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I. INTRODUCTION 

A. General Remarks 

This thesis will deal with dynamical calculations of scatter­

ing amplitudes for multichannel problems. In these calculations we 

should ideally employ the principles of relativistic mvariance; 

unitarity; analyticity or causality; and crossing symmetry. In 

dynamical calculations the first three principles are usually taken 

into account exactly. The last one is generally ignored. It is hoped 

that once the masses and widths of the particles which are exchanged 

in producing the forces are given, analyticity, unitarity, and single 

particle exchange forces will then define a calculation^, program from 

which phase shifts can be obtained. However, this program has not 

been completely successful. 

The usual methods used in calculating scattering 

amplitudes include the N/D method and its various approximations, 

the Bethe-Salpeter equation, the Blankenbecler-Sugar equation, the 

equivalent energy dependent potential method, and the strip approxi­

mation. We will briefly discuss all of these methods to examine their 

advantages and disadvantages. In these discussions it will become 

clear that there is certainly a need for other calculational techniques. 

Our calculational method consists of solving a multichannel 

relativistic Schrodinger equation. Starting from the usual decompo­

sition of the Hamiltonian H = H +V, we obtain the integral equation for 

the T matrix T = V + VGT, where V is the input potential and G = —' 
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where Vs is the total energy of the system and H is the free 

Hamiltonian. 

In order to make use of this equation in dynamical calcu­

lations we must make sure that relativistic mvariance, unitarity, 

and analyticity or causality are satisfied. In order to satisfy 

the first principle we use the relativistic expressions for the parti­

cle energies in H . It can then be shown that relativistic invariance 

o 

is satisfied. Bakamjian and Thomas (1953) and also Fongand Sucher 

(1963) have addressed themselves to this problem. The proof reduces 

to explicitly exhibiting a set of generators of the Poincare group 

with the usual Lie algebra relations which yield a covariant S matrix. 

We shall discuss this further in Chapter III. Two particle unitarity 

also follows directly as discussed in Chapter III. The problem of 

the causality properties of the equation is a more difficult one. This 

problem was solved by Coester (1965). He showed that such an equation 

obeys the principle of macrocausality which states that the behavior 

of a system of particles will not be affected by other particles at a 

great distance from the system. 

Since the principles of relativistic invariance, unitarity, 

and analyticity or causality are satisfied it follows that the 

relativistic Schrodinger equation is an acceptable technique to be 

used in dynamical calculations. Perhaps it may be a better method 

than other techniques based on the N/D method.since it includes itera­

tions of the potential. 
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B. Description of Thesis 

The main consideration of this thesis will be to apply the rela­

tivistic Schrodinger equation to the multichannel scattering problem 

of pseudoscalar meson baryon scattering in the four lowest partial 

waves using broken SU(3) symmetry. Also we will compare our results 

with other calculations where possible. In addition a brief discussion 

of the other calculational methods will be given to compare the relati­

vistic Schrodinger equation with the other techniques. In Appendix A 

we give the SU(3) calculations and results which were used in the 

computation of the potentials. The notation used m computing the 

momentum dependence of the potentials is given in Appendix B. A brief 

discussion of the helicity formalism follows in Appendix C. Appendix 

D deals with the momentum dependence of the potentials used in our 

calculations, computed as discussed in Chapter III* 
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I I . DETERMINATION OF SCATTERING AMPLITUDES 

A. The N/D Method and Approximations Thereto 

The method which i s most commonly used in dynamical ca lcu­

l a t i o n s i s the N/D method. I n t h i s method one w r i t e s the amplitude 

T as 

T = N D - 1 , (2.1) 

where N and D are both matrices, N containing all left-hand and D all 

right-hand singularities. Using these properties of N and D together 

with the unitarity condition, we obtain the following system of 

integral equations to be solved, denoting the right-hand cut by RHC: 

N(s) -BO +^ J* di •]><.•) - ̂  B(s)] M ^ W (2.2) 
RHC o 

and 

S ™S 

D ( s ) = 1 . _ _ o j ^ P ( « W ) , (2.3) 
RHC o 

where B(s) is some input, usually taken to be a single particle 

exchange graph, p(s) is a phase space factor and s_ is the subtraction 

point. We can then show that the T matrix so computed is automatically 

a symmetric matrix if the input force matrix B is symmetric, and also 

is independent of the subtraction point . There are several advan­

tages to the N/D method. Among these are the manifest relativistic 

invariance, unitarity, and analyticity of the scattering amplitude, 

which follow by construction. Also we need to know only the on 
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shell potential B(s) ; and, therefore, do not need a prescription for 

how to go off shell. 

Chief among the disadvantages of this method is that one 

can add poles in D which are zeroes in T, since the dispersion 

relation for T is then not altered. These are the well known CDD 

ambiguities (Castillejo, Dalitz, Dyson, 1956). This is only a 

reminder that in dispersion theory the original system of equations 

which must be solved to obtain the scattering amplitude is nonlinear. 

Since the dispersion relations reflect only general properties such 

as relativistic invariance, unitarity, and causality, they give no 

details as to the specific mechanism of interaction. The N/D method 

is nothing more than a technique used to linearize such a system. 

In practical calculations it is customary to drop the CDD 

poles. In so doing one must assume analyticity m the complex angular 

momentum plane. One then shows the nonexistance of CDD poles by 

studymg the behavior of the scattering amplitude for large angular 

momenta and analytically continuing to lower values (Jones, 1965). 

Another disadvantage is that in certain calculations 

(usually those involving particles with non-zero spin) the N/D method 

leads to a non-Fredholm system of integral equations. One must then 

use an arbitrary cutoff parameter to convert it into a Fredholm 

system. This is because the Feynman diagram corresponding to high-

spm single particle exchange is highly divergent. In addition the 

input potential B(s) is not iterated in the N/D method. We shall also 

mention that there is the question of what should be the kinematic 
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structure of the partial wave amplitude, which is written as N/D, as 

discussed by Martin and Uretsky (1963). 

Next we will discuss some approximations to the N/D method. 

A very frequently used simplification of the N/D method is the 

determmantal approximation. This is written as 

N(s) = B(s) (2.4) 

and 

D(a) = 1 - V 2 J' ds' Ca.-fcHa'-) ^^^^ • <2'5> 
RHC o 

This approximation method, although i t does have the advantage of 

being simpler, car r ies a l l of the disadvantages of the N/D method. 

A further disadvantage i s that the sca t te r ing amplitude T(s) is no 

longer independent of the subtract ion point . Also i t i s no longer 

symmetric in a multichannel s ca t t e r ing problem, even when a symmetric 

input i s used. Furthermore Luming (1964) has shown by d i r ec t 

ca lcu la t ion for a soluble case that the determmantal method often 

gives a poor approximation to the N/D method. Different suggestions 

have been made to modify the determinantal method in order to avoid 

the unsymmetrical nature of the sca t t e r ing amplitude. One such 

suggestion, due to Bjorken (1960), i s to write 

T = \ [BD -1 + (D_1) B]. (2.6) 
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Another approximation to the N/D method is the pole 

approximation, which consists of representing the left hand cut by 

poles, chosen in the nearby part of the left hand cut in such a way 

as to obtain the maximum contribution to the force. The residues of 

the poles are determined by matching the amplitude obtained from the 

poles with the amplitude obtained from fixed energy dispersion relations 

at some convenient point. This method insures a symmetric scattering 

matrix, which is an advantage over the determmantal approximation. 

Let us close 'this section by remarking that the proof of 

the validity of the N/D method for a multichannel problem is not as 

simple as for the single channel case, since the existance of the 

determinant of D does not necessarily imply the existance of D 

itself. Recently Hartle and Taylor (1967) have succeeded in giving a 

formal proof of the multichannel N/D method. 

B. The Bethe-Salpeter Equation 

Consider the formal sum shown in Figure 2T1 . This sum can 

be written in the form of an integral equation as shown in Figure 2-2 

and is the Bethe-Salpeter equation in the ladder approximation (Bethe 

and Salpeter, 1951). It is written in symbols as 

F(P,q) = V (p,q) + i j - ^ V (p,k)G(P,k)F(k,q), 
F (2TT)̂  

(2.7) 
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Fig. 2-1 . Formal sum for a two p a r t i c l e sca t te r ing amplitude. 
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Fig. 2-2. Bethe-Salpeter equation in the ladder approximation. The 

t o t a l energy momentum of the system is denoted by P, and 

p, k,and q denote the r e l a t ive energy momentum in the i n i t i a l , 

intermediate, and f inal s ta tes respect ive ly . 
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where 

Sfi = 6fi " (2TT)4i64(P£-P.)
 1 Ff , (2.8) 
Vl6E1E2E3E4 

and where G(P,k) stands for the product of propagators corresponding 

to the particles in the intermediate state, and V for the sum of all 

two particle irreducible graphs. In the case of spinless particles 

and ignoring self energy graphs we may write 

G(P,k) = p^- -z -^~— -̂  , (2.9) 

[(I• *f + 4] [(! - f -4' 
where the masses of the corresponding particles are denoted by m. and 

Among the advantages of the equation are the manifest relati­

vistic invariance, analyticity, and unitarity of the scattering 

amplitude. A further advantage is that this equation includes itera­

tions of the potential. 

An important practical disadvantage is that this equation 

involves after angular momentum decomposition a two dimensional 

integral equation which is difficult to solve numerically. Also 

the equation contains a relative energy variable and overlapping 

(1) 

s ingu la r i t i e s which affect the compactness proof. A further d i s ­

advantage i s that the two par t ic le un i t a r i ty i s sa t i s f i ed only 

below the three p a r t i c l e production threshold. This i s because the 

1. Compactness of the kernel is a necessary condition for the solu­
t ion of an i n t eg ra l equation by matrix invers ion . To prove compact­
ness we must perform a Wick ro ta t ion which cannot be rigorously 
j u s t i f i e d . 
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Bethe-Salpeter equation contains terms corresponding to graphs, 

such as the ones shown in Figure 2-3 . These are the graphs 

responsible for the extra relative energy variable and the over­

lapping singularities which affect the compactness proof. The 

Bethe-Salpeter equation is a two particle equation, and these higher 

intermediate states do not really belong in it. It is, therefore, 

natural to eliminate such graphs. Next we will consider the 

Blankenbecler-Sugar equation. 

C. The Blankenbecler-Sugar Equation 

1. "Derivation" by using the Landau-Cutkosky1 s Rules and 
Discussion 

Starting with the Bethe-Salpeter equation we can now convert 

it into a one dimensional integral equation as was done by Blankenbecler 

and Sugar (1966). We shall for simplicity consider the case of 

scalar particles. We start with the Bethe-Salpeter equation 

F(p*q) - vp(p,q) + ij A V (p,k) G(P,k) F(k,q), (2.10) 
,F (2TT)* 

and then reduce it to a three dimensional integral equation by replacing the 

product of propagators by a function which is not singular except when 

both particles are on the mass shell, as in accordance with the 

Landau-Cutkosky rules (Landau (1959), Cutkosky (I960)). We then 

reconstruct G(P,k) from the discontinuity across the two particle cut 

by means of a dispersion relation 
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Fig. 2-3 . Examples of mul t ipar t ic le intermediate s t a t e s included in 

the Bethe-Salpeter equation. 
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00 

2 
where s =* -P s i s the lowest t h r e s h o l d , and 

o ' 

G(P ' , k ) = ( 2 n i ) 2 6 < 4 ) ( p ^ + m2) 6 ( 4 ) ( p ^ + a£) e ( p 1 0 ) 9 ( p 2 0 ) . (2.12) 

P With the choice of Lorentz frame g iven by p\ = — + &.k . , where 

r +1 i » l 
S. = | , we obta in 

e ( ^ f - k o ) . (2.13) 

Of c o u r s e , we could in p r i n c i p l e choose a d i f f e r en t Lorentz frame to 

e v a l u a t e the d i s p e r s i o n i n t e g r a l ( 2 . 1 1 ) . For example, i f we choose 

P = k 

P 2 = P-k 

We then o b t a i n 

G 0 ? ' , k ) = (2TTi)2 6 ( 4 ) ( k 2 + m ^ ) 6 ( 4 ) ( ( P - k ) 2 + m 2 ) 9 (kQ) 8 (*<,-*<„). (2.14) 

S u b s t i t u t i n g the express ion given for G(P,k) in equa t ion (2.12) i n to 

e q u a t i o n (2.11) we obtain 
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G(P,k> . J ^*(f • , > ( £ - u) .<*>[- 1 • r r . . * .2 . -̂  s ' -vs* k + k - k + m. 
s o 

6 ( 4 > [ - | a1 + vs 7 7 k Q + k 2 - k 2 + m2] . (2.15) 

Def in ing 

E 1 = Vk2+m^ , 

E2 = Vk2+m2 , 

and assuming without l o s s of ^genera l i ty tha t E- > E„ we obtain,% upon 

making use of the 6 f u n c t i o n s , 

2 2 
9 ran - m_ 

k > 0 and k < x . z . (2.16) 
o o 4 

Upon performing the i n t e g r a l in equa t ion (2.15) with the above 

r e s t r i c t i o n s we ob ta in 

G(P'k) = ^ L ^ 2 2 )*k 6 tko" I < V E2>]> <2-17> \ (E 1 +E 2 ) - s / 1 2 

where we have assumed f ( k ) = 0 . 

If i n s t ead we make use of the express ion f o r G(P,k) given 

i n equa t ion (2.13) we o b t a i n , upon s u b s t i t u t i n g in e q u a t i o n ( 2 . 1 1 ) ; 

G(P,k) = 2 n i f jfe « W [ k 2 + B2] 6<4 ) [ ( P ' - k ) 2 + m2] 0(kQ) e ( P ; - k Q ) , 
s o 

(2.18) 
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and thus 

where we have assumed f(k) = 0 . 

We have assumed that the function f(k) is zero so that it 

can be neglected. (Actually the real assumption is not that f(k) = 0, 

but rather that JV (P,k) f(k) F (k,q) = 0) . Nothing is known about 

this integral since this would require solving the Bethe-Salpeter 

equation. The results vary according to the Lorentz frame in which 

we assume this function is zero. Thus we will have obtained the 

Blankenbecler-Sugar equation which will also vary according to the 

Lorentz frame in which we perform the reduction. We note that 

E 1 + E 2 

£ t - -HHr * T ^ - 7 - ] • <2-2°> ( E 1 + E 2 ) -s l / / s - E j ^ - E g -v/s" + E1 + E 

By substituting the expression for G(P,k) into the Bethe-Salpeter 

equation, we then obtain 

3 

P (P.q) - V (p,q) + H - 0* VP'k)[ -F-1 T - 1 ] 
* *" (2nr U v s - E 1 - E 2 ^ + E X + E2

 J 

1 F(k,q), (2.21) 
E1E2 

which i s the Blankenbecler-Sugar equa t ion . 
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2. Another "Derivation" of the Equation 

To illustrate more clearly the ambiguities in the procedure 

used to obtain the Blankenbecler-Sugar equation, we will give another 

derivation of the equation. Again we start from the Bethe-Salpeter 

equation for spmless particles: 

4 
F(P,q) = V <p,q) + i J - ^ A V (p,k) G(P,k) F(k,q), (2.22) 

(2TT)* * 

where 

G(P,k) - |-.p 2 2-, p. . -, , (2.23) 

provided we ignore self energy terms. 

We shall now perform the three dimensional reduction by 

neglecting retardation effects. In the case of equal masses this is 

clear. We merely set p = k =0 in V_.. For, unequal masses we shall 

o o F 
do th i s by s e t t i ng 

= E i - 4 ~ = E i - 2 <EI+U,I> = 1 < v V ' 

ko - E2 " 4 " - E2 " 2 <E2+ V " 2 (E2J W2> 

(2.24) 

We then see that the right hand side of equation (2.22) is 

independent of p . Therefore, F(p',q) is independent of p . We can 

do the integration in (2.22) by closing the contour in the upper half 

plane. We obtain 
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ij #^,V (p,k) G(P,k) F (k,q) = ±S - ^ V_(p,k) F(k,q) J r-2 G(p,k) . 
(2nf (2TT)J * ^ 

(2.25) 

Using our expression for G(P,k), we then obtain 

dk 

J^G(p,k) = i \ - ~ +"7T-a ]\ TT > <2-26) 
2TT L v S - E r E 2 ^+E1 +E2

J 4 E1E2 

which y i e l d s 

3 

F(p,q) = V (p,q) + *± J - ^ r V (p,k)[ *—-i — * ] 
* (2TT)J F L ^ / i - E 1 - E 2 V^ + E ^ E ^ 

1 F ( k , q ) . (2.27) 
E1E2 

We observe t h a t the equa t ion has become the Blankenbecler-Sugar 

e q u a t i o n . The above d e r i v a t i o n i l l u s t r a t e s more c l e a r l y the t r ue 

n a t u r e of the assumptions used i n ob ta in ing the equa t ion and i t s 

ambiguous n a t u r e . 

D. The Equivalent P o t e n t i a l Approach 

This method for computing s c a t t e r i n g ampli tudes was suggested 

by Balazs (1964) as a g e n e r a l i z a t i o n of a technique due t o Charap and 

Fub in i (1959, 1960). In t h i s method we assume as t h e p o t e n t i a l an 

energy dependent s u p e r p o s i t i o n of Yukawa p o t e n t i a l s , w h i c h i s used 

i n a n o n r e l a t i v i s t i c Schrodinger equat ion to o b t a i n the s c a t t e r i n g 

ampl i tude . Such a p o t e n t i a l i s assumed because the s c a t t e r i n g ampli­

tude computed from i t s a t i s f i e s the Mandelstam r e p r e s e n t a t i o n 
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(Blankenbecler et al, 1960). Among the advantages of this method 

are unitarity of the scattering amplitude and that the Mandelstam 

representation is satisfied by construction. A strong disadvantage 

is that the nonrelativistic Schrodinger equation, which in this 

method is used to enforce unitarity, clearly has no physical signi­

ficance in the relativistic region. Further disadvantages are that 

this method leads to divergent potentials in many cases of physical 

interest, and it requires in principle the solution of a nonlinear 

system of integral equation to obtain the potential. Moreover, 

CDD ambiguities (as we have discussed m connection with the N/D 

method) are also present in this method. 

E. The Strip Approximation 

This technique consists in approximating the non-zero parts 

of the double spectral functions in the Mandelstam representation by 

strips. The dispersion theory system of integral equations so 

obtained can then be solved by using the N/D method. Chew (1963) 

proposed a scheme based on the strip approximation usually referred 

to as the new strip approximation. In this scheme one uses Regge 

pole expressions in calculating the discontmuties of the scattering 

amplitude in the crossed channels. The strip approximation method 

has the advantage of incorporating crossing symmetry and Regge 

behavior of the exchanged particles if so desired. Among the dis­

advantages we may mention the CDD ambiguities as already discussed 

with the N/D method. Also the input potential is not iterated. 
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Another disadvantage is that the strip width is an arbitrary para­

meter to be fixed only phenomenologically (it takes the role played 

by an arbitrary cutoff parameter in other calculations). 
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III. RELATIVISTIC SCHRODINGER EQUATION 

A. Two Particle Unitarity of the Equation 

Suppose we consider two particle scattering as shown in 

Figure 3-1. Starting from 

S = 6 - (2TT)4i 6 ^ ( P - P )\/———-—*? (3.1) 
fi fi K } K f i;V4a_b_c.d. (fi' ^' ' o o o o 

and defining 

4n V(ao+bQ) (c„+d J 

H md 

we obtain for the differential cross section: 

W » £—2 ° ° T (3.2) 
Cfi , x

fL > ^-^ 

i-^lxl2. (3.3) 

where q_ and q1 denote the magnitude of the momenta in the center of 

mass frame in the final and initial states, respectively. Expanding 

we obtain 

T = S(2J+l)d^(8) r1, (3.4) 

where 

\ = \a- Xb; M> = *-c -\d. 

The two particle unitarity condition reads 



24 

Fig. 3-1. Scattering of arbitrary spin particles. The helicity of 

particle j is denoted by \ and the magnitude of the momentum 

in the initial or final state is denoted by q. or q2 

respectively. 
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where the masses and energies of the particles in the intermediate 

state are denoted by m , mf, e and f respectively. Using equation 

(3.2) this becomes 

I m ^cXd; XaXb "It TXcXd; XeXf qef TXeXf; XaXb' (3,7) 

where q . denotes the momentum of either particle in the two particle 

channel ef in the center of mass frame. 

In matrix notation we can rewrite the above equation in the 

form 

Im TJ = TJ q TJ+. (3.8) 

Time r e v e r s a l invar iance impl ies t h a t 

TXcXd; XaXb = TXaXb; XcXd' ( 3 , 9 ) 

and thus we obta in 

Im T? = ± (T1 - T J + ) , (3.10) 

where we have used (3.9). Defining 

T l J = v ^ T J A / ^ , (3.11) 

we ob ta in 

- tV T a " 2 i • < 3 - 1 2 ) 
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Let 

then 

f^f^1' (3,13) 

1 * = 0 . 
K f ' J K , J 

That i s 

K ' J = K + , J . (3.14) 

Since T i s symmetric , so i s K . Equation. (3.14) i n d i c a t e s K i s 

r e a l . 

The r e l a t i v i s t i c Schrodinger equa t ion can then be w r i t t e n 

as 

T T i • T d(E + u) ) T 
T ' V - t f - V J ( V q i > - * Jv'J(,2,q) ; 1 I - 1 ^ , . 

VS - E - to + i& 
q q (3.15) 

where v s , E and u> a re the t o t a l ene rg i e s of the system and of the 
' q q B ' 

particles in the intermediate state, respectively. On shell we have 

v7^ V^l" \ + \ • < 3' 1 6 ) 

However, this is not true off shell. 

It is now clear that the above equation obeys two particle 

unitarity. In fact, using 

1 P — l - ITT fl(v& - E - an, (3.17) 
VfS - E - UJ + i S */s - E - U> H 4 

q q q q 
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where P denotes the principal value, we obtain 

T'J(q2,q1) = V
J(q2,q1)[l+iT'

J(q1,q1)] - P ̂  J V ^ . q ) — 9 9 — X 
Ja- Eq- u,q 

T,J(q,qi). (3.18) 

By defining 

K,J(q2,qi) - T
,J(q2,qi)[l+ iT»

 J(qx . q ^ ] "
1 , (3.19) 

we obtain 

i T d(E + oj ) 
K'J(q2,qi) = V

J(q2,qi) - P ** J V'
J(q2,q) -—^ &- K*^q.q^ . 

V s - E - (ti fii - E - u) 
q q 

(3.20) 

K1 is the so-called K1 matrix as discussed by Dalitz and Tuan (1960). 

From equation (3.20) we now see that K is real and symmetric 

provided V is real and symmetric. Moreover, equation (3.19) can be 

rewritten as 

T,J = K ' J 

which is relation (3.13) and also the statement of two particle 

unitarity. 

Equation (3.15) can be written in terms of F and VT 

defined by 
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8TT V(a + b ) ( c + d ) T = F , o o o o 
(3.21) 

8TT V(a + b ) ( c + d ) VJ = V^, o o o o F 

as 

V S - E - c u + i e q q 

d (E ,+ U)q) 

q q 

or (3.22) 

1 i. d J q F(q2,qx) = V F ( q 2 , q i ) + ^ j ' — ^ V F ( q 2 , q ) 
(2TT) V s - E^- u)_ + i£ q q 

q q 

befo re we c a r r y out the angu la r decomposit ion. 

B. Comparison with the Blankenbecler -Sugar Equat ion 

We r e c a l l the Blanikenbecler-Sugar equa t ion 

(3.23) 

(2TT) ./v/s1 - E - U) +ifi 
q q 

r- E "> 
V s + E + a) + i S ] q q 

F(q ,q,) • (3.24) 

By s i m i l a r arguments a s we have given in Chapter I I I s e c t i o n A, t h i s 

e q u a t i o n obeys two p a r t i c l e u n i t a r i t y . Moreover, t h i s equa t ion i s 

no th ing more than S c h r o d i n g e r ' s equa t ion with r e l a t i v i s t i c express ions 

for the p a r t i c l e e n e r g i e s and an e x t r a term cor respond ing to the energy 
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denominator — — — — — # The corresponding potential function in the 
vS + Eq+o^ 

Blankenbecler-Sugar equation is computed according to the recipe of 

replacing relative energies by their on shell value. 

We now have a procedure for finding the potential, once the 

corresponding potential for the Bethe-Salpeter equation is known, but 

we can also carry out the reduction in any other frame. The result 

is then a different procedure for finding the potential. Also we can 

see that the term involving the energy denominator corresponds to a 

six particle intermediate state, as shown in Figure 3-2. By our 

approximations these higher order intermediate states do not really 

belong in this two particle equation. Thus it is reasonable to drop 

this term. The resulting equation is the relativistic Schrodinger 

equation which we have briefly discussed in Chapter III, section A. 

In our calculations, however, we are still left with the question of 

what input potential to use in the equation. 

C. Choice of Potential 

Usual dynamical calculations of scattering amplitudes use 

single particle exchanges as the input or "potential." If we assume 

that the force is given by computing some particular Feynman diagram, 

we still have an ambiguity in how to go off shell, since the Schrodinger 

equation is a one dimensional off shell equation after carrying out 

the angular momentum decomposition. In the choice of potential we 

must assume that when the particles are on shell it reduces to the 
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Fig. 3-2. Example of a six pa r t i c l e intermediate s t a te included 

m the Blankenbecler-Sugar equation. 
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value obtained by computing the corresponding Feynman diagram according 

to the usual rules. 

In our calculations we compute the "potential" by assuming 

the particles involved are on the mass shell and by treating initial 

and final particles symmetrically. The results of these calculations 

for the cases considered are given in Appendices A and D 

D. Formal Discussion of the Equation 

In part A we have discussed the two particle unitarity pro­

perty of the relativistic Schrodinger equation. We will now discuss 

its relativistic and casual properties. To do this we first introduce 

the usual generators of the Poincare group with their commutation 

relations and an alternative set usually referred to as the center of 

mass set. 

1. Generators of Lorentz Transformations 

We first introduce the four components of the momentum four 

vector P (|i = 1,2,3,4; P,s» iH) representing translations in space time 
fi ** 

and the six components of the antisymmetric tensor M representing 

rotations in space time. They obey the commutation relations: 

CW • ° 

^ v ' P X ] = i [ P v W Vvx3> and (3.25) 
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where 

H,V = 1 ,2 ,3 ,4 . 

The o p e r a t o r U(a,A) corresponding t o an inf in i tes imal Lorentz 

t ransformat ion may be w r i t t e n as: 

u(a ,A) = 1 + i e M - i a P , (3 .26) 
2 |J,V p,V |Jb U. 

where a and e are such that x1 = a x + a , and a = 6 + e 

UA> (J,V u. u,v v To. |iv M-v \i\> 

I t i s convenient to s epa ra t e the components o f M in to the g e n e r a t o r s 

J . of pure r o t a t i o n s about the i ax i s i n t h r e e space and the g e n e r a t o r s 

K. of pure Lorentz t rans format ions along the i ax i s by 
J = - e . .k M.k and 

i 2 I J j 

K. = -1M.4, (3 .27) 
l i < 

where 

i , j , k = 1 ,2 ,3 . 

Express ing the commutation r e l a t i o n s i n terms of P , J . , K. 

and H, i = l , 2 , 3 , we o b t a i n : 

[ • W - 0, [ P ^ H ] = 0, [ P . , J . ] = i e i j k P k , 

[ J . , H ] = 0 , [ J ^ ] = x e i j k J k , [ J . , ^ ] = i e . . ^ , (3 .28) 

[ K ^ P j ] = i 6 . . H , [Kx ,H] = i P . , and [ K . , K . ] = -ie±.k\. 

-» —» -» 
The cen te r of mass s e t cons i s t s of o p e r a t o r s p , h , j , x def ined by 
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P = P. 

H = V p 2 + h 2 

J = x X p + J, and (3.29) 

i - * - * 
—• l —» —» ,i y D 

K = - (xH+ Hx ) - -̂J-g . 

They sa t i s fy the commutation r e l a t i o n s : 

[ P ^ P j ] = 0, " [P-.Xj] = - i 6 x j , [ P . , ^ ] = 0, 

[ x . , X j ] = 0, [ x . , J k ] = 0, [ x . , h ] = 0, (3.30) 

[Pi,h] = 0, CJ1,jj] = i e
l j kJk> and t\>hl = °-

The Hilbert space of physical s t a tes can now be wr i t t en as 

a d i rec t product: 

K = ,SX L ( 2 ) , 

(2) 
where L is the Hilbert space of square integrable functions of the 

—• 

total momentum p; S is spanned by basis vectors which are eigenvectors 

of h,j) and T], where T] is anything else needed to define the basis. 

