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FOREWORD

This report is  a preprint o f  a paper with the same t i t l e  which is  

scheduled to  appear in the January 1982, issue o f  the IEEE Transactions 

on Information Theory (v o l .  IT -28). This work was presented at the 1981 

IEEE In ternation a l Symposium on Information Theory, Santa Monica, CA, 

February 9-12, 1981.
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I .  INTRODUCTION

Suppose ¿7 is  a c lass  o f  inform ation sources. For a given d is t o r t io n  

measure, consider the function

sup R (D ); D ^ 0 ( 1)
a i a  a

'where R (D) is  the r a t e -d is t o r t io n  function  (corresponding to  the given 

d is t o r t io n  measure) for  the in d iv id u a l source a. The quantity in (1) is  

o f  in te re s t  in the study o f  coding schemes for  c la sses  o f  sources. For 

example, under compactness cond it ions  on the c la ss  7  the quantity in ( 1) 

represents a r a t e -d is t o r t io n  function  fo r  (7 (as defined by Sakrison [ 1 ] ) ,  and, 

even fo r  noncompact c la s s e s ,  the quantity o f  ( 1) is  a lower bound on th is  

r a t e -d i s t o r t io n  function . Further, i f  there is  a un iversa l code fo r  (7, 

then the quantity in (1) descr ibes  the w orst-case  rate (versus d i s t o r t io n )  

required  to  transm it, v ia  the un iversa l code, an a r b i t r a r i ly  chosen member 

o f  <7.

In th is  paper we consider the function  in (1) fo r  c la sses  o f  homogeneous 

d iscrete-param eter sources that are s p e c i f ie d  only in terms o f  the sp ec tra l  

p rop ert ies  o f  th e ir  elements. We consider the p a r t icu la r  version  o f  (1) 

corresponding to  the s in g le - l e t t e r  mean-square-error (MSE) d is t o r t io n  

measure. Note that for  the one-parameter case , which corresponds to  7  

being a c la ss  o f  covar ian ce -s ta tion ary  d iscre te -t im e  sources s p e c i f ie d  only 

in sp e c tra l  terms, the MSE version  o f  the function  in (1) is  unchanged i f  

7  is  replaced by i t s  subset co n s is t in g  only o f  Gaussian sources (Berger 

[2, p. 15 4 ]) .  Thus, in  th is  con text ,  i t  i s  reasonable to  r e s t r i c t  a tten tion  

to  the con s ideration  o f  c la sses  o f  Gaussian sources. Such a c la ss  7  can 

be s p e c i f ie d  com pletely by d e fin ing  a c la ss  7i[ o f  spectra l  measures, and the 

determination o f  the quantity o f  ( 1) fo r  two s p e c i f i c  source c la sses  of
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th is  type has been considered prev iou s ly  by Sakrison [3 ] .  Here, fo r  a 

general type o f  such c la s s e s ,  we demonstrate the ex istence  o f  a member 

spectrum whose r a t e -d is t o r t io n  function  achieves (1) fo r  each value o f  

D > 0. In p a r t icu la r ,  we consider c la sses  Til whose upper measures are 

Choquet a lternating  ca p a c it ie s  o f  order 2 (Choquet [ 4 ] ) .  Such c la sses  

occupy a cen tra l  p o s i t io n  in gen era liza t ion s  o f  the theor ies  o f  hypothesis  

t e s t in g  (Huber and Strassen [5 ])  and o f  s ta tion ary  linear  smoothing (Poor 

[6 ] ) ,  and include many important c la sses  such as contaminated m ixtures, 

v a r ia t io n  neighborhoods, and Prohorov neighborhoods. We show here that 

the spectrum achieving the supremum in (1) fo r  such a c la ss  is  given by 

the d e r iv a t iv e  (in the sense o f  Huber and Strassen [5 ] )  with respect to  

Lebesgue measure o f  the upper measure o f  Til and corresponds to  the element 

o f  Til that is  c lo s e s t  to  Lebesgue measure in a sense defined by d irected  

d ivergence. Since Lebesgue measure represents a white spectrum (co r r e s ­

ponding to  a memoryless sou rce ) ,  the maximizing spectrum is  thus the member 

o f  Til that is  "most memory l e s s " ,  a r e su lt  that c e r ta in ly  agrees with the 

in tu it iv e  meaning o f  the MSE r a t e -d i s t o r t io n  function .

S ection  I I  contains a more complete s p e c i f ic a t io n  o f  the sp e ctra l

c la sse s  to  be considered and gives p ropert ies  o f  these c la sses  that are

re levan t to the determ ination o f  the quantity sup R (D). A number o f
a€ (2 a

examples are a lso  presented that demonstrate the gen era lity  o f  th is  type 

o f  c la s s .  Section  I I I  contains the main a n a ly t ica l  r e su lts  concerning the 

quantity in (1) fo r  such c la s s e s .  In p a r t icu la r  the ex istence  o f  a maxi­

mizing spectrum is  demonstrated, and the ch a ra cter iza t ion  o f  th is  spectrum 

as the element o f  Til c lo s e s t  to  Lebesgue measure is  e s ta b lish ed . Section  

IV considers  in d e t a i l  the s p e c i f i c  case in  which the c la ss  Til con s ists  o f  

a l l  spectra  that are a convex mixture o f  a d iscre te -t im e  wide-sense Markov 

spectrum and an unknown "contaminating" spectrum, and the re su lts  o f
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Section  I I I  are i l lu s t r a te d  d i r e c t ly  for  th is  case . The extension  o f  the 

r e su lts  to  continuous-parameter cases is  d iscussed in Section  V.
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I I .  CHOQUET CAPACITIES, HUBER-STRASSEN DERIVATIVES, AND SPECTRAL UNCERTAINTY

