We then obtain for the different helicity amplitudes

o)

(o)

oa:

1
Moakb; Achd = 41 <m z_J e " ralb§ g Bpg®-
e
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(D.43)

(D.44)

(D,45)

(D.46)
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By using the relations discussed in Appendlx c for the case J =%, we

2 2 . i
obtain (defining z = Jb' + [dl gé%o'b°+c° dO) + me )
T=% i {(1+z>"5 [ lblco l?il
0%; 0% HIE m v
Ibl
2m } E (D.47)

J=% e d| bl
M = §4J_|37|2| {(221) [ HECO z - — ao}le% (z) + ZmEco },

0-%; 0% c T %,k
(D.48)
J =% £ Y By
3+l i z+1> IR

= (1-2)[[b]] e'3z) + —— (D.49)
0%, 15 2 lblll{(2 y 7
and
J=3% §_1 Ty f(z=1\)¥ . . r|7[7.% [l
M - Uz ) (1+Z)Ub|]e_ (z) +—r° (D.50)
0%; 1% J2 313l 1 ( 2 ) ER 2 !

%

For completeness we give e% %(z) and e2 _%(z) as obtained
3 3

using the relations discussed in Appendix C:

¥
ei,%(z) -7 (%} 2(}.+z) |_1°8' I + zlogl | + 2] (D.51)
and
L1\ ]
é'z,-%"‘) - (zzl) 2(11..2) ["1°gl’%?,.":'| + 2 + zlog] 1_,_2[] . (D.52)

Using the symmetry relations satisfied by e{u as discussed in Appendix

C we then obtain
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e () =ef (2) (0.53)
"35:";5 %3%

and

eAE (z) = ~e;5 (z) . (D.54)
'!5""}2' +!5’";§

For J = ¥ we have two independent parity amplitudes for each
€. This corresponds to the fact that if the meson baryon system is
in an S5 wave state, the vector baryon system can be in an S or D wave ,
state,due to angular momentum and parity conservation, which we assume

to hold. The two independent parity amplitudes are

J=%, € J=% J=%

- -€M D.55
M Mox; 1y o-; 1% (D.55)
and
J-‘-%,E J=% =%
M, =Myt EM (D.56)
We define
v (. oL mblbl MJ-’e mdldl (D.57)
7€ m \l 2 +b, i VEta

(o] (e} o] 0

We then obtain
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v&i?e = 41: \/a r:i ':I 7 |_ 1{; ( ) (1+2z) e% %(z)}
-€ §+1{ (.123)% (1-2) eii%(z) + !5} ]\/ ct::ido \“BHEI (D.58)

and

' (z) 1 ‘“b 1+
vy ¥.€ = " im a_ lbl‘dl m [E 1{ ( z) ( -lblc z + |d|a )e %y, _%(z)

381} - e 6 { (B Al o - [3lagel, y@ + 3131} ]

.md J_‘ ~ .
— o[ [al » (D.59)
o (o]

where the superscripts () and{2) denote the two independent total angular
momentum, parity amplitudes. In addition, we have multiplied our

answers by i in order to make V real.

3) The reaction 0 + % =0 + 3/2+

The process shown in Figure A-6 will be examined here. We will
consider only the contribution due to vector change. For the PVP
coupling we use the interaction Lagrangian discussed in App:endix A,
We have assumed for our treatment of the BVE'coupling the so-called

Stodolski Sakurai Lagrangian (Stodolski and Sakurai, 1963) . For the

space part of this interaction Lagrangian we may write

1

mb+m 4

£, = By Vs W, + B, Y5 ¥ 3%, |+ hee. (D.60)
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where qh, Y, and Vﬂ denote the Rarita Schwinger spin 3/2+ field, spin

%+ field, and spin 1~ field, respectively.

For the process in consideration we obtain

- - iﬁv\) épey L 1
M= -Uu(d)[ﬁuv+ mb+md ] Y5 Eﬁvk+-;r§— ] (a+c)x u(b) - z_t . (D.61)
e e

We may write

Ad - Ad-A
U, (d) = 5 Cy d’)\~\ul(d)eu R (D.62)
where de xdenotes the Clebsch Gordan coefficient for coupling the two

‘s
angular momenta 1 and % with z components Ad-A and A respectively to
yield total angular momentum 3/2 with z component Ad. These coefficients
have been tabulated 1in Appendix B.