That is, other quantum numbers. A representation u(a,A) of the 

Lorentz group induces in /S a representation it(R) of the' three dimen­

sional rotation group with generators j and in addition a representation 

of the mass operator h. 
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We shall next direct our attention to two particle states, 

of masses m.. and m_. For simplicity we shall neglect spin. In the 

absence of interactions and using a subscript "o" to distinguish 

operators referring to the free system, we may write for the generators 

2 
-4 — • 
Po = E Pl ' 
0 i=l x 

H = S h. , 
o i=i 1 

J = E x. X p. , and 
0 i=l *• l 

1 2 

K = •£ 2 (x.h +h.x.) 
o 2 £_i i i i i 

Denoting the four vector (P ,H ) by P £nd introducing h and the 
° o o - ' o o 

(3.31) 

relative moment k by 

Ho = ̂ I+h 2" and 

(3.32) 

where 

i(j, (i 

0 (3.33) 

o _ .. __oji i,k= 1,2,3, 
P4u. " _ 1 ho ' (io 1,2,3,4, 
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i s designed so t h a t 

3 ( P ) ( o , h Q ) = ( P 0 , H o ) . 

The cen t e r of mass g e n e r a t o r s of the Poincare ' group for the 

two n o n - i n t e r a c t i n g p a r t i c l e s may be e x p l i c i t l y r ep resen ted by 

o o 

\ = '/k2 + mj + vJkTr+~m| , 

j Q = - ~ k x V k , and (3 .34 ) 

• 9 

9Po 

An i n t e r a c t i o n i s defined by l e t t i n g h -* h +v and leaving the o the r 

gene ra to r s u n a l t e r e d . Then we f ind 

H - H = A/p 2+h 2 (3 .35) 
o r o 

where 

h = V ^ + m 2 + JkZ +m2 + v , 

and v i s a r o t a t i o n a l l y i n v a r i a n t funct ion 
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2 . Existence of Moller Operators, Lorentz Invariance and Causality 

In th i s sect ion we shal l br ief ly review the Lorentz in­

variance of the r e l a t i v i s t i c Schrodinger equation, i t s causal proper t ies , 

and the general conditions which v must sa t is fy in order to c lear ly 

define the sca t te r ing problem. 

We s t a r t by r eca l l ing the usual def in i t ion of the Moller 

operators - — 

n J. /*. u \ i • Lht - ihot 
L2 + (h,h ) = slim e e , 

° t-*±<* 
and (3.36) 
fi + (h ,h) = slim e e , 

where 's denotes the strong limit. For a discussion of scattering 

theory see Branig and Haag (1959). We can now make the following x 

statements for suitable potentials v. 

The scattering problem is well defined. That is if both 

Q + (h,h ) and fi + (h ,h) exist, then the strong limits tl± (H,H ) 

and Q + (H ,H) exist also and 
—• o 

0 + (H,H ) = Q + (h,h ), Q + (H ,H) = fi + (h ,h). (3.37) 

The exis tance of the Moller operators has been proven under sufficient 

condit ions on the po ten t ia l v set forth by Haag (1959), Kureda (1959), 

and Kato (1963). These conditions can be summarized in the statement 

that the po ten t i a l v be of trace c l a s s . That i s , i t can be wri t ten 

as sums of products of Schmidt c lass operators . (A Schmidt c lass 

operator i s one which has a f i n i t e trace norm). 
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The equation is relativistically invariant. That is we can 

explicitly exhibit a unitary representation of the Poincare group in 

•the Hilbert space of physical states such that the resultant S matrix 

is covariant. This point has been fully discussed by Fong and Sucher 

(1963). We shall briefly review it. 

They have defined unitary operators corresponding to a 

Poincare transformation (a,A) by 

U (a,A) Y(i) - - N A> _-. 
+ ^i'q2 Lq-^1^ 

and (3.38) 

U- (a,A) Y(^) -> _ (-) 

where ¥ -• _ (Y -» -» ) deno tes the Heisenberg s t a t e corresponding 
q r q 2 q 1 5 q 2 

to a f i n a l ( i n i t i a l ) two p a r t i c l e s t a t e c o n f i g u r a t i o n c h a r a c t e r i s e d 

—+ —» —» —» 

by momenta q- and q , and Lq. and Lq. denote the Lorentz transform by 
-• -» 

(a,A) of q1 and q r e s p e c t i v e l y . The n o r m a l i z a t i o n f ac to r N i s chosen 

to make U, and U u n i t a r y . Using the n o r m a l i z a t i o n : 

<q[ ,q 2 | q r q 2 > = 6 ( 3 ) ( q ' - q x ) 6 ( 3 ) ( q 2 - q 2 ) , (3 .39) 

i t follows t h a t 

E T - ET-Lq Lq 
N = \ I E _ E-, (3 .40) 

qx q2 

where the E ' s denote t h e corresponding e n e r g i e s . 
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Since 

Y ^ - n ^ l q . q ) , (3.41) 
Hl42 

where |q- ,q„) denotes the two particle state in the absence of inter­

actions, it follows that in the absence of bound states 

U, (a,A) = Cl^u (a,A) fif<i), (3.42) 
+ o 

where U (a,A) is a unitary representation of the Poincare group in 

the Hilbert space formed by considering direct sums of tensor products 

of single particle states. If there are bound states, we write 

U, (a,A) = U , ' (a,A) + u, (a,A), (3.43) 
+ +b +c 

where u (a,A) re fe r s to the continuum par t of the spectrum as we 
+c 

have already discussed, and U . (a,A) i s the r e s t r i c t i on of U (a,A) 

to the bound s t a t e subspace. 

Clear ly the operators U,(a,A) and U_(a,A) obey the commutation 

re la t ions of the Poincare group, because they are s imi la r i ty transforms 

of the operators U (a,A). The condition necessary for the covariance 

of the S matr ix, 

[S,Uo(a,A)] = 0, (3.44) 

i s then 

fi.U (a,A).!? = OU (a,A)fi+ . (3.45) 
T O + - o -
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Thus out of all the possible class of generators of Lorentz trans-

—* —* 
formations which may be adjoined to P , J , H, only an equivalence 

o o 
class of them yields a covariant S matrix. Therefore, stipulating 

7*2—2 the Hamiltonian H = vp +h does in fact yield a covariant S matrix o 

as shown by Fong and Sucher. In addit ion they show that t h i s i s the 

more general Hamiltonian which should be considered from the viewpoint 

of sca t te r ing theory. If a two body covariant S matrix i s the S matrix 

of some d i r ec t interact ion theory, there always ex i s t s a Hamiltonian 

of the type H = Vp +h 2 which y ie lds the same S matrix. (2) 

The equation i s macrocausal. By th is we mean that when the 

two p a r t i c l e s are at a great dis tance from each other, they have 

v i r t u a l l y no effect upon each o ther . In local quantum f ie ld theory, 

however, one has s t r i c t microcausali ty, since one assumes tha t 

observables commute with each other at space l ike distances for each 

space-time point . 

The requirement of macrocausality, formulated as a strong 

l imit i s 

slim exp(ip 'a) S exp( - ip ' a ) = S»®S", (3.48) 

|a|-*°° __ 

where p1 is the total momentum of a subsystem of particles. Note that 

in the above equation, we have used a strong limit. The above condition 

has sometimes been formulated in the literature as a weak limit 

(1) The equivalence class we refer to is that corresponding to the 
set of Hamiltonians which produce the same S matrix. 

(2) R. Fong and J. Sucher, J. Math Phys. J5, 465 (1963). 
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(Wichmann and Chricton, 1963). The strong limit follows from the 

weak one, since the S matrix is unitary. Coester proved equation 

(3.48) under the condition that v is of trace class. His proof is 

essentially a simple application of Cauchy Schwartz inequality. 
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IV. PRACTICAL CONSIDERATIONS 

A. Numerical A n a l y s i s 

We s t a r t w i t h the r e l a t i v i s t i c m u l t i c h a n n e l Schrodinger 

equa t ion for s c a t t e r i n g s t a t e s : 

p °° d(E + u) ) 
K ' ( q 2 , q i ) = V ' ( q 2 , q i ) - I J v« (q2 ,q) — - 9 3 K ' C q . q ^ , ( 4 . 1 ) 

A A/S - E - u) 
m q q 

d(E + u) ) 
where K1 and V1 a r e m a t r i c e s , " •• •" ' i s a d iagonal m a t r i x in 

V 7 - E q - u,q 

channel space, and A is the lowest threshold. In order to solve this 
m 

i n t e g r a l equa t ion n u m e r i c a l l y , we f i r s t map t h e i n f i n i t e i n t e r v a l onto 

the f i n i t e i n t e r v a l [ 0 , 1 ] . To do t h i s we make the t r ans fo rma t ions 

(E + a) ) = •: + A • 
q " Y i !--<£ i 

and ( 4 . 2 ) 

a z . 
v s = •:——• + A . . 

1 _ 2 i i 

where the threshold for the corresponding channel i is A., and where 

a is a scale factor chosen to make the integrand peak around the 

middle of the interval of integration. This is to obtain maximum 

numerical accuracy. 

We then obtain 

K'(x,z) = V'(x,z) - | J V'Cx.x*) - ^ - ^ K ' (x\z). (4.3) 
O Z - X 1 - X 
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To take care of the singularity, we write 

J,1V'(xfx')-^--i=5-K'(x',«) = / 
Z-X 1-X n 

TT' / ,<dx 1-Z „l . . dx 
V (x,x') r j-- V (x,z) , 

z-x 1-x' v ' ' z-x 

l , i 

K'(x',z) + v'Cx.z)^ -^K'Cx'.z) 
o z-x 

(4.4) 

Then, 

K'(x,z) = V'(x.z) x . 1 p i s l K - ( x . , o + i j 
TT *J ' TT J Z-x 

„i , \s dx' 1-2 V (x,x') 
z-x 1-x 

- V'(x,2) 
dx 

z-x 
K'(x',z) (4.5) 

We define 

u'(x,z) = K'(X,Z) -i/^lK'(x',z) 
TT 1 o z-x 

(4.6) 

Then we obtain 

u'(x,z) = V'(x,z) - *± J" 
i\ dx 1 1-z i > s dx V'(X,X') " ^ •*—• " V(X,2) 

z-x 1-x z-x 

u (x ,z), 

(4.7) 

This equation can now easily be solved by standard techniques. After 

solving equation (4.7) we then obtain K by inverting equation (4.6). 

That is, by using 
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K (x,z) = u (x,z) 1 rl dx' ' ' I"1 

_ ^ o z-x J 

To compute 

jXu'd',.), (4.9) 

we again take care of the singularity by writing 

J "JL-; u (x ,z) = J -5—; [u (x',z)- u '(z,z)] - log (-jp) u '(z,z). 
o z-x o z-rt \ 

(4.10) 

In order to solve the integral equation (4.7) we approximate 

the integral by a sum, and then solve the system of linear equations 

so obtained for the unknown function u (x,z). In approximating the 

integral by a sum we use the technique of Gaussian quadratures. We 

can then use few terms in the sum. Thus the matrices we have to invert 

in solving the system of linear equations for the unknown function u' 

can be solved on most computers. 

In the technique of Gaussian quadratures the abscissas and 

weights are preassigned in an optimal way to obtain a polynomial fit 

of degree 2n-l, when we use n points. This technique is fully 

discussed in any standard numerical analysis textbook, such as 

Hildebrand (1958) or Kopal (1961). 

We give equation (4.7) with the integral approximated by a 

sum and all matrix indices: 
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1-z 

u*(x(i) z*) - v'cx
(i) z ) - v A ( m )rvVx ( i )

 x
(m)i — -

u vXj ,zxj - v (Xj ,zx; ^S A r [V (Xj ,xr_ J (m) 

r 

' /• (m) » 
/, N u (x; ,zf) J z - x 

r r 

where the corresponding Gaussian weights are denoted by A^ . 

Superscripts stand for the preassigned Gaussian abscissas; subscripts 

stand for the corresponding channel indices. 

Once we solve for u'(xj >zp) w e then obtain u (x. ,z-) by 

again using equation (4.11). The quantity u'(x.,Z/i) is u with 

the momenta of the incoming and outgoing particles both on the mass 

shell. We then use equation (4.6) to obtain Kr(x.,z»). In computing 

the integral (4.9) appearing in equation (4.6) we also use the tech­

nique of Gaussian quadratures. 

A computer program was written for the IBM 7094 computer to 

accomplish this procedure. In our numerical calculations sufficient 

accuracy was obtained with the use of approximately ten Gaussian 

quadrature points, with a value of the scale factor of about 0.5 BeV. 

To check the validity of our programs, we used this tech­

nique to solve a nonrelativistic multichannel Schrodinger equation 

in momentum space for" a Yukawa potential in a broken SU(3) symmetry 

model. This equation had aft energy dependent reduced mass to take 

some account of relativistic kinematics. This problem was first 

solved by Wyld (1967) who wrote the multichannel Schrodinger differential 

equations directly in position space. The results obtained by 

1. His model is further discussed in Chapter V, where we compare his 
results with those obtained by solving the relativistic Schrodinger 
equation, to take full account of the relativistic kinematics. 
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solving the equations in momentum space agreed with those of Wyld who 

used position space. 

In the case of bound states, the inhomogeneous term in 

equation (4.1) is not present. The solution of the equation is then 

reduced to finding its energy eigenvalues vS or what is equivalent 

to finding the eigenvalues z since these are related by equation 

(4.2). 

We must then find the eigenvalues of the equation 

1 
V* (x,x* ) 

z-x 1-x 
t' (x,z) = - J J* V* (x,x' ) ̂ Y - ^ 7 K (x ,z) . (4.12) 

o 

Upon writ ing the above equation as a sum, a l l indices included, we 

obtain 

J - 6 T T m r v j ' r ' 1_x(m) % _x(m) 
r r r 

where the corresponding Gaussian weights are denoted by A ' and 

superscripts stand for the preassigned Gaussian abscissas; subscr ipts 

stand for the corresponding channel i nd ices . The eigenvalues z of 

the above equation are then obtained by finding the zeroes of the 

corresponding determinant function. In other words we compute the 

values z so tha t r 

detCfi. 6 . + A A<m) v ' C x ^ . x ^ ) — ^ V T D = °- <4 '1 4> 
im j r n r J r , (m) (m)J 

J J 1-x z -x r r r 
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In cases where we solve the Blankenbecler-Sugar equation 

for scattering states, we start from the equation 

« d(E + u> ) d(E + w ) 
K'(q2,q1) = V*(q2,q1) - J J v' <q2 ,q)[ *-*-S •*- . _ S <L-]K. ( q ^ ) , 

A ^ B - J J - A/7 + E + u) 
m q q q q 

(4.15) 

d(E + to ) d(E + u> ) 
where both •• ' " *•— and •" 3 — a r e diagonal ma t r i ces in 

A / S - E - Gt) A/S + E + co 
q q q q 

channel, space and A i s the lowest threshold . 

In the bound s t a t e case the above equation can be w r i t t e n 

in the form 

i d(E + UJ ) d(E + a, ) 
K'Cq.-q,) - - £ T V<q ,q) [ <* •" - <• ^ ] K (q,q ) 

* x n a m * A / S - E - I D VS + E + CU m " q ~q • q q 

We solve these i n t e g r a l equa t ions by making transformation (4.2) and 

proceeding in the same way as before . 

In cases where we solve any of the above equat ions with a 

cu tof f matr ix function F . . ( q ) we modify the o r i g i n a l kernel of these 

i n t e g r a l equations by mul t ip ly ing by t h i s matrix funct ion. We then 

so lve these equations by making transformation (4.2) and proceeding 

as be fo re . As an example of a cutoff matr ix function F . . ( q ) we use 

-ECE + 0, - A) . ] 2 /X 2 

F i j ( q ) = 6 i j e ' ( 4 , 1 7 ) 

where \ is properly chosen and A- is the threshold for the j channel, 
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In cases where we solve the r e l a t i v i s t i c Schrodinger 

equation or the Blankenbecler-Sugar equation with a cutoff parameter X 

we make the transformations 

(E + co ) . = (,X- A.)x. + A. 
q q i N 1' i 1 

and (4.18) 

-/a". = CK~bt)z± + A± 

and proceed as we have already discussed. 

B. J u s t i f i c a t i o n of Numerical Analysis 

With no loss of general i ty l e t us consider equation (4 .1 ) . 

The same reasoning can be applied to the other cases. We write t h i s 

equation in symbolic form as 

T = V+VG T, (4.19) 

where 

1 
G = 0 v£-H o 

Basic to our treatment i s the existance of the Schmidt norm defined by 

T<s> = IIWolr-^ICVG^CVXy] • (4.20) 

(2) That is, writing (4.20) in full 

2. Defining the Schmidt norm in this manner we avoid the inessential 
complications due to the pole at v§ = E + u) . 

q q 
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T(s) = Jdpjdq | vW-v'fa-q) /i + i ) | 2 < . . (4.21) 
Vs - E - tu \ q " V 

q q 

This is based on the theorem which states that a completely 

continuous operator W can be uniformly approximated by a finite rank 

operator U . (This theorem is shown, for example, in Riesz 

and Nagy (1955)). In symbols, if W is completely continuous there 

exists a finite rank operator U such that 

|W- U | < G (4.22) 

for any given c=>o. We write 

VG H W- U+Z (4.23) 

o 

where U is of finite rank. Using (4.22) we see that |z| <£. 

Then we write 

T = V+VG T = V+(U+Z)T = V+UT+ZT, (4.24) 

and see that 

T(l-Z) = V+UT. (4.25) 

3. An operator W is called completely continuous if it maps weakly 
converging sequences onto strongly converging ones. The existance of 
the Schmidt norm is a sufficient, but not a necessary condition for the 
complete continuity of the operator W. In the theory of integral equa­
tions, operators of finite Schmidt norm are called Fredholm. 

4. An operator U is said to be of finite rank if its range is of 
finite dimension. It is easily shown as for example in Rickart (1960) 
that an^operator U of finite rank r can be written in the form 
Ux = .IL fi(x)ui, where the u^s are linearly independent vectors, the 
fi's are linear functionals, and x denotes any vector in the domain of U 
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Defining the r e so lven t of Z by 

( 1 - Z ) ' 1 = 1 + R , (4 .26) 

we o b t a i n 

T = ( 1 + R )(V + UT). (4 .27) 

Defining 

V = (1 +R )V z 

and (4 .28) 

U = (1 + R )U z 

we then ob ta in 

T = V + UT . (4 .29) 

The s o l u t i o n to (4 .29) i s then seen to approach t h e des i r ed s o l u t i o n 

s i n c e |Z | < 6 by ( 4 . 2 2 ) . 
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V. INTRODUCTORY REMARKS, NOTATION, AND S WAVE RESULTS 

A. Introductory Remarks 

In this and the remaining chapters we will discuss numerical 

results obtained by solving the multichannel relativistic Schrodinger 

equation in the case of pseudoscalar meson baryon scattering in a 

broken SU(3) symmetry model and in the four lowest partial waves. 

Also we will compare our results with those of other calculations 

where possible. We use the potentials obtained from single particle 

exchange processes computed using the usual Feynman rules and extra­

polated off shell following the procedure discussed in Chapter III, 

Part C It is worthwhile to emphasize that extrapolating the potential 

off shell is certainly not a unique process and is one of the most 

serious disadvantages of our calculational procedure. However, we 

would hope that the qualitative features of the model be roughly 

independent of the way we extrapolate the potential off shell. This 

has been the case in our calculations. In calculating the potentials 

we use interaction Lagrangians obtained by assuming SU(3) invariance 

so as to obtain relations between otherwise unrelated coupling constants. 

However, we break the symmetry in the sense that we use actual experi­

mental masses for both the exchanged particles and also the incoming 

or outgoing particles. The crossing coefficients so obtained are 

given in Appendix A, where we also discuss in detail the procedure 

followed in obtaining them. The momentum dependence of the potentials 

is given in Appendix D. The assumptions of our model can best be 

illustrated through a brief discussion of earlier approaches to the 

problem. 
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The technique which has been most widely used in the theo­

r e t i c a l investigation of pion nucleon scattering i s the N/D method 

and i t s approximations. In order to take some account of i n e l a s t i c 

channels, many of these ca lcula t ions have made use of the multichannel 

N/D method or the Frye-Wamock equations (1963). Generally these 

two methods are not equivalent . Bander, Coulter, and Shaw (1965) have 

considered a simple model and have shown that the r e s u l t s obtained by 

using multichannel N/D equations do not in general agree with those 

obtained using the Frye-Wamock equations when there are bound., s ta tes 

present . 

Among the ca lcula t ions which have made use of the N/D equa­

t ions we may mention the calculations performed by Martin and Wali 

(2) (1963; 1964). Their method of calculat ion consisted in using 

Bjorken's determinantal approximation to the multichannel N/D 

equat ions. The forces were approximated by considering the contribu­

tions due to allowed s ingle p a r t i c l e exchange processes. The in t e r ­

action Lagrangians were obtained by assuming SU(3) invariance. In 

M.W. 1 they considered the problem of P wave pseudoscalar meson-

3 

baryon scat ter ing for a l l s t a t e s such that J = — with only the contr i ­

bution due to baryon exchange as the input po ten t i a l . In M.W. 2 they 

considered the four lowest p a r t i a l waves and the contribution due to 

the other possible single par t i c le exchanges. Also we wi l l mention 

1. Single channel N/D equations with an i n e l a s t i c i t y parameter are 
usually referred to as Frye-Wamock equations. 

2. Hereafter referred to as M.W. 1 and M.W. 2 respec t ive ly . 
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the calculations of Coulter and Shaw (1966). They solved the Frye-

Warnock equations for pion nucleon scattering in cases such that 

J <; 3/2. The inelasticity parameter was taken from experiment and 

for the input potential they considered the contribution due to P , 

N, and N* exchange. More recently the multichannel N/D equations for 

pseudoscalar meson baryon scattering were also considered by Brehm 

and Kane (1966) who solved them using an approximation procedure first 

suggested by Pagels (1965). 

Dispersion relation methods have also been used in studying 

pion nucleon scattering problems. One such technique, used by 

Donnachie, Hamilton, and Lea (1964) and also Donnachie and Hamilton 

2jj 
(1965) was to write dispersion relations for f» /k where f . is 

(3)_ 2J& 

the scattering amplitude and k the momentum. The factor k was 

introduced to suppress the contributions of short range forces. The 

contribution of the nearby singularities was obtained by evaluating 

the long range part of p , N, N*, and TT-TT I - 0, J = 0 exchange. 

Experimental data was used to evaluate the contribution of these 

processes. The contribution of the distant singularities was approxi­

mated by poles. The S wave problem was not considered by these authors 

since short range forces are then expected to provide an important 

contribution which cannot be neglected. 

Pseudoscalar meson baryon scattering has also been treated 

recently within the framework of the Schrodinger equation by Wyld as 

we have briefly discussed in Chapter IV. He addressed himself to the 

3. Hereafter referred to as D.H.L. and D.H. respectively. 
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S wave problem and considered a multichannel Yukawa potential in a 

broken SU(3) symmetry model as the input potential. To take some 

account of the relativistic kinematics he used an energy dependent 

reduced mass. In the next section we will compare his results with 

those obtained in our model, taking full account of the relativistic 

kinematics and actual experimental particle masses. His calculation 

was repeated within the framework of the multichannel N/D equations 

by Brehm (1966), who solved these equations using Pagel's method. 

Due to kinematical complications he could address himself only to the 

pion nucleon scattering case. His results remotely agreed with those 

of Wyld, but there is certainly not a quantitative agreement. Also 

the Argand diagrams given by Brehm were in violent disagreement with 

experimental evidence. 

The effective potential method due to Balazs was used 

recently by Finkelstem (1966) in the problem of meson nucleon scat­

tering. The advantages and disadvantages of this technique have 

already been discussed in Chapter II. Another practical disadvantage 

was that he could not address himself to all possible states since he 

encountered divergent potentials in all those cases for which 

3 = & - ~. Also he considered a one channel problem and completely 

neglected inelastic effects. The main success of his model was, 

however, that the scattering length corresponding to the S.., state 

(4) was positive, in agreement with experiment. This was in contrast 

4. We shall use the notation L„_ 2 to denote a state of orbital 

angular momentum L , isospin I, and total angular momentum J. We shall 
occassionally also use the symbol Lj to denote any isospin state with 
orbital angular momentum L and the total angular momentum J. 
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to ca lcu la t ions based on the N/D method, even af ter taking account of 

i n e l a s t i c i t y . As an example we may consider the ca lcula t ions of 

Coulter and Shaw, which predicted a negative sca t te r ing length unless 

a CDD pole in the solution to the N/D equations was introduced. 

B. Notation 

We s t a r t with the multichannel r e l a t i v i s t i c Schrodinger 

equation for scat ter ing s t a t e s 

I n d ( En + U)q) 

K ' ( q 2 , q i ) = V ' ( q 2 , q i ) - £ P J v ' ( q 2 , q ) — 9 2 K ' C q . q ^ , (5.1) 

Js - Eq- Wq 

or with the Blankenbecler-Sugar equation for sca t te r ing s t a t e s 

- r d ( E + u ) ) 

K ' ( q 2 , q i ) - V ' ( q 2 , q i ) - J P JV»(q2>q) * * -
LVs + E + on 

q q 

d(Eq + u> ) -i 
— T - 3 K ' ( q , q i ) , (5.2) 

Vs + E + u) J 
q q 

where K' is the K' matrix and V1 is the input potential matrix. In 

the bound state case the inhomogeneous term is not present and the 

above system of integral equations reduces to an eigenvalue equation 

for the energy Vs. 

For scattering states once we find K1 we then find its 

eigenvalues and eigenvectors, denoted by tan 6 and v. respectively. 5. This section follows rather closely the discussion given by Wyld 
(1967) . 



57 

The 6 are the eigenphases, the multichannel generalization of phase 

shifts. The T' matrix, which is the T matrix with a kinematical 

factor removed is then 

T1. = (iKL, ) = £ v - ~ v-rv e a sin6 . (5.3) 
j i VI-iK' / tv iff jcif a v ' 

From this we obtain the cross section 

4JT , „ . . , , i m l ,2 

k 

ff„ = ^ 2 (2J+DIT- | , (5.4) 
J u J 

1 

where i refers to the initial and j to the final state. 

We give our results by discussing several kinds of graphs. 

To keep the size of this thesis manageable we will in general only 

exhibit explicitly graphs corresponding to the case of pion nucleon 

scattering. The other cases will also be discussed but usually no 

graphical illustration will be presented. First we have Argand dia­

grams such as Figure 5-1 of the real versus the imaginary part of the 

scattering amplitude 

2kf = 2el6<vsin6 = 2T' . (5.5) 
a ii 

as a function of energy. Here 6 = 6 + 16. is the complex phase 

shift in some specified channel, 6 and 6 denote its real and imaginary 

parts, and 2kf is twice a diagonal element of the T' matrix. Unitarity 

limits 2kf to the interior of a circle with unit radius about the point 

i. If only one channel is open so that the scattering is elastic, 2kf 

lies on the unit circle; if two or more channels are open so that the 
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Re(2kf) 

FIG. 5-1 ARGAND DIAGRAM. 
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scattering is inelastic, 2kf lies inside the unit circle. The 

scattering cross section cr , the reaction cross section c , and the 

total cross section a are given by 

a - M ( 2 J +i)| a|
2, 

kT 
i 

CT = ^ (2j+l)(l-|b|2), and (5.6) 
kT 
i 

a -& (2J+l)|c|, 
c kT 

I 

with a, b, and c as in Figure 5-1. 

There are various ways of defining a resonance. In case of 

a single channel problem we have the condition that the (real) phase 

shift increases through 90 . This corresponds to the amplitude 2kf 

traversing the top of the unitarity circle in Figure 5-1 in a counter­

clockwise direction. In case of a multichannel problem, if a resonance 

can be represented by a Breit Wigner terra plus a constant complex 

background term, the Argand diagram of 2kf will be semicircular in 

a counterclockwise sense. The energy at the top of the semicircle is 

the resonance energy E ; the energies at the edges of the semicircle 

r 
are E + T, where T is the width of the resonance. Another possible 

condition for a resonance in a multichannel problem is that one of 

6. A simple proof that this follows from causality was given by 
Wigner (1955). Wigner's proof applies to elastic resonances but the 
anticlockwise condition is also true in the presence of inelastic 
channels. Dalitz (1963) gave a more rigorous discussion which is 
appropriate to the general case. 
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the (necessarily real) eigenphases 6 goes through 90 . The resonance 

energy E1 would then be the energy at which this occurs.^ ' Both 

E and E' are generally different, but relatively close. The experi­

mentalists give the resonance energy as the energy of the peak in 

a mass distribution. A related, although somewhat shifted peak is 

also obtained in a scattering cross section. 