Throughout th is  paper n is  a f ixed  p o s i t iv e  in teger  and X = [Xt ; t € Z n] 

is  an n-parameter homogeneous Gaussian source (Z denotes the set o f  a l l  

in te g e r s ) .  By way o f  Bochner's theorem (Wong [7, p. 245]) a c la ss  o f  

sources o f  th is  type can be s p e c i f ie d  by d e fin ing  a c la ss  771 o f  sp ectra l  

measures on (Qy3) where Q denotes the n-dimensional rectangle  [-rr,7T]n and 

3  denotes the Borel <j-algebra on Q. In th is  paper we w i l l  r e s t r i c t  our

atten tion  prim arily to  c la sses  771 s a t is fy in g  the power con stra in t  m(Q) = (2tt) np

for  a l l  m € 771 where P is  a f ixed  p o s it iv e  number. It  is  straightforw ard to

re la x  th is  c o n s tra in t ;  th is  r e s t r i c t i o n ,  however, allows us to  consider the 

e f f e c t s  o f  sp ectra l  shape on the r a t e -d is t o r t io n  function  in more d e t a i l .

The upper measure v o f  a c la ss  771 with power constra in t  is  the set 

function  on 3  defined  by

v(B) = sup m(B); B £ 3 , (2)
m € 7/1

Note that v has the fo llow in g  p ro p e r t ie s :  ( i )  v (0 )  = 0 and v(G) = (2rr) np,

( i i )  A c  B implies v(A) £ v (B ),  and ( i i i )  B  ̂ í B implies v(B^) t v (B ),  where 

a l l  se ts  are assumed to be in  3  and 0 denotes the n u ll  s e t .  I f  71\ is  weakly 

compact, then v has the ad d it ion a l property (Huber and Strassen [5, p. 25 2 ]) :  

( iv )  Fn 1 F with Fn c losed  fo r  a l l  n implies v(Fn) t v (F ) .  A set function  

having propert ies  ( i )  through ( iv )  is  a capacity  on 3  in the sense o f  

Choquet [4 ] .  In th is  paper we consider c la sses  whose upper measures s a t i s fy  

( i ) - ( i v )  and the ad d it ion a l property : (v) v(A U B) + v(A fl B) £ v(A) + v(B) 

for  a l l  A, B £ 3 , A capacity  s a t is fy in g  th is  la t t e r  property is  said to  be 

a lternating  o f  order 2 and is  termed a 2 -a lte rn a t in g  c a p a c ity . Note that a 

f i n i t e  measure is  an example o f  a 2-a lte rn a t in g  ca p a c ity .
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I f  the upper measure v o f  a c lass  71\ is  a 2 -a lte rn a t in g  capacity  then

77[ c o in c id es  with the c la ss  7f[ defined byv J

7?lv = {m € m | m(B) £ v (B ) ;  B € B , and m(Q) = v(Q)} (3)

where M denotes the c la ss  o f  a l l  f i n i t e  measures on (Q,3) (Huber and 

Strassen [5, Lemma 2 . 5 ] ) .  Classes o f  the form o f  (3) include many o f  the 

t r a d it io n a l  models fo r  sp ectra l  uncerta in ty , and a number o f  u se fu l  examples 

are discussed below. It  is  in te re s t in g  to  note that a l l  such c la sses  are 

weakly compact [5, Lemma 2 .2 ]  and th at , i f  v is  a measure, then = { v} .

Thus any re su lts  obtained for  71\̂  a lso  apply to  a s in g le  measure; in fa c t  

the c la sse s  71\ have been usefu l in gen era liz ing  hypothesis te s t in g  and 

Wiener f i l t e r i n g  re su lts  which hold fo r  s ing le  measures (such as the 

Neyman-Pearson Lemma) to  c la sses  o f  measures [5 ,6 ] .

The properties  o f  c la sse s  o f  the form o f  (3) have been studied by 

Huber and Strassen [5 ] .  The properties  o f  such c la sses  re levant to  the 

present problem can be summarized in the fo llow in g  two lemmas (here, and 

elsewhere in th is  paper, A. denotes Lebesgue measure on (Qy'?)):

Lemma 1 : Suppose v is  a 2 -a lte rn a t in g  capacity  on (Q ,3 ). There e x is ts  a

Lebesgue-measurable function  t t  -  [0,®] such th a t1 ŵ (fTT > 8 } ) =  in f  w. fB)v 9 v '  - ~ 9 K 'B 6/3
fo r  each 9 ^ 0  where ŵ  is  the set  function  on 3  defined by

wQ (B) = v(BC) + 0 \ (B ) ,  B€ 8 .  (4)

Furthermore, is unique a .e .  [X].

^For compactness o f  notation  we w i l l  w rite  [ f  > 9} to  denote [uo6 Q [ f  (co) >9 } .
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P r o o f : Since X is  a f i n i t e  measure and hence a 2 -a lte rn a t in g  capacity  on

('Cl ,13) ,  the ex istence  o f  rr̂  fo llow s from Lemmas 3.1 and 3.2 o f  [5 ] .  The 

uniqueness o f  fo l low s  from Theorem 5 .1  o f  [5 ] .

Lemma 2: Suppose v and t t __ are as in  Lemma 1 and % M n v > 9 } ,  * 9 *  0 .
c cThen there e x is ts  a measure q t  ^  such that tt̂  = dq/dX and q (B̂  ) = v (Bq ) 

f o r  a l l  9 ^ 0 .  Here dq/dX denotes the genera lized  Radon-Nikodym d er iva t ive  

o f  q with respect to  X; that i s ,  dq/dX may be i n f in i t e  on a set o f  X 

measure zero .

P r o o f : The ex istence  o f  such a q fo l low s  from Theorem 4 .1  o f  [5] and from

the construction  in the proo f o f  th is  theorem (see a lso  Huber and Strassen

[8] ) .