We must compute

— )\d - —t - — kd-)\
Uu (d)(a+c)u Ys ukb(b) = f(CKH,K“X<d)Y5uxb € + (a+c) (D.63)
and
U “(’5) Y+ (at+c) Y u\(l—?;)= ~Z(Gy4 4 U (3) *(atc)You Ghd-A-b (D. 64)
M ey 5% " Gig,A 4y (DY 5'Ab ) .
where we have used Uﬁd(a)du = 0. .
Also we must compute
- Ad - _ ) — ld_k.
U (d) e, YSUKb(b) = =X deﬁtul(d>Y5uNb(b) € b (D.65)
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and

ThDeveve u @ = -Ic .. & (Dy-evou, Gy b (D. 66)
Y% s Tap % OAd A A 5Ab ' '

By using Dairac's equation and energy wmomentum relations aund
defining § + i ,, and T]d as before, we obtain

Ad~

—\d n % A
U, (a+c)uY5 ukb(b) = -2\b % §_2)\b)\d,\a)\(e) de,xe * (a+c) (D.67)

and

—-id_ . Y s %
U, ey (a+c)'Y5u,\b(b) = 1?\b %C)\d,%. dhah(e)[(ao+bo+co+do)§2>xb?\

Ad-A
+ (my -m,) g_sz'hje 42y (D. 68)
as well as
_.xd - -t _ !5 Xd-k
and
T e yeey, u, (B) = A (m-n) & & a o 94y (.70
by Vs Yy b " § °-2h Ra, 2% pA b (.
Therefore, we obtain for this process
(=L 5 A f
Mha)\b; Achd ~ (m 2_t> ?de,)\dm(e) € { )‘b(a+°)§-2?\b>\
e
>\l:a
- <‘“b""‘“d) b Llajtb te +d )Eoy a+ (m-my) § oy 5]
2 2 2
mc -ma A <mc -ma )}\
AT Z ) e T\T 2 b(mb'“‘d)bg-szx]" (D.71)

e e
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Using the relations of Appendix C and the same coordinate
system as we have used in the preceding reaction in this appendix, we

obtain (with the same definition of z) for the case J = %:

(b +m ) (d +m ) b
o T \/0mb b [ (2)" & o {-{Zam,-ny
ow op  2l8ll3] by [(5%) “yh {\]—3 a”"

I:i.l -+ lglz d Igl(l-z)
0 - (1 _\/2
< n > + _—_—JE ('ﬂb-ﬂd) <“‘b +md>’/3_ [(ao+bo-l-co+do)

- d Kl |5l (1-2)
M) + (m-m)M -] =22 « — b_ |+ (—=
(M+Ng + (my=my) (M-T La, * " m o] (mb+md) e

E 1+ (e )2
(ao+bo+co+do) (nb—nd) + (mb-md) (nb+nd) + 0 2 3 md z
2

4| |b|(1 -2). 0
-;—boJ ('n+n>°( ) S
d

e

d lzlb m 2-m 2 ﬁ::l (1-2)
()
[z ( ) () —— g )+
e
7 W 3M-My m + (N, N)A/E \[_3- n, (“‘b+ [(a +b _+c _+d )
[l
MY + (m-m)d (-1 T + ————— [(a+b_te +d ) (M -y

(m -+ d)«/g
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m Z_m 2 _ d mc -m_ lbl " +T]d)
+ (mymm) (M ] - ( )‘!3 M -mp =2 -< . )

me Bt m, V6
2 2 2 2 -
+( 2 > ("‘b”"‘d)\E MM 7 '( 2/ (g Je 1 ] ‘
m d m, 6
(D.72)
Similarly we may also obtain the result:
g 1 \/(b0+mb) (d_+my) {(z_l)% Fow - 5] (142)
o%; o-% 2|b||d| lHlemd -\ 2 %,-% "/E

Idl (ate )—.

-1 - \/—<n+n>[—<|b|z+|d|>+ ]

3] (1:42) ..
[(a0+b°+co+d°) (M) + (@ -m) (M -My) .,.\[Tg. (....1_._)

o —
/6 (n1b+md) mb+md

d_ |dlbo m 2
[0 (agtbgregidg) + (o) (] [0 2 - +< > )

IB) (142) <
e (Tl =T )
J6

’gl (1+2) m 2-m 2 d Iﬁlb .
(mb-md) ('ﬂb"nd) 7 +< < >(mb md)\]— (le+ﬂ ) ( - o)j’

m "a
e

2—
IV o - . (255
m

oy T 5
+5 1L(M-My A/—g- - —d_\3 (M +) +—

™ v <mb+m ) Langeny
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(aghbte b)) + (m-m) (1.1 ] +\/§ ( ‘“bi‘“d) [N -Ny (atb e +d )
(m, ) (1411 =2 <m°2-m82> L (m‘:z-m‘"’z 2
+ (m_-m -2 (L2 - - £
T T my me2 b e me2 3

2 2 g 2 2

d m T -m ]bl m_ " ~m

MY =2+ (—-—-——‘- -2 )mb-md) —, 1) + \f% (40 (—-—-——— -2 )
d me N6 me

(m -m) -:;: ] (0.73)

We then obtain for the amplitudes corresponding to definite

parity states as discussed in Appendix C the result:

V;%,e - :_:% e ;%g% ’ (D.76)

where

WBE W ey (0.75)
o%; o% o%; o-%

and M=% is as given above.

Aakb; Achd
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