Unless otherwise stated we use the following values for the 

coupling constants and the F/D ratio: 

2 

~4^= 14.6, 

F/D = 0.33, 

(5.7) 
8pTm gpNN _ 

4TT ~ L> 

and 

§N*T*W 
= 22.6/Bev 

gN*TTN „„ ,.„ 2 
4TT 

Based on universality (Sakurai, 1966) we could use somewhat larger 

°PTTTT °PNN 
values for the product , — . Also the experimental value of 

the F/D ratio is somewhat uncertain at present. Similarly we could 

also use slightly different values for the other coupling constants. 

However, our results are not very sensitive to such variations. We 

believe this is one of the main advantages of our model. 

C. S Wave Results 
1. Experimental Situation 

Experimental results concerning S wave pion nucleon scattering 

in the cases I = 3/2, Y = 1 (S^i) and I = •_-, Y -= 1 (S,,) are given 

7. We define the resonance energy E1 as the energy at which the eigen-
phase crosses 90 . The width of the resonance is defined by £ = 57.3 X 
(d(i)/d,6 ) . 2 
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in Figures 5-2 and 5-3 respectively. In Figure 5-2 we present Argand 

diagrams obtained by Bareyre et al.(1965) and Donnachie et al. (1964) 

in the case of S,.. In Figure 5-3 we present Argand diagrams as 

obtained by Bareyre et al. and Bransden et al. (1965) in the case of 

S... Analysis of Figure 5-2 shows the interesting behavior of S .. 

wave. It starts off as a repulsive wave and continues as such to 

about 1400 MeV (center of mass energy). The Argand diagram then shows 

a loop above this repulsive background. The analysis of Figure 5-3 

shows the behavior of the S.. wave. A strong cusp is seen at the T) 

production threshold. The Argand diagram then displays a circular 

shape. This is the behavior which establishes the existence of the 

N£(1570) resonance. Also the Argand diagram of Figure 5-3 seems to 

show some evidence for a higher S.., resonance at a center of mass 

energy of approximately 1700 MeV. 

2. Review of Wyld's Calculations 

It is clear from the analysis of the Argand diagrams, as 

shown in Figures 5-2 and 5-3, that in attempting to explain the behavior 

of the S wave scattering amplitude, we must take account of inelas­

ticity. Wyld did this using a broken SU(3) symmetric Yukawa potential 

with an energy dependent reduced mass. The use of a Yukawa potential 

can be justified as the nonrelativistic limit of a vector exchange 

process. It is clear that his model could not account for the existence 

of an S„, resonance, since the crossing coefficients for this case 

yield a repulsive potential. However, he accounted for the N, (1570) 
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Fig. 5-2. The experimental Argand diagram for the S-, TTN scattering 

amplitude. The numbers are center of mass energies in MeV. 

The solid curve gives the results of Bareyre et al. The 

dashed curve gives the results of Donnachie et al. 
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lm(2kf) 

Re(2kf) 
Bareyre et al 
Donnachie et al 
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Fig. 5-3. The experimental Argand diagram for the S_1 TTN scattering 

amplitude. The solid curve gives the results of Baryere et al. 

The dashed and dot-dash curves give the two solutions obtained 

by Bransden et al. 
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Im(2kf) 

Re(2kf) 
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and interpreted it as a bound state in the KS channel. His model 

also accounted for the Y* (1405), Y* (1670) , and predicted a s* (1615). 
o o •*> 

No Y# resonance appeared in t h i s model. In Figures 5-4 and 5-5 we 

show (in dotted lines) the eigenphases and Argand diagram respect ively 

corresponding to the S.,., p a r t i a l wave amplitude as obtained by Wyld. 

3 . E lec t r i c (V ) Vector Exchange Contribution to the Driving Force 

a. The S j . Par t i a l Amplitude 

In our calculations we f i r s t consider as our input potent ia l 

the YM, contr ibution of the vector exchange process as shown in Appendix 

A, Figure A-l . F i r s t we compute the space part of this po ten t i a l as 

we have discussed in Appendix D. We then note that using t h i s input 

potent ia l equation (5.1) becomes a non-Fredholm system of coupled 

in tegra l equations. 

Upon further analysis we observe that th is is due to the 

presence of the factor a + b + c + d in equations D.3 and D.4 in r o o o o 

Appendix D. We then reca l l that only the on shel l potent ia l i s known, 

and i t s extrapolation off she l l i s a rb i t r a ry . Since th i s factor i s 

twice the energy (2 vs ) when the pa r t i c l e s are on she l l , we can then 

make the replacement a + b + c + d "• 2 vs , With th i s replacement, 
o o o o 

equation (5.1) becomes a Fredholm system of coupled integral equations. 

In this manner we avoid the introduction of an arbitrary cutoff para­

meter at this point. 

We recall that in the calculations performed by Wyld, he 
°PTnT *pNN 

used for the coupling constant a value of "• , r — = 0.91 in most 



Eigenphases for the I = —, Y = +1, S, state. The solid curves 

give the eigenphases obtained considering only the contribution 

from the Yy, part of the vector exchange process to the input 

potential. The dashed curves give the eigenphases obtained by 

4TT 
PTTTT P NN 

Wyld. Both of t h e s e c a l c u l a t i o n s used —c—j~~— = 0 . 9 1 . 
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(saajBap) 3SVHdN39l3 



Argand diagrams for TTN scattering in the I = —, Y = +1, 

S, state. The solid curve gives the Argand diagram obtained 

follpwing the procedure discussed in Figure 5-4. The dashed 

curve gives the Argand diagram obtained by Wyld. Both of 

these calculations used " , " — = 0.91. 
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cases. We use this value to analyze what happens in his model when 

the full relativistic kinematics and breaking of the SU(3) symmetry 

are introduced. The results of these calculations are shown in 

Figures 5-4 and 5-5. The first of these shows the eigenphases for both 

his results (in dotted lines) and ours (in solid lines) for the S., 

wave. Figure 5-5 compares the Argand diagrams obtained in both calcu­

lations. Analyzing Figure 5-4 we observe that the results of both 

calculations certainly show qualitative agreement. However, for the 

same value of the coupling constant, our model predicts the W resonance 

to appear at an energy of 1679 MeV in contrast to Wyld's value of 

approximately 1501 MeV. Also analysis of the Argand diagram of 

Figure 5-5 shows that the Argand diagram corresponding to this model 

resembles experiment less than the one obtained by Wyld. 

Clearly we can move the position of the resonance down in 

°PTTTT °pNN 

energy by increasing the value of the coupling constant r , ~— . 

By increasing its value to 1.0, we lower the position of the resonance 

from 1679 MeV to 1673 MeV. If we further increase the value of the 

coupling constant to 1.25, we note that the position of the resonance 

moves down to an energy of 1535 MeV, Thus our results are consistent 

with those of Wyld, However, inclusion of the relativistic kinematics 

in the way we have discussed seems to make the, potential weaker, since 

we need a larger value of the coupling constant than the one in Wyld's 

model to position the resonance at about the right experimental energy. 

Both models seem to agree in the sense that they only account for one 

resonance in the S.. partial wave amplitude. Thus these models do not 
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account for N*, (1700) which seems to be present in the Argand diagra 

of Figure 5-3. 

b. Other Isospin States 

If we next consider the other isospin states, we again note 

that the resonances obtained from this model appear at a larger value 

of the energy than those in Wyld's model. However, both results 

qualitatively agree. For example, in Wyld's model and in the case 

PTTTT ̂ PNN 
1 = 0, Y = 0 the coupling constant — c — r - ~ — =0.91 used for the other 

states is too large; it led to a bound state. With a coupling 

constant of 0.56 the bound state disappeared, and the eigenphase 

crossed 90 at 1409 MeV. With a coupling constant of 0.91 the bound 

state corresponded to the Y* (1405) , and Wyld observed that the eigen­

phase also crossed 270 at an energy of 1630 MeV. In our model when 

the coupling constant is 0.91 we observe a bound state corresponding 

to the Y*, similar to his conclusions. However, no higher resonance 

is observed. With a coupling constant of 0.56 we observe a Y* at an 

energy of 1704 MeV. Again by increasing the coupling constant, we 

can produce the Y* at the right value of the energy (1405 MeV) . 

Similar conclusions are made with the other states. In summary, full 

inclusion of the relativistic kinematics seems to weaken the potential, 

but the qualitative behavior agrees with that investigated by Wyld. 

If we next consider the S_.. resonance, it is clear that the 

Y,. contribution of the vector exchange process cannot account for this 

resonance. This is so, since this contribution of the vector exchange 
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process yields a repulsive potential, which can be seen by observing the 

signs of the crossing coefficients in Appendix A. 

4. Other Contributions to the Driving Force 

a. Vector, Baryon, and Decuplet Exchange Contributions 

In addition to vector exchange, we can also have baryon and 

decuplet exchanges. Moreover, the contribution of the u term in the 

vector exchange process (which vanishes in the nonrelativistic limit) 

must also be included in the relativistic calculation. Addition of 

these terms clearly makes the potential divergent. We can no longer 

convert equation (5.1) into a Fredholm system of couped integral equa­

tions by making the replacement a + b + c + d ~* 2 Vs. 
o o o o 

However, another way of converting this system of integral 

equations into a Fredholm system is to introduce a cutoff parameter. 

By so doing and then analyzing the relative strengths and signs of 

the forces corresponding to the different exchanges, we see the vector 

exchange process yields a moderately attractive force. The baryon 

exchange process produces an extremely attractive force. The decuplet 

exchange process yields a repulsive force which tends to compensate 

the strong attraction due to the baryon exchange proces. The net 

result is a very attractive force. 

However, the agreement with experiment now worsens. If we 

assume that the cutoff must be larger than the KS threshold (since this 

is the most massive channel which contributes to the I = •«, Y = 1 state) 

we observe that it is impossible to adjust the cutoff in order to 
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produce the S.. resonance above the TTN threshold, The S.. resonance 

now moves down into a bound state of negative energy. Therefore, 

trying to make a more elaborate calculation of the S wave resonances 

does not improve the results obtained by considering the Yu part of 

the vector exchange contribution and making the replacement a + b + 

c + d ~* 2 Vs to compute the potential matrix, o o 

Next we consider the S„_ resonance. Due to the signs of 

the crossing coefficients in the potential matrix, we cannot account 

for this resonance in the same way as we have accounted for the S... 

resonance. Again if we consider the full contribution due to vector 

exchange (both Yn. an& a
LrVi couplings), baryon, and decuplet exchange , 

we observe that the strength of the potential is increased, and we can 

still not account for the S,. resonance. 

b. The S-- and S.... Partial Wave Amplitudes in the Cook-Lee Model 

To construct a model that might explain the behavior of the 

S01 wave, we turn to the Cook-Lee model (Cook and Lee, 1962). The 

basic idea of this model is the assumption that a large contribution 

to the force in pion nucleon scattering is due to one pion exchange 

coupling to the pN channel. Also the elastic channel contribution is 

neglected by merely setting it equal to zero. The obvious extension 

to our case is to assume that the main contribution to the force in 

pseudoscalar meson baryon scattering is due to single pseudoscalar 

meson coupling to the vector baryon channels. Also the elastic channel 

contributions are neglected by setting them equal to zero. Again due 
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to divergences we must use a cutoff to perform these calculations. 

In the case of the S partial wave amplitude we must then solve a 

six channel problem. This is so because although four SU(3) channels 

contribute to this process (TTN, K£, pN, and R*£) both pN and K*S can 

be an S or D wave state for a pseudoscalar meson baryon system in an 

S wave state. 

We then note that for a proper choice of the cutoff para­

meter, we can obtain the S . resonance at the correct experimental 

energy. In Figure 5-6 we see the eigenphases obtained with a cutoff 

of 8.7 BeV and a coupling constant value of /- — =5.4. We 

note that the TTN eigenphase crosses 90 at about 1784 MeV. However, 

the corresponding Argand diagram does not show the initial repulsive 

loop and the resonating background which can be observed in Figure 5-2. 

In fact the curve in the Argand diagram starts counterclockwise and 

remains so as the energy is increased and traces a semicircular shaped 

loop near the top of the unitarity circle corresponding to the S_1 

resonance. 

An obvious way of trying to obtain a repulsive background 

would be to consider the contribution of the Y,, part of the vector 
p 

exchange process i n the e l a s t i c channels (rather than se t t ing these 

elements of the po ten t i a l matrix equal to zero) . This i s so since 

t h i s part of the vector exchange process y ie lds a repulsive contr ibution. 

8. This is the value of the cutoff which is necessary to produce the 
N*.„(1236) at the correct experimental energy, considering only the 
energy independent baryon exchange force. 
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3 
Fig. 5-6. Eigenphases for the I = r , Y = +1, S s t a t e in the Cook-Lee 

PTTTT ^ T N N 
model for the coupling constant - c —— = 5 . 4 . A cutoff 

value of 8.7 BeV i s used in t h i s ca lcula t ion. 
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If we do this, we then observe that the corresponding Argand diagram 

does start off repulsive as it should. However, the corresponding 

curve moves around the unitarity circle in a clockwise direction, and 

then flips, starts to move counterclockwise, and then goes through a 

resonance. Analysis of the Argand diagram also shows that the corres­

ponding curve leaves the unitarity circle at an energy larger than 

the experimental energy for which this happens. This is in disagree­

ment with the experimental results shown in Figure 5-2. 

To try to increase the attraction and to provide an oppor­

tunity for the curve in the Argand diagram to leave the unitarity 

circle at a lower energy, we then include the contribution due to 

the inelastic pseudoscalar meson decuplet channels. To compute the 

main contribution to this force, we consider the single vector 

exchange contribution with both the YM and ov couplings. This idea 

is analagous to the Cook-Lee idea. The VBB* coupling is treated in 

accordance with the Stodolsky-Sakurai model (1962) . Since in addition 

to the elastic and vector baryon channels, we are also considering 

the contribution of the pseudoscalar meson decuplet channels, it 

follows that we now have seven SU(3) channels (TTN, KE, pN, K*2, TTN*, 

KY*, and TIN*). Since there are two linearly independent amplitudes 

for the vector meson baryon channels, we must solve a nine channel 

problem. As expected, inclusion of the pseudoscalar meson decuplet 

channels increases the attraction. However, only a slight increase 

in the attraction is observed, This is presumably so because the 

pseudoscalar meson decuplet channels are in a D wave state when the 
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pseudoscalar meson baryon channels are in an S wave state. Thus, no 

better agreement with the experimental Argand diagram is obtained. 

We can also use the Cook-Lee model to study the S... partial 

wave amplitude. We then assume the main contribution to the driving 

force is obtained by considering inelastic coupling to the vector 

baryon channels via pseudoscalar meson exchange. We must solve a 

twelve channel problem, since there are eight SU(3) channels which 

contribute (TTN, TIN, KA, KS, pN, cpQN, K*A, and K*S) , and there are 

two linearly independent amplitudes for the vector baryon channels 

which must be considered. 

However, the corresponding Argand diagram still does not 

resemble the experimental one. The Argand diagram now displays a 

semicircular shaped loop near the top of the unitarity circle similar 

to the one seen in the experimental S... Argand diagram shown in 

Figure 5-3 and which corresponds to N£(1700). However, there is no 

circular loop just above the T)N threshold which is also present in 

that figure and corresponds to N£(1570)* 

We conclude this chapter on the behavior of S waves by noting 

that this has always been a notoriously difficult problem. The main 

reason for this is that short range forces are expected to play an 

important role in the study of S waves. Not much is known about 

these forces and thus there is no general way of including them. We 

recall this was precisely the reason due to which Donnachie et al. 

did not consider the S wave problem in their calculations. 
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VI. P WAVE RESULTS 

A. Experimental Situation 

Analyses of the experimental P wave amplitudes show the exis­

tence of the well-known baryon octet of spin parity %+ consisting of 

N(939) , A(1115) , £(1193) , and =(1318). In addition there seems to be 

some experimental evidence for the existence of another k+ resonance 

at an energy of about 1400 MeV. This is the so-called N*(1400). 

This resonance has not yet been seen in total cross section measure­

ments or bubble chamber pictures. However, the phase shift analysis of 

Roper (1965) seems to indicate that the real part of the P.., phase 

shift starts out at 180 . It then decreases/at low energy and reaches 

a minimum of about 178 at a center of mass energy of about 1160 MeV. 

o o 

It then increases and becomes 180 at about 1225 MeV and 270 at about 

1400 MeV. 

At present there are no l ike ly SU(3) partners for th is 

resonance. From SU(3) arguments (considering only the lowest i r r e ­

ducible representat ions) N,*(1400) could be part of an octet (8) or 

an adjoint ten dimensional i r reduc ib le representat ion of SU(3) (10). 

If we assume the val id i ty of the quark model, then we would expect 

this resonance to be a bound s t a t e of three quarks (with L = 0 ) . 

Thus i t must be a member of an oc t e t , decuplet, or s i n g l e t . Since we 

know that i t s isospin and hypercharge are I = \ and Y = 1 respec t ive ly , 

i t then follows that the quark model implies that i t must be a member 

of an oc te t . However, Brehm and Kane have recently suggested (based 

on dynamical calculations which they performed) that the N, (1400) might 
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be a member of a 10 and not an 8. If this is true, it would defi­

nitely invalidate all of the conclusions based on the quark model. 

P wave analyses also show the existence of an SU(3) decuplet 

of spin parity 3/2 resonances consisting of N..„(1236), Y*(1385), 

B*(1529), and fi"(1675). We should recall that after SU(3) became 

prominent, it was the discovery of the fi"(1675) at an energy in 

accordance with the mass formula of Gellmann (1962) and Okubo (1962) 

which clarified the validity of SU(3) as a dynamical group for strong 

interaction symmetries. 

B. Results of Other Calculations 

No discussion of the P waves would be complete without men­

tioning the Chew-Low model (Chew and Low, 1956) and the bootstrap 

hypothesis. This hypothesis assumes that all particles are composite 

systems bound by forces arising from the exchange of the particles 

themselves. This idea was first suggested by Chew and Low from their 

consideration of a reciprocal self-sustaining mechanism for the N and 

N* and was later generalized. Their calculation made use of unitarity 

as the basis for the dynamics. The static approximation was employed. 

This required a cutoff to avoid divergence difficulties. Improved 

calculations of the N and N* bootstrap have been made by Frautschi and 

Walecka (1960) , Abers and Zemach (1963), and Ball and Wong (1964). 

These calculations were based on a many pole approximation in the N/D 

technique. The main result of these calculations was that the N and 

N* reciprocal bootstrap hypothesis is qualitatively successful. 
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However, the bootstrap hypothesis is very stringent. It 

cannot be formulated independently of dynamical equations whose 

validity must be assumed. Also it is not clear that a different set 

of dynamical equations would yield the same solutions. A weaker ver­

sion of this hypothesis is the traditional one in which the effects of 

certain selected graphs are examined in a dynamical model. Calculations 

based on this version make use of input masses and coupling constants 

taken from experiment rather than determining them by identification 

with the output masses and coupling constants. Our calculations are 

based on this view point. 

We next review the P wave results of some other calculations 

which are based on this weaker version. The calculations of Coulter 

and Shaw yielded results which agree reasonably well with the experi­

mental low energy phase shifts except for the P.., partial wave ampli­

tudes . To fit this P . phase shift they needed to add a CDD pole 

corresponding to the nucleon state to the solutions of the Frye-

Wamock equations. The N* appeared in their model with a width some­

what larger than the experimental value even after including 

inelastic effects. These effects reduced the N* width from 235 MeV 

to 195 MeV. This is to be compared with the experimental width of 120 

MeV. 

The results of the calculations of D.H.L. and D.H. generally 

agreed with experiment. However, SU(3) was not incorporated in their 

calculations and thus they only considered the case of pion nucleon 

scattering. Analysis of their P wave results showed the existence of 
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the N* resonance at an energy of roughly 1370 MeV. This is to be 

compared with the experimental energy of 1236 MeV. 

Next we consider the results of Martin and Wali and Brehm 

and Kane » In their calculations SU(3) symmetry was taken into account 

in contrast to the calculations of Coulter and Shaw and Donnachie et al., 

which did not incorporate SU(3) symmetry. In M.W.I the authors 

concluded that within the framework of Bjorken's determinantal approxi­

mation to the broken SU(3) multichannel N/D equations and considering 

only the baryon exchange force, it was possible to account for the 

SU(3) decuplet of 3/2+ resonances. Their results are briefly summarized 

in column 4 of table 6-1. In M.W. 2 they considered other single 

particle exchange contributions to the driving force , a cutoff was 

introduced to avoid divergences, and exact SU(3) symmetry was assumed. 

That is, average masses were used for both the exchanged and the 

incoming or outgoing particles. Therefore, they could not speak 

meaningfully of resonance positions and widths in their model. Their 

results indicated the existence of a P, baryon octet and a P, , decuplet. 

Thus their model did not account for any higher P, resonances. 

Brehm and Kane considered the problem of pseudoscalar meson 

baryon scattering in a perfect SU(3) symmetry model. They solved the 

multichannel N/D equations making use of Pagel's method. For the 

input potential they considered the contribution due to the elastic 

pseudoscalar meson baryon channels and the inelastic scalar meson 

baryon channels. The elastic channel forces were assumed to arise 

from the baryon and decuplet exchanges. The inelastic channel forces 

i > 
! 



Summary of results for the 3/2+ decuplet. Particle 

masses and widths are given in MeV. The mass of particle 

i is denoted by M. . Branching ratios for the decays 

Y*-, ATT and Y*-* &T are denoted by r(ATT) and T(2n) respectively. The 

values of the cutoff (in BeV) used in those calculations 

which made use of it are given (in parenthesis) in the first 

row. The energy dependent baryon exchange process (for a 

%TNN v !~ 

coupling constant of , = 38) is denoted by B(Vs). Vector 

exchange, energy independent baryon exchange, and decuplet 

exchange are denoted by V, B, and B* respectively. The 

terms BA&s and G.C.F. are used as abbreviations for the 

Blackenbecler-Sugar equation with a cutoff and the Blackenbecler-

Sugar equation with a Gaussian cutoff matrix function 

respectively. 
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were assumed to arise from pseudoscalar meson exchange. The conclusion 

was that decuplet exchange alone was sufficient to produce a resonant 

10 when it gives a bound nucleon.octet. Therefore, the N£(140Q) appeared in 

their model as a member of a 10 in contrast to quark model predictions 

of its inclusion in an octet of resonances. Based on their idea we 

have analyzed the predictions of our model when we consider the 10 

representation. 

C. The 3/2+ Decuplet 

1. Energy Dependent Baryon Exchange Contribution to the Driving 

Force 

We first consider a calculation similar in principle to the 

one discussed in M.W, 1. That is, we start by assuming the existence 

of baryons and mesons as members of SU(3) octets. However, actual 

physical masses are employed. We then consider the contribution to 

the force from baryon exchange in pseudoscalar meson baryon scattering 

and ask whether it is possible to produce the 3/2+ decuplet as a 

dynamical consequence. We differ from M.W.I m that we use the multi­

channel relativistic Schrodinger equation as our dynamical equation. 

Of course calculations of this type cannot be expected to predict 

exact locations and widths of resonances, since they are known to be 

sensitive to many dynamical effects which are not fully understood. 

Study of the space part of the baryon exchange process shows 

that if we make use of this process as an input potential in the 

multichannel relativistic Schrodinger equation, a non-Fredholm system 

of coupled integral equations for the scattering amplitude is obtained. 
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Upon further analysis we can see this system of linear integral equa­

tions can be converted into a Fredholm system by making the replacement 

a + b + c + d -* 2Vs in equations D.3 and D.4 in Appendix D. This o o o o ^ rr 

is the same replacement which we made when we considered the contri­

bution to S wave scattering from the v part of the vector exchange 

process. It is possible in principle since all that is assumed to 

be known is the on shell potential. 

i) I = 3/2, Y = 1 state. 

In this par t of the calculat ion we assume the F/D r a t i o is 
2 

§ TTN 

given and equal to 0.33 . The coupling constant ,_, is taken as a 

variable parameter, to be adjusted to produce the N* at the correct 

experimental position. We then find that we must use a value of 
8 TTN 

, 38.0 in order to obtain the N* a t the correc t energy. Plots 

of the eigenphase and cross sect ion for th i s case are given in Figures 

6-1 and 6-2. The experimental N* phase sh i f t as taken from Behrends 

et a l . (1967) i s shown in Figure 6-3. Study of Figure 6-1 shows that 

the N* width is then about 176 MeV in comparison with the experimental 

width of about 120 MeV. Our r e s u l t s for t h i s case and the other 

isospin s ta tes are summarized in column 5 of tab le 6-1. 

i i ) Other Isospin S t a t e s . 

If we consider the other isospin s t a t e s , we note that 

Y*, s*} and Q appear at energies in agreement with the experimental1'*^ 

values. They appear at energies of 1444, 1629, and 1801 MeV in our 

calculat ions and at energies of 1385, 1529, and 1675 MeV in experiments, 
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Fig. 6-1. Eigenphase for the I « 3/2, Y = +1, P„ ,_ state for the coupling 
2 J / ^ 

8 TTNN constant —. = 38. Only the contribution from the energy 

dependent baryon exchange process to the input potent ial i s 

considered. 
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Fig. 6-2. The cross section for nN scattering in the I = 3/2, Y = +1, 

8 TTNN 
P_ .. state for the coupling constant — r — — = 38. Only the 

contribution from the energy dependent baryon exchange process 

to the input potential is considered. 
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Fig. 6-3. Experimental phase shift for the I = 3/2, Y = +1, P„/2 state, 

as given by Behrends et al. 
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The fl appears in this model as a bound s t a t e . This in in agreement 

with experiment, since the KS threshold (1814 MeV) is above the ft 

mass (1675 MeV). This contrasts with the calculations given in 

M.W. 1, in which the 0 appeared as a resonance in the 1 = 0 , Y = -2 

s ta te with an energy of 1872 MeV. In Figure 6-4 we show the behavior 

of the determinant whose zero must be computed in order to f ind the bound 

s ta te pos i t ion of the 0 as a function of energy. This is an example 

of a typica l bound s ta te ca lcula t ion. In addition the widths of the 

Y* and the s* are predicted to be about 83 and 30 MeV respect ive ly . 

The experimental widths are about 35 and 8 MeV respect ively. Even 

though these widths are larger than the experimentally observed values , 

they arenot very sensi t ive to the F/D r a t i o . In this way our r e su l t s 

differ from those given in M.W. 1, in which a small change i n the 

F/D r a t i o yielded large changes in the resonance positions and widths. 

Also i t i s encouraging that the width ordering as obtained from th i s 

model i s in agreement with experimental observations. 

i i i ) Equal Spacing Rule. 

Since members of an SU(3) decuplet obey the r e l a t i on 

I = Y/2 + 1, the Gellmann Okubo mass formula predicts an equal spacing 

between consecutive members of the decuplet 

This i s in agreement with experiment. The va l id i ty of the Gellmann 

Okubo mass formula i s remarkable since i t r e l a t e s space time propert ies 



4. Determinant whose zero must be computed to find the bound state 
e2 

& TTNN 

position of ft for the coupling constant -rr— = 38. Only the 

contribution from the energy dependent baryon exchange process 

to the input potential is considered. 

• 
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of a physical system (mass) to its internal symmetry properties, 

(isospin and hypercharge). Its validity is even more surprising when 

the assumptions used in deriving this relation are considered. 

The validity of a Lagrangian field theory is assumed. We 

then write 

H = H o + H . n t , (6.2) 

where H is the free Hamiltonian and H. . is the interaction which is 
o m t 

responsible for the symmetry breaking. H. can be expanded 

H , _ = E H<i> , n ft ~ , (6.3) 
int ( . int (0,0,0) ' 

where H. *,nnr.>. denotes the 1 = 1 = Y = 0 component of irreducible 
int(000) z 

SU(3) operators H. w T T Y\
 w n i c h transform according to the i 

z 
irreducible representation of SU(3) . (Only this component must be 

considered due to isospin and hypercharge conservation). Mass correc­

tions are then obtained as power series in the interaction Hamiltonian 

H. . . The first assumption used in deriving the Gellmann Okubo mass 
int 

formula is the validity of the first order perturbation theory so 

that the interaction Hamiltonian H. (also known as the mass operator 

responsible for the SU(3) breaking) transforms in the same way as the 

mass differences 6m due to the SU(3) breaking. We can then write 

6 " - ? ^(0,0,0)- <6-4> 
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The second main assumption i s t h a t only one t e rm must be included i n 

the above sum. This term i s 6m /O f ) 0 \ • From t h e s e assumptions the 

Gellmann Okubo mass formula then follows in t h e u sua l way. 

I t i s worthwhile to ask to what e x t e n t the equal mass 

spacing r u l e i s a consequence of dynamical c a l c u l a t i o n s . The r e s u l t s 

g iven in M.W. 1 were 

V V • 2 1 7 M e V > 

Ms* - M^ = 144 MeV, and (6 .5) 

% • ~ M=;If = 123 MeV. 

This i s t o be compared wi th the experimental v a l u e s 

M^ - M^ = 149 MeV, 

K* " Ny* = 1 4 4 M e V > a n d ( 6 , 6 ) 

1^- - M_ = 146 MeV. 