Note that ,  i f  v is  a f i n i t e  measure, then the function  rr is  the 

(genera lized ) Radon-Nikodym d er iva t ive  o f  v with respect to X. Partly fo r  

th is  reason Huber and Strassen termed the function  tt̂  the Radon-Nikodym 

d e r iv a t iv e  o f  v with respect to  X. However, to  d ist in g u ish  from an 

ordinary Radon-Nikodym d e r iv a t iv e ,  we w i l l  term the Huber-Strassen 

d e r iv a t iv e  o f  v with respect to X. Lemmas 1 and 2 are p a r t icu la r  cases o f  

more general resu lts  fo r  d i f f e r e n t ia t in g  one capacity  with respect to 

another [5 ] .  In th is  more general con text ,  the Huber-Strassen d er iva t ive  

is  the basis  fo r  minimax hypothesis te s t in g  between two c lasses  o f  

p r o b a b i l i t y  measures o f  the form 17[̂  [5] and fo r  minimax linear smoothing 

o f  a s ignal with sp e c tra l  measure in a c la ss  o f  the form 71\̂  observed in 

add it ive  noise  with sp e c tra l  measure in a c la ss  o f  the form 7/1̂  [6 ] .

Lemmas 1 and 2 g ive  the bas ic  p roperties  needed to  consider the ra te -  

d is t o r t io n  function  over c la sses  o f  Gaussian sources determined by sp ectra l  

c la sses  o f  the form o f  (3 ) .  We conclude th is  se ct ion  by g iv ing several

u s e fu l  examples o f  such c la sses  that i l lu s t r a t e  the gen era lity  o f  th is
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model. In Examples 1 and 2, m̂  is  

and e is  a fixed  number in [0 , 1] .  

ze ro .

a f ixed  f i n i t e  sp e c tra l  measure on (Q,,3) 

In a l l  cases v^(0) is  defined  to  be

Example 1 (e -m ix tu res ) ; The set function  v ^ B )  = ( l - e ) m 0 (B) + emQ (Q)
2

B€/?, B £ 0 is  a 2 -a lte rn a t in g  capacity  and ¿7? is  given by
V1

^  = M | m = (1 - e)m + eh fo r  some h€ M with h (0 ) = m (Q)} . (5)

Thus itIq can be thought o f  as a nominal sp ectra l  model and e as a degree 

o f  uncerta inty  placed on the model. The model o f  (5) is  one o f  the e a r l ie s t  

models used fo r  uncertainty in robust hypothesis te s t in g  and s ig n a l-  

d e te ct io n  studies  (Huber [9 ] ,  Martin and Schwartz [10]) and was noted in 

[5] to  be o f  the form o f  (3 ) .  The Huber-Strassen d er iva t ive  o f  v^ with 

respect  to  Lebesgue measure on Q is  found by noting that the set function  

Wq o f  (4) is  given fo r  th is  case by

( l -s )m Q (B  ) + em  ̂(p ) + 9X (B) ; B
wq (B) = < (6 )

9\<P) = 9 (2tt) ; b =

which is  minimized over B by the set

Note that th is  set function  (and the one defined in Example 2) is  d i s ­
continuous fromabove at the n u ll  set 0 . However, for  Q = [-TT,n]n , th is  
d is co n t in u ity  does not v io la te  the property that v must be continuous 
from above on c losed  sets ( i . e . ,  Property ( i v ) )  s in ce , in a compact 
separable metric space, there is  no sequence o f  c lo sed  sets converging 
down to  the n u ll  set (Dunford and Schwartz [11, pp. 3 0 -3 1 ] ) .
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Ctt0 > 9 /  (1 -e )]  ; i f  wQ ( [ ttq > 0 / ( 1 - ® ) } )  <  9 (2 n )n

<
Cl ; otherwise

\

(7)

where 17q = dm^/dA.. Noting that we can define  tt̂ Cod) = in f {0  ^ 0|u) ? B q} ,  

we have that

n v («0 = tn ax{c ' , (1 -  e)TT0 (u>)] , ojGQ , (8 )

where c 1 -  sup{9 ^ oj Wq ( ( tTq >  9 /  (1 - e ) } ) <  9 (2rr)n} . A s p e c i f i c  example 

o f  th is  c la ss  wi l l  be considered in Section  IV below.

Example 2 (var ia t ion  neighborhoods): The set function  v^(B) =

minCmQ(B) + em0 (Q), m^Q) } ,  B € B , B  ̂ 0,  is  a 2 -a lte rn a t in g  capacity  with

7)\ given by v2

/7?v = {m€M|p(m,m0) <  em0 (Q), and m(Q) = m0 (Q)} ( 9)

where p is  the va r ia t io n a l  d istance (or Kolmogorov m etric )  defined on M

by p( p, v )  = sup|p(B) - v(B)| . Classes o f  the form o f  (9) have been 
B€/3

considered p rev ious ly  in the contexts  o f  robust hypothesis  te s t in g  (Huber 

[9]) and robust Wiener f i l t e r i n g  (Poor [1 2 ] ) .  Note 

that th is  c la ss  is  a lso  a model fo r  a degree e o f  uncertainty  in a 

nominal sp ec tra l  model m ,̂ although the d ev ia tion  allowed in (9) is  somewhat 

d i f f e r e n t  from that allowed in (5) .  Note further that (9) with degree o f  

uncertainty e /2  contains (5) with degree o f  uncertainty  s .  The de­

r iv a t iv e  o f  v? with respect to Lebesgue measure on Q can be found from 

general re su lts  in [13] and [14] and is  given by
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tt (tu) = max{ c ' ,min{c",TTn (a))3} ; uo 6 0 , (10)
2

where rrQ = dmQ/dX, c "  = in f{9  ^ 0|m0 ({rr0 > 9 } )  - emQ (ft) < 9X ( { tTq > 9 } ) } ,  and 

c '  = sup{9 £ 0|9X ( { tt0 £ 9 } )  £ ra0 (C^q 51 e 5) + em0 (ft)}.