The baryon exchange process computed us ing the replacement 

a + b + c + d - 2/Ja y i e l d s o o o o J 

V " V «* 208 M e V > 

ML* " My* = 185 MeV, and (6 .7 ) 

_, - M_ = 172 MeV. 
=* 

I t i s t hus apparent t ha t the d i sc repancy from the equal mass 

spacing r u l e i s s l i g h t l y smal ler in t h i s model than in the model given 

in M.W. 1. However, i t i s s u r p r i s i n g t h a t bo th models seem to p r e d i c t 
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masses in rough agreement with the equal spacing rule. One of the 

assumptions used in the derivation of the Gellmann Okubo mass formula 

is the validity of first order perturbation theory. However, in 

models of the kind discussed by M. W. and in this thesis, first order 

perturbation theory should clearly not be valid since terms corres­

ponding to higher order corrections are also taken into account. 

This is precisely one of the arguments which can be given against 

models of this kind, since the Gellmann Okubo mass formula is extremely 

well satisfied experimentally. In later sections of this thesis we 

shall observe that some of our calculations satisfy the Gellmann Okubo 

mass formula better than others. However, we observe no general rule 

as to when the equal spacing rule is satisfied or when there is a 

large disagreement from it. 

iv) Y* Branching Ratios. 

2 

The decay of the Y* allowed by energy, 1 , 1 , and Y con­

servation are 

Y* -• ATT 

and Y* -• 2n\ 

On the basis of pure unitary symmetry we would expect 

n 
r, A v _ Rate (Y*- An) \A/2 / 3 _ fin„ 

<• ; " Rate(Y*-STTr) + Rate(Y*- An) = , x2 , .2 = 5 ~ ' U / + 1/2 / 
(6.8) 
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where T(An) denotes the branching ratio for the decay of Y* into the 

ATT channel, and where - — and -j=- are the corresponding isoscalar 
V2 V3 

factors for the two processes. The above result is in disagreement 

with the experimental value of about 91%. 

Usually to obtain agreement with experiment, kinematical 

corrections are then supplied. Thus we write 

P3 
T(An) = f X (phase factor) = | -~ = 90%. (6.9) 

In the above, P. and Pri are defined as the momenta in the center of 

mass frame of the ATT and STT channels respectively. They appear cubed 

2J£+1 
since the threshold behavior for P waves is p where Ji=l. Very 

good agreement with experiment is now obtained. 

However, it is certainly worthwhile to ask the extent to which 

branching ratios are a consequence of dynamical calculations. In the 

case of the Y* we find r(ATT) = 99%. This is compared to the experi­

mental result of about 91% and the result given in M.W. 1 (94%). Thus 

we note that Y* as obtained in these dynamical models decays mainly 

into the An channel. We observe that the branching ratio for the 

decay Y* -* ATT(Y* "• 2"f) is larger (smaller) in these dynamical models 

than the branching ratio obtained using SU(3) and phase space argu­

ments. This discrepancy can be understood since in these models both 

the An and 2rr channels are no longer members of a pure SU(3) decuplet, 

as is assumed to obtain expressions (6.8) and (6.9). In fact the An and 

2n channels in these dynamical models are mixtures of many irreducible 
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SU(3) representations, of which the decuplet representation is just 

one of the many representations which contribute. 

2. Energy Independent Baryon Exchange Contribution to the Driving 

Force. 

a. Solving the Multichannel Relativistic Schrodinger Equation 

with a Cutoff Parameter. 

In an earlier section of this chapter we discussed the 3/2+ 

decuplet by considering the baryon exchange force as the input potential 

and making the replacement a + b + c +d ~* 2vs. We recall this was 
° r o ̂  o o o 

done to obtain a Fredholm system of coupled linear integral equations. 

In this part of the calculation we choose a different 

approach. Instead of making this replacement, we will make the 

system of integral equations Fredholm by introducing a cutoff parameter. 

TTN 

The coupling constant , and the F/D ratio are held fixed at their 

experimental values (14.6 and 0.33 respectively). 

i) I = 3/2, Y = 1 state. 

We assume the cutoff to be an arbitrary parameter chosen to 

fix the N* at the correct experimental energy. This requires a cutoff 

of 8.7 BeV. The corresponding eigenphase for this state is shown in 

Figure 6-5. Analysis of that figure shows that for a cutoff of 

8.7 BeV, the N* appears at the correct experimental position with a 

width of about 167 MeV. Figure 6-5 also shows eigenphases for cutoff 

values of 9.3 and 10 BeV. For a cutoff value of 9.3 BeV the N* 

appears at an energy of 1180 MeV.with a width of about 69 MeV. For a 
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Fig. 6-5. Eigenphases for the I = 3/2, Y = +1, P„ ,„ state for the coupling 

B2
 3/z 

TTNN 
constant —-r-— = 14.6. Only the contribution from the energy 

independent baryon exchange process to the input potential is 

considered. The solid curve gives the eigenphase for a cutoff 

of 8.7 BeV. The dashed curve gives the eigenphase for a cutoff 

of 9.3 BeV. The dot-dash curve gives the eigenphase for a cut­

off of 10 BeV. 
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cutoff value of 10 BeV the N* appears at an energy of 1125 MeV with a 

width of about 23 MeV, In columns 6, 7, and 8 of table 5-1 we summarize 

our results for cutoffs of 8.7, 9.3 and 10 BeV, both for the N* and the 

other isospin states. 

ii) Other Isospin States. 

We first consider the other isospin states obtained by 

using a cutoff of 8.7 BeV, the one required to produce the N* at its 

experimental energy. For this value we observe that both the Y* and 

the =* appear at energies of 1492 and 1629 respectively. Their 

respective widths are about 137 and 129 MeV. However, the ft does 

not appear with this cutoff parameter. In Figure 6-6 we show the 

eigenphases for the I = 0, Y = -2 state, both for this value of the 

cutoff parameter and also for cutoffs of 9.3 and 10 BeV. 

In order to investigate the behavior of the ft , we increase 

the cutoff until the eigenphase corresponding to the 1 = 0 , Y = -2 

o 
state crosses 90 . This requires a cutoff of 9.3 BeV. The eigenphase 

crosses 90 at an energy of 2130 MeV, but does it so slowly that we 

i cannot call this a resonance. With this cutoff parameter the Y* and 

the s* appear at energies of 1440 and 1678 MeV respectively. Their 

respective widths are 81 and 76 MeV. For this value of the cutoff 

parameter we observe that the width of the N* (69 MeV) becomes 

smaller than both the widths of the Y* (81 MeV) and the s* (76 MeV) 

which contradicts the experiments. 

If we further increase the cutoff parameter to 10 BeV, the 

Y* now appears at it's experimental energy (1385 MeV) . The s* and the 



Eigenphases for the 1 = 0, Y = -2, P_.„ state for the coupling 
2 •3// 

e TTNN 

constant — T Z — = 14.6. Only the contribution from the energy 

independent baryon exchange process to the input potential is 

considered. The solid curve gives the eigenphase for a cutoff 

of 8.7 BeV. The dashed curve gives the eigenphase for a cutoff 

of 9.3 BeV. The dot-dash curve gives the eigenphase for a cut­

off of 10 BeV. 
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ft now appears at energies of 1624 and 1924 MeV respectively. The 

widths of the Y* and the =* are now 48 and 26 respectively. However, 

the N* width is still smaller than the width of the other members of 

the decuplet. 

iii) Equal Spacing Rule. 

Table 6rl shows that for a cutoff of 8.7 BeV the mass dif­

ferences between consecutive numbers of the decuplet which appear with 

this value of the cutoff agree with the equal spacing rule to about 

12%,. For a cutoff value of 9.3 BeV the mass differences between the 

ft and the =* is about 1,7 larger than it should be to satisfy the 

equal spacing rule. This is not surprising since for this cutoff 

parameter, the eigenphase for the I = 0, Y = -2 state reaches 90 very 

slowly. Thus we should not identify the reaching of 90 with the 

existence of a resonance. 

We observe that for a cutoff of 10 BeV, the equal spacing 

rule is satisfied more closely than for a cutoff of 9.3 BeV. However 

there is still a discrepancy from this rule. 

The reason for which the equal spacing rule seems to be 

better satisfied with this cutoff than with a cutoff of 9.3 BeV is 

probably that the eigenphase for the 1 = 0 , Y = -2 state clearly shows 

the existance of a resonance corresponding to the ft for a cutoff of 

10 BeV, while such is not the case for a cutoff of.9.3 BeV. 

iv) Y* Branching Ratios. 

The introduction of a cutoff parameter does not seem to 

affect the predicted branching ratios for the Y* decay. For cutoffs 
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of 8.7, 9.3 and 10 BeV, the model predicts the Y* decays mainly into 

the An channel (99%) with only a small fraction decaying into the 2n 

channel (1%). This is in rough agreement with the experimental evidence 

as previously discussed. 

b. Solving the Multichannel Relativistic Schrodinger Equation *» 

with a Gaussian Cutoff Matrix Function 

In this section we discuss a different cutoff procedure and 

its effect upon the solutions to the relativistic Schrodinger equation 

for the case discussed in part a. Rather than introducing a straight 

cutoff parameter, we introduce a Gaussian cutoff matrix function 

F± (q) by 

-[(E -KD -A) ]2/X2 

F i j ( q ) = 6 i j e ^ ( 6 , 1 0 ) 

where i and j are channel indices, A. is the threshold for the j 

channel, and X is chosen to obtain the N* at the correct experimental 

energy. 

To obtain the N* at the observed experimental energy, we 

need a value of \ = 6.14 BeV, In Figure 6-7 we show the corresponding 

eigenphase. Analysis of this figure shows that with this choice of 

the cutoff the N* appears with a width of about 146 MeV and agrees 

with its experimental value. 

We next consider the other isospin states, keeping the cutoff 

X fixed at 6.14 BeV. We observe that they appear at larger values of 

the energy and with a larger width than we had obtained by solving the 



Eigenphase for the I = 3/2, Y = +1, P_._ state for the coupling 
2 3// 

° nNN 
constant - 7 — — = 14.6. Only the contribution from the energy 

independent baryon exchange process to the input potential is 

considered. The eigenphase is obtained solving the relativistic 

Schrodinger equation with a Gaussian cutoff matrix function for 

X = 6.14 BeV. (We use the same definition of X as in equation 

6.13.) 



110 

(S99J69P) 3SVHdN39l3 



Ill 

relativistic Schrodinger equation with a straight cutoff parameter. 

For example the Y* now appears at an energy of 1675 MeV and its width 

is about 280 MeV. Thus we note that the Y* width so obtained is larger 

than the N* width. However, its branching ratios into the An and 2rr 

channels are the same as we had obtained by using a straight cutoff. 

Thus we see that cutting off the integrals in this fashion 

yields similar qualitative results. However, the exact numerical 

results change. We also reiterate that the introduction of a Gaussian 

cutoff matrix function yields an N* of a width which agrees closely 

with the experimental width. However, this is not the case for the 

other isospin states. 

c. Solving the Multichannel Blankenbecler-Sugar Equation with a 
Cutoff Parameter 

In this section we solve the Blankenbecler-Sugar equation 

with a cutoff with the input potential discussed m part a. We intro­

duce a cutoff parameter to convert the coupled system of linear 

integral equations for the scattering amplitude into a Fredholm system. 

i) I = 3/2, Y = 1 state. 

Again we choose the cutoff to produce the N* at the correct 
i 

experimental energy, The presence of the extra energy denominator 
1 

" /-.-, „.': in the Blankenbecler-Sugar equation makes the potential a/s+Jiq-HUq 

more attractive than it would be if it were used as an input potential 

in the relativistic Schrodinger equation. Thus we expect the cutoff 

required to produce the N* at the correct experimental position is 

smaller than the cutoff needed in solving the relativistic Schrodinger 

equation for the same case. In fact, this is what happens. To produce 
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the N* at the observed experimental energy we now use a cutoff para­

meter of 3.2 BeV. The corresponding eigenphase is shown in Figure 6-8. 

Our results for this state and for the other states are given in 

column 9 of table 6-1. Study of Figure 6-8 shows that the N* resonance 

now appears with a width of about 170 MeV. This is about the same 

width we had obtained when we solved the relativistic Schrodinger 

equation for this case with a cutoff of 8.7 BeV. 

ii) Other Isospin States. 

If we consider the other isospin states we note that Y*, a*, 

and ft now appear at energies of 1464, 1674, and 1859 MeV. The corres­

ponding widths for the Y* and the =* states are 111 and 90 MeV respec­

tively. We note that in this case the N* width obtained by solving 

the Blankenbecler-Sugar equation with a cutoff of 3.2 BeV is about 

the same as the N* width obtained by solving the relativistic 

Schrodinger equation with a cutoff of 8.7 BeV. The widths for the 

other members of the'decuplet are somewhat smaller. 

We also note that the eigenphase corresponding to the 1 = 0 , 

Y = -2 state (ft~) goes through 90° at an energy of 1859 MeV. Thus the 

ft appears in this model as a resonance., We recall when the relativistic 

Schrodinger equation is solved for this state with a cutoff of 8.7 

BeV, an attractive scattering amplitude is obtained. However, no 

resonance is observed corresponding to the ft , unless the cutoff 

parameter is increased. There is no simple reason why this should be 

the case. 
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Fig. 6-8. Eigenphase for the I = 3/2, Y = +1, P^/o state for the coupling 

S TTNN 
constant = 14.6. Only the contribution from the energy 

independent baryon exchange process to the input potential is 

considered. The eigenphaseis obtained solving the Blankenbecler-

Sugar equation with a cutoff of 3.2 BeV. 
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iii) Equal Spacing Rule. 

Table 6-1 shows that the equal spacing rule is satisfied in 

this model to about 12%. 

IV) Y* Branching Ratios. 

The model predicts Y* decays mainly into the An channel with 

a branching ratio of about 99%. Thus only a small fraction of the 

Y*'s decay into the 2n channel (1%). This is the same result as we 

have obtained in solving the relativistic Schrodinger equation. 

d. Solving the Multichannel Blankenbecler-Sugar Equation with a 

Gaussian Cutoff Matrix Function 

We discuss the effects of a Gaussian cutoff matrix function 

on the solutions to the Blankenbecler-Sugar equation for the case 

discussed in part c. This function is of the same form as the one 

introduced in part b. in the discussion of the relativistic Schrodinger 

equation. That is, we introduce a Gaussian cutoff function 

*\ j (q) by 

-[(E +a) -A) ]2/X2 

Fi:)(q) = e
 J , (6.11) 

where the notation is as before. 

We choose X to produce the N* at the correct experimental 

position. This requires X = 1.63 BeV. Our results for this and other 

states are summarized in column 10 of table 6.1. In Figure 6-9 we 
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Fig. 6-9. Eigenphase for the I = 3/2, Y = +1, P .. state for the coupling 
2 •*'̂  

g TTNN 
constant —r = 14.6. Only the contribution from the energy 

independent baryon exchange process to the input potential is 

considered. The eigenphase is obtained solving the Blankenbecler-

Sugar equation with a Gaussian cutoff matrix function for X = 

1.63 BeV. (We use the same definition of X as in equation 6.13.) 
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show the eigenphase corresponding to the N* resonance, obtained by 

using X = 1.63 BeV. Analysis of that figure indicates the N* now 

appears at the correct experimental energy with a width of about 

200 MeV, which is somewhat larger than the experimental value. 

Considering the other isospin states, we observe that 

Y*, B*, and ft" now appear at energies of 1425, 1602, and 1714 MeV 

respectively. The widths of Y* and s* are 83 and 35 MeV respectively. 

We see that even though the N* width is somewhat larger than the one 

obtained in solving the relativistic Schrodinger equation with the 

same input potential, the widths for Y* and 3* are definitely much 

smaller, This is probably due to the introduction of a cutoff matrix 

function, which introduces some channel dependence. With a straight 

cutoff parameter in the energy variable, no such dependence is intro­

duced. 

It is interesting that the ft appears in this model as a 

bound state in agreement with the experimental situation. We note 

that only one other of our previous calculations has yielded the ft 

as a bound state. This was the calculation in which we solved the 

relativistic Schrodinger equation with an energy dependent potential 

due to baryon exchange. 

The equal spacing rule is also roughly satisfied in this 

model as can be seen from table 6-1. 

Finally we remark that the Y* branching ratios as obtained 

from this model also agree with experiment. The obtained values are 

T(An) = 94% and T(Sn) = 6%. These are precisely the same values given 

in M.W. 1. 
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3 . Vector, Baryon, and Decuplet Exchange Contributions to the 

Driving Force 

a. Solving the Multichannel Re la t iv i s t i c Schrodinger Equation 

with a Cutoff Parameter 

Here we wil l re invest igate the 3/2+ decuplet by considering 

the contrubi t ion due to baryon, vector , and decuplet exchange to the 

input po t en t i a l . For the vector exchange process we include both the 

e l ec t r i c and magnetic VBB coupling. I t i s clear that the coupled 

system of l inear integral equations for the scat ter ing amplitude 

which we obtain is a non-Fredholm system. This is due to the large 

spins of the vector mesons and the decuplet, which are 1 and 3/2 

respect ive ly . Therefore, the corresponding potent ia l functions 

diverge for large values of the momenta. To convert th i s system of 

l inear in tegra l equations into a Fredholm system, we introduce a 

cutoff parameter. 

i) I = 3/2 , Y = 1 S ta te . 

We choose the cutoff parameter to obtain the N* at the correct 

experimental energy. This requires a cutoff of 1.88 BeV. In Figure 

6-10 the eigenphases for cutoffs of 1.88, 1.90, 2, and 2.1 BeV are 

shown. Analysis of this figure shows that for a cutoff of 1.88 the 

N* appears at the experimentally observed energy, but its width is 

260 MeV, which is larger than the experimental value. For cutoff 

values of 1.90, 2.0, and 2.1 BeV the N* appears at energies of 1197, 

1153, and 1110 MeV respectively. The N* width as obtained for each of 

these values of the cutoff is 199, 69, and 10 MeV respectively. Our 



Eigenphases for the I = 3/2, Y = +1, P„ ,„ state for the coupling 

^ ^ g nNN . . , gpnn gpNN . . g N*Nn „„ , 
cons t an t s —, = 1 4 . 6 , —c—;—' = 1, and —r~— = 22.6 

4n ' 4n 4n 
-2 

BeV . The c o n t r i b u t i o n s from v e c t o r , baryon, and decuplet 

exchange to the inpu t p o t e n t i a l a re c o n s i d e r e d . The eigen­

phases for c u t o f f s of 1.88, 1.90, 2 .0 , and 2 , 1 BeV are given 

by the dashed, s o l i d , two s ized dashed, and do t -dash curves 

r e s p e c t i v e l y . 
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results, both for the N* and the other isospin states, are summarized 

in columns 11, 12, and 13 of table 6-1 for cutoff values of 1.88, 1.9, 

and 2 BeV respectively. 

We will now compare the results obtained by considering 

the contribution to the input potential from baryon, vector, and 

decuplet exchange with the results obtained by considering only the 

baryon exchange contribution. The cutoff necessary to produce the 

N* at its experimentally observed value decreases by a factor of 

about 4.6. In fact the cutoff decreases from about 8.7 BeV to about 

1.88 BeV. This is encouraging, since we no longer need a large 

cutoff to produce the N*. 

The model now becomes much more cutoff dependent. For 

example, changing the cutoff parameter from 1.90 to 2.0 BeV changes the 

N* width from about 200 MeV to about 70 MeV. This is not surprising 

and is due to the large momentum dependence introduced by the decuplet 

exchange and the anomalous part of the vector exchange. However, 

we again emphasize that the qualitative features of the model are 

unaffected by the addition of these exchanges. 

Analysis of the effect due to each of these exchanges shows 

that the main contribution to the force is due to baryon and decuplet 

exchange. The contribution due to vector exchange is small. Considera­

tion of the I = 3/2, Y = 1 state shows that both the baryon and decuplet 

exchange produce an attractive force. Vector exchange yields a 

slightly repulsive force. The net effect is consequently attractive. 
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ii) Other Isospin States 

Consideration of the other isospin states shows the following 

features. For a cutoff of 1.88 BeV, the Y* appears at an energy of 

1400 MeV, with a width of about 95 MeV. However, both the =* and the 

ft do not appear. Increasing the cutoff further, we observe that for 

a cutoff of 1.9 BeV the Y* moves down to 1390 MeV, and its width 

decreases to about 92 MeV. However, the =* and the ft still do not 

appear. Increasing the cutoff further, we note that for a cutoff of 

2 BeV the Y* appears at an energy of 1305 MeV, with a width of l+-MeV. 

The =* is now also present at an energy of 1680 MeV and with a width 

of about 10 MeV. The ft is still absent. In order to produce the ft 

we must increase the cutoff further . For a cutoff of 2.1 BeV the ft 

now appears as a narrow resonance at an energy of 1897 MeV. However, 

the other members of the decuplet now appear with small widths. For 

example, the N* appears with a width of about 10 MeV. The eigenphases 

corresponding to the Y*, =*, and ft states are shown in Figures 6-11, 

6-12, and 6-13 respectively for the different values of the cutoff 

parameter. 

iii) Equal Spacing Rule. 

For a cutoff parameter of 2 BeV, for example, we obtain 

V " V = 152 MeV 

and (6.12) 

»W"V 375 MeV-
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Fig. 6-11. Eigenphases for the I = 1, Y = 0, P . state for the coupling 
2 ' 2 

_ t
 g nNN n/ , gPTTTT gpNN n , g N*Nn „„ 

constants -jr-— = 14.6, r ; = 1, and — j — — =22.6 
-2 

BeV . The contributions from vector, baryon, and decuplet 

exchange to the input potential are considered. The eigen­

phases for cutoffs of 1,9 and 2 BeV are given by the solid and 

dashed curves respectively. 
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12. Eigenphases for the I = 1/2, Y = - 1 , P„ ,_ state for the coupling 

- .- 8 TTNN , , , 8 pTm 8pNN , . g N*Nn 0 0 . constants —7—— = 14.6, r" / " r — = 1, and —7— = 22.6 4n 4n 4n 
-2 

BeV . The contributions from vector, baryon, and decuplet 

exchange to the input potential are considered. The eigen­

phases for cutoffs of 1.9 and 2 BeV are given by the solid and 

dashed curves respectively. 
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Fig. 6-13. Eigenphases for the I = 0, Y = -2, P„.„ state for the coupling 
2 •'I *• 2 

. . g nNN .. , gprm gpNN g N*NTT 00 constants - ^ — = 14.6, ••r" ^ = 1, and — 7 ^ — =22.6 
-2 

BeV , The contributions from vector, baryon, and decuplet 

exchange to the input potential are considered. The eigen­

phases for cutoffs of 2.0 and 2.1 BeV are given by the solid 

and dashed curves respectively. 



129 

_L 
o—o-

00 CO * 

N 

« 
T!T 

O 
10 

8 

o 
o 
CVJ 

I 
> 

J: 
o > 
2 Q: 

LU -z. 
LU 

O 
00 

o 
in 
CO 

O 
CO O 

Si ro 
OO 
cor«-
CvJOJ 

O 
Si CvJ 

CO 

(saaj6ap) 3SVHdN39l3 



130 

The above quantities seem to indicate that the equal spacing rule is 

violated by a factor of about 2.5. Thus it seems that the addition of 

the vector and decuplet exchange increases the disagreement with the 

equal spacing rule. Margin and Wali claimed that addition of more 

exchanges would improve the validity of the equal spacing rule. Our 

results seem to disagree with this assertion. 

iv) Y* Branching Ratios. 

For a cutoff value of 1.88 BeV the corresponding Y* branching 

ratios are T(An) = 99% and T(Sn) = 1%. Increasing the cutoff to 1.9 

BeV, the branching ratios remain about the same. For a cutoff of 2 

BeV the Y* appears at an energy of 1308 MeV. That is, it appears 

below the Sn threshold. Thus for this value of the cutoff, the model 

predicts the Y* to be a pure An resonance, and thus it can only decay 

into the An channel. 

In concluding this section on the Y* branching ratios, we 

indicate that all the models for the 3/2+ decuplet which we have 

discussed in this thesis seem to give very similar results for the Y* 

decay branching ratios. Addition of more exchanges does not seem 

to alter the branching ratios obtained by considering only the baryon 

exchange force. 

b. Solving the Multichannel Blankenbecler-Sugar Equation with a 

Gaussian Cutoff Matrix Function 

We recall that consideration of the baryon exchange force 

in the Blankenbecler-Sugar equation with a Gaussian cutoff matrix 
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function yields a 3/2+ decuplet with no missing members. In addition 

the ft appears as a bound state. 

In this section we will investigate the results of adding both 

the vector and decuplet exchange to the baryon exchange force in the 

input potential. We fix X to obtain the N* at the correct experi­

mental energy. We observe that this requires X = 0.60 BeV. Thus 

the addition of vector and decuplet exchanges to the baryon exchange 

force causes X to decrease from 3.2 BeV to 0.60 BeV. However, our 

results are made worse. For example, the N* now appears with an 

extremely large width (about 668 MeV). The corresponding eigenphase 

is shown in Figure 6-14. 

D, The 1/2+ Resonances 

1. The Baryon Octet 

Here we will consider the P wave amplitudes corresponding 

to total angular momentum J = %. As discussed in Section A, we 

expect to observe an octet of bound states corresponding to the baryon 

octet. Our results for different values of the cutoff parameter are 

summarized in table 6-2. 

Analysis of this table shows that for a cutoff of 1.88 BeV, 

the nucleon appears as a bound state at an energy of 810 MeV. The 

experimentally observed energy for the nucleon is 939 MeV. We recall 

that this was the value of the cutoff required to produce the N* at the 

correct experimental energy. Thus choosing the cutoff to produce the 

N* at the observed experimental energy, also produces the nucleon near 
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Fig. 6-14. Eigenphase for the I = 3/2, Y = +1, P„ ._ state for the coupling 
2 J/<c 2 

fc . g nNN ,, , gpnTT 8pNN , , g N*Nn 
constants — r - — = 14.6, ._ r — = 1, and — r z — = 2 2 . 6 

-2 
BeV . The contributions from vector, baryon, and decuplet 

exchange, to the input potential are considered. The eigen­

phase is obtained solving the Blankenbecler-Sugar equation 

with a Gaussian cutoff matrix function for X = 0.60 BeV. (We 

use the same definition of X as in equation 6.13.) 
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Table 6-2. Summary of results for the %+ baryon octet. The mass (in 

MeV) of particle i is denoted by M . Column 2 gives the ex­

perimental masses. Columns 3 to 6 give the results obtained 

for the same coupling constants and exchanges as in the 

preceding figure for cutoff values of 1.88, 1.89, 1.9, and 

2 BeV, respectively. 
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1129 
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1.90 

745 
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1238 

1390 

2.0 

513 
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the correct experimental energy. This is in agreement with the Chew 

Low reciprocal bootstrap hypothesis. By further increasing the cutoff, 

we note that for cutoffs of 1.89, 1.9, and 2 BeV, the nucleon appears 

at energies of 795, 745, and 513 MeV respectively. 

Analysis of the contributions to the force from vector, 

baryon, and decuplet exchange shows that both the vector and decuplet 

exchange contributions are attractive. The baryon exchange process 

yields a repulsive force. The main contribution to the force is from 

the decuplet exchange. Both vector and baryon exchange yield some­

what smaller contributions, The net effect is an attractive force. 

ii) Other Isospin States. 

Considering the other members of the baryon octet, we observe 

that for a cutoff of 1.88 BeV, the A, S, and s appear at energies 

of 1329, 1627, and 1758 MeV respectively. Their experimentally 

observed energies are 1115, 1193, and 1318 MeV respectively. For a 

cutoff of 1.89 they appear at energies of 1323, 1624, and 1755 MeV 

respectively. By increasing the cutoff to 1.9 BeV, they now appear 

at energies of 1313, 1621, and 1730 MeV respectively. For a cutoff 

of 2 BeV the energies become 1118, 1595, and 1715 MeV respectively. 

We note that both the nucleon and the A appear as bound 

states in this model. This is because the lowest thresholds for the 

1 = \ , Y = 1 state and the 1 = 0 , Y = 0 state are the nN threshold 

(at an energy of 1077 MeV) and the nS threshol (at an energy of 1331 

MeV). 

We also note that 2 and =; appear in this model as resonances. 

That is, they appear at energies above the lowest thresholds for the 
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1 = 1, Y = 0 and the I = %, Y = -1 states respectively. These lowest thres­

holds are at the TTA threshold (at an energy of 1253 MeV) and the ns threshold 

(at an energy of 1456 MeV). 

iii) Mass Formula. 

The Gellmann Okubo mass formula for the baryon octet can be 

written as 

- = £ . (6.13) 

This expression is well satisfied experimentally as shown in rows 

6 and 7 of table 6-2. 

The values predicted by our model are given in columns 3 

to 6 of table 6-2 for values of the cutoff of 1.88, 1.89, 1.9, and 

2 BeV. By looking at this table we note that the Gellmann Okubo mass 

formula for the baryon octet seems to be satisfied in our calculations 

to about 12%. 

2. Other %+ Resonances. 

As we have discussed in Section A, there seems to be experi­

mental evidence for the existence of a higher %+ resonance. This is 

the so-called N£(1400) . In Section B we have discussed Brehm and 

Kane's suggestion that this resonance might be the member of a 10 and 

not 8, in disagreement with the quark model. 

Our model does not predict the existence of any higher %+ 

resonances. In Figure 6-15 the scattering eigenphase predicted by 

our model for the P-n partial wave amplitude is shown. The 
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Fig. 6-15. Eigenphase for the I = %, Y = +1, P.. ,„ state. The solid curve 

gives the results obtained using the same coupling constants 

and exchanges as in Figure 6.14 with a cutoff of 2 BeV. The 

dotted curve gives the experimental phase shift as obtained 

by Roper. 
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experimentally observed eigenphase is also shown in the same figure. 

We note that both eigenphases start at 180 since there is a bound 

state corresponding to the nucleon. However, while the experimental 

eigenphase rises, the eigenphase obtained from our model falls. By 

increasing the cutoff to 2.5 BeV we can make the eigenphase rise and 

go through 90 , corresponding to N?(1400). However, the nucleon 

then appears as a negative energy bound state. 

To further investigate the possibility of the existence of 

a resonating 10, we consider the largest hypercharge state in the 10 

representation of SU(3). This is the I = 0, Y = 2 state. The only 

channel which contributes to this state is the KN channel. The 

eigenphase obtained for this case is shown in Figure 6-16. We see that 

an attractive scattering amplitude is obtained for this isospin state. 

However, insufficient attraction is obtained to produce a resonance, 

unless we further increase the cutoff. Thus we find that vector, 

baryon, and decuplet exchange produce attractive forces in the 10 

irreducible representation of SU(3). However, the attraction is not 

sufficient to produce resonances. In this sense our results seem to 

agree with those given in M.W. 2. 

However, these results are in disagreement with the conclusions 

of Brehm and Kane. They concluded that decuplet exchange alone was 

sufficient to produce a resonant 10 representation. This is not too 

surprising, since as we may recall all of these methods make use of 

different approximations. Martin and Wali made use of Bjorken's 

determinantal approximation to the multichannel N/D equations. Brehm 
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Fig. 6-16. Eigenphase for the I = 0, Y = +2, P, s t a te for the same coupling 

constants and exchanges as in Figure 6-14, with a cutoff of 

2 BeV. 
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and Kane solved the multichannel N/D equations using Pagel's method. 

We solved the multichannel relativistic Schrodinger equation. 

E. Study of Nonresonant P Wave Amplitudes 

In addition to predicting the observed P wave resonances, it 

is equally important that the model shows that there are no resonances 

in the remaining isospin amplitudes. We next consider them in the case 

of pion nucleon scattering. It will then become apparent that no 

resonances appear in these amplitudes, in agreement with experiment. 

Moreover, phase shifts for these amplitudes seem to be in qualitative 

agreement with experiment. 

1. The P.. Amplitude 

Both baryon and vector exchange provide a strong repulsive 

force in this partial wave amplitude. The contribution due to decuplet 

exchange is strongly attractive. The net effect is a repulsive force. 

Both the experimentally observed phase shifts and our phase shifts are 

shown in Figure 6-17 for different cutoff values. We note that both 

the experimental and our phase shifts have the same sign and are in 

good qualitative agreement. 

2. The Plg Amplitude 

Both vector and decuplet exchange yield attractive forces. 

However, baryon exchange produces a strongly repulsive force. The net 

effect is a repulsive force. In Figure 6-18 we compare the experi­

mental phase shift with the phase shift predicted by our model for 

different values of the cutoff parameter. We note that both the experi­

mental and also our phase shift have the same sign and are small. 
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Fig, 6-17. Eigenphases for the I = 3/2, Y = +1, P. state for the same 

coupling constants and exchanges as in Figure 6-14. The solid 

and dashed curves give the eigenphases for cutoffs of 1.88 

and 2 BeV respectively, The dot-dash curve gives the experi­

mental phase shift as given by Behrends et al. 
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Fig. 6-18. Eigenphases for the I = %, Y = +1, P~/« state for the same 

coupling constants and exchanges as in Figure 6-14. The solid 

and dashed curves give the phase shifts for cutoffs of 1.88 

and 2 BeV respectively. The dot-dash curve gives the experi­

mental phase shift as given by Behrends et al. 
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VII. REGGE RECURRENCES AND HIGHER WAVE RESULTS 

A. Experimental Situation 

Analysis of pseudoscalar meson baryon scattering experiments 

seem to indicate the existence of four families (Regge trajectories) 

of baryon resonances. There are two vector families distinguished 

by the spatial character of the decuplet exchange process, which is 

attractive for odd J6 and repulsive for even £,. We call these 

vector families because the main contribution to the force in the 

partial wave amplitudes to which their members belong is from the 

vector exchange process. The first vector family consists of the P, octet 

(2) 

and the F,-/2 resonances.
 y The second vector family consists of the 

D„ ,_ resonances. Next there is a baryon family which consists of the 

P„,_ decuplet and the F_,„ resonances. The baryon family is so 

designated because baryon exchange is the main contribution for Po/o* 

However, both vector and baryon exchanges give important contributions 

for F? ,„. There is also another family of baryon resonances consisting 

of the S, and D . resonances. 

The F.,- resonances consist of N£(1688), Y|(1910), Y Q*(1820) , 

and possibly =*(1930) . However, there is as yet not enough experimental 

information about the spin and parity of s*(1930) . If =*(1930) is 

found to have spin parity 5/2+, then there would be a complete octet 

of F_ ._ resonances. The existence of such an octet is expected on the 

1. This is discussed in D.H. 

2. We restrict our attention to the four lowest partial waves 
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basis of SU(3) symmetry and the quark model. The F_ .„ resonances in 

the order listed above have widths of about 110, 60, 83, and 140 MeV 

respectively. The main decay mode of N£(1688) is the TTN channel. The 

corresponding branching ratio is about 657o. Other pseudoscalar meson 

baryon channels into which it decays are the KA and T|N channels. 

However, the corresponding branching ratios are small. The P.B. 

— <y\ 

decay modes of Y*(1910) are the An, KN, and 2rr channels respectively.'' 

The respective branching ratios for these channels are about 10%, 8%, 

and 3% respectively. The Y *(1820) main P.B. decay mode is the KN 

channel. The corresponding branching ratio is about 70%. Its other 

P.B. decay modes are the 2rr and AT] channels, with branching ratios of 

about 11% and 1%. The P.B. decay modes of =*(1930) are into the TT= 

and KA channels. There is not enough experimental information on the 

branching ratios for these channels. 

The only experimentally known F7/„ resonances are N* ,„(1920) 

and Y*(2035) . However, since F . is the Regge recurrence of P„.„, it 

seems plausible to expect the eixstence of a decuplet of F_,„ resonance's. 

This would also be expected on the basis of SU(3) and quark model 

arguments. However, there is not yet enough experimental evidence 

about the existence of the other members of this possible decuplet. 

The widths of N*/2(1920) and Y*(2035) are about 200 and 160 MeV. The 

main decay mode for N* .„(1920) is the TTN channel. The corresponding 

branching ratio is about 50%. Another P.B. decay mode for N*. (1920) 

3. We use the term P.B. channel as an abbreviation for "pseudoscalar 
meson baryon channel." 
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is the KE channel. However, the corresponding branching ratio is 

small and has not yet been measured. The Y*(2035) decays mainly 

into the ATT and KN channels with branching ratios of about 25%> and 

16%. This resonance has also been observed to decay into the 2rr 

channel. However, the corresponding branching ratio has not yet been 

experimentally measured. 

The experimentally known D„ .„ resonances consist of N%(1525), 

Y*(1660) , and Y *(1520). Also =*(1815 might be a member of the set 

of D_._ resonances. However, its spin and parity have not yet 

been measured experimentally. On the basis of the Gellman Okubo 

mass formula we do not expect Y *(1520) to be a member of an 

octet of D„ ,„ resonances. Therefore, SU(3) considerations 

indicate the existance of another I = 0, Y = 0 D,, /„ resonance which 

with Y *(1520) and the other D„ ln resonances would then form a nonet 
o 3/1 

of resonances. This other 1 = 0 , Y = 0 resonance might be identified 

with Y *(1700) . ' However, the spin and parity of Y *(1700) are 

experimentally uncertain at present. The widths of N%(1525) , Y1*(1660), 

Y *(1520), and =*(1815) are 105, 50, 16, and 16+8 MeV respectively. 

The N%(1525) decays mainly into the TTN channel with a branching ratio 

of about 65%. The Y*(1660) decays mainly into Y *(1405)TT, and its 

P.B. decay modes are small. The main P.B. decay mode of Y *(1520) 

is the 2rr channel with a branching ratio of about 51%. Its other P.B. 

decay mode is the KN channel with a branching ratio of about 39%. 

4. Note that the physical particles Yo*(1520) and YQ*(1700) are each 
mixtures of a D3/2 unitary singlet and the I =• 0, Y = 0 member of a 
D3/2 octet. The reason for this is the same as that in the case of 
cp-u) mixing. 
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The =*(1815) decays into the TT= and KA channels. However, the corres­

ponding branching ratios have not yet been determined. 

The known D,- i~ resonances consist of N%(1670) and Y*(1770) . 

On the basis of SU(3) and quark model arguments, we would expect the 

existence of an octet of Dc ,* resonances. However other members of 

this possible octet are not yet experimentally known. The width of 

N|(1670) is about 140 MeV. The Y1*(1770) has a width of about 89 MeV. 

The main decay mode of N%(1670) is the TTN channel with a branching 

ratio of about 407.. Its other P.B. decay modes are small. The main 

P.B. decay mode of Y,*(1770) is into the KN channel with a branching 

ratio of about 497,. Its other P.B. decay modes are the An., ET], and 

2TT channels with the corresponding branching ratios of about 17%, 2%,, 

and 1%. 

B. Results of Other Calculations 

In this section we will briefly review the D and F wave 

results of the calculations of Coulter and Shaw, Martin and Wali, and 

Donnachie and Hamilton. Coulter and Shaw restricted themselves to 

pion nucleon partial wave amplitudes with J < 3/2. Thus the only 

higher waves which they considered were those corresponding to the 

D..„ and D„„ partial wave amplitudes. The D,„ phase shifts obtained in 

their model agree with the experimental phase shifts up to an energy 

of about 1380 MeV. Above that energy their phase shift started to 

decrease. This contradicted the experimental phase shift which keeps 

increasing and goes through 90 at about 1518 MeV. The D„„ phase 
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shifts which they obtained agreed with the experimental phase shifts 

up to an energy of about 1160 MeV. However., the experimental phase 

shift then rise , while theirs became negatively decreasing. 

The calculations discussed in M.W. 2 indicated the existence 

of a singlet D„,„ resonance. However9 no other D or F resonances 

were found in their model. 

The calculations of D. H. indicated the existence of pion 

nucleon resonances in the D^^ L.j and F partial wave amplitudes. 

The center of mass energies at which these resonances appeared in 

their model were roughly 1638, 1792, and 199̂ - MeV respectively. The 

experimental energies are 15255 1688, and 1920 Mev
7 respectively. 

Their model did not account for the known pion nucleon resonance in 

the D.- partial wave amplitude. Also they did not incorporate SU(3) 

symmetry. Therefore, they could discuss only the pion nucleon 

I = %, Y = 1, and I = 3/2, Y = 1 meson baryon resonances. We also 

mention that the low energy phase shifts obtained Ln their model 

seemed to be in good agreement with experiment. Analysis of the 

main contributions to these partial wave amplitudes in their model 

seemed to indicate that both P and N* exchanges were the main contri­

bution to D,„. The main contribution fo F.._ was due to P exchange. 

Their analysis of the F__ amplitude showed that both P and N exchange 

yielded the main contributions in this case. 
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C. D Wave Results 

1. The 3/2'Resonances 

Here we will consider the contributions from vector, baryon, 

and decuplet exchange as the input potential. We investigate the 

3/2*,resonances by solving the multichannel relativistic Schrodinger 

equation with this input potential. A cutoff is introduced to convert 

the coupled system of integral equations for the scattering amplitude 

into a Fredholm system. We use a cutoff value of 2 BeV. We recall 

this value was also used m our discussions of the P waves. 

l) I = \ , Y = 1 state. 

The eigenphase corresponding to the I = %, Y = 1 amplitude 

is shown in Figure 7-1. This figure shows that the corresponding eigen­

phase goes through 90 at an energy of about 1669 MeV, with which we 

compare the experimental energy of about 1518 MeV. howeverj N%(1525) 

appears in our model as a narrow resonance. 

Analysis of the signs and strengths of the different ex­

changes which contribute to this state shows that both baryon and 

decuplet exchange are repulsive. Vector exchange yields an attractive 

contribution. Vector exchanges yields a strong attractive both force 

and decuplet. The contribution of both the baryon and decuplet exchange 

are of a smaller absolute value. The net result is an attractive force. 

ii. Other Isospin States. 

Analysis of the other isospin states shows the model predicts 

a nonet of D,,„ resonances, i.e., an octet and a unitary singlet. 
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Fig. 7-1. Eigenphase for the I = %, Y = +1, D3/2 state for the coupling 

t „ g TTNN .. , gpTTTT gpNN , . g N*NTT 
constants - ^ — = 14.6, 4 T T — & 1 » a n d — 4 ^ — = 2 2- 6 

-2 

BeV . The contributions from vector, baryon, and decuplet 

exchange to the input potential are considered. A cutoff 

of 2 BeV is used. 
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The experimental values are N|(1525) , Y1*(1660), Y Q*(1700), Y Q*(1520), 

and s*(1815). In our model they appear as narrow resonances at 

energies of about 1669, 1770, 1879, 1752, and 1950 MeV respectively. 

iii) Mass Formula.' 

This model predicts 

- ~ = 1808 MeV • 

(7.1) 

The experimental result is 

- ^ = 1670 MeV. (7.2) 

Not much can be said experimentally about the quantity r 

which on the basis of the Gellmann Okubo mass formula should have 

the same numerical value as that given in 7.2. Such is the case 

(8) 
because the only way to determine My* is by equating the 

above quantity to the value given in 7.2 and then solving. 

IV) Branching Ratios. 

The N% (1525) appears in our model as a resonance which 

decays mainly into the TTN channel. Branching ratios for its decay 

into other P.B. channels are negligible. 

5. We denote the mass of the 1 = 0 , Y = 0 member of the D„/0 octet 
by My*(8). 3/Z 
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The Y,*(1660) decays mostly into the TTA and TT£ channels. 

The corresponding branching ratios are about equal to each other and 

each is about 38%. It can also decay into the KN channel. The corres­

ponding branching ratio is about 23%.. The branching ratio for its 

decay into the T)2 channel is small (about 1%) . 

The Y *(1700) decays mainly into the TTE channel. The cor­

responding branching ratio is about 84%. It can also decay into the 

KN channel. The corresponding branching ratio is about 14%. The 

branching ratio for its decay into the TIA channel is about 2%. Even 

though its decay into the K= is energetically allowed, the correspond­

ing branching ratio is almost negligible. 

The Yo*(1520) decays mainly into the TT2 channel. The 

corresponding branching ratio is about 63%. It can also decay into 

the KN channel. The corresponding branching ratio is about 35%. 

Since in our model Y *(1520) appears above the T|A threshold, it can 

also decay into this channel. However, the corresponding branching 

ratio is small (about 2%). 

The a*(1815) appears in our model as a resonance which decays 

mainly into the TT= channel with a branching ratio of about 95%,. It 

can also decay into the KA channel. The corresponding branching ratio 

is about 5%. Branching ratios for its decay into other SU(3) channels 

are negligible. 

2. The 5/2-Resonances 

Experiments seem to indicate the existence of two De/o 

resonances. These are N%(1670) and Y,*(1770) . On the basis of the 
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quark model we would expect the existence of an octet of such resonances. 

As of yet there is no experimental evidence for the existence of the 

other members of this possible octet. 

The phase shift obtained in our model for the Dr/, states 

do not seem to exhibit a resonant behavior. Thus these resonances do 

not appear in our model. 

The experimental phase shift for the D... state is positively 

increasing. It reaches 3 at an energy of about 1368 MeV. For larger 

values of the energy the real part of the phase shift then continues 

to rise, reaching 90 at an energy of about 1512 MeV. 

Our phase shift is positively increasing but small. At an 

energy of about 1250 MeV it reaches a value of about 3 . It then 

starts decreasing up to an energy of about 1350 MeV, where it becomes 

zero. It then increases slowly and negatively. For example, at an 

energy of about 1468 MeV our phase shift becomes about -2.05 . This 

is contrast with the experimental phase shift, which reaches a value 

of 3 at this energy. 

Analysis of the signs and magnitudes of the force m this 

state due to the different exchanges shows that both baryon and vector 

exchange provide an attractive force. The decuplet contribution is 

repulsive and strong. The net effect is a slightly attractive force 

up to about 1350 MeV. It then becomes slightly repulsive. 
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3. Nonresonant D Wave Amplitudes 

a. The D„,- Amplitude 

The experimental phase shift for this state is increasing 

negatively. It starts at zero and becomes -7 at an energy of about 

1368 MeV. Our phase shifts are small and negatively increasing. For 

example, at an energy of 1165 MeV we obtain a phase shift of -0.3 in 

comparison with the experimental one of about -5 . 

Analysis of the signs and magnitudes of the forces in this 

state from the different exchanges shows that both the baryon and 

decuplet exchange contributions are attractive. The vector exchange 

contribution is repulsive but larger than the baryon and decuplet 

exchange contributions. The net effect is a repulsive force. 

b. The D_, Amplitude 

The experimental phase shift starts at zero and then increases 

positively. At an energy of 1368 it reaches about 7 . 

Our phase shift is small and positive up to an energy of 

about 1208 MeV where it reaches about 0.05 . It then starts to 

decrease up to an energy of about 1290 MeV, where it reaches zero. 

At somewhat larger values of the energy, it is negative and small. 

For example, at an energy of about 1368 MeV our phase shift is about 

-0.27 , in comparison with the experimental phase shift of about 7 . 

Analysis of the signs and magnitudes of the forces in this 

case from the different exchanges shows that vector and decuplet 

exchange, yield a repulsive force. The baryon exchange contribution 

is attractive. Baryon exchange dominates up to about 1280 MeV. At 
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this energy both vector and decuplet exchange dominate over the baryon 

exchange force. The net effect is then a slightly repulsive force. 

D. F Wave Results 

1. The 7/2+ Resonances 

a. Electric (Y.) Vector and Baryon Exchange Contributions to the 

Driving Force. 

Here we consider as the input potential the contribution 

from the V, part of the vector exchange process and the contribution 

(6) 
from baryon exchange. We then investigate the 7/2+ baryon resonances 

by solving the multichannel relativistic Schrodinger equation for the 

F . partial wave amplitudes. 

A cutoff of 8.7 BeV is introduced to convert the coupled 

system of linear integral equations for the scattering amplitude into 

a Fredholm system. We recall that this was the value of the cutoff 

required to produce N*,„(1236) at its observed experimental energy 

when only the contribution from baryon exchange was considered as the 

input potential. We would like to note that in our present calcu­

lation a cutoff is not really necessary. The system of integral 

equations for the scattering amplitude can also be made Fredholm by 

making the replacement a + b + c + d ~* 2vs in equations D.3 and 

° v o o o o 

D.4. As we have discussed in Chapter V, the effect of such a replace­

ment is to make the potential weaker. Therefore, after making such 

a replacement we need larger values of the coupling constants to 

6. The calculations of D.H. showed that both p and N exchange were 
the main contribution to the force in the F__ partial wave amplitude. 
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position a given resonance at its observed experimental energy. 

However, the qualitative results are the same. Thus results similar 

to those which we discuss in this section can be obtained without a 

cutoff. Note that if we introduce the c term of the vector exchange 
pV 

process, we can no longer convert the system of integral equations 

into a Fredholm system by making the above replacement. This is the 

main reason we do not take this term into account in this part of 

the calculation. 

1) I = 3/2, Y = 1 State. 

SpTTTT gpNN 
Both the coupling constant r , r — and the cutoff are 

fixed at values of 1 and 8.7 BeV. We take the coupling constant 
g TTN 
, as a variable parameter, to be fixed by requiring the corresponding 

eigenphase in this state to go through 90 at an energy of about 1920 

MeV. Such a resonance corresponds to N* (1920) . In Figure 7-2 the 

corresponding eigenphases for values of the coupling constant of 24, 

24.6, and 25 are shown. Analysis of that figure shows that for a value 
s2 

of , = 24, the eigenphase goes through 90 at an energy of about 

1978 MeV, 

For coupling constants of 24.6 and 25 the N*._(1920) appears 

at energies of 1913 and 1872 MeV. We note that increasing the coupling 

constant from 24 to 25 makes the N* /2(1920) resonance energy move 

down by about 5%.. For coupling constants of 24, 24.6, and 25, the 

N*.„(1920) appears with a width of 115, 80, or 69 MeV-respectively. 

Thus we see that increasing the coupling constant from 24 to 25 

decreases the width of the resonance by about 40%. 



162 

Fig. 7-2. Eigenphases for the I = 3/2, Y = +1, F7/2 state. Only the con­

tribution from the YM part of the vector exchange process and 

baryon exchange to the input potential are considered. The 

solid curve gives the results obtained for the coupling constant 
s2 

° TTNN 

—: = 25. The dashed curve gives the results obtained for the 
4 „2 

TTNN 
c o u p l i n g c o n s t a n t —7Z— = 2 4 . 6 . The dot-dashed curve g i v e s t h e g TTNN 
r e s u l t obtained for the coupling constant —7—— = 2 4 . We used 

—*•—r-~— = 1 in these ca lcu la t ions . 
4TT 



163 

O 
CJD 

O O 
C\J O Q O 

o o i CO CO 
O 
si-

CD 
C\J 

(S99j69p) 3SVHdN39l3 



164 

ii) Other Isospin States. 

If we next consider the other isospin states, we note for 

a coupling constant of 24 both Y,*(2035) and n appear at energies 

of 1932 and 2444 MeV respectively. However, s* does not appear for 

this value of the coupling constant. By increasing the coupling 

constant to 24.6, we then note that all the members of this possible 

decuplet now appear. With this coupling constant Y,*(2035), =*, and 

fi~ now appear at energies of 1844, 2108, and 2384 MeV respectively. 

With a coupling constant of 25 the energies of Y*(2035), =*, and 0" 

are now 1924, 2104, and 2360 MeV respectively. For coupling constants 

of 24, 24.6, or 25 the width of Y1*(2035) is 58, 48, or 42 MeV 

respectively. The width of the s* is about 26 or 24 MeV for coupling 

constants for 24.6 or 25 respectively. The 0 width is 79, 76, or 75 

MeV for coupling constants of 24, 24.6, or 25 respectively. The main 

conclusion of the model discussed in this section is that both =* and 

Q seem to be predicted by the model. 

iii) Equal Spacing Rule. 

As we have discussed in connection with the 3/2+ decuplet, 

the Gellmann Okubo mass formula predicts an equal spacing rule 

between consecutive members of a decuplet. Since there are only two 

members of the possible 7/2+ decuplet which are know experimentally, 

not much can be deduced from experiment about such a rule in this 

case. The experimental energy difference between Y»*(2035) and N* .„ 

(1920) is about 115 MeV. Thus the equal spacing rule would predict 

the existence of s* and fl at energies of about 2150 and 2265 MeV. 

Consideration of our results shows the following mass 

differences 
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V " V = "70 or M e V> 
Mg* ~ My* = 264 or '80 MeV, and (7.3) 

M - M . = 276 or 256 MeV, 

for coupling constants of 24.6 or 25. 

Analysis of these results shows that even though =*, Y*, 

and Q seem to follow an equal spacing rule, N* does not. The equal 

spacing rule is not satisfied since the Y* resonance energy appears 

below the resonance energy for the N* for coupling constants of 24 or 

24.6, rather than'above, as the experimental results seem to indicate. 

For a coupling constant of 25,'Y* appears above N* as it should. How­

ever, consideration of the =*, Y*, and CI does seem to indicate a rough 

validity of the equal spacing rule, at least for these members of the 
decuplet. 
IV) Branching Ratios. 

Here we will discuss the branching ratios predicted by this 

model for each of the members of the 7/2+ decuplet. The model predicts 

the N*. (1920) to decay mostly into the nN channel. The corresponding 

branching ratio is almost 100%. The N*.„(1920) branching ratio into 

the KS channel is very small (less than 1%). This agrees with the 

experimental results, which indicate that the TTN channel is the main 

P.B. decay mode for this resonance. Note that the width predicted by 

our model for N* ,„(1920) is in agreement with the experimental width 

since this resonance is experimentally known to decay about 50% into 

the TTN channel, and its width is about 200 MeV. Therefore, consideration 

of only the P.B. channels would yield an experimental width of about 

100 MeV for this resonance, which agrees with the width predicted by 

our model. 
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Consideration of the Y..*(2035) m our model shows that its 

main decay mode is the ATT channel. This agrees with experiment. For 

coupling constants of 24.6 and 25 we obtain branching ratios for the 

decay into the ATT channel of about 88% and 95%. The Y *(2035) decay 

branching ratios into the STT and KN channels are smaller. Its decay 

into the TjA and K= channels is negligible. The STT decay branching 

ratio is about 10% for a coupling constant of 24.6. For a coupling 

constant of 25 it decreases to about 47,. For a coupling constant of 

24.6 the KN decay branching ratio is about 2%. It decreases to 1% 

by increasing the coupling constant to 25. Experimentally Y *(2035) 

decays mainly into the ATT channel with a branching ratio of about 

25%. The corresponding branching ratio into the KN channel is about 

167o. The 2rr branching ratio is smaller and has not yet been measured. 

Other P.B. decay modes are negligible. Considering only P.B. channels, 

we would thus expect to obtain for the Y *(2035) about 50%, of its 

experimental width. Thus considering only P.B. channels, we would 

expect its width to be about 80 MeV. This agrees with the width 

predicted by this model. 

Consideration of =* shows that this model predicts this state 

to decay mainly into the TT= channel. The corresponding branching ratio 

is about 95% for a coupling constant of 24,6 or about 97%, for a 

coupling constant of 25. It can also decay into the KA and KS channels, 

but with much smaller branching ratios. For a coupling constant of 

24.6 the branching ratios into the KA and K^ channels are about 2% 

and 1% respectively. In principle it can also decay into the T|= 
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channel, since the resonance energy for =* is above the T^ threshold. 

However, the corresponding branching ratio predicted by this model 

is negligible. We also note that the =* predicted by this model has 

a P.B. width of about 26 MeV. Therefore, if s* is seen experimentally, 

we would expect its P.B. width to be smaller than both the N* and 

Y* widths. 

Consideration of the CI shows that this model predicts this 

resonance to be a 100% K= resonance. This is so, since this is the 

only P.B. channel which contributes to the 1 = 0 , Y = -2 state. The 

corresponding Cl width is about 76 MeV. Thus on the basis of this 

model, we would expect the Cl to appear experimentally with an P.B. 

width larger than both the Y*(2035) width and the =* width. However, 

we expect its width to be smaller than the N*/2(1920) width. 

b. Vector Baryon, and Decuplet Exchange Contributions to the 

Driving Force 

In this section we reinvestigate the 7/2+ baryon resonances 

by considering the contributions to the input potential due to vector, 

baryon, and decuplet exchanges. This discussion differs from section a 

in that the contribution of the <T part of the vector exchange process 

and also the 3/2+ decuplet exchange contribution are considered. We have 

stated these last two contributions lead to a divergent potential. 

Thus to solve the multichannel relativistic Schrodinger equation, we 

must introduce a cutoff. We choose a cutoff value of 2 BeV. The 
a2 

° TTNN 
v a l u e s f o r t h e c o u p l i n g c o n s t a n t s which we u s e a r e —7——= 1 4 . 6 , 

'PTTTT gpNN . , g N*NTT -_ , _ - 2 r •„ r — = 1 , a n d — 7 — — = 2 2 . 6 BeV 
4TT ' 4TT 
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i) I = 3/2, Y = +1 State. 

The results for the I = 3/2 , Y = 1 amplitude are shown in 

Eigure 7-3. We note that N*/2(1920) now appears in our model at an 

energy of about 1777 MeV. In addition to requiring a smaller cutoff, 

the introduction of the* additional contributions to the potential 

due to the a part of the vector exchange process and the 3/2+ 
UJV 

decuplet exchange has been to decrease the resonance energies. Also 

the width of the decuplet members is now greatly reduced. They now 

appear as narrow resonances. 