Example 3 (band m od e ls ) : Suppose P > 0 Is the power in X and that m
Li

and my are two f i n i t e  sp ectra l  measures on Q ,6 )  with m^(P) < (2TT)riP< m^(ft) .

Define two 2 -a lte rn a tin g  ca p a c it ie s  v and v by v (B) = m (B) +
Li U L  L

((2rr)nP - mL(Q)) , b €/5,  B  ̂0,  and Vy(B) = min{mu (B) , (2Tr)np} , B €/S, B  ̂0. Then

the set function  v~(B) = min{v ( B) , v (B)}  is  a 2 -a lte rn atin g  capacity
O Li U

on (ft ,/3) and 7J\ is  given by 
3

7)1 = [m € m| m <  m <  m and m(ft) = (2rr)np } . (11)
V 3 L| U

Thus, 7![v for  th is  case is  the band o f  sp ectra l  measures lying between the sp ectra l  
3

measures m̂  and iriy. This c la ss  is  known as the band model and has been u t i l i z e d  

prev iou s ly  in problems o f  robust s ign a l d e te ct io n  (Kuznetsov [15 ] ,  Kassam [16] )  and 

robust Wiener f i l t e r i n g  (Kassam and Lim [ 17] ) .  This c la ss  was shown 

to  be o f  the type (3) by Vastola and Poor [18] .  Note that, with m =
Li

(1 - e)mQ and with nty -  the c la ss  o f  ( 11) g ives the e-mixture c la ss  o f  

( 5) .  The d er iva t ive  o f  v̂  with respect  to  Lebesgue measure on Q can be d e te r ­

mined from a resu lt  in [18 ] and involves both der ivatives  dm^/dX and dm^/dX.

Other examples o f  c la sses  o f  the form o f  (3) include Prohorov 

neighborhoods o f  a nominal sp ectra l  measure mQ (see Strassen [19, p. 438] )  

and gen era liza t ion s  o f  the mixture model o f  Example 1 generated by mixed

ca p a c it ie s  o f  the form v(B) = j v (B)M* (dg), where is  a measure on
£  §

(see Strassen [19, Theorem 4 ] ) .  A c la ss  o f  spectra l  measures that does 

not f i t  the model o f  (3) is  Sakrison 's  Model (b) (see [3, p. 11] )  which
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e s s e n t ia l ly  c o n s is ts  o f  those measures p lacing  exact amounts o f  s p e c tra l  

measure on members o f  a set o f  in terva ls  covering the in terva l  f —rr,tt] .

This type o f  model i s  not o f  the type in (3) because such c la sse s  o f  measures 

are not weakly c losed  (Vastola and Poor [ 18] ) .
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I I I .  THE RATE-DISTORTION FUNCTION ON SPECTRAL CLASSES GENERATED BY 
CAPACITIES

The MSE r a t e -d i s t o r t io n  function  fo r  a homogeneous Gaussian source 

X with sp e c tra l  measure m depends only on the part o f  m that is  abso lu te ly  

continuous with respect to Lebesgue measure. This fu n ct ion ,  denoted by 

Rm(D), is  given by the parametric re la t io n sh ip

where tt̂  = dm/dX is  the genera lized  Radon-Nikodym d e r iv a t iv e  o f  m with

respect to  X,and 9 is  a parameter ranging over the in terva l  (0,A j with

A = ess sup tt (u>). Note that 0 £ A < « ,  s in ce  Q is  compact. The expression  
U)€Q m m

o f (12) and (13) is  given  by Berger [2, Theorem 4 .5 .3 ]  fo r  the case n = 1 

and fo llow s  from Hayes, H abibi, and Wintz [20] fo r  n ^ 2.

It  fo llow s  from (12) and (13) that the support o f  R^(D) is  the

in terva l  (0, D ) and that R (D ) = 0 ,  where D = (2rr) n P tt dX. With m m m  m Q m
respect to  th is  la t t e r  quantity we have the fo l low in g  r e s u lt :

I
Lemma 3 : Suppose v is  a 2 -a lte rn atin g  capacity  on (l ,6 ) with Huber-

( 12)

and

(13)

Strassen d e r iv a t iv e  tt̂  with respect to  X. Then ! tt dX ^ P tt dX for  a l l  x v X m
m 6
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P r o o f : Suppose m € 7/[̂ . For each 9 ^ 0 ,  de fin e  sets  Bg = { tt̂  > 9} and

Aq = {rTm > 9}*  By Lemma 1 we have

m(A?) + 0 \ (A n ) = in f  [m(BC) + 9X(B)] £ m(Ba) + 0X (Bh ) 
d 9 BZ 0  9 9

(14)
*  v (E p  + 9X (Bg )

fo r  each 9 ^ 0 ,  where the second in equ a lity  fo l low s  from the fa c t  that

m ^ v. Lemma 2 sta tes  that there is  a measure q such that it i s  a vers ionv
c co f  dq/dX and v(BQ) = q(BQ) .  Thus, (14) implies

i  c " m *  s  I  c  " v *  + 9 f t ( B g )  - H A g ) ]  

fo r  each 9 < which in  turn implies

%c
TT dX m I TT dX-V J rr dX + f v J

*9
TT dX m (15)

for  each 9 < « .  Taking the l im it  as 9 -* oo in (15) and d e fin in g  B
GO

and A = q A- , we have 
"  9 > 0

n b
9 > 0 9

Jc  n mdX -  Jc + J* V X + J* " m *  * 0 6 )
An An An An

Since A and B both have X measure zero , (16) is  equivalent to  f tt dX <
CO 0 5  n  Q  m

| rr dX which was to  be shown.
!i v

We see from Lemma 3 that no m€/7?v has more nonsingular power than 

the member q s ingled  out by Lemma 2. What we w i l l  show in the fo llow in g  

paragraphs is  that R (D) achieves sup R (D ), and hence that the sp ectra l
q irf37!v ”

density  defin ed  by ttv a lso  achieves th is  supremum. To do t h is ,  we f i r s t
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need the fo l low in g  re su lt  which seems in t u i t iv e ly  obvious from the 

d er iva t ion  o f  (12) and (13) and from analogous re su lts  for  memoryless 

sources (see Berger [2, Theorem 4 .2 .1  and pp. 110-111]) but fo r  which 

we could find  no p rev ious ly  published p r o o f .

Lemma 4 : Suppose m is  a spectra l  measure on <p ,/3) with MSE r a t e -d i s t o r t io n

fu nction  R (D). Then R (D) has a right-hand d er iva t ive  R '(D) fo r  a l l  m m m
Dt (0,D ) where D = (2tt) n P rr dX, and th is  d er iva t ive  is  given by m m v m
R^(D) = -2 where 9^ is  determined uniquely by the equation

D = (2tt) n min{9D,TTm((ju)}X (du>). (17)

P roof:  The ex is ten ce  o f  the right-hand d er iva t ive  o f  R (D) fo llow s  fromm
the fa c t  that Rm(D) is  convex on (0,0^) (see Berger [2, p. 270] and 

Royden [21, p. 1 09 ]) .  The re la t ion sh ip  D~ (m) = (2tt) ” n rm([rr <  9 } )  +

97. ({^m > 9 } ) ]  de fin es  a continuous, s t r i c t l y  increasing mapping from 

(0, A^) onto (0, D^). This fo llow s  by noting that ,  fo r  0 < 9 < 9 '  < A , 

we have

(9 1 -9)X(Cnm> e 3 )  *  <0 ' - 9 ) X ( { i T m > 9 } )  - J  (9 ' - n m)dX =

{9<tts9 '}
= (2TT)n [Dg,(m) -Dg(m)] = (9 1 -9  )X(£nm>9 ' ]) + J (nm - 9 )<&.

[ 0<rr s8' }
a (9 ' -0)\({iTm > 9 '} )  > 0, m (18)

where the f in a l  in equ a lity  fo llow s  from the fa ct  that 9 1 < A =m
ess sup tt (oj) . Thus, a unique 9 is  determined by (17) fo r  each d € (0,D ) ,  

<dS) ra D m
and the right-hand d er iva t ive  o f  R^(D) is  given by the expression

R' ( D)  = lim [ (R (Da (m)) -  R (D)) /  (Da (m) -  D) ] .  m 9 i 9 m o  m o
D

(19)
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Equation (12) implies that the numerator in (19) can be w ritten  as

Rm(De (m)> -  Rm(D) = (4TT)'n [ l o g (9 D/e)\([TTm > 9 ] )  + $  lo g (9 D/TTm)dX]
®D<TTm“ ^

= (4tt ) " n  [ log  (0 D/9 )\ ((TTm > 9 ] )  - 9 " 1 J'(rrm- 0 )dX + O[(0 -0D) 2 ] ] .
[9 <rr <9}' • D m

( 20 )

S im ilarly  the equ a lity  in the middle o f  (18) gives

D0 (m) -D  = (2TT)'n [(0 - 0 D)X ([nm> 9 } ) +  J ( %  -  0D>dX]. (21)
Ce <it < e jD m

We thus have

| (Rm(D0 (m)) - Rm(D ))/ (D 0 (m) -  D) + 2 ‘ n0]̂ 1| =

(4tt) _nj ( l o g (0 D/0 )  + 0 ^ 1)X(inm> 0 } )  + 0 ( (9  - Q^)2) | /  (Dg (m) -  D)

<  2 ‘ n| ( l o g ^ A n + s ^ / O  - 8 d) + 0(9 - eD) > e] >|. (22)

Since lim | (log(0  / 9 ) + 9 1) / ( 9  - 9  )| = 0 and X ( { tt >9  ] )  > 0, the 
q ,q u D D m D

lim it  as 9 approaches 9^ o f  the right-hand side  o f  (22) is  zero .

Thus R '(D) = - 2 ” IV 1, which was to  be shown, m D

We may now use Lemma 4 to  prove the main a n a ly t ica l r e su lt  o f  th is  

paper. In p a r t icu la r , we have the fo llo w in g :

Theorem 1 : Suppose v is  a 2 -a l t e m a t in g  capacity  on (Q ,/3) . Define P = 

(2tt) nv<Q) and P = (2tt) n J rr dX, where tt = dv/dX. Then sup R (D) isA m
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defined param etrica lly  on (0 ,Pv ) by the equations

sup R (Dq ) = (4tt) n f max(0, log  (tt (uj) /9 )}X (duo)
m 9 f t  vV

and

Dq = (2tt) n J min{0 ,ttv (o))}X (duo) ,

(23)

(24)

and sup R (D) = 0 fo r  D € [P , P] ,  Moreover, there e x is t s  a measure
n£/??v m

q € #7 such that sup R (D) = R (D) and dq/dX = rr a .e .  [X] .
H m  q  v

P r o o f : Suppose m 6 771 ; then Rm(D) is  abso lu te ly  continuous on any in terva l

[D,P] with D > 0 s ince  i t  is  convex on (0,P] (Royden [21, p. 1 09 ]) .  Thus, 

fo r  any D € (0 ,P ) ,

P P
Rm(D) = Rm(P) • I  Rm(X)dx = ‘ I  R; ( x >d x ’ (25>D D

where R' (x) is obtained from Lemma 4 f o r x €  (0,P ) andR' (x) = 0  fo r  x^  P . m nr m m
Equation (25) is  equivalent to

2*“  j> m e - l (m)dx;

R (D) = < 
m

D€ (0,P ) m

De [p . p ]m

(26)

where 9 (m) is  the unique value o f  0 so lv in g  x = (2tt) n [m({n < 9 } )  + x m

9X (^TTm> ©}) ] * Note that the ex istence  and uniqueness o f  ©^(m) fo llow s  

from the development in the p roo f  to  Lemma 4. Suppose q £ ^  is  such 

that dq/dX = tt̂  a .e .  [X] and q([TT^<©}) = v ( [ tt̂ < 0} ) fo r  a l l  9 ^ 0  (the 

ex is ten ce  o f  such a q fo llow s from Lemma 2 ) .  Then
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m({TT < 9 } ) + 9 X ( [ tt > e } )  = in f  [m(BC) + e \ (B )]  <  in f  [v(BC) + 0X(B)]
m b€/3 B€£

= v ( { ttv<  9} ) + 0X (£ttv > 9] ) = q([TT(i< 9 } ) + 9X (£rrq > ©3 ) .