Analysis of the magnitudes and signs of the forces in this 

state from the different exchanges shows that vector and baryon 

exchange provide a strong attractive force. Decuplet exchange also 

yields an attractive force, but is somewhat smaller than the other 

forces. 

ii) Other Isospin States. 

Analysis of other isospin states shows the energy at which they 

appear is also reduced. For example, Y* appears an an energy of 

1814 MeV. We recall that when only the v part of the vector exchange 

process and baryon exchange were considered as the input potential, 

Y* appeared at an energy of about 1844 MeV, when a coupling constant 
e2 

5 fi"N 
—; value of 24.6 was used. Thus we note that the effect of the 

additional contributions to the potential matrix has decreased the 

Y* resonance energy by about 30 MeV. We recall that when only the Yu 

contribution of the vector exchange process and the baryon exchange 

process are taken as the input potential, Y* appeared at a somewhat 
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Fig. 7-3. Eigenphase for the I = 3/2, Y = +1, F.. /0 state for coupling 
2 a ' 2 

^ .. x 8 TTNN 17 , 8pTm gpNN . , g
 N*NTT 

cons t an t s of —7—— = 1 4 . 6 , ,„ — = 1, and —7—— = 2 2 . 6 
4TT 4TT ' 4TT 

-2 

BeV . The contributions from vector, baryon, and decuplet 

exchange to the input potential are considered. A cutoff of 

2 BeV is used. 
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r̂rN 
smaller energy than N*._.for coupling constants ~TZ~ °f 24 and 24.6. 

However, a f t e r the &,,.. pa t t of the vector exchange process and the 3/2+ 
|JbV 

decuplet exchange contributions are added to the potential, this feature 

^TJN is no longer»present when.,wewfix •+-—" at ,its experimental value. In fact, 

Y* now appears a£ an energy of 1814'MeV, which is above the energy at 

which N*.«(1920) appears as a resonance in this model (about 1777 MeV). 

Also s* and Cl now appear at energies of about 2070 and 2285 MeV. 

We note that the mass differences between members of the 

decuplet are now 

V " V - 37 M e V> 
M ^ - M ^ = 256 MeV, and (7.4) 

MQ~ - M_^ = 215 MeV. 

Thus the equal spacing rule is approximately satisfied for 

Y*} s*5 ana Cl . However, this is not the case for N*. This is the 

same conclusion we had made when discussing both the Yy, contribution 

of the vector exchange process and the baryon exchange contribution 

to the input potential. We note that even though Y* is now heavier 

than N* li n contrast to the case when only the Y, part of the vector 
^ e2 

^N exchange process and baryon exchange were considered and the. value - r r = 

24 or 24.6 was used) the eq'ual spacing rule is s t i l l not s a t i s f i ed in this mode 

Analysis of the branching ra t ios shows that N*,„(1920) 

appears as mostly a TTN resonance. The decay branching r a t i o into 

t h i s channel is almost 100%. This is similar to our r e s u l t s when we 

considered the YM part of the vector exchange force and the baryon 
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exchange contributions. It is in agreement with the experimental 

results. 

Analysis of the other isospin states shows that Y * decays 

mostly into the ATT channel. The corresponding branching ratio is 

about 62%. It can also decay into the Err and KN channels. The 

corresponding branching ratios are about 37% and 1%. The branching 

ratios into the TjA and K= channels is negligible. We note that this 

is the same qualitative conclusion we had reached when considering 

only the contribution from the Y, part of the vector exchange process 

and baryon exchange to the input potential. 

Similarly consideration of the s* shows that its main decay mode 

is the TT= channel. It can also decay into the KA channel. However, 

the corresponding branching ratio is much smaller. The branching 

ratio for its decay into the KS channel is even smaller. Even though 

it can also decay into the T^ channel, the corresponding branching 

ratio is negligible. These are the same conclusions we had reached 

before. 

Since only one channel contributes to the Cl state (K=) , we 

conclude that the model predicts the fl to decay 100%, into the K= 

channel. 

2. The 5/2+ Resonances 

a. Electric (Y.) Vector Exchange Contributions to the Driving Force 

Here we consider the contribution from the y.. part of the 

vector exchange process as the input potential. We then investigate 

7. The calculations of D.H. showed that p exchange was the main con­
tribution to the force in the F15 partial wave amplitude. 
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the 5/2+ baryon resonances by solving the multichannel relativistic 

Schrodinger equation for the F,.,. partial wave amplitudes. A cutoff 

of 8.7 BeV is introduced to convert the system of coupled integral 

equations for the scattering amplitude into a Fredholm system. We 

recall this was the value of the cutoff required to produce the 

N_ , *(1236) at its observed experimental energy when only the contri­

bution from baryon exchange was considered as the input potential. 

This was discussed in Chapter VI. We consider only the Y, contribution 

of the vector exchange process for the same reason as discussed in 

connection with the 7/2+ resonances. 

i) I = %, Y = 1 State. 

The cutoff is fixed at a value of 8.7 BeV. We take the 
gpTTTT gpNN 

coupling constant r , as a variable parameter. In Figure 

7-4 the eigenphases for the I = %, Y = 1 state for coupling constant 

values of 1.0 and 2.0 are shown. We note that for a coupling constant 

of one, the eigenphase increases slowly. We obtain a broad resonance 

at a very large energy. For a coupling constant of 2.0, we 

obtain a resonance corresponding to N%(1688) at an energy of about 

2390 MeV. By further increasing the coupling constant we can move 
gPTTTT PNN 

the resonance down. However, this requires a value of , much 

larger than the experimental value. Analysis of Figure 7-4 indicates 

the eigenphase corresponding to the T]N channel seems to resonate even 

for a coupling constant of 2.0. To lower the resonance position of 

N% (considering only the Y., part of the vector exchange process as the 

input potential) we must increase the attraction by a large amount. 
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Fig. 7-4. Eigenphases for the I = %, Y = +1, F_.„ state. Only the contri­

bution from the YM part of the vector exchange process to the 

input potential is considered. The solid curve given the results 
gpTTTT gpNN 

obtained for the coupling constant ,_ — = 1. The dotted 

curve gives the results obtained for the coupling constant 
gpTTTT g p N N _ 9 

4TT 
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For a coupling constant of 2.0, N%(1688) appears with a width of about 

333 MeV. 

ii) Other Isospin States. 

Analysis of the other isospin states shows that for a 

coupling constant of 2.0, all the members of the octet appear with 

energies and widths larger than the experimental values. The Y..*(1910) , 

Y *(1820)„ and =*(1930) appear at energies of 2600, 2540, and 3064 

respectively. Their corresponding widths are 309, 900, and 690 MeV. 

We wish to note that the mass ordering is the same as the experimental 

one. The width ordering is the same as the experimental one, except 

in the case of Y*(1910) and =*(1930) . In the model £(1930) appears 

with a larger width than Y,*(1910) which is not the case experimentally. 

The model predicts 

-2-? = 2727 MeV and 

(7.5) 

= 2555 MeV. 

3 M * + M * 
o 1 

This is compared with experimental values of 

-^-j = 1809 MeV and 

(7.6) 
3My * + My ^ 

o 1 
= 1842 MeV. 
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We observe that the masses obtained in this model seem to 

satisfy the Gellmann Okubo mass formula to about 6%. 

The N*^(1688) is predicted by this model to decay mainly 

into the TTN channel. The corresponding branching ratio obtained with 

a coupling constant of 2.0- is about 94%. It can also decay into the 

T]N, KA, and KS channels. The corresponding branching zatios are much 

smaller. For a coupling constant of 2.0 these branching ratios have 

the numerical values of about 3%, 2%, and 1% respectively. 

The Yi_*(1910) is predicted by this model to decay mainly into 

the An channel. For a coupling constant of 2.0 the corresponding branch­

ing ratio is about 68%. Another chanrei in which it can decay is the 

KN channel. The corresponding branching ratio obtained with a coupling 

constant of 2.0 is about 20%. The *]*(1910) can also decay into the En 

and T)2 channels. The corresponding branching ratios obtained with the 

same value of the coupling constant are about 9% and 3%. 

The Yo*(1820) is predicted by this model to decay mainly 

into the TTE and KN channels. The corresponding braichmg ratios ob­

tained with a coupling constant of 2.0 are about 59%, and 33%. It can 

also decay into the T|A and K3 channels. The corresponding branching 

ratios are smaller. For the same value of rhe coupling constant they 

have the numerical values of about 7% and 1% respectively. 

The s*(1930) is predicted to decay mainly into the vt= channel. 

For a coupling constant of 2.0 the corresponding branching ratio is 

about 96%. It can also decay into the KA and KS channels. The cor­

responding branching ratios obtained with the same coupling constant 
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are about 3% and 1%. Even though the decay of s*(1930) into the Tp 

channel is also energetically allowed, the corresponding branching 

ratio is negligible. 

b. Vector, Baryon, and Decuplet Exchange Contributions to the 

Driving Force 

In this section we reinvestigate the 5/2+ resonances by con­

sidering the contributions to the input potential due to vector, bar­

yon, and decuplet exchange . We differ from section a in that we 

have added the contributions from the 0p,v part of the vector exchange 

process and baryon and decuplet exchange . We soLve the multichannel 

relativistic Schrodinger equation with tt LS input potential. We use a 

cutoff value of 2 Bev. This Ls the same cutofi we used when discussing 

the 7/2+ decuplet. The values for the coupling constants which we use 

are jgjffl - 14.6, ^ ^ m = 1, and g 2
M . 22.6 Bev'

2-

ATT 

i) i = \v y = +1 State. 

The results for this case of the I - \ , Y =• +1 amplitude are 

shown in figure 6-5. We note that the N%(1688) r.ow appears at an energy 

of 1665 Mev. Thus we observe that the effect of introducing the addi­

tional exchanges has been to decrease the cutoff and the energies at 

which the resonances appear. We recaLl that considering only the Y(j, 

contribution of the vector exchange process with a cutoff of 8.7 Bev, 

we obtained N*%(1688) at an energy of 2390 Mev. After inclusion of the 

additional exchanges, the cutoff moves down to 2 Bevs and the resonance 

energy decreases from 2390 Mev to about 1663 Mev. Also we are now using 
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gpnTT&PftiN = 1, rather than 2, as we used in the previous calculation. 
4rr 

We must also note that inclusion of the additional exchanges decreases 

the width considerably. The F. resonances now appear as narrow 

resonances. 

ii) Other Isospin States. 

Considering the other isospin states we observe that Y|*(1910) 

and Yo*(1820) appear in our model at energies of 1841 Mev and 1810 Mev. 

Also =ft appears at an energy of about 1970 Mev. This is compared with 

its experimental energy of about 1930 Mev. 

lii) Mass Formula. 

From this model we obtain 

% + M=*= 1817 Mev and 

— z — 
3My * + Mvri* (7-6) 

° = 1818 Mev. 
4 

This is compared with the experimental results of 

V t ^ f = 1809 Mev and 
2 

t.7.7) 

*<* ** = 1842 Mev. 
4 

Thus we see that the Gellmann Okubo mass formula seems to be satisfied 

for this octet of resonances to better than 1%,. 

iv) Branching Ratios. 

The N*%(1688) appears m this model as a resonance which de­

cays mainly into the TTN channel. The corresponding branching ratio is 
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almost 100%. The branching ratios of the other possible P.B. channels 

in which it can decay are negligible. 

The Y,*(1910) appears in this model as a resonance which de­

cays mainly into the TTA channel. The corresponding branching ratio is 

about 68%. Another P.B. channel in which it can decay is the KN chan­

nel. The corresponding branching ratio is about 14%,. It can also decay 

into the nE and T|S channels. The corresponding branching ratios are 

about 11% and 7%. 

The model predicts Y *(1820) to be a resonance which decays 

mainly into the K N channel. The corresponding branching ratio is 

about 99%. It can also decay into the TTS and TlAchannels. However, the 

corresponding branching ratios for each of these channels is small 

(about %%,) . The branching ratio into the K= channel is negligible. 

The s*(1930) is predicted by the model to be a resonance which 

decays mainly into the TT= channel. The corresponding branching ratio 

is large (about 98%) . The branching ratios into the KA, KT, and T|-

channels are small and of the same order of magnitude (less than 1%). 

3. Nonresonant F Wave Amplitudes 

a. The F. Amplitude 

The experimental phase shift for this state is small 

(practically zero) and positive up to an energy of about 1368 Mev. Our 

phase shifts are positive and small but increase slightly for larger 

energies. For example, at an energy of 1188 Mev our phase shift is 

about 0.0023 . At an energy of 1368 Mev our phase shift is now 
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slightly larger (0.69 ) . Analysis of the contributions to this ampli­

tude from the different exchanges shows that both vector and decuplet 

exchange give attractive forces. The baryon exchange contribution is 

strong and repulsive. The contributions from the vector and decuplet 

exchange are of the same order of magnitude. The net result is a slight­

ly attractive force. 

b. The F_,. Amplitude 

The experimental phase shift start at zero and increase 

positively to an energy of about 1180 Mev. At this energy it reaches 

o 
a maximum of about 0.08 . It then starts decreasing and reaches zero 

at an energy of about 1267 Mev. At energies larger than 1267 Mev the 

phase shift then increases negatively and slowly. At an energy of about 

1368 Mev, it is about -0.15°. 

Our phase shifts are negatively increasing and small. For ex-

o 

ample, at an energy of 1368 Mev our phase shift is about -0.20 in com­

parison with the experimental phase shift of about -0.15 . 

Analysis of the contributions to this amplitude from the dif­

ferent exchanges shows that both vector and baryon exchange yield a 

repulsive contribution, The contribution from decuplet exchange is 

attractive. Each of these contributions is essentially of the same 

order of magnitude. Thus the net effect is a slightly repulsive force. 
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VIII. SUMMARY AND CONCLUSIONS 

We have studied a model for scattering of the pseudoscalar 

meson octet by the baryon octet in the four lowest partial waves. Ac­

tual physical masses of the particles were used, so that SU(3) symmetry 

was broken. Our model made use of the relativistic Schrodinger equation 

as the dynamical equation. The potential which we used in this equation 

was obtained by computing allowed single particle exchange processes for 

which the exchange particles have spin less than or equal to 3/2, fol­

lowing some simple rules. 

Different techniques which are generally used in determining 

scattering amplitudes were reviewed. In this review emphasis was placed 

on their advantages and disadvantages. The purpose of this discussion 

was to note that as of yet there are no perfect calculational tools, 

and there is certainly a need for other techniques. The relativistic 

Schrodinger equation was then considered as an example of another pos­

sible technique. To justify the possible use of the relativistic 

Schrodinger equation to obtain scattering amplitudes a brief discussion 

of its properties was given. We noted that this equation obeyed two 

particle unitarity, relativistic invariance, and macrocausality. We 

then concluded that this equation was an acceptable tool to be used in 

determining scattering amplitudes. In fact, we indicated that it may 

even be a better approximation than other techniques based on the N/D 

method, since it includes iterations of the potential. 
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The Blankenbecler-Sugar equation and its relation to the 

relativistic Schrodinger equation was discussed. It was observed that 

the Blankenbecler-Sugur equation is nothing more than a relativistic 

Schrodinger equation with a special prescription for computing the 

potential and the propagator. However, we noted that such a prescrip­

tion is not unique. It depends on the choice of coordinate frame. 

Thus no simple rule for determining the potential can be "derived" 

starting from two particle unitarity and the Bethe-Salpeter equation. 

We should not expect simple dynamical models to predict 

exact locations and widths of resonances, since they are known to be 

sensitive to many dynamical effects which are not fully understood. 

We wish to emphasize our opinion that the main point to be learned 

from our calculations is that use of the multichannel relativistic 

Schrodinger equation yields results which are in qualitative agreement 

with those obtained using other techniques such as the N/D method. 

Thus the qualitative features of the results obtained in these calcu­

lations seem to be roughly independent of the technique employed in 

performing them. 

Our results indicate that phase shifts, resonance positions, 

and branching ratios obtained in this model are usually in rough 

agreement with experiment. However, widths did not always agree with 

experiment. The main triumph of the model consisted in accounting 

for most of the experimentally known baryon resonances. 

Study of the S, amplitudes showed the existence of a unitary 

singlet (the Y *(1405)) , an octet of resonances (with both the 1 = 1, 
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Y = 0, and 1 = 0 , Y = 0 states missing) to which Nt(1570) belongs, and 

a decuplet of resonances to which N* ,_(1670) belongs. 

Study of the P, amplitudes showed the existence of an octet 

of states consisting of N(939) , A(1115) , E(1193) , and =(1318). 

No resonance corresponding to N£(1400) was obtained. 

Study of the Po/o amplitudes showed the existence of a 

decuplet of resonances consisting of N*/2(1236), ¥.^(1385) , =*(1529), 

and n"(1675). 

Study of the D» ,. amplitudes showed the existence of a nonet 

of resonances consisting of N£(1525) , Y1*(1660), Y Q*(1520), Y Q*(1700), 

and s*(1815) . 

Study of the D,. ,_ amplitudes did not show any resonant behavi 

Study of the F- .„ amplitudes showed the existence of an octet 

of resonances consisting of N£(1688) , Y Q*(1820), Y1*(1910) , and ̂ (1930) 

Study of the F7/„ amplitudes showed the existence of a 

decuplet of resonances consisting of N* ,2(1920), Y.*(2035) , =*(2150), 

and ff (2265) . 

or. 

* 
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Appendix A. SU(2) and SU(3) Considerations 

1. General Considerations and Notation 

This appendix will give the appropriate crossing coefficients 

by which we must multiply the momentum dependence of the potentials 

given in Appendix D to obtain the complete potentials. To reiterate, 

we shall assume invariance under the three dimensional unitary group 

SU(3) insofar as to obtain relations between coupling constants, but 

we break the symmetry in the sense that we use physical masses for 

both the exchanged and the incoming and outgoing particles. The SU(3) 

crossing coefficients can be obtained by merely writing out the 

Lagrangian and multiplying the coupling constants for particles in 

the process in question by the appropriate isotopic spin factor. 

In the case of perfect SU(3) symmetry, however, it is easier 

to compute the SU(3) crossing coefficients directly by expanding the 

SU(3) field operators in the exchange diagram into SU(3) irreducible 

tensors in the s channel and then taking matrix elements between 

physical states. 

We compute our coefficients by a combination of both methods. 

In fact in many cases only one particle is exchanged, due to simple 

conservation laws like isospin, G parity and hypercharge. Thus once 

we compute the crossing coefficient in the limit of perfect SU(3) we 

already have it in the broken case. 

In other cases, however, more than one particle can be 

exchanged. An example of this is the case of A and 2 exchange. Then 

we must compute the crossing coefficient directly as explained before. 
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We denote the baryon octet by B ,the pseudoscalar meson 
k 

octe t by P and the vector meson octet by V, , where 1, k run from 1 

to 3 and ^ i s a Lorentz index characterizing the vector mesons. The 

e x p l i c i t elements of each of the above are more conveniently shown in 

terms of the usual matrices which follow 

S-- + -A-
A / 2 A /6 

K* £ - + -*• 
Jl Jl 

n 

Jl 
A 

* ; -

' A/2 A/6 

TT 

K 

TT 

Ji Jl 

r 

K 

K 

Jl 
Tl 

, and 

o cp cu 

A/2 Jl Jl 
K .*+ 

V* 
Ji Jl S 

K*° 

\Yi K 
:*o 

2cp u) 

A / 6 J3/ 
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In the above the symbols stand for the field operators which 

destroy the corresponding particles. We have denoted the vector 

~i i 
meson matrix by V. rather than V. because we have introduced the 

J J 

singlet vector meson u: . The octet part V is obtained by merely 

subtracting this term divided by v3 along the diagonal. 

2. cp, u) mixing. 

We w i l l now review the s o - c a l l e d cp, UJ mixing (Saku ra i , 1962) 

Since both cp and cu have i d e n t i c a l quantum numbers, one expec ts 

mixing between them. The phys i ca l s t a t e s cp and tu are r e l a t e d to cp 

and tu by 
o J 

cp = co so/ 9 + sincv ^ 

and ( A . l ) 

cu = -sincv cp + coso/ "> o o 

and are eigenstates of the total Hamiltonian 

H = H + H. o 1 

where H is invariant under SU(3) and H, is a perturbation, 
o I 

One is then led to diagonalize the mass submatrix given 

by 

2 
M8 + €11 €12 

«21 Ml + 622, 

where ^ = € 2 1 = <8jH1J X> , <=u = <8|BL1L| 8> , ^ = < l | M 1 | l > , and where 
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2 2 

M_ and M.. r e p r e s e n t the co r r e spond ing SU(3) l i m i t masses for the o c t e t 

and the s i n g l e t r e s p e c t i v e l y . 

Requir ing cp and to t o be e i g e n s t a t e s of the above m a t r i x we 

o b t a i n 
2 2 

0 m - mQ 

( t an a r=- f 1- (A.2) 
m 8 ~ mco 

2 2 
where m R = mR + €11 is the value given by the mass formula for the 

octet 

o 2 3 2 , 1 2 
2 mk* = 2 m8 + 2 m P ' 

By inserting the known values of IIL. and m one obtains 

mg « 930 MeV. Substituting into (A.2) we obtain 

^ ^2 1020 - 930 ft ,. 
(tanof) = 93o . 7 8 3

 = °'61' 

The value obtained using the quark model with the usual assumptions 

2 
is (tancv) = 0.50. We shall, for simplicity, merely use this result. 

Thus we have 

<p = -yl ^Wi^o 
and (A.3) 

CO 
= \ /H +\ff % 
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Express ing V. m terms of p h y s i c a l p a r t i c l e s , we then ob t a in 

CO ,+ *+\ 

~ i 
V = 

J 

Jl Jl 

P " 

K' 
• * -

K 

Jl Jl 

K 

_ i i l _ If* 0 ' K" 

<p ; / 

3. Direct Product of Two Octets 

If we consider the direct product of two octets characterized 

" 1 / 1 ^ 

by i r r e d u c i b l e t en so r s Y. and cp* r e s p e c t i v e l y , we o b t a i n 

f J «P5 - TjJ + ^ [>"#,- 26> l + 3 6 ^ + 3 6 ^ ] 

+ C - 4 " *W " "TT 6<6k]S + 4 - c , DPik + - i - 6P i k D 
iJl * J (Ji J ^ ^2 P j * ^ 

JPj4 

+ — [6ke * - 6> k ] , 
V6 J aJL & a j 

(A. 4) 

where 

S = - i - Y? cpP , 
Jl P * 

1. This corresponds to the well-known reduc t ion : 
8 0 8 = 1 + 8X + 8 2 + 10 + 10 + 27 . 
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13k &y^ xaP J k ^laP k T j ^joS k T i ^jafl i T k 

+ €,. - f ? <PB + €, - f ° tPB] > and ^ka3 1 j vko-0 j ^ L J 

T S = 4 C ^ ^ - ^ cpj + ^ cpk + Y^ cp^ - ^ C 6 ^ ( ^ cp- + V- cpk) 

+ 6 k (Y i cp? + Y? cp1) + 6 j ( Y k cp* + Ya cpk) + 6k(YL cp? + *? cpX ] 

+ h »} %+ 4 6 " ]< <« 

4. General Expression for SU(2) Crossing Coefficients 

For completeness we will discuss in this section the general 

expressions for SU(2) crossing coefficients in terms of Racah coef­

ficients as given by Mandelstam et al. (1962) and Carruthers and 

Krisch (1965). Consider two body reactions of the type 
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s channel: a + b -» c + d, 

t channel: a + c -> b + d, and 

u channel: a + d -• c + b . 

This is shown in Figure A-l. 

Crossing symmetry asserts that if the invariants s, t, and 

u are continued to the physical domain of a crossed channel, the 

continued amplitude describes the process in question. Explicitly that 

is 

<cd|Tjab> = § s u <cb|Tjad) (A.5) 

and 

< c d | T j a b > = S g t < b d | T t | a c > , (A.6) 

where % and § ^ a r e phases which are determined by r e q u i r i n g s t a t e s 
su s t r J 

to t r ans fo rm according t o t h e Condon and S h o r t l e y phase convention so 

as to a l low us to use t h e u s u a l t a b l e s of Clebsch Gordan c o e f f i c i e n t s . 

We then use i s o s p i n conse rva t ion to w r i t e 

<cd|T l ab ) = E T ( s ' ) C ( a b s ' ; Q 3 ) C ( c d s ' ; y£>), (A.7) 
i s1 ' i s 

s 

<cb(T |ad> = S T (u 1 ) C ( a d u ' ; a - 6) C ( c b u ' ; y - 3 ) , (A.8) 
u ' 

and 

<bd |T t | aS> = 2 T t ( t « ) C ( a c t ' ; cv - y) C ( b d t ' ; - P 6 ) , (A.9) 



194 

s channel 

t channel 

u channel 

FIG.A-I CONNECTION BETWEEN THE 3, t 

AND u CHANNELS. 
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where T ( u 1 ) denotes the amplitude f o r s c a t t e r i n g i n i sosp in u ' i n 

channel u , t he C 's denote the Clebsch-Gordan c o e f f i c i e n t s in the 

n o t a t i o n of Rose (1957) and cv, 8 , y, and 6 denote t h e z components of 

i s o s p i n for p a r t i c l e s a, b , c , and d r e s p e c t i v e l y . 

We then use the following s tandard formulas i nvo lv ing the 
» 

Racah c o e f f i c i e n t s : 

C ( a b s ' ; a ) C ( c d s ' ; y6) = S ( 2 s ' + l ) ( - ) Y " a + a _ c W ( a b d c ; s ' u 1 ) 
u1 

X C(adu ' ; o/-6) C(cdu ' ; y-B) and (A. 10) 

C(abs ' ; c3 ) C ( c d s ! ; Y&) = S ( 2 s ' + 1) ( - ) 6 " a + a + d W ( a s ' t ' d ; be) 
t ' 

X C ( b d t ' ; -86) c ( a c t » ; a -y) . (A.11) 

I t i s from t h i s t h a t we o b t a i n the c r o s s i n g m a t r i c e s X . , , X . , ^ u ' s ' t ' s ' 

defined by 

V u , ) = s , Vs- V s , ) (A-12) 

s1 

and 

T ( f ) = 2 X . , T ( s ' ) . (A.13) 
C g I t s s 

Taking ca re of the phases § we then ob ta in the cor responding 

c ross ing m a t r i c e s 

X us = ^ s 1 = ( - ) a + b ' ° + d (2s + 1) W(abdc; s u ) , (A. 14) 
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X ts = ^f = ( - ) a + b f C f d (2§ + 1) W(astd; be), (A.15) 

X1 = (_)a-b-<*d (2i + l) W(abdc; su), and (A.16) 
u s 

Xts = (-)a 'bfCH 'd (2s + 1) W(astd; be), (A.17) 

where I , I I , and III are used to differentiate between the cases in which , 

the crossed particles are both self conjugate, both conjugate doublets, 

or one i s self conjugate and the other is a conjugate doublet. 

There exist convenient tables of Racah coefficients so the 

problem of computing SU(2) crossing coefficients is reduced to the 

problem of looking up these coefficients. We mention Biedenharn,Blatt, 

and Rose (1952) as an example of these tables. They give explicit 

analytic expressions for most Racah coefficients for simple cases. 

- 1 + - 1 + 

5, The reaction 0 + - -* 0 + - . 

a. Baryon exchange 

We first consider baryon exchange in the u channel as shown 

in Figure A-2. The BPB interaction Lagrangian is given by 

" £ in t " * J* &TTN *j Y5[ (l-2f) BJ Pk + Bk pj] , (A.18) 

where g^w is the pion nucleon coupling constant and f, the so-called 

F/D ra t io , is more or less known experimentally. 

If we expand the above, we have 
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* 2 

FIG. A-2 BARYON EXCHANGE IN THE 
u CHANNEL. 



£ i n t " C^NN ^ • N T N + g ^ f r ? • AE + h . c . ) - i g j ^ . U • (S X S) 

+ g = T r = T T . = T = + § A K N (NAK+ h . c . ) + { ^ ( N T-2K+ h . c . ) 

+ SAK= C^ AK C + h . c . ) + s - , ^ (= T-2 K C + h . c . ) + ^ N NT1 

8AHA 1 1 X A + SST1E ̂ • S + a ^ ^ ] , (A 

where we have omi t t ed the iy^ , and where 

STTNN = STTN' 

S A T T S = ^ " ( 1 - f ) gTTN' 

^TTE = 2£gTTN' 

& S T T S = C l - 2 f ) S i T N , 

8AKN - " ^ ( 1 + 2 f ) S TTN> 

^ K N = ( 1 " 2 f ) 8TTN' 

gAKS - - • ^ - ( l - 4 f ) « n N , 

%;]<= = 8TTN' 

8NT1N= " ^ f ( 1 " 4 f ) gTTN' 

8 A T | A - " ^ " ( 1 - f ) S T T N ' 
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82TP - J " (1"f) «W and 

fer^ - - -£- <1+2f> STTN ' 

In addit ion we have defined 

NT. NTT = (pp-nn)TT° + Jl (npTT~ + pnn"**) 

TT-A S + h.C = A(2+ TT" + S~TT+ + S°TT°) + (2*TT+ + F T T + Z°TT°)A, 

i ( l X S) -n = (S"S- - S+S+)TT° + (S° S + - S" S°)TT- + ( ^ S° - S° S_)TT+ , 

n - i T . - f » - - i ° =°)TT° + ^ <=V TT" + =°=- TT+) , 

N A K + h . c . = A(pK~ + nK°) + (pK+ + nK°)A, 

i T.2 K + h . c . = (pK+ - nK°)S° + Jl ( nK^ - + pS+K°) + S ° ( P K " - nK°) 

+ Jl <S"nK" + ^*"pK°) , 

SAKC + h . c . - A(="K+ + =°K°) + (="K" + =°K°)A, 

N NT) = (pp + nn)!!, 

A AT) = A ATI, 

| • 2n = (Tftr* + S"S" + S°S°) Tl, 

H =T| = (="S- +=:°=.°)'n, and 

^ a ^ . c - ^ E 0 - =-K")S° +V2 ( i - F s - + = : OK-^) - £O0=OK° - S"K+) 

+ V2 (S-KV +2*K+e°), 
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where the symbols stand for the field operators which destroy the 

corresponding particles. For example^ denotes the field operator 

which destroys the positively charged 2 . Also a bar placed over 

a symbol.as for example 2 > denotes the field operator which creates 

the corresponding particle. We use 

BJ t - « i 6 " - i 6J »J> <A-20> 
and 

-Z «. = S- g „ B 1 [ ( l -2 f ) B.J P k + Bk pj] = Jl g „ [ ( l - 2 f ) B* ?] + 
in t °TTN J L k I I kJ T T N L J SL 

*\ Py] Bj , (A.21) 

where we have dropped the ty . We then obtain as the result of the contracti 

for the process in consideration 

2 g2NCC(l-2f) EJ P
+k + B k P+J][(l-2f) B* P* + Bj Pj] 

- -| [(l-2f) B^ P+k + Bk P+J][(l-2f) B^ PJ + B* p£]} . (A.22) 

Using relation (A.4) we obtain 

*j P + i B k P l = l T > < T | " I I 9
s > < e

s ! ~\ | S X S | - |D><D| + 

+ |D > < Dj , (A.23) 

where we have used the outer product notation and where |s >, |6 >, 

|9 >, |D >, |D >, and |T > denote the normalized scalar, symmetric octet, 

antisymmetric octet, 10,. 10, and 27 states respectively. 
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S i m i l a r l y we obta in 

BA P+k B i P j = ' T > < T I ' 3 lBs>< BJ~ 3 ' S > < S | +
 | D > < D | - | D > < 5 | , 

(A. 24) 

»i P + i Bk P j - ! ' 9 s > < 6 s ' - I ' 9 a > < 6 a ' * f lS > < S' ' <A-25> 

B* P+J Bk p} = Bj P+k BjJ P?f (A.26) 
j k i i * i k j ' v 

and 

B^ p + k
 B^ p j = | T > < T |+ |G > < e |*.|s > < S | - | D > < D | - | D > < D| 

X. j rC Xi S S 

" I 0 a > < e a ' - ( A , 2 7 ) 

S u b s t i t u t i n g r e l a t i o n s (A.21) to (A.24) i n t o (A.22) we o b t a i n 

4 (4f 2 - 2f + 1) | T > < T | - 2(4f2- 2f +1) 19 > < 9 |+ | ( 4 f 2 + 10 f 
J s s 3 

- 5) |e > < 9 | - - |(2f2- f - 1) | D > < D | + | ( 4 f 2 - 5f + 1) | D> < D| 

- | ( 4 f 2 + lOf - 5) | S > < S | } e ^ • (A.28) 

The c o n t r i b u t i o n t o the r e l e v a n t i so top ic s p i n , hypercharge 

s t a t e s i s e a s i l y computed once we have the c ross ing mat r ix g iven above 

by us ing De S w a r t ' s t a b l e s (1963) . Exceptions occur in those cases 

when we have A and 2 exchange in which we compute the c r o s s i n g coef­

f i c i e n t d i r e c t l y by mul t ip ly ing t h e r e l e v a n t coupling c o n s t a n t by 

the i s o t o p i c s p i n f a c t o r , as has been discussed in P a r t 3 of t h i s 

appendix. I n so doing we must use p r o p e r l y normalized f i e l d o p e r a t o r 

express ions for the i s o t o p i c sp in s t a t e s . 



202 

We list SU(3) crossing coefficients for each hypercharge and 

isotopic spin state as a matrix whose (i, j) element represents the 

crossing coefficient for the scattering from channel i to channel j, 

and where the symbol in parentheses next to each crossing coefficient 

represents the particles being exchanged. Due to symmetry we need 

only list half of the off diagonal terms. We denote the isotopic spin 

and hypercharge by I and Y respectively. 

I = 1, Y = 2 

kN 
KN(-i(l+4f+4f2) (A) + (l-4f+4f2)(2))gJN 

I = 0, Y = 2 

KN 
KN(- |(l+4f+4f2)(A) + 3(l-4f+4f2)(£))g2rN 

1 = 3 / 2 . Y = 1 

TTN 

KS 

TTN 

2(N) 

KS 

|(l+f-2f2) (A) - 2(f-2f2)(S) 

2(a) 

2 
^TN' 



I - 2 , Y - 1 

r.N TIN 

TTN ' /-1(N) ( l - 4 f ) ( N ) 

KA KS \ 

- 2 ( l - 3 f + 2 0 (S) | ( l + f - 2 0 ( A ) - 2 ( 2 f - 4 0 ( £ ) 
2 

T]N 

KA 

KZ \ 

| ( l - 8 f + 1 6 f 2 ) (N) | ( l + f - 2 f 2 ) (A) 

^( l -8f+16f 2 ) (=) 

2( l -3f+2f ) (2) 

- ( l - 4 f ) ( = ) 

- 1 ( H ) 

2 
^ N 

I = 1, Y = 0 
TTA 

TTA ' ) | ( l -2f+f2) (S) 

TTS/ 

KN 

T1S \ 

K= 

TTS 

4 ^ ( 1 + 2 ^ ( 2 ) ^ 

- | ( l -2 f^ f 2 ) (A) +4f 2(E) 

KN 

y | (l+2f)(N) 

2(l-2f)(N) 

0 

T.E Ks 

| ( l -2f+f 2)(A) ^ | ( l -6f+8f 2) (S)> 

£ (l-6f+8f ) (N) - j ( l - 2 f - 8 f 2 ) ( A ) 

- ( l - 2 f ) ( 2 ) 

| ( l -2f+f 2 ) (S) 
# ( l+2f ) ( S ) 

O 



I = 0 . Y = 0 
-iZ 

nS / | ( l - 2 f + 0 (A) 

KN 

T]A 

Ks 

8f 2 (2) 

KK 

V 6 ( l - 2 f ) (N) 

TIA 

4 ^ - ( l - 2 f + f 2 ) (S) 

V2 2 
^ - ( l - 2 f - 8 f ) (N) 

| ( l - 2 f + f 2 ) (A) 

Ks 

V6( l -2 f ) (=) 

- ^( l-2f-8f2)(A) - ( l-2f)(S) 

- 4"(l-2f-8f2) (=) 

2 
^N 5 

I = 

TT= 

KA 

KS 

T}= 

• ~r Y = -1 

TT= 

/ -( l-4f+4f2)(=) 

\ 

\ 

KA 

2(l-f)(S) 

| ( l+4f+4f2) (N) 

K2 

| ( l -5f+4f 2 ) (A) 

(l-4f2)(N) 

-(l-4f+4f2)(N) 

+ 4f (S) 

TP 

- ( l -4 f 2 ) ( s ) \ 

| ( l -5 f+4f 2 ) (=) 

-2(l-f)(2) I 

| ( l+4f+4f2)(=)/ 

2 
^ N 

O 
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I = 0, Y = -2 

K= 

K= (- ~ (l-8f+16f2)(A) + 3(S))g^N. 

b. Decuplet Exchange 

We next consider decuplet exchange in the u channel as shown 

in Figure A-3. 

In this case, since all members of the decuplet have different 

hypercharge, knowledge of the crossing coefficients in the case of 

perfect SU(3) symmetry gives us also the crossing coefficients in 

broken SU(3). This is because only one particle can be exchanged for 

each process. 

We can write for the B*BP coupling the interaction Lagrangian 

-S. - e leAmk — Bn P° IP + € -^- B^ Pm T^a~\ (A 2^ 
£int ~ % * [ : oX[Jj h m V a + fc4mk Bx^ Bn ?a \ J' (A*29) 

where M* denotes a Lorentz index, g„. denotes the N* pTT+ coupling constant 

(as computed from the width of the N*) and €» , is the antisymmetric 

Levi Cevita tensor given by 

/* +1 if (4mk) is an even permutation of (123), 

€. = S -1 if (imk) is an odd permutation of (123), 

L 0 otherwise. 

If we expand the above SU(3) Lagrangian omitting space time 

complications, we obtain 
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0" 
1+ 
2 

3 + 
2 

1+ 
2 

0" 

FIG. A-3 DECUPLET EXCHANGE IN 
THE u CHANNEL. 
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" £ i n t " ^ * " £ ( N r T ) 3 / 2 " « 3 / 2 } + ^ f Y1<K ^ N + K
C T S 

- i S X T T - V 3 A n + ^ S T l ) + - i - a * (T-2 KC- T-TT = + ^ 3 K°A (A.30) 
A/3 

-73 = fl) + Jl S " K=] + h . c , 

where we have def ined 

—ft + 1 - * , I— a 4- 1 —ft - r- o —* 
N*(NTT) = N PIT + - i - N.(V2 p n ° - ntT) + - ± - N (prr + V2 nTT) +N nn , 

J/Z """ S + & ° ' 
with a s i m i l a r exp res s ion for N*(EK)„ .„. The r e s t of t h e terms a r e 

def ined as on page 1 2 . 

For the diagram of F i g u r e A-3 we ob ta in 

g N * [ D W €SBk'V Pc- € B
Y

 P 6 • <A"31> 

We t h e n o b t a i n fo r the above e x p r e s s i o n m the s channel 

C-15 |s> < s | + 6 |9 > <9 | - 3 -y/i(|9 > <9 | + |9 > < 9 | ) 
u s s s a ' a s 

+ 3 | D > < D | + 3 | D > < D| + | T > < T | ] , (A.32) 

where the n o t a t i o n i s as b e f o r e . 

We t h e n ob t a in for t h e c r o s s i n g c o e f f i c i e n t s i n t h e d i f f e r e n t 

i s o t o p i c s p i n and hypercharge s t a t e s the fo l lowing r e s u l t s : 

I = 1 . Y = 2 

KN 

KN( 7 (Y*)^ g 2 ^ , ( \ <Y*>) 
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I = 0 . Y = 2 

KN 

KN 

(Y*) g 
1 

'N* 

I = 3 / 2 . Y = 1 

TiN KS 

(N*) - i <Y*> 

fe*) 

1 

I = 1 / 2 . Y = 

TTN 

TTN / | (N*) 

T)N 

KA 

1 

T]N 

0 

0 

KA 

£ (Y*) 

0 

\ (Y*) 

KS 

- \ (Y*A 

f (Y*) 

" | (Y*) 

'N* ' 

KS (Y*) 

I = 1 , Y = 0 

TTA 

TTS 

KN 

'IIS 

Ks 

~A 

\ 

\ 

TfS 

- 4 - <Y*> 
\w 

KN 

0 

f (N*) 

0 

,TP 

Jl (Y*) 

^ (Y*) 



I = 0 . Y = 0 

TIE 

TTS / - 1 (Y*) 

KN 

ry\ 

KN 
2\/6 

3 

0 

(N*) s 
TA 

(Y*) 

K= 
Jl 

6 <**>\ 

(Y*) 

Jl (=*) 
=N* 

K= •i(n-) 

I = 1/2, Y = -1 

TTs 

KA 

KS 

T|= 

TT= 

/" 1 <**> 
' 

\ 

\ 

KA 

| (Y*) 

0 

KS 

- | <Y*) 

0 

f (N*) 

Tp 

- i <->\ 
o \ 

J (Y*> 

* (.*> / 

3N* 

I = 0 . Y =-2 

Ks 

K=( | (Y*)) g2 

N* * 

c. Vector Exchange 

We next consider vector meson exchange in the t channel as 

shown in Figure A-4. For the VPP interaction (denoting the pTTrr 

coupling constant by g.) we may write the following SU(3) Lagrangian: 
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FIG. A-4 VECTOR MESON EXCHANGE IN THE 
t CHANNEL. 
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i n t ^ Hj 
" i a P ' i k 5 P k P,J ^ - i - P? — -[> ax, -i ^ j - r J - c ^ + p ^ ^ E ^ r ^ pk 

(A. 33) 

Note t h a t the above term i s ze ro i f we consider t h e s i n g l e t vec to r 

meson. Thus the s i n g l e t v e c t o r meson does no t couple t o two pseudo-

s c a l a r mesons. We a l s o no te t h a t the i n t e r a c t i o n i s pu re F type due 

t o t h e assumed inva r i ance of the Lagrangian under charge conjuga t ion . 

I f we expand the above (omi t t i ng space time compl ica t ions ) 

we o b t a i n 

-S. 
T i.,% . , „*tr 

t = gp C p • (TT X TT + iK ff K) + (iK* T K-TT + h .C. ) 
i n t °P 

j . 4. 

+ J5 (iK*T KT] + h . c . ) + J5 cpQ iK K], (A.34) 

where we have used the same n o t a t i o n as before . 

For the VBB i n t e r a c t i o n , denot ing the pKN c o u p l i n g cons tan t 

by g ' , we may w r i t e the fo l lowing SU(3) i n t e r a c t i o n Lagrangian: 

- £ . , . " S'J2 CC(l-2f.) BJ Bk + Bk B.1] + f-[(l-2f<,)B.1 Bk + W l i v ^ , i n t °p v l k j j k 2m % 2 k j j k i 

(A.35) 

where we have dropped the iYu m the first term and the iC e in the 

(2) 
second term. In addition we have dropped the singlet exchange part 

since it does not couple to two pseudoscalar mesons. Assuming as 

usual that the 1-1 component of the traceless octet is the electro­

magnetic current, we obtain f-»l. This is so since the 1-1 component 

of the traceless octet' corresponding to the first term is 

2. The ev appearing in iOjxyey denotes the vth component of momentum 
transfer as defined in Appendix&'. 
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v-l „k . -k „1 2 /n - N-je „k [ ( 1 - 2 ^ ^ B* + B* B^ - I d-f^B* B*]. (A.36) 

We recall that the form for the Yu part of the electromagnetic current 

is given by 

j^ = i C i i ^ * i - B k ^ B i ] - <A-3 7> 

Therefore, both of them agree provided f, = 1. In addition 

f„ is determined from the ratio of the magnetic moments of the neutron 

apd proton. 

We obtain 

3C 2(l-fJ 

P 2 

Upon using K = -1.91, K = 1.79 in nuclear magnetons (n.m), we obtain 

f2 = 0.226. 

Also since the magnetic moment of the proton is 2.79 n.m., we obtain 

3C[l - |(l-f2)] =3C = 2.79 n.m., (A.39) 

from which we obtain 

K = 3.70 n.m. 

Therefore, we use for the interaction Lagrangian 

-t - gl Jl CCik BJ - Bj Bk} + 3 J 0 {(1-20BJ Bk + i k B^}] V? , int °p j k k j 2m 2 k j j k i 

(A.40) 
where f2 = 0.226. 
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We then obtain for the process in question uni tary spin 

factors of the form 

8„8:CP+J Pk - P+k PJ][£ik Bj - B£ Bk} + 3 J 0 {(l-2f9)BJ Bk + I k B£} ] . & p e p k i i k j k k j 2m 2 ' k j J k 

(A.41) 

By expanding the above expression in to the appropriate 

i r r educ ib l e s channel t ensors , t h i s becomes 

spSp l :<6ls > < s| + 3 |9 s>< ea | + 3|ea><9a | - 2 | T > < T | ) 

_ ^ (6 f 2 | s > < S| + 3 f 2 | 9 g > < e j + 3 f 2 | 9 a > < 9 j - 2 f 2 | T X T | 

-JE <i-f2) |es> < 9a | - JE (i-f2) |9a> < 9 j - 2(i-f2) |D > < D| 

+ 2(l-f2)|D > < D | ) ] , (A.42) 

where we have replaced 2m by mb + md in the broken SU(3) case. 

We note that the second term can be written as the first 

term times f„ plus 

gpgjC-v^ ( i -f 2) |e s>< eal - S ( i -f2) |9 a>< e j - 2(i-f2) |D > < D| 

+ 2(l-f2)|D > < D | ] , (A.43) 

where we have omitted the common factor 3.70/(mb+md). We will, 

therefore, only tabulate the crossing coefficients corresponding to 

g
2[6|s >< s| + 3|e >< e | + 3|e > < | - 2|T >< T | ] (A.44) 

S S ai a 



and 

g
2CV5 (i-f2)|es>< ea | - Jl (i-f2)|9a>< e j - 2Ci-f2)|D >< D| 

+ 2 ( l - f 2 ) | D > < D|], 

(A.45) 

where g2 denotes g p g J , ^ t r K f
2 or ^ - K . We obtain for the 

c r o s s i n g c o e f f i c i e n t s corresponding to (A.44) the fo l lowing r e s u l t s : 

I = 1. Y = 2 

KN 

KN(- | ( p ) - |(a>) - l (cp))g2 : 

I = 0, Y = 2 

no coup l ing , 

I = 3 / 2 . Y = 1 

TTN / 

KS 

nN 

-1(P) 

^ 

KS 

-1(K*) 

" f(P) 
) 

• fw/ 

2 
g , 
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I = 1/2. Y = 

TTN 

TTN / 2(p) 

TIN 

KA 

KE 

1 
\ 

1 

T]N 

0 

0 

KA 

f(K*) 

- §<»> 

0 

KS 

" \ (K*) \ 

- f(K*) 1 

0 

|(P) + §(»)/ 

2 
g > 

KN 

- ^ ( K * ) 

-1(K*) 

- ^(P) + | ("» + (9) 

TIE 

0 

0 

Jl 

K= 

^f(K*) 

1(K*) 

(K*) 0 

Jl (K*) 

^(P)+ f("»+(<P)J 

I = 1/2. Y - - 1 

TT5 

TT= / 2(P) 

Kf\ 

] 

3 
2 

0 

KS 

KA 

(K*) 

KS 

• \(J&) 

|(p)+ \w 

Tl= 

0 

"(K*) 

- | (K*) 

2 
g > 

TF 
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I = 0 , Y = 0 

TTS 

TTS / 4(P) 

KN 

TIA'' 

KN 

- %m 

| ( P ) + | (« ) )+ (CP) 

TIA 

0 

• ^ ( K * ) 

0 

&0») 

0 

- % 

. 

Ks 

(K*) 

|(P)+ f («»+(«P) 

I = 0. Y = -2 

no coupling. 

For the crossing coefficients corresponding to (A.45) we obtain the 

following results: 

I = 1. Y = 2 

no coupling, 

I = 0. Y = 2 

KN 

KN(1(P) + l(cp))g2(l-f2), 

I = 3/2. Y = 1 

TTN KS 

TTN / -l(p) +1(K*) 

KS |(P) - !<») 

g (l-f2>, 
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I = 

TTN 

TIN 

KA 

1/2, Y = 

TTN 

/ 2(P) 

1 

TIN 

0 

0 

KA 

f(K*) 

- f <K*) 

" 6 < P ) ' 6 ( U J ) + 3 ( C P ) 

KS 

KS 

| (K*) 

f(K*) 

•1(9) 

g ( l r f 2 ) , 

f<p> - fc«> y 

I = 

TTA 

TTS 

KN 

T|2 

Ks 

1, Y = 0 

TTA 

/ ° " 

\ 

TTS 

f(p> 
0 

KN 

Jl 
6 

1(K*) 

-1(9) 

(K*) 

T1S 

0 

0 

4<K*> g ( l - f 2 ) , 

K9) 

I = 0 . Y = 0 

TTS 

KN 

TTS 

( ' 

KN T]A 

%**) o 

f(P)+|(«>)-(9) if<R*) 

Ks 

^W 

0 

flA 

Ks - f (P)- |(<»)+(9), 

g ( l - f 2 ) , 



218 

I = 1/2, Y = 1 

TT= KA KS T]=-

* / 

•2(p) ^(K*) - hm 0 

KA 

I 

KS 

•f(P)+|("»- j(9) -1(9) -1(K*) \ 2 

g (l-f2), 

j(P)~j(0>) §(K*) 

Tl= \ 0 

I • 0- Y = -2 

Ks 

K=(-1(P) - l(9))g2(l-f2) 

6. The Reaction 0" + k+ "* l" + %+ 

Here we will consider pseudoscalar meson exchange in the t channel 

as shown in Figure A-5. We write the SU(3) Lagrangian which we have 

already discussed and consider the appropriate s channel expansion, 

We find 

k2[3f |e > < 9 | + 3 f | e > < e | - JE (i-f) |e >< e l 
S S 3 3. S 3 

- JE (i-f) |e ><e | - 2(i-f) |D >< D| + 2(i-f) |D >< D| 
a S 

+ 6f|s > < s| - 2f |T > < T| ] , (A.46) 

2 

where f is as we have already defined for the PBB Lagrangian and k is 

the product of the ,pTm* coupling constant and the TTNN coupling constant. 

We obtain the following results: 
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o- I-

FIG. A-5 PSEUDOSCALAR MESON EXCHANGE 

IN THE t CHANNEL. 



I = 3 /2 , Y = 1 

TTN KS 

TIN 

KA 

0 

vV. 

TTN / -1(TT) ( l~2 f ) (K) \ 2 

KS \ ( l -2f)(K) -gf(TT)+g(f-l)(H) 

k' 

1 = 1/2. Y = 1 

pN CO N K*A Ki*S 
o 

TTN / 2 ( T T ) 0 |(l+2f)(K) ^(l-2f)(K) 

0 - ^(l+2f)(K) |(l-2f)(K) 
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k2 , 

^(l+2f)(K) -^(l+2f)(K) (l-f)(Tl) -d-f)(TT) 

KS \ | ( l-2f)(K) |(l+2f)(K) -(l-f)(TT) 2f(n)-(l-f)(Tl) 



I = 

TTA 

TTS , 

KN 

TIE 

K= 

1. Y = 0 

PA 

/ ° 
j - ^ ( l " f ) ( T T ) 

. ^ | ( l + 2 f ) ( K ) 

I • 
Y|( l -4f) (K) 

PS 

- ^ d - f ) (") 

2f(TT) 

( l - 2 f ) (K) 

0 

1(K) 

T = 0. Y = 0 

PS 

TTS / 4f (n) 

KN 

K N 

^§(l-2f) (K) 

4(l"2f)(K) |(n)--|(l-4f)Cn) 

TIA ^ ( l + 2 f ) (K) 

K= \ ^ < K > 

—* 
K N 

^ | ( l + 2 f ) (K) 

( l -2 f ) (K) 

- f ( T T ) - - | ( l - 4 f ) a i ) 

^ | ( l - 2 f ) (K) 

0 

9 / 

^ ( l - 2 f ) (K) 

0 

0 

0 

-^f(K) 

K*= 

^§(l-4f) 00 

KK) 

0 

- ^ f (K) 

| ( l - 2 f ) (n) + 

\ 

\ 
1 

i ( l + 2 f ) (Tl) / 

cp A 
0 

0 

^ ( l + 2 f ) (K) 

0 

K*H 

^f(K) 

0 

^ ( l - 4 f ) (K) 

*|(l-4f) (K) - f d-2f) (")+ |d+2f) (10/ 
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I = 

TTS 

— 
KA 

KS 

T> 

1 / 2 , Y = - 1 

P= 

/ -2(l-2f)(n) 

f i 
| d - 4 f ) (K) 

W(K) 

\ o 

£*s 

0 

| d - 4 f ) ( K ) 

f (*>' ' ' 
" 0 v 

k2. 

K A cp s 
o 

|(l-4f)(K) - |(K) 

-(l-f)(Tl) -d-f)(n) 

-(l-f)(TT) 2f(TT)+(l-f)(Tl) 

^(l-4f)(K) |(K) . 

7. The Reaction o" + k+ "* o" + 3/2+ 

Here we will consider only 1 exchange as shown in Figure 

A-6. The SU(3) interaction Lagrangians used for this process have 

already been discussed. We will consider only the I = 3/2, Y = 1 case. 

2 
We obtain, denoting by h the product gpg^p. where g is the prrrTcoupling 

constant and gNlfcp is the N*^ pP coupling constant^ the f0nowing 

results: 

I = 3/2. Y = 1 

nN* T)N* KY* 

™ / - -~-<P) 0 - ~Z-(K*) v 
V15 Jl \ 2 

KS \ — ^ - ( K * ) ^f(K*) —i-(p) + —i-(0))+-i-(9) 
2V15 2A/6 ijl Jl 
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0" 0" 

I 
I 

I 
I 
I 

1+ 
2 

3 + 
2 

FIG. A-6 VECTOR EXCHANGE IN THE t CHANNEL. 



1. 

Appendix B. NOTATION 

a. For the Dirac ma t r i ce s we u s e : 

- 1 C T , 

Yk = 
io\ 0 

k 

where k = 1 to 3 , 

224 

Y4 = 

1 0 

0 - 1 

Y5 = 

0 - 1 

•1 0 

and 

M̂-v ~ 2 i % Yv " Yv V ' 

where M«,v = 1 to 4 . 

b . For the spin % baryons we use the Dirac sp inor u(p) such t h a t 

(iYP + m)u(p) = 0 and i i (p)u(p) = u (p)Y4 u(p) .= 1. (B. l ) 

The explicit form of the spinor is 

u(P) = \ 
p +m 

2m 
(B.2) 

where v . is a Pauli spinor. 
J 
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c. The vector mesons are represented by a polarization four 

vector €,, such that €«k = 0, k being the four momentum of the vector 

mesons. In the'rest frame of the vector particle, the 6 corresponding 

to the creation of a particle"with z components of spin m are 

- 1 ' - ( ^ S t ) " 

m » 0, € ; and (B.3) 
z 

/€ +16 \ 

The €„ for other directions and frames are obtained from these by a 

Lorentz transformation. 

d. For the spin 3/2 baryons we use the Rarita-Schwinger for-

malism. The particle is represented by Uu(p) where 

(iYp+ M) U^(p) = 0, 

Y^(p)= 0, and p^ U^= 0. 

If we define the unit polarization vectors 

€ ± = + ( € 1 ± i € 2 ) - X , € o = €3, 

the three vector parts of U,, can be written as 

(B,4) 



B<» - ?+ v 

V 3 (B.5) 

where u and u denote the Dirac spinors corresponding to spin up or 

down, respectively, The time part is 

U,(i)= iU(i) , 
4 o ' 

where 

U(1> = 0, o 

(B.6) 

U<4> . 0. o 

These equations are valid provided the z direction is taken along the 

direction of the particle motion. In the above we have denoted by 

_E and M the energy and mass respectively of the spin 3/2 particle. 

The propagator for a spin 3/2 particle is then 

M-iVP P 

i(M*+P*) ^ 
(B.7) 
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where 

PU.v = l V " 3 V v + 35 <Vv+ M!<W YvV + 7 2 PM.Pvl ' <B'8> 
3M "* 

It seems worthwhile to point out that insofar as the spin 3/2 

particle can be off shell, it is not strictly true to say that the 

propagator is ambiguous, because one can arbitrarily add terms that 

2 2 
become zero at p = -M . In fact to obtain the propagator, all we 

need is < O|TCY (X) ^(y)]|o > which can most easily be obtained 

from finding a matrix C such that 

where D, Y = 0 is the Rarita-Schwmger equation. Once we 

have C ̂  we obtain the propagator in momentum space merely by 

. r ..i i r' 4 e
i p ( x " y ) 

< 0|T [Y (x) Y (y)]|0 > = - -±-r J d% ^j— C (p) , (B.10) 
^ (2TT)̂  p W - i £ P 

as discussed by Peierls (1952) . 

2. We consider the reaction 

a + b - c + d 

where the particles and four momenta are represented by the letters a, 

b, c, and d respectively as shown in Figure B-l. The pseudoscalar 

meson is represented by "a", "b" represents the nucleon, "c" represents 
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a spin 0 or 1 meson, and "d" represents a spin % or 3/2 baryon. 

We define the momentum transfer e by e = b-d. The scalar product of 
—» — • 

two vectors a = (a,a0) , b = (b,tb) is a • b = a-b - a b . The usual 

Mandelstam variables are 

S = -(a+b)2 = -(c+d)2, 

t = -(a-c)2 = -(b-d)2, and (B.ll) 

u = -(a-d)2 = -(b-c)2. 