(27)

Thus, s ince  [m({n < 9 3 ) + 9 X ([tt > 9 ] ) ]  is  s t r i c t l y  increasing in  9 on

( 0 ,A  ) ,  we must have 9 ( q )^ 0  (m) fo r  a l l  x9  (0,P ) .  Therefore , we m x x v m
have 9  ̂(q) ^ 9 1 (m) fo r  a l l  x€  (0,P ) and, s ince  Lemma 3 implies P ^ P , x x  m q m’
(26) g ives R^(D)^ R^(D) fo r  a l l  d £ (0 ,P ) .  To complete the proo f we need 

only note that the quantity defined by (23) and (24) is  R (D) on (0,P )
q q

and that P = P .
q v

Theorem 1 implies that the quantity sup R (D) is  the r a t e -d i s t o r t io n
n£^v m

curve corresponding to  the sp ectra l  density  rr^,which is  the Huber-Strassen

d e r iv a t iv e  o f  v with respect to  Lebesgue measure on Q ,13) .  This theorem

a lso  s ta tes  that there is  a q € ^  that has d i s t o r t io n  rate  sup R (D) fo r
V m€^v m

each d € (0 ,P ] ,  Thus, fo r  c la sses  o f  the f o r m , the spectra l  density

tt̂  represents a w orst-case  or le a s t - fa v o ra b le  spectrum in terms o f  MSE

d is to r t io n  r a te , and the problem o f  fin d in g  sup R (D) is  solved once tt
m v

i s  determined. For the examples given in  Section  I I ,  the so lu t ion  is  

thus obtained. In general, we have the fo l low in g  theorem which ch aracter izes  

the sp e c tra l  measures q € 2 ^  (with dq/dX = tt̂  a .e .  [X]) that are s ingled  

out by Lemma 2.

Theorem 2 : For each measure de fin e  m' to be the part o f  m that

is  abso lu te ly  continuous with respect  to  X (via  the Lebesgue decom position). 

A measure q 6 #?  ̂ s a t i s f i e s  the conclusion  o f  Lemma 2 i f  and only i f ,  q 

minimizes the quantity
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J (m) = J log  [d (X + m ') /dX]d (X +m' )
Q,

(27)

over

P r o o f : Suppose q s a t i s f i e s  the conc lusion  o f  Lemma 2, i . e . ,

dq/dX = ttv a .e .  [X] and q (£rr̂  i  9 } )  = v ( { ttv 22 9 } )  fo r  a l l  9 ^ 0 .

Noting that 771̂  is  c o n v e x ,d e f in e , fo r  each y £  [0 ,1 ] and m e771, the measure 

m̂  = ( l -Y )q + y m  and the function  rr = d(m ^+X)/dX. Since x l o g ( x )  is  

convex fo r  x€  (0 ,®) and since  m̂  = [ ( l - y ) q '+ ym '] we have that J(m) is  

convex on 771̂ . Thus a s u f f i c i e n t  con d it ion  fo r  q to  minimize J(m) over 

is  that bJ(m^)/by be nonnegative fo r  every m€ 7)\̂  s a t is fy in g  

J (m )< ® . Since log  [rr̂  (uu) ]tt̂  (oj) is  convex in y on [0 ,1 ]  fo r  each

a) 6 Q , we have

-1
(TTl ' rr0 ) ( 1 + l o g (TT0) )  ~  Y (TTy 1oS^TTy ) “ ^ o10« ^ ) )

<  TT1log(TT1) -  rr0log(rr0) ,  a .e .  [X] (28)

The le ft -m o st  quantity o f  (28) i s  bounded below a .e .  [X] and the right-m ost 

quantity is  in tegrab le  with respect  to  X. Thus s ince  the term y " 1 (rr^log(tt ) 

V 0 5 ^ »  conver§es m° n o to n ic a l ly  to  ( ^  -  tTq) (1 + l o g (ttq) ) as y i 0 , 

the Monotone Convergence Theorem (Royden [21 ,p . 84]) implies that

bj(mY) / b y |Y=0 = ^  b[iTYlog(TTY)]/by| ^dX

= J ( ^  -TT0) ( l  + log(Tr0))dX



18

* J (1 + log(l+TT ))dm' - J* (1 + log  ( 1 +TT ) ) d q ' . (29)
Cl 0 v

Since m' ( { tTv<  9} ) <  m(£rrv<  9} ) <  v ( [ ttv<  9} ) = q ( i^ v^  9] ) = q' ( [ tt̂  9} )

fo r  a l l  9 ^ 0,we see that rr  ̂ is  s t o c h a s t ic a l ly  smaller under q ' than

under m' . Thus, s ince  (1 + log (1 + tt̂ ) ) is  increasing in tt̂ , the quantity

in  (29) is  nonnegative, which is  s u f f i c i e n t  fo r  q to  minimize J(m).