We shall m our calculations work m the center of mass frame. 

3) The S matrix and the invariant amplitude f. are related by 

S,. =6,. - (2n)4i6(*>(P -P)\/ \ " d V, (B.12) 

fi fi N v f l V 4a b_c d *• f i o o o o 

where 

'/ft -,~*\ ,~*\ (B.13) 

If we define 

V*l*. = " 4 T T ^ T„. (B.14) 
^ fl ) fi 

Vmb md 

the cross section is given by 

- ^ - -^ IT I2 rB 15^ ^ r - q. | T f i ' • ( B - 1 5 ) 

^l 
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a(CT) c(CT or D 

b(|+) d ( i + or | + ) 

FIG. B-l DESIGNATION OF PARTICLES. 
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The states i and f may be taken as helicity states, and we use 

<cd; Xc Xd |T| ab; Xa Xb > 

or simply 

X cX d; X aX b" 

We shall assume 9 = 0 by taking the y axis normal to the production 

plane. 

In addition we shall define T' by 

if J 

Tif = ^ i T ^ f (B'16) 

where qi and qf stand for the momenta in the incident and outgoing 

channels. 

We now construct appropriate linear combinations of the helicity 

states to obtain states of definite parity and total angular momentum 

€ and J respectively. The amplitude Tl .,£ corresponding to total 

angular momentum J and parity € so obtained is then a linear combina­

tion of the amplitudes T!_. The i and f in T'. ., correspond to the 

initial and outgoing particles, helicity indices being subsumed in 

J,€. The two particle unitary condition is 

lraT(if)e " g T(im)e T0mf)6 ' <B'17> 

We shall discuss in more detail the procedure to obtain definite 

angular momentum and parity amplitudes in Appendix C. 
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Appendix C. ANGULAR MOMENTUM DECOMPOSITION 

In t h i s appendix we s h a l l b r i e f l y review the h e l i c i t y fo r ­

malism of Jacob and Wick (1959) and o the r r e l a t e d p o i n t s . 

1. Normal iza t ions 

We introduce |p Xa Xb > to denote a two particle state in which 

particle a is moving the direction p and particles a and b have 

helicities Xa and Xb respectively. 

We also introduce IjmXa Xb > to denote a two particle state 

jnwhich the two particles a and b have helicities Xa and Xb as before. 

The irreducible representation of the rotation group in the Hilbert 

space of physical states according to which this state transforms is 

denoted by j, and the states within an irreducible representation are 

distinguished by m. The normalization conditions are 

< p X a X b | p ' X a » * b ' > = 6 ^ a , 6 ^ ^ , 6 (£ -£<) , ( C l ) 

where 

6(p-p«) = 5 (cos9 - C os9 ' ) 6 (cp,- cp') , 

and 

<;,•»• Xa 'Xb'hn lXaXb> = 6 . j . t ^ 6 ^ , 6 , ^ , . ( C . 2 ) 

2 . Expansions and D e f i n i t i o n s of e Funct ions 

A s t a t e |p XaXb> can be expanded 

| p X a X b > = 2 | jm XaXb >V " ^ ^ D ^ ( 9 , 9 , 0 ) . (C.3) 
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In the above D j (9,0,0) is a Wigner D function (Wigner, 1959) corres­

ponding to X = Xa-Xb, and the arguments in parenthesis denote its 

Euler angles. We can invert relation (C.l) to obtain 

|jm Xa Xb > = Y ^ ^ . f dCl D^ (9,9,0) | p XaXb > . (C.4) 

We o b t a i n 

* i 
TXcXd; XaXb = = <2J+1> TXcXd; XaXb DX-} <*'9»0> <C-5> 

making use of the r o t a t i o n a l i n v a r i a n c e . I n the above T? . . . 

denotes the corresponding mat r ix element for the t r a n s i t i o n m a d e f i n i t e 

angula r momentum s t a t e j from the two p a r t i c l e s t a t e wi th h e l i c i t i e s 

Xa and Xb i n t o the two p a r t i c l e s t a t e with h e l i c i t i e s Xc and Xd, and 

where we have defined X = Xa-Xb and H = Xc-Xd. Choosing 9 = 0 , , 

the above becomes: 

TXcXd; XaXb = ? <2J+1> TXcXd; XaXb dXu.(6) ' <C'6> 

where the d^ (6) are g iven for example by Jacob and Wick. Solving 

f o r TXcXd; XaXb w e o b t a i n 

1 
TXcXd; XaXb = 2 J '^CcoaS) d ^ ( 9 ) T ^ . ^ b . (C.7) 

An arbitrary Born amplitude calculated from a Feynman graph 

can be written in the form 

IX+P-I |X-r-| g 
TXcXd; XaXb = ( cos 9 / 2 ) < s i n 9 / 2> TzSte > (C-8) 
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where t(cos9) is a polynomial in cos9 and z is a function of the magni­

tudes of momenta and the exchanged mass. We then write 

M l I M t(c0SQ) M l M 
(cos 9/2) ( s i n 8/2) i i £ 2 § J 1 = (cos 9/2) ( s in 6/2) z-cos 9 

L ^ + c<cos9>l • (c-9) 

This we can do most e a s i l y by merely w r i t i n g cosQ = z-(z-cos9) 

.(1) We next def ine the e funct ions by 

X-H*l M l 
2 / , 2 

ih (**».*>> ^(.-> - ( ^ ( ^ ) ^ i e -

(CIO) 

where M= max ( |X|, | |J<|) and z > 1. From t h i s we obta in 

M l M l M l IX-M-I M 
(c°s 9/2) (sin 8/2) feY""2"^ ( ^ 2 j } j 

z-cos9 \ 2 j ^ 2 / j = M U J + i ; V J aXu>C 

( C l l ) 

Also we can expand 

M l Ml1 N . , 
(cos 9/2) ( s i n 9/2) c (cos9) = | M c ^ d^ (cos9) , (C.12) 

where N-M i s the degree of the polynomial c ( cos8 ) . 

1. I t i s important to note that t h e e functions here defined d i f f e r 
from those g iven by Andrews and Gunson (1964) by a phase f a c t o r . 
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Comparing (C.6> (C.8), and (C.ll) we see that 

Ml Ml 
TXcXd; XaXb = (¥l ' ( ¥ ) ' exVz> ^ + 2̂ +T eX>> " 

(C13) 

The i n t e g r a l r ep resen ta t ion for the e functions i s , for ||i>| < X 

IX+fil |X- | i | 

ê (Z) - < - M n ^ ' ^ H h f2±z\~T~(^j\~~r~ **>x* 
/ } ( } UJ+WKJ-WU ^ 2 j V"2/ Vx 

where <c-14> 

qf (Z) = 2-n-1(z-i)-a
(2+i)"0 J ( x - s r ^ U - g ^ H S ) * * * . (C.15) 

- 1 

In addition the e functions obey the symmetry properties 

e (z) =(-) e (z) = (-) e ' r(z) = e ' (.z) . (C.16) 

3 . Pa r i ty Amplitudes 

The r e s u l t of the pa r i t y operator P on|jmXaXb> is 

P| jm XaXb > = I] *!).(-) a b | j m - X a - X b > , (C.17) 
3. D 

where Tl and T|_ are the intrinsic parities of particles a and b and S 'a b r r a 

and S, denote their spin. 

Assuming parity conservation, we then obtain 

-n 7| W s c " s d 
<-Xc-Xd T - Xa -Xb > = xr^i (") <XcXd T. XaXb > . 

j ' HcTld 3 
(C.18) 
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States of definite parity and angular momentum are then 

1 J~S ~Sr, 
|€rjm|Xa| |Xb|> = - ^ [|jm XaXb > + Tl U (-) a jm-Xa-Xb>], (C.19) 

Jl a b 

where € denotes the parity eigenvalue, and where we choose the + or 

- sign on the right hand side of the above equation according to 

whether € is + or -, and r = Xa Xb enumerates the distinct possible 

states. We then see that 

j - S -S 
< |Xc| iXdlr1 |T | IXal |Xb|r > = < XcXd|T | XaXb > + Tl Tl. (-) a b 

i i a. D 

< XcXdl'T | - Xa-Xb > , (C.20) 

for each r and r 1 
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Appendix D. MOMENTUM DEPENDENCE OF THE POTENTIALS 

Here we shall consider the momentum dependence of the potentials 

to be used. The resultant potential used m our calculations is then 

obtained by multiplying the momentum dependent part (here computed 

using the Lagrangians discussed in Appendix A) by the corresponding 

crossing coefficients as given m the same appendix. 

1. The Reaction 0 + -r -» 0 + •_-

We write 

:V ft = u(d)T-a+iY lfr">®\u(b) • (D*l) 

We can r ewr i t e the above a s 

(b +HL ) (d +m ) 

where XT, J and X> denote t h e P a u l i spinors corresponding to h e l i c i t i e s 

Xd and Xa r e s p e c t i v e l y . We have defined 

X = [- a - T ta +b +c +d - m, - m j ] (D.3) 
2 o o o o D d 

and 

/fx ( h -ITL ) (d -m ) 

We def ine 

(D.4) 

^ J W ' U * . 
YX/ " I \ Y 
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Denoting by T. and T._ the pa r i ty amplitudes corresponding 

to j = Z + \ and j = H - \ as already defined in Appendix B, we use 

T i ± - < f | T ' l ! > ± < £ M - £ > , (D.6) 

and 

cos 8/2 d^%(9) = £ CPje(cos9) + P j 8 + 1(coa9)] , (D.7) 

j = * + 2 

s in 9/2 d^ j % (9 ) = | [p^cosB) - P je+1(cos9) ] , (D.8) 

where 

T f i = " 4 ^ ^ ^ ' fi ^ 1 ^ 1 , (D.9) 
f l 4TT ^ f l d V(a +b ) (c +d ) 

V 0 o v O 0 

to obtain 

, I (b +mj (d +m.) ——— 

' K - - £ J < . V ) ( c V ) Vmia|Cx,+ v, + 1]. 
— II O O O O - ' 

(D.10) 

1 1 
Denoting the Born approximations, to 0^, T, T , Q, and & by M, V, V , 

A and B respec t ive ly , we then obtain the following r e s u l t s . 

a. Baryon exchange > < 

We wi l l consider the process shown in Figure A-2. We obtain 

using the Lagrangian discussed m Appendix A 

V r a
d me" 2 M -=r=T2 T l 5 2 ( D - U ) 

-1 (b+d) - 7 (b -a -c +d y + in o o o o e 
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and 

B=--^- = r i j-^ 5 J , (D.12) 
(b+d) - 7 (b -a -c +d ) z + m 
v ' 4 x o o o o' e 

where the mass of the baryon being exchanged is denoted by m , 

Upon defining 

VZ> 'Z^^T • (D'13) 

-1 

we o b t a i n 

H-

and 

- m.+m,~| , ,.4+1 
me " 2 n T T Q i < 8 ) (D-14) 

J 2 | b | | d | 

where 

| b | 2 + | d | 2 - \ (ao-b„-d^+cJ2 + m2 

2 | b | | d | 

, \a - u - u T L J 
4 O O O O c , _ , , N 

z = - r — (D.16) 

b', Decuplet exchange 

Here we will consider the process shown in Figure A-3. 

Using the Lagrangian discussed in Appendix A, we obtain 

_2 _ _ _3 

A- {b'd[me+^p]+b.cgmd+ W i . . Jl _ . 7 d̂_ 1 Vd + 1 m d 
d 6 m 6 m 3 2 e e m e 
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A
 X " b ^ l x Jl A 7 "b l " b V A 1 "b mdl 

m e e m m 
e e e 

+ b - c a.d[_3 — + j — j + 3 — J + [_- membmd + 7 tt^r 2 
md e m m e e 

2 2 3 3 2 3 3 2 
., 1 2 ^ "b md 1 V d 1 % md 1 "b md ^ 1 "b m d 1 1 
+ 6 \ md + ~ 6 1T~ ' 6 "ST" + 3 2~~ + 3 T J J 

e e e m m 

{ , ^ 2 1 ,h
 1 ^ ^ — T l <D • 17> 

(b+d) - 7 (b - a +d - c ) + m v ' 4 o o o o e 

and 

2 
/ u A u. K T 1 ^ 2 md 1 J l "b 2 " b l 

= {- b-d + b . c ^ - - 3 — J + a-d[_3 - " 3 — J e m 
e 

"3m 
e 

e 

2 
™b md 

m 
e 

m 
e 

2 2 2 
l ? d 2 ""b md ' 

" 3 m + 3 2 . e m e 

{-r^ 1 2 2"}' (D'18) 
(b+d) - 7 (b - a +d - c ) + m s / 4 o o o o e 

where the mass of the par t ic le exchanged is denoted by m . Defining 

t iL+m, 
CVX = m e + - 1 - , 

i ^ i ! k ! i V d , i md3 , i Vd 2 
a 2 = = 3 m d + 6 m " 6 m + 3 2 + 3 1 ' e e m m e e 

i .,1 V l V d x i ! L , I "b md 
< V 3 = = 3 r a b + 6 m " 6 m + 3 2 + 3 2 s 

e e m m e e 
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" 4 3 tn 3 2 + 3 2 ' e m m e e 

(D.19) 

CHr. = 

2 2 
1
 A 1 2 1 2 , mb md 

I membrad + 6 V d + 6 "b md + 1T~ 
1 Vd" 
6 m„ 

2 2 3 3 2 
l V d , i V L U

 mb md 
6 m 3 2 + 3 2 ' e m m 

e e 

P, = 1, 

fc» = 
1 md 

2 3 m 3 2 ' m e 

0 3 = 3 m 
1 \ l \ 

3 2 ' m e 

(D.20) 

2 1 
B4 = 3 2 ' m e 

2 2 2 2 
1 1 % md 1 V d _, 2 mbmd 

e e m 
e 

| b | 2 + l d | 2 - | ( a o - b o + c o - d o ) 2 

2|b| |d | 

K l = 2 C W B 3 + ( 3 o d o + V o " bdz)a43» 

K2 = -i |b | |d |« 4 
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^ ' I l ^ i r a T ^ " 1 ' 1 1 1 1 2 " V o 3 + a 2 [ | ^ l | 1 l Z • boCo] 

+ a 3 C | b | | d | z - a Q d o ] + a 4 C | b | 2 - | b | | d | ( a o d o + b Q C o ) z ] 3 , (D.21) 

• 1 - 2 { V V V (aodo + V o " b d z >V 

X 2 = i | b ' | d | P4> 

and 

X„ = 
3 = ^ | t P l C " m i 1 | 2 " - ] + ^ m i 1 | z " - ] 

(D.22) 

4. _ ~ u , u . . u . - i u I | u i i a u T u \, j " 

1 1 0 O O O 

+ B _ [ | b | | d | z - a d ] + 0 , [ | b | 2 | d | 2 - | b | | d | ( a d + b c ) z ] } , 

we o b t a i n 

and 

^ -Vio + Vii + V-^ V-̂  (D-24) 

c' Vector exchange 

Here we cons ide r the e f f e c t of the diagram shown in F igure 

A-4. Both the v ( e l e c t r i c } a n d the a (magnetic) p a r t s of t h e VBB 

coupl ing a re cons ide red . We f i r s t cons ider the c o n t r i b u t i o n due t o 

t h e v., coup l ing . 
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i) Electr ic (V.) contr ibut ion 
r» 

Here we o b t a i n 

. 2 2 m -m 
I I '"a "c \ 

A = ,7 1,2 1 # _ —2^ 2 l - s T ^ V P ( D ' 2 5 ) 

(b-d) - 7 (a - b -c +d ) + m x m v 4 o o o o e e 

and 

B = - „ _ g T r r . (D.26) 
(b-d) - 7 (a -b - c +d ) * + m 
x ' 4 o o o o e 

Thus we have 

/ 2 2 \ 
1 / m -m \ 

and 

h = -T^V^' (D-28) 

z | b | | d | * 

where 

| b | 2 + | d | 2 + m 2 - 7 (a -b -c +d ) 2 

' ' e 4 o o o o' , n „Qv 
z = . .. ,_ . . (D.29) 

2|b | ld | 

i i ) Magnetic ( a . e ) c o n t r i b u t i o n 

We w i l l nex t cons ider the c o n t r i b u t i o n due to the anomalous magnetic 

moment of the baryons (°",,v
e

v coupling) . Using the r e l a t i o n 

u(d)c^ v e v u(b) = u(d) CY^OyHnp + i(b+d) ] u(b) , (D.30) 

we can reduce the u e^ term to the sum of two terms. 
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The f i r s t term has t h e same s p a t i a l s t r u c t u r e as the Y. terra a l r e a d y 

c o n s i d e r e d . For the second term we drop the f ac to r 1 / , . N 

(tr^+mj) 
Which we have included in the ' SU(3) c o n s i d e r a t i o n s and 

o b t a i n 

(m -m ) (m. -m, ) 
(a+c) • (b+d) + — 2 - T — — 

A = - TT^To 7 ^—n 2~~ ' ( D , 3 1 ) 

(b-d) - 7 (a -b -c +d ) Z + m 4 o o o o e 

B = 0 . (D.32) 

2 2 2 2 
By us ing (a + c) • (b + d) = u - s = m + m , + m + m , - 2s - t , 

a b e d 

(D.33) 

Jl = \ (a o+b o+c o+dQ ) , (D.34) 

and d e f i n i n g 

.2 2 . , 1 2 v 
9 9 9 9 ^m a"1" J ^m A~m W 

K. = ni . + m , + m + m , - 2s + - 7 9 *—; (D.35) 
1 a b c d I m e 

K = - | b | 2 - | d | 2 + 7 (a -b - c +d ) 2 , and (D.36) 
2 4 N o o o o ' 

3C3 = K X - K2, (D.37) 

we o b t a i n 

H = " i -Ml-l ^ 3 Q ^ ( Z ) " 2 ' b " d ' Z V z ) + 2 | b | | d | 8 i o ] , (D.38) 
2 | b | I d | 
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where 

Z sa 

|bl2+|d|2-^(ao-bo-co+do)
2+me

2 

2|b||d| 
(D.39) 

and B- = 0. (D.40) 

- + - + 
2) The reaction 0 + % -• 1 + \ 

This reaction is shown in Figure A-5 with pseudoscalar meson 

exchange. We obtain for M: 

- ~* -» 1 (X) 
•M = -2i u(d) Y u(b) — — eV -a, 

5 me -t 
(D.41) 

00 where e is the polarization vector for the vector meson. Choosing 

the z axis parallel to the direction of a, the y axis perpendicular to 

the production plane, and denoting the helicity of the vector meson by 

X , we obtain 
c 

1 a i sin9 
coso, - , 

Jl Jl Jl 
, 0) , X = +1 

c 

<v ' c c | c \ 
— sin9, 0, — qos'9, i ) , X = 0 
, mc ' ' mc mc / c 

(D.42) 

— - cos9, i, - •§-~ , 0 
W2 Jl 

,X = -1. 
c 



(Xc) 
Therefore , we o b t a i n the fol lowing r e s u l t fo r e «a: 

, X = +1 
c 

a | c I c| a \ 
2 c o s e °- x = 0 (D 

m'_ mi / c 

,X = - 1 , 
c 

We def ine 

, (b +m,) (d +m ) 

where 

b d 
Tl, = -—;— and T], = -7—— , 
'b b +m, d d +m, ' 

o D o d 

and o b t a i n 

u(d) Y5u(b) = -2Xb § _ 4 X b X d . (D 

We then o b t a i n for the d i f f e r e n t h e l i c i t y ampli tudes 

\aXh; XcXd " 4 l (727;) e "a X b 5-4XbXd dXbXd(9) ' (D 
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By u s i n g the r e l a t i o n s d i scussed in Appendix C for the case J = ^ , we 

, , a . , . . . I b l 2 + | d l 2 - ? ( a o - b 0 ^ c 0 - d 0 ' )
2

 + m A 
o b t a i n (de f in ing z = J—' '—' '.* ' • •- -•* } 

J = ^ i (7l+z\^ r ' b ' c o ! d| a -• , 

0%; 0% | b | | d | c c _ % ) . % ( z ) 

b| c -. 

5 T 2 ) '• <D'47> + °-

M
J = % e i f / z - i \ % r | b l c o ' < l v i % , w

 | b , c o" l 

(D.48) 

MJ = * . ^ - t - {(*i)V.,cn;i] .*•*« + M } , (D.49) 
0-%; 1% ^ | b | | d | ^V l ' h 

and 

«J = % - ^ p ^ {- ( W (I^CISIJ.^ %W • ? } • (0.50, 
0%; 1% Jl MM " A ' '*•* 

For completeness we give e? i(z) and e? , (z) as obtained 

using the relations discussed in Appendix C: 

and 

i -% ( a > " " {*rf nh> l1"^ + 2 + S1°SITSI] • o>.5» 

Using the symmetry r e l a t i o n s s a t i s f i e d by e? as d i s cus sed in Appendix 

C we then obta in 



247 

e* (z) = e^ (z) (D.53) 

and 

e^ (z) = - e * (z) . (D.54) 

For J = % we have two independent p a r i t y ampli tudes for each 

6 . This corresponds t o the f a c t t h a t i f the meson baryon system i s 

i n an S wave s t a t e , the vec to r baryon system can be in an S or D wave , 

s t a t e , d u e to angu la r momentum and p a r i t y c o n s e r v a t i o n , which we assume 

to ho ld . The two independent p a r i t y ampli tudes a r e 

J=%, € J=% J=k 
M, = M , . , - € M , . , (D.55) 

1 o%; 1% o-%; 1% 

and 

J=%,£ j=% J=% 
M„ a M , , - 6 M , , . (D.56) 

2 Q\\ o\ o-%; o% 

We def ine 

V j ^ = - T Z W T ^ Mi V T ^ T ^ • (D.57) 

We then ob ta in 
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' 0 0 

and 

*& - - ̂ \f$T]^rt[«-i{ (*?< -'"v+mv-^« 
+ ̂ i % ) - s ««{(¥) <I»I v - n^\hv +fibico} ] 

c +d o o 
^Jlblldl . 

m^ 
(D.59) 

where the superscripts (L) and(2) denote the two independent total angular 

momentum, parity amplitudes. In addition, we have multiplied our 

answers by i in order to make V real. 

3) The reaction 0" + k "* 0" + 3/2+ 

The process shown in Figure A-6 will be examined here. We will 

consider only the contribution due to vector change. For the PVP 
1 

coupling we use the interaction Lagrangian discussed in Appendix A. 

We have assumed for our treatment of the BVB*coupling the so-called 

Stodolski Sakurai Lagrangian (Stodolski and Sakurai, 1963). For the 

space part of this interaction Lagrangian we may write 

"£int - h Y5 % + +̂mT \ V 5 * Vv]
 + h'C- (D-60) 

b d 
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where cp Y, and V denote theRarita Schwinger spin 3/2 field, spin 

+ 
% field, and spin 1 field, respectively. 

For the process in consideration we obtain 

M - -V->[V- S 1 Y5 [&VX+ ^ ] <a+c>X "(b) - f - . (D.61) 
b d m m -t 

e e 

We may write 

\W - J CXd,XVVd)^
d-X , (D.62) 

where C, , , denotes the Clebsch Gordan coefficient for coupling the two 
A. a, A 

angular momenta 1 and % with z components Xd-X and X respectively to 

yield total angular momentum 3/2 with z component Xd . These coefficients 

have been tabulated in Appendix B. 

We must compute 

U^d(d) (a+c)^ Y5 uXb(b) = 2(CX&->Xux(d)Y5uu (^-(a+c) (D.63) 
X 

and 

\ U ( h e^Y-(a+c)Y5ux(b)= - 2 ( 0 ^ ^ ^ (d) Y ' ( a+c )Y 5 u X b € X d " X -b , (D.64) 
X 

where we have used if, (d)d = 0 . 

Also we must compute 

Vd<d> % Y5̂ b(b> - -2 ^ x V ^ V x b ^ ^ d " V b < D' 6 5 ) 
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and 

V * V , e V 5 %b(b) - fCXd,X u,(d)Y'eY5uu(r)€
Xd-X.b. (D.66) 

By us ing D i r a c ' s equation and energy momentum r e l a t i o n s and 

def in ing I , T| and T) as before , we o b t a i n 

U X d ( a + c y 5 uX b (b) = -2Xb S § . 2 X b X d x \ x ( 9 ) G ^ / d " X • (a+c) (D.67) 

and 

UMXde„V(a+c)YcU^:(b) = iX, SC, , . d^ , ( 9 ) C ( a +b +c +d ) 5 o i u l |J. V> 5 ? bv ' b x X d , X X a X v / v o o o o' 2XbX 

+ < V V ^2Xb.X^d'Kb <D '6 8> 

as wel l as 

*lAti e^5u,b(b) = Xb S ?.2 U X4X(8) eXd-X-C>d)X, (D,69) 

and 

^ V- e Y 5 UXb<b> - *b<Vnd> P - 2 X b X % , ^ ( 9 ) €U"X<b • (D-70) 

Therefore, we obtain for this process 

e 

" (dfe") b [ < a o + b o + c o + d o> § 2XbX + < V B d > §-2XbX ] 

, 2 2 . 2 2V 

/m -m \ /m -m \ .. 

( - ^ - r - ) \ b -̂2Xbx - l-^r-)^vmd>b?-2Xbx}- <D-7I> 
» m / m ' 

m ' m 
e e 
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Using the relations of Appendix C and the same coordinate 

system as we have used in the preceding reaction in this appendix, we 

obtain (with the same definition of z) for the case J = %: 

o%; o>\ 21 

i . /<bo+mb> < d o + % ) r / i + z ^ \ . A Tztr[ „ v 

/ | d | + | b | Z d \ | b | ( l - z ) / N / T -

\ m / ^ b d' V V V " ° ° 
+c +d ) 

o o 

( W + (V»d><VV][^'-^-b 

d d 

1 / 1 \ l^l^1"2) 

m ' * 

r d 

u m. 

| d | n / m -m \ | b | ( l - z ) /m -m N 7-5 

d | d | b 
z 

"d md 

, 2 2 
'm -m 

b | ( l - s ) 

m ' A/6 
b 'd ' } + 

1 / I T v d i |bi IT "o 1 r 
<v/6 <V 

<VV + (vmd ) (W ] + 
bl 

(m,+m.)v6 
[ < a o + b o + C o + d o ) < W 
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2 2. m -m c a /m -m \i*T d /m -m \ 

+ (mb-md)(VTid)] - {•JL-fjn < v v ^ - r H r - J 
% m / d \ m ' 

Jl 

, 2 2 fm -m c a 
( ° 23 ) ( VV \3 v m ' 

cn.-V ~ 
b a m , a 

) , , ib' < v v 11 
, 2 2 
m -m 

f—f-J <nb-md) 
^ m \/6 

(D.72) 

S i m i l a r l y we may a l s o o b t a i n t h e r e s u l t : 

hi M * Am m "N Z / %,-^ ^ °h; °"% 2 |b | |d | v ^"V, 1 1 1 / ! 

I b| (1+z) 

Ji 

t~z i- d _. d fa +c )-. 

<VV 'ft <VV [#1*1 « - I3D - -^ r^-J 

| b | ( l + z ) 

v 6 (m,+m 
" ^VVV^VV + <Vnd><VV +\lf ( ^ ) 

Id|b r d | d| b -, /m -m \ 
C(T1,-Tl,) (a +b +c +d ) + (m, -m.) (Tl. +T],) ] — z 2. + ( c a ) 

N 'b 'd ' N o o o o ' x
 D d v b d Lm m J \ 2 / 

b | ( l + z ) d |b 
2 2. -, / m -m o . / c a /m -m \ n r r d d b -> /m -m \ 

x m ' d d m 
e e 

| b | ( l + z ) / m -m / d | d | b 

•f! "d md )} 

i r ' b l ' b ' t /T ' b ' / I \ r 

-1 K-v TT - r- doVf <vv • ̂ - far '<vv Jl \ w 



< ao+ bo+ co+ do> + < V B d > < V ' n d> ] + V f ( ^ ) C < V V < a o + b o + c o + d o > 

d /m -m \ | b | /m -m 

+ <v . .dKvv ] t - v^r") <\"V TT" {•*-? 
d m / v o m 

2 r— 

d /m -ma \ | b | r r A 

W ^ + ^ T ^ v V iyf ( W + Vf <VV t 
2 2 m -m c a 

m. 

<VBd) ^ } ] - (D'73) 

We then o b t a i n for the ampli tudes cor responding t o d e f i n i t e 

p a r i t y s t a t e s as d iscussed i n Appendix C the r e s u l t : 

V 
,T_L c 4TT V a +b 
J=^,c ' o o 

L \ K | b ! „!-%,€ vta11 

c +d ' 
o o 

(D.74) 

where 

o%; o% o%; o-% 
(D.75) 

and W i s as given above, 
XaXb: XcXd 
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