We now see that i f  q is  as in Lemma 2 i t  minimizes J(m) over % .v
Suppose p 6 a lso  minimizes J(m) over 771 , Then, s ince  J(m) is

convex on 7/^, j ( ( l - y ) q + Y p )  must be constant f o r  y €  [ 0 ,1 ] .  This im plies ,
2 2ifo r  instance , that b J ( ( l -Y )q + Y p  )/&Y | Q = 0. Applying analysis  

s im ilar to  that y ie ld in g  (29 ),  we have

52J ( ( l - Y ) q  + Yp)/bY2| Y=0 = J [ (TTp -Trv ) 2/TT0]dX = 0 , (30)

where = dp/dX. Equation (30) implies that tt̂  = ny a .e .  [X] and, hence,

that p' = q ' mod[X]. Thus p a lso  s a t i s f i e s  the conclusion  o f  Lemma 2.

This completes the p ro o f .

Note that the quantity J(m) o f  (27) is  a measure o f  the distance or 

divergence o f  the measure (X +m ’ ) from X (see , for  example, Kullback [2 2 ] ) .  

Thus, we see that the le a s t - fa v o ra b le  sp ectra l  measure q is  that which is  

c l o s e s t  to  Lebesgue measure in th is  sense. Since Lebesgue measure on Q 

represents white noise  (which corresponds to  a memoryless source) we see 

that q i s ,  in a sense, the "most memory l e s s "  element o f  71\ . Note a lso  that 

Lemma 3 implies that q has the maximum p oss ib le  nonsingular power o f  any 

measure in 7% , These phenomena agree w ell  with the in tu it iv e  meaning o f  

the r a t e -d i s t o r t io n  function  s in ce ,  in general, a memoryless source requires 

the h ighest rate fo r  a given degree o f  d is t o r t io n  when no other constra in ts  

are placed on the source spectrum.
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IV. EXAMPLE ~ MIXTURE CONTAMINATED GAUSS-MARKOV SOURCES

In th is  se ct ion  we use a s p e c i f i c  example o f  the mixture model o f  

Example 1 in Section  I I  to  i l lu s t r a t e  our r e s u l t s .  In

p art icu lar  we consider a one-parameter source (n = 1) whose spectra l  measure 

m has a nominal f i r s t - o r d e r  Markov spectra l density  with degree o f  mixture 

uncertainty e . That i s ,  we have m = (l-e)mQ + eh where h is  unknown, 

e € [0 , 1] ,  and where m̂  is  given by

A
(31)

with |r| £ 1. R eca ll  that P > 0 is  the source power. This nominal source

corresponds to  a Gaussian source with a u to co rre la tion  fu n ction

E (X^X^-k) = P*r , k € Z. We w i l l  assume in the fo l low in g  that P = 1  and

r > 0 .

The r a t e -d is t o r t io n  function  corresponding to  the nominal source m̂  

is  d iscussed in [2, pp. 113-115]. This function  is  given by

Rm (D) = I l0S CCl-r2 )/l>]
0

(32)

for  0 < D £ ( l - r ) / ( l + r ) ,  and param etrically  by

De < V  -  1 + (33)

and

(34)
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fo r  ( l - r ) / ( l + r )  £ D £ 1, which corresponds to  ( l - r ) / ( l + r )  £ 9 £ ( l + r ) / ( l - r ) .  

Here

x„ = cos -1 r 2- l  +9 ( 1+r2 ) 
1-0 , 0 £ X- £ TT, (35)

Ya = tan
-1 r s m (Xg)

1 - r cos (Xg) ; 0 £ y £ rr/2 , (36)

and Ĉ 2 denotes Clausen's in tegra l  defined by

C i , ( x )  = - f log (2 sin  ( t / 2 ) ) d t .
2 J o

(37)

(Note: There apparently are some minor errors  in  Eq. (4 .5 .3 5 )  o f  [2] which

should correspond to  (34); however, (34) fo llow s  d i r e c t ly  from (12) and Eq. (39) 

on p. 272 o f  Lewin [2 3 ] . )

Equation (8) s p e c i f ie s  the w orst-case  sp ectra l  density  ( i . e . ,  the 

Huber-Strassen d e r iv a t iv e )  for  th is  model; in p art icu lar ,  we have

ttv (œ) = max[ c ' , ( 1-e )  (1- r 2 ) ( l - 2rcos  (a>) + r 2) , uj € [ - tt,tt] , (38)

where c '  is  defined below (8) .  Straightforward analysis  y ie ld s  that c '  is  

the so lu t ion  to  the equation

(l-e )D f i (mn)| + e = c '  . (39)
y U 0 = c * /  ( 1-e )

The w orst-case  spectra l density  o f  (38) is  i l lu s t r a te d  in Fig . 1 fo r  the 

case r = .5 and e = .25. Note from th is  i l lu s t r a t io n  that, since

J TT̂ dX = 1, i t  fo llow s that c '  is  m onotonically increasing with e for

( l - r ) / ( l + r )  2» c * < 1, and that c '  w i l l  be id e n t ic a l ly  1 fo r  a l l  e ^ e \ \ / > j max’
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where (1-e ) ( l + r ) / ( l - r )  = 1; i . e .  e = 2 r / ( l + r ) .  Thus, fo r  a l lmax max
e 2: e , the w orst-case  source is  memoryless ( i . e . ,  w h ite ) .  Note a lso  max j \ /

that, fo r  general e, a f ra c t io n

J.X(du)) (40)
£tt = c ' }

o f  the w orst-case  source power can be thought o f  as being due to  a memory­

less  component. This f ra c t io n  along with the value o f  c '  are p lo tted  versus 

e in Fig. 2 fo r  the case r = .75 ( fo r  which e = 6 / 7 ) .  Note that ,  fo r  

e = . 1, about 12% o f  the source power i s  due to  the memoryless component and, 

fo r  e = . 3 , about 45% is  due to  the memoryless component.

The r a t e -d is t o r t io n  function  for  the w orst-case  source can be derived 

stra ightforw ard ly  from (12) and (13). A fter  some analysis  we have

R (D) = i l o g  ( c ' /D )  + R (D„(mn))| (41)
q 2 m0 9 0 9 = c ' / ( 1 - e )

fo r  0 < D £ c and Rq (D) is  given param etrica lly  by

(q) = ( l-e )D  (m )| + e
Y 0 y - 8 / ( 1-€ )

(42)

and

V De ^ »  = R* A ° Bo) ) l Y - 0 / ( 1 - « )
(43)

for  c '  < D £ 1, which corresponds to  c 1 < 9 £ ( 1 -e ) (1+r ) /  (1 -r  ) . Here

D (nu) and R (D (mn) )  are defined by (33) through (37) and q denotes the Y u mQ Y
measure corresponding to  the Lebesgue d en sity  tt̂  ( i . e . ,  dq = TT^dX). The
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r a t e -d is t o r t io n  function  o f  (41) through (43) is  p lo t te d  in  Fig . 3 f o r  the

case r = .75 and for  severa l values o f  e. Note th at ,  as e increases from

zero to  e , the convexity  of the w orst-case  curve becomes less  pronounced. Of

course , the e = 0 curve corresponds to  the uncontaminated Gauss-Markov source , and

the e ^ e curve corresponds to  a memory less  source which is  u n iv e rsa l ly  the worst case .

It is  in terest in g  to  note that (39) and (41) through (43) a lso  apply 

to  mixtures with nominal spectra  other than the Gauss-Markov. That i s ,  i f  

J^dX = 2 t t  where tTq = dm^/dX, then the mixture model with nominal measure 

mQ has w orst-case  sp ectra l  density  given by (8) and (39) ,  and the c o r r e s ­

ponding r a t e -d is t o r t io n  function  is  given by (41) through (43) with 

Dy^m(P and Rm being the r a t e -d i s t o r t io n  equations fo r  ran . Thus,V Y 0
behavior s im ilar  to  that o f  Fig. 3 would be expected fo r  other mixtures.

For example, fo r  s ^ 1 - ess sup n-.(u)), such a mixture c la ss  would contain
(ju € Q

a memoryless source.
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V. EXTENSION TO BAND LIMITED CONTINUOUS-PARAMETER SOURCES

Theorems I and 2, as proven above, apply to  d iscrete-param eter sources .

R a te -d is to r t io n  fu n ction s fo r  continuous-param eter sou rces, however, can

a lso  be determined from (12) and (13) provided th e ir  sp ectra l  d en s it ie s

are e s s e n t ia l ly  bounded (see Berger [2, pp. 116-122]).  Thus, i f  we assume

that X = {Xt ; t € ]Rn} is  a homogeneous continuous-param eter source with

sp e c tra l  measure m € /7^, a capacity  c la ss  on (]Rn , / ? ) ,  we should be able to

prove re su lts  analogous to  Theorems 1 and 2. This is  the case i f  we make
c nthe ad d it ion a l r e s t r i c t i o n  that v(Q ) = 0 fo r  some compact Q C ]R . This 

r e s t r i c t i o n  is  equivalent to  assuming that a l l  sources have a common 

( f i n i t e )  bandlimit and is  s u f f i c i e n t  to  assure that ( 12) and (13) apply to  

a l l  source spectra in and to  apply the e x is t in g  Huber-Strassen theory 

to  d i f f e r e n t ia t e  v with respect to Lebesgue measure on Q. We thus have 

Theorem 3 : Theorems 1 and 2 hold  for  n-continuous-parameter sources

provided Q is  a compact subset o f  ]Rn.

It  should be noted that Huber-Strassen d er iva t ives  o f  ca p a c it ie s  with 

respect to  c r - f in ite  (and not f i n i t e )  measures can be constructed  [2 4 ] ;  thus 

Theorem 3 can p oss ib ly  be extended to  nonbandlimited sources provided that 

the d e f in i t i o n  o f  tt̂  is  appropriate ly  m odified. However, several o f  the 

most u se fu l examples o f  capacity  c la sses  ( e . g . ,  the e-mixtures and va ria ­

t io n  neighborhoods) f a i l  to  be capacity  c la sses  when Q is  not compact.
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List  o f  Footnotes

1. For compactness o f  n ota t ion  we w i l l  w rite  { f  > 9 } t o  denote (u)€ Q | f ( u j ) > 9 } .

2.  Note that th is  set function  (and the one defined in Example 2) is  d i s ­

continuous from above at the n u ll  set 0 . However, fo r  Q = [ -tt , tt ] n , th is  

d is co n t in u ity  does not v io la te  the property that v must be continuous 

from above on c lo sed  sets  ( i . e . ,  Property ( i v ) )  s in ce ,  in a compact 

separable metric space, there is  no sequence o f  c losed  sets  converging 

down to  the n u ll  set  (Dunford and Schwartz [11, pp. 3 0 -3 1 ] ) .



L ist o f  Figures

F ig . 1 -  W orst-case sp e ctra l den sity  fo r  a contam inated-m ixture c la ss  

(e = .25 ) with a nominal Gauss-Markov source ( r = . 5 ) .

F ig . 2 -  W orst-case spectrum parameter c ’ and fra c t io n  o f  w orst-case  

spectrum power contained in memoryless component versus e ; m ixture- 

contaminated Gauss-Markov source (r = .7 5 ) .

F ig . 3 - sup R (D) fo r  m ixture-contam inated Gauss-Markov source (r = .
mewi m
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F ig . 1 -  W orst-case sp e ctra l density  fo r  a contam inated- 
mixture c la ss  (e = .25) with a nominal Gauss- 
Markov source (r = . 5 ) .



F ig . 2 -  W orst-case spectrum parameter c '  and fr a c t io n  o f  w orst-case  spectrum
power contained in memoryless component versus e ; m ixture-contam inated 
Gauss-Markov source (r = . 75) .